On Korn’s First Inequality with Nonconstant
Coeflicients

Patrizio Neff
Darmstadt University of Technology

March 17, 2000

Abstract

In this paper we prove a Korn-type inequality with nonconstant coeffi-
cients which arises from applications in elasto-plasticity at large deforma-
tions. More precisely let  C R? be a bounded Lipschitz domain and let
I' C 092 be a smooth part of the boundary with nonvanishing 2-dimensional
Lebesgue measure. Define HYH(Q,T) := {¢ € H'AQ) | ¢, = 0} and let
Fy, F;t e CH(Q,GL(3,R)) be given with det Fj(z) > ut > 0. Moreover
suppose that RotF, € C1(Q,M?3*3). Then

Jet >0 Voe HYOT):
IV6- @) + By T(@) - Vo™ oy = o 1l2na0) -
Clearly this result generalizes the classical Korn’s first inequality
Jct >0 Voe HoAQT):  [[Vo+ Vol |iag) = ¢t l1¢]7naq)

which is just our result with F,, = 1. With slight modifications we are able
to treat as well forms of the type

|Fp(z) - Vo - G(x) + G(2)T - Vo FPT(JZ)HP, l<p<oo.
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1 Notation

Let Q C R3 be a bounded domain with smooth Lipschitz boundary 92 and let
I' be a smooth subset of 02 with nonvanishing 2-dimensional Lebesgue measure.
For a,b € R3 we let (a,b) denote the scalar product on R?. We denote by M?3*3
the set of real 3 X 3 matrices and by skew(M?>*3) the skew-symmetric real 3 x 3
matrices. The standard Euclidean scalar product on M3*3 is given by (A B) =
tr(A - BT) and subsequently we have ||A|> = (4 A). With AdjAd we denote the
matrix of transposed cofactors Cof(A) such that Adjd = det A- A=1 = Cof(A)T
if A € GL(3,R). The identity matrix on M?*3? will be denoted by 11, so that
tr(A) = (All). In general we work in the context of nonlinear elasticity. For
u € C1(Q,R?) we have the deformation gradient Vu € C(Q, M3*3). We employ
the standard notation of Sobolev spaces, i.e. L*(Q), H*(Q), H-AQ) which we use
indifferently for scalar-valued functions as well as for vector-valued functions. We
define HXA(Q,T) := {¢ € H*AQ) | ¢. = 0} where ¢. = 0 is to be understood
in the sense of traces and by C§°(£2) we denote infinitely differentiable functions
with compact support in €.

2 Motivation

In the nonlinear theory of elasto-viscoplasticity at large deformation gradients it
is often assumed that the deformation gradient /' = Vu splits multiplicatively
into an elastic and plastic part

Vu(z) = F(x) = F.(z) - F(x), F., F, € GL(3,R) (1)

where F,, F,, are explicitly understood to be incompatible configurations, i.e
F.,F, # VU for any ¥ : Q C R® — R3 In our context we assume that this
decomposition is uniquely defined up to a rigid rotation. In addition one some-
times imposes the so called plastic incompressibility constraint, det Fj,(z) = 1.
This multiplicative split, which has gained more or less permanent status in the
literature, is micromechanically motivated by the kinematics of single crystals
where dislocations move along fixed slip systems through the crystal lattice. The
source for the incompatibility are those dislocations which did not completely
transverse the crystal and consequently give rise to an inhomogeneous plastic
deformation. Therefore it seems reasonable to introduce the deviation of the
plastic intermediate configuration F}, from compatibility as a kind of plastic dis-
location density. This deviation should be related somehow to the quantity
RotF), and indeed later on we see the important role which is played by RotF,,
see [5, 16, 19, 7, 21, 28] for more on this subject and for applications of this
theory in the engineering field look e.g at [23, 26, 27]. The above split contrasts



the additive decomposition
1
i(Vﬂ + Vi) = () = e.(z) + €,()

where we have set F' = 11 + Vu with @ the displacement vector and where
subsequently e(u(x)) denotes the infinitesimal strain tensor. This decomposition
is appropriate only for infinitesimal small values of ||Val|, see e.g. [2, 12, 15] and
references therein. Nevertheless, the additive decomposition can be seen as a first
order approximation of (1).

Generally one is then led to define an elastic energy

W=W(,)=W({u- E).

This constitutive relation is subject to material frame indifference, i.e must remain
invariant under superimposed rigid body motions. Together with isotropy of W
for F,, = 1 and the requirement, that DWW (1) = 0 it can be shown [6, p.156] that
there exist the so called Lamé constants A, u > 0 such that

W =W(F) =AM F'F. = 1)° + ptr(FTF, = 1)° + o | FL F. — 11|?)

near a natural state.

2.1 No elastic rotations

In metal-plasticity one observes that the quantity || F7 F, — 1|| remains pointwise
small. If we incorporate this experimental fact directly into the form of the elastic
energy and disregard elastic rotations, i.e postulate in addition that ||F, — 1| is
small, we are led to consider elastic energies of the kind

FT + F, FT + F,

W= W(Va Fyl) = W(F) = 40 |25 — 1 + dp tr(— =5 — 11
Vu-F '+ FoT vl Vu-F '+ FoT vl

=4 | . 2p — % + 4pu tr( P 2p —1)?

where we have used that F, = 1l + (F, — 11) and eliminated terms which are
quadratic in (F, — 1). B
If we define the corresponding functional I : HX4Q,T) x C*(Q, GL(3,R)) — R

I(u, F; ) = / W(Vu-F ') de
Q



and compute the second derivative with respect to u we see that

DiI(u,F; ") .(¢,¢) = / D*W(Vu- F,1).(Vo, V) dx
Q

-1 =T T2 - =T T\2
:/4>\||V¢-Fp +F0 Vo P+ Aptr(Ve - F+ Vo) da
Q
> 4N Vo N+ BT Vol (72, -

Here D*W(Vu - F; ') is the corresponding elasticity tensor, which is not in-
dependent of the plastic evolution. Observe however that DZI(u,F;').(¢, ¢)is
independent of the deformation w itself.

2.2 The case with elastic rotations

We can adapt the above framework so as to incorporate elastic rotations. Thus
we assume only that ||F1F, — 11|| remains small. An application of the polar
decomposition theorem then shows that ||F, — R.|| has to be small as well for a
uniquely defined R, € O(3). If we repeat the above procedure with R, instead
of 1 we get

FI' R.+RT-F,
W= W(F) = 4\ || ¢ ; ¢
RIVuE '+ F;"Vu' R,

2

FT' . R.+RT.F,
— TP g (P T e 2

RIVuF '+ F-'Vu'R,
—]1||2+4utr( € p 5 p _]1)2

=4\ ||

where we have used that F, = R, + (F. — R.) and eliminated terms which are
quadratic in (F, — R.).Both quantities R, and F), induce at the same time inho-
mogeneites and anisotropy.

The second derivative of the corresponding functional at a given rotation R, can
be estimated by

DZI(u,Fy ) .(¢,0) Z 4N [|[RT - Vo - Fy '+ FyT- Vol - Rell7aq -

In the quasistatic viscoplastic setting without body forces we then have to solve
in both cases the following system of coupled partial differential and evolution
equations for u : [0,7] x Q +— R3 and F, : [0,T] x Q — GL(3,R)

div DW (Vu(t,z) - F, ' (t,x)) =0 z€Q
an_l(t,m) = f(Vu(t,:v),Fp_l(t,a:))
ur(t,z) =g(t,z) =€l
EN0,2) = F, !



with a nonlinear flow function f : M3 s M3*3 which governs the visco-plastic
evolution and is motivated by thermodynamical considerations. Here g(t, z) rep-
resents the time dependent inhomogeneous Dirichlet boundary data and FP*O1 the
initial condition for the plastic evolution. This system is formally equivalent to

Ve [0,T): I(u(t),E 1) —min, wu(t) € g(t)+HMQ,T)

L 1,0) = (Tt ), 7 12)
FH0,2) = F"

We have to remark that the above procedure leads to a linear elliptic system
in u for fixed F, with nonconstant coefficients which are determined by £,
which remains valid (at least from a modeling point of view) for both large plas-
tic deformations F), and large deformation gradients Vu. Note however that the
solution u depends nonlinear on F,,.

In the small strain case, where ¢, ¢, is used the corresponding equilibrium
equation form a linear elliptic system in @ for fixed ¢, with constant coeffi-
cients and the solution depends linear on .

Our main Theorem 3 in conjunction with the direct methods of the calculus
of variations then tells us that for given smooth invertible F,, the problem

div DW (Vu(t,z) - F, ' (t, ) =0 z€Q
up(t,z) =g(t,xz) x €Tl

has a unique solution. This will be the first step in an existence proof of the
evolution problem.

In the presence of elastic rotations the above system has to be complemented by
either an evolution equation for R, or some incremental device, which determines
the rotation R, uniquely at every timestep, e.g. we could set R"*' = R, (F")
where R.(F!) denotes the rotation associated with F".

If we set out to formulate a linear problem for the deformation u it seems impos-
sible to use energies of the type W = W (C, C,) together with evolution equations
for C},. Even in the physically linear setting W (C, C,) = (D(z).(C — C,),C — C,)
where D denotes a fourth order tensor and the assumption that C' — C, remains
small the problem for u will be nonlinear. This underlines again the importance
of a formulation where rotations R, are explicitly involved.

The fully nonlinear case, where W= W(F ) is only required to be polyconvex
has been investigated by the author in [?]. There one can find a local in time
existence theorem of a suitably regularized coupled visco-plastic problem.

The theory of coercive forms has a long dating history and we dare not trace



its origins. One refers usually to [18] for a first version of Korn’s inequality. By
the classical Korn’s first inequality we mean

It >0 Voe HAQT):
Vo + V¢TH%2(Q) > c* ”d)H%{LZ(Q) :

and we say that the classical Korn’s second inequality holds, if
Jet >0 Voe HALT):
V6 + VoI 2 + 16l72) = ¢ 1011120 -

Friedrichs furnished a modern proof [9] of the above inequalities. See [25, 9, 13,
4, 17] for more on this subject. The widespread popularity of Korn’s inequalities
may be explained by their applicability to the linearized systems of elasticity. In
this case they yield existence, uniqueness and continuous dependence upon data.
Recently, Weck [29] has shown how to circumvent Korn’s second inequality in
case of irregular domains and if only questions of existence are to be settled.
Ciarlet has shown [8, 7] how to extend Korn’s inequalities to curvilinear coor-
dinates which has applications in shell theory. The main contribution of this
article is to extend Korn’s first inequality to nonconstant coefficients which can-
not be realized as metric of an underlying deformation . We rely on a theorem
on coerciveness of [13] which was subsequently generalized by [4]. This the-
orem generalizes the Korn’s second inequality to nonconstant coefficients. We
then proceed to show that the nullspace of our form is trivial. A compactness
argument then gives the generalized Korn’s first inequality. As a special case we
recover in different terms the situation of [8, p.44].

3 Preliminaries

In the sequel we need the following operations between M?3*? and the Euclidean
real vector space R:

Definition 1 (Identification of R and M?**?)
We define the following operator matriz : R — M3>3,

T a1 G122 a13
matrix (an 12 Q13 Q21 A22 dAg23 dA31 (32 a33 ) = | @21 G22 Q23
a31 a3z 0ass
Definition 2
We define the following operator vec : M**3 — RY.

ai; ai2 @3 T
vec | Gz1 G222 G23 | = (all Q12 G13 G21 G22 G2z A31 A3z2 A33 ) .
a3 a3z 0433



Of course, both operations are just the canonical identifications of R® and M?>*3.
We need as well the following identification of skew(M?3*3) and R3:

Lemma 1
Let A € M®*3 be skew symmetric, i.e A = —AT. If A # 0 then rank(A) = 2. In
addition there is a vector w € R3 such that

0 w1 %)
A= —W1 0 w3
—W2 —Ws3 0

Lemma 2
Let A € M3*3 be skew symmetric and B € GL(3,R). If rank(A - B) < 1 then
A=0.

Proof. If rank(A - B) < 1 then we can find two linear independent vectors
71,72 € R? such that (A- B).7; = (A- B).7, = 0. But B is invertible and we
see that dim(ker(A)) > 2 which is only possible for A = 0 because of Lemma 1. B

Corollary 1
skew(M3*3) and R? can be identified via

w R — skew(M3X3)

G 0 G G
wlG|={-G 0 G
G -G —¢ 0
and w is bijective onto its range.
Proof. Obvious. u

Definition 3 (Rot)
We define the operator Rot : C*(Q, M>*3) — C(Q, M**3) such that we take the
operator rot : C1(Q,R3) — C(Q,R?) rowwise; for example let Y € C*(Q, M3*?)
then
7’075[1/11(]3, Y, Z), YVl?(xv Y, Z)7 }/13(1;7 Y, Z)]
Rot(Y) = | rot[Yai(z,y, 2), Yoo (x,y, 2), Yas(x, y, 2)]
rot|Yai(z,y, 2), Yaa(x,y, 2), Yss(x,y, 2)]

Lemma 3

For A € CH(Q,M**%) with A = —AT and B € C'(Q, M**3) we have

Rot(A - B) = matriz[Lg.vec[V(w ' (A))]] + A- Rot(B)



with a linear map Lp : R? — R?

0 bys  —bay 0 bss  —bs; 0 0
—boz 0 by  —bzz 0 b31 0 0
byo  —by 0 bza  —bzy 0 0 0
0 —biz by 0 0 0 0 b3
Ly = bi3 0 —byy 0 0 0 —bs33 0
—bia b 0 0 0 0 bsy  —b3
0 0 0 0 —b13 bio 0 —b23
0 0 0 bi3 0 —by1  bos 0
0 0 0  —bi2 bn 0  —by bn

Moreover L € M®*? is bijective if B is bijective with
det(Lp) = 2 - det(B)?

and the map B — Lp € M®* is linear.

Proof. The proof consists of simple but long and tedious calculations. Because
this formula is the heart of the argument we give it anyhow. First of all we
evaluate the expression Rot(A - B) for all A, B € C'(Q,M3*3). We write

air a2 a13 a1
A= lan axn ay3| =|a
as1 Gz a33 as

with a;, i = 1,2, 3 the rows of A and

bll
b21
bs1

bl2
b22

bsa

bis
bas
b33

B= — by b2 |bs)

with |b;, © = 1,2,3 the columns of B. Then we have, of course,

(@1, [b1) (@, [b2) (a1,[bs)
A-B=|(ay,[bi) (ag|b2) (az,|bs)
(a3, [b1) (@, [b2) (as,|bs)
rot((as, [b1) (a1, |b2) (a1, [bs)]
Rot(A- B) = | rot[(az, |b1) (ag,|b2) (a2, |bs)]
rot[(as, [b1) (as,|b2) (s, [bs)]
9y(ay, [b3) — 0.(ar, |b2) —[0:(as, [b3) — Ox(a, [b1)] Ou(as, [b2) —
= | 0y(az,|b3) — 0.(as, [ba) —[0:(az,|b3) — O.(as, [b1)] O:(as,|b2) —
9y(as, |b3) — 0.(as, |b2) —[0:(as, [b3) — Oz(as, |b1)] Or(as, [b2) —

ay(dlv |b1)
ay(d% |b1)
8y(d?n |b1)



(C_Llya |b3> + (CL17 |b3y) (C_le7 |b2) (a17 |b22) 00
= | (az,,|b3) + (az,|bs,) — (@a., [b2) — (Gz,[b2.) O O
(as,, |bs) + (as, |bs,) — (asz> ba) — (as, |b2,) 0 0O
0 —(au,, [b3) — (@, |bs,) + (1., [b1) + (a1, [b1,) O
+ 10 (@21, |b3) — (@2, |bs,) + (@2., [b1) + (Gz, [b1.) O
0 —(as,, |b3) — (as, |bs,) + (@s., [b1) + (a3, [b1.) O
00 al,” |b2) + (@1, [b2,) — (@1, |b1) — (@1, |b1,)
+10 0 a217 |b2> (a27 |b2 ) (a2 7|b1> ( az, ’bl
00 a3z7 |b2> (a’37 |sz> (a‘3y7 |b1 CL3, |b1
(a1, |b3) = (@i, |b2) —(au,,|b3) + (@i, |b1) (G1,,|b2) — (a1, |b1)
= | (az,,[b3) — (a2.,]b2) —(as,,|bs) + (Ga., [b1) (@2, |b2) — (G2, [b1)
(@, bs) — (@s., |ba) —(as,,[bs) + (@327 1) (@s,, |b2) — (@s,, |b1)
(a1, b3, = |ba.) (@1, |b1. — |bs,) (@, |ba, — [b1,)
+ | (a2, b3, — [b2.) (ag, b1, — |bs,) (a2, |2, — [b1,)
(@3, [bs, — [ba.) (@3, [b1, — [bs,) (@3, b2, — |b1,)
(C_Lly7 ’b3> - (dlw |b2) (alw |b3) (alzu |bl) (alm ’bQ) - (dlw |b1)
= (d2y7 |b3) - (d227 |b2) (a217 |b3) <a2z7 |b1) (d217 |b2) - (d2y7 |b1)
(as,, |b3) — (as., |b2) —(as,,|b3) + (as.,|b1) (as,,|b2) — (as,,|b1)
a1
+ [ ax | - (bs, = (b2, [br. = 1bs, Do, — |b1,)
as
(@1, |b3) — (1., |ba) —(a,,|bs) + (@1, [b1) (@r,,[b2) — (@1, |b1)
= (fizy, |b3) — (@227 b2)  —(ag,,[b3) + (a2., [b1) (a2, |b2) — (Gz,, |b1)
(as, !bs) (@s., |ba) —(@s,, |bs) + (@s.,]b1) (@s,,[b2) — (@s,,[b1)
Q12 a13 bl3y — b2, b1z — b1z, bizp — blly
Q22 G23 | - bzsy — baa, bo1; — basz, baoy — b21y
a3z Aass b33y — b3z, bz1; — b3z, bazy — b31y
(ay,, ’bs) (@1.,[b2) —(a,,|bs) + (ar.,[b1) (a1,,|b2) — (@1, [b1)
= | (ag,, |b3) — (ao., |b2) —(az,, [b3) + (G, |b1) (as2,,[b2) — (az,,[01) | +A-Rot(B).
(as,, |bs) — (as,, |b2) —(as,,|bs) + (as,,|b1) (as,,|b2) — (as,, |b1)
a
Let us now use the assumption that A = —AT and set ( = | 3 |. We may put
Y

A =w((¢). Thus

e
V(= b
Yz

a,
By B
Yy V=



and
aj; a2 a3 0 a f
A= (am a2 a23> = (Oé 0 7) .
asr @32 0as3 -8 =7 0

(@1, |bs) = (@r., [b2)  —(@u,, [bs) + (@1, [br) (a1, |b2) — (@, |b1)
Gz, |b3) = (aa.,[b2)  —(as,,[bs) +
) ) )+

This yields

(az,, b3) — (2., b2  1b3) + (@2, [b1)  (az,, |b2) — (ag,, [b1)
(@, b3) — (@a., [b2) —(as,, |b3) + (@a.,[b1) (as,,|b2) — (@s,,|b1)
(O Oéz,ﬂz) ’b2> 00

Oéz 0 ’Yz) |b2) 00
(=5 ,0),102) 0 0
«

537) |b3> ((0705275,2)7 ’b1> O)
— Oy, 0 |b1) 0

((07 Qy, 674)’ ‘b3)
= ((—ary, 0,7y), b3) —
((_ﬁya Yy 0)7 |b3)

0 ((0
+ (O —((—a
0 —

6&;
0
+ 10
0
Thus we arrive at

((chy, |b3) — (@, \b2§ —(a1,, |bs) + (a1, [b1) (@, |b2) — (a1, 51))

(
(=
(

’7 |b3 ﬂz zvo)a|b1) 0

0 O Oy, ﬂm |b2) - ((070@763;), |b1)

0 -0y, 0 'Yac ), b2) — ((_O‘yao"yy)v |b1)
0 53[:7 ’790 |b2) ((_ﬁw_’yy?())’ |b1)

)+ (@
(a2, |b3) — (@a.,[b2) —(az,, |b3) + (G2, [b1) (G2, |b2) — (Gz,,|b1)
(as,, bs) — (@s., [ba) —(@s,,[b3) + (@s.,|b1) (@s,,|b2) — (@s,, |b1)

((O7ay7ﬁy)7 ‘b?)) - (( azaﬁz)a |b2>

_((Oaamaﬁx)v |b3> ((0 O‘z;ﬂz)? |b1)
((0’ awvﬂﬂt)’ |b2) ((0 ayﬁﬁ?J)? ’bl)
(( Ay, 0 ’Yy) |b3) - (_aza0772)7|b2)
—((=%,0,%), [bs) + (=, 0,72), [b1)
(=0, 7%) [b2) — (=0, 0,7), b1)
((—6 ,0), 1b3) — ((—ﬁz —% 0),1b2)
—((=p 0),|b3)+(( ,0), |b1)
((= B, —% 0), [b2) — ((—ﬁy - ) |01)

10



0 b23 —b22 0 b33 —b32 0 0 0 (07
—bgg 0 b21 —b33 0 631 0 0 0 Qy
bQQ —bgl 0 b32 —bgl 0 0 0 0 (6

= b13 0 —b11 0 0 0 _b33 0 b31 ﬁy
—biz b 0 0 0 0 bsp  —b3 0 3.
O O 0 O —613 blg O —b23 b22 '7:1:
0 0 0 bi3 0 —bi1 bos 0 —ba Yy
0 0 0 —biz b 0 —by by 0 Yz
= Lp.vec(V().
Therefore

vec(Rot(A - B)) = Lg.vec(V() + vec(A - RotB)
and we get the conclusion that
Rot(A - B)) = matriz(Lg.vec(Vw ' (A)) + (A - RotB)

which is the first part of the lemma.
To find a simple direct proof of

det Lp = 2 - (det B)®

which shows in a few lines the above assertion, has so far eluded the efforts of
the author. Instead one has to do all the computation by hand but I hesitate to
confront the reader with them. [ |

Lemma 4

For A € CY(Q,M**%) with A = —AT and B € C'(Q, M**3) we have
Rot(B-A) = L,.DB + B - Rot(A)

where for fixed A the map L4 : R M3*3 js linear and the application A —
L, is also linear.(Here DB denotes all partial derivatives of B with respect to

(21,22, 3).)

Proof. Is obvious from the foregoing analysis. |
Let us quickly see what happens in the standard case B = 11 which is usually
involved in proving Korn’s first inequality:

Corollary 2
Assume that A € CY(Q, M**?) with A = —AT. Then

Rot(A) = 0 = A = const.

11



Proof. Retaining the same notations as in Lemma 3, we have for

0 o p
A=|—-a 0 v
-6 = 0
that
5@/ — Oy _ﬁx Oy
Rot(A) = Yy —Ye — Qi Qy
V= _ﬁz Yz + ﬁy

vec(Rot(A)) = Ly.vec(V().

Now if Rot(A) = 0 then this implies that o, ay, Bz, 82,7y, 7. = 0 and

By —a, =0 -1 1 0 Q,
—Y—a,=0& -1 0 =1|-|5,] =0
—Yz+ By =0 0 1 -1 Ve

~
invertible

which yields o, 8,7, = 0. Hence «, 3,y = const.
This is equivalent to A = const.
Note that we have implicitly also shown that Ly : R? — R is invertible. [

Corollary 3
Assume that A € CH(Q,M**%) with A = —AT and either B € GL(3,R), B =
const. or B € CY(Q,M3*?), B = V4. Then if Rot(A-B) = 0 we have A = const.

Proof. From Lemma 3 we know that Rot(A - B) = 0 implies
0 = matriz(Lg.vec(Vw ' (A))) + (A- RotB).

Because B is invertible so is Lg by way of the second part of Lemma 3 and we
can write

vec(Vw 1 (A)) = L' .vec(A - RotB).

But in both cases for B we have RotB = 0 and if we use the assumption that

o
A= —-AT and put ¢ = | 8| and A = w(¢) then we can write in terms of ¢
Y
equivalently
V(=0
Hence the conclusion. [ |

12



Lemma 5

Assume that A € C'(Q,M>*%) with A = —A” and B € C*(Q,M>*3) and that
Rot(A- B) = 0 and det B > ¢* > 0. If furthermore there is an zy € ) with
A(zo) =0 then A = 0 everywhere.

Proof. From Lemma 3 we know that Rot(A - B) = 0 implies
0 = matriz(Lg.vec(Vw ' (A))) + (A- RotB).

Because B is invertible so is L by way of the second part of Lemma 3 and we
can write

vec(Vw ' (A)) = L' .vec(A - RotB).

Q@
Let us now use once more the assumption that A = —A” and put ( = | 3 | and

f)/
A = w((). This gives in terms of { equivalently

V(¢ = matriz(Lg vec(w(¢)) - RotB).

Consider now a smooth curve  : [0, 7] — z(t) € Q starting at z( i.e 2(0) = z.
With such smooth curves we can reach every point x € 2. We are interested in
the behaviour of ¢ along these curves. We differentiate the function ¢ — n(t) :=

C(2(1)) to get

Snlt) = S c(alt) = Ve(a() ()

dt
= matrix(Lgéx(t)).vec(w({(m(t))) - RotB(x(t))).x(t)
= matriz(Ly(, ) -vec(w(n(t)) - RotB(x(t))).x(t)

Together with 7(0) = ((z(0)) = ((z0) = w ' (A(x)) = w™'(0) = 0 this gives the
following linear system of ordinary differential equations for n along x(t)
pr (t) = matriz(Lp(z(t)) " vec(w(n(t)) - RotB(z(t))).z(t)
n(0) =0.

Because this system has a unique solution and 7 = 0 is a solution we must have
((z(?)) identically 0. With the arbitrariness of z(t) we see that ((z) is zero ev-
erywhere in 2. But A = w(({) and we conclude A = 0 everywhere in €. |
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4 Korn-type inequalities with nonconstant co-
efficients

Lemma 6 (Ad Hoc Higher Regularity)
Assume that ¢ € H"(Q) and F,, ' € C'(Q, GL(3,R)). Furthermore suppose

that RotF, € C*(Q,M>*®). If
Vo-F N (z)+ F, () Vo' =0 z€Q
then ¢ € C*(Q,R?) and A := V¢ - F,' € C3(Q,M>*3),

Proof. Put A = V¢ - F;'(z). Then A = —A" and A € L*(Q) because of
¢ € H'(Q) and F,' € C'(Q,GL(3,R)). We can solve for V¢ because F), is
invertible which gives V¢ = A - F},. Taking the operator Rot on both sides in the
sense of distributions we have

0= Rot(V¢) = Rot(A- F),).
Now we use our formula for Rot(A - F,) which gives
0 = matriz[Lg,.vec[V(w™ ' (A))] + A- Rot(F,).
Taking vec on both sides we get
0 = Lg,.vec[V(w ' (A))] + vec(A - Rot(F,)).

By assumption, F}, is everywhere invertible and so is then Lp,. Thus we can write
this equivalently as

vec[V(w 1 (A))] = —L}pl.vec(A - Rot(F}))
V(w (A) = —matrix[L;pl.vec(A - Rot(F,))] . (2)

Because A € L2(Q), F, € CY(Q,GL(3,R)) and RotF, € C*(Q,M>*3) we read
from this formula that V(w™(A)) € L*(Q). But V(w™!(A)) controls all first
derivatives of A which means A € H%)). Differentiating the above expres-
sion 2 on both sides once more we get that A € H?*%Q) since F,, RotF, are
continuously differentiable. Hence the Sobolev embeddding theorem [1] yields
A € C%2(Q, M3*3). Looking again at 2 we see that indeed A € C2(Q, M3*3).
Together with Vo = A - F, we see that V¢ € C'(Q,M?3*3). Thus evidently
¢ € C*HQ,R?). u

Lemma 7

Assume that ¢ € C'(Q,R3) and ¢ = 0. Moreover let I' C 02 be a two-
dimensional smooth surface. Then there are two linear independent tangential
directions Ty, T on I' such that

Vo(z)m(x) =0, Ve¢(z)n(x)=0.

14



Hence
rank(Vo(x)) <1 zel.

Proof. Look at curves s(¢) on the surface I' starting in € I'. Then ¢(s(t)) = 0.
Differentiating yields Ve (s(t)).s(t) = 0. Because I is a two-dimensional smooth
surface, there are 2 linear independent tangential directions in every point x € I'.
If we choose the curves such that s(0) = 7 5 we see the first part of the lemma.
Because then dim(ker(V¢(x))) = 2 we see the second part as well. [

Theorem 1 (Trivial Nullspace) B
Assume that ¢ € HYAQ,T') and F,, F;' € C'(Q,GL(3,R)). Furthermore sup-
pose that RotF, € C*(Q,M**®). Then

IV¢-F, N (z) + F, " (2) - V¢TH%2(Q) =0 =¢=0.

Proof. Because of ¢ € HYHQ,T) and the smoothness assumptions on F, we
know by virtue of Lemma 6 that ¢ € C*(Q,R?). Therefore we can apply Lemma
7 to get that rank(V¢) < 1 for z € . Now set Vo - ' = A(z). In Lemma 6
we showed also that A € C 17%(@, M?3*3) and of course A is skewsymmetric. We
see with Lemma 2 that A, = 0. If we solve for V¢ we arrive at

Vé=AF,.

Taking now Rot on both sides in the strong sense yields Rot(A - F,) = 0 and we
are in the position to take Lemma 5 into account. Thus we conclude that A =0
everywhere. Whence also V¢ = 0 everywhere. From ¢ € HIQ,T) together
with Poincare’s inequality [6, p.281] we conclude that indeed ¢ = 0. [ |

Ounly for the convenience of the reader we give the following expression which
we need in the sequel. Let P € C'(Q, M3*3) and ¢ € C'(Q,R?) then, as usual,

2! 981 06!
8CE1 a:zz axg

6(]32 8¢2 8¢2 pll p12 p13
Vo-P= |92 025 0z3 |- | P21 P22 P23
96® 9 9P P31 P32 P33

Ox1  Oxy  Oxz
gﬁipn + gf;pzl + a$3p31 39611712 + gf;pm + 3—%]932 @xlpls + gﬁ;ng + 8x3p33
= 8xlp11 + az2p21 + 3,,331931 3111?12 + P22 + ax3P32 ax1p13 + 8m2p23 + 8x3p33
Bxlpll + 8:62]?21 =+ 3x3p31 3331]912 + p22 + ,9132732 ax1p13 + ax2p23 + 3x3p33

and we have of course

15



2 (3331]911 + amp?l + 3132731)

o 1
Vo P+ Pl vel = aﬁlpm + 89522722 + 8x3p32 + 39012?11 + 3952?21 + 8:53]931

ax1p13 + 3121723 + 8x3p33 + pn + p21 + ax3p31

amlplg + p22 + p32 —i— pn + p21 + ax3p31

o 2
2 <3ﬁ1p12 + 3@2922 + 3$3p32>

o 2
afl D1z + 3302]923 + ax3p33 + axlplz + 3x2p22 + 8x3p32

Ot Ot
e P13 t 5, P23 T 3x3p33 + 3961]011 + 3—3622721 + 3333]931

o 2
3ﬁ1p13 + 8m2p23 + 8I3P33 + 39011?12 + 33;22922 + 33;31732

2 <ax1p13 + 3962]023 + 8363])33)
For n = 3 spatial dimensions we give the following

Definition 4
Let a = (aq, g, a3) be a multi-index and let a system of operators

Ny, l=1,...9: H"¥Q) — L*(Q)
be given in such a way that for ¢ = (¢1, ¢, ¢3) € H4Q)
Ni.g = Z > ni(x) - D
s=1 |a| 1

We say that this system is weakly coercive with respect to H“¥Q) if there
exists ¢t > 0 such that

9
Z ||Nl¢||§,9 + ||¢||§Q > C+||¢H$QQ
=1

for all p € H'4(Q).
For & = (&1, &,&3) € C? we define the matrix

N (@)€ =) nlg(x) - & - 652 &0

laf=1
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According to Theorem 3.2 in [13, p.310] we have the following

Theorem 2 _
Let Q C R? be a bounded Lipschitz domain and let nl, € C(Q,R). Then the
system N; is weakly coercive if and only if

Ve eQ:VEERY €40 = rank(N, (2)¢) =
Veed:VEeEeC E40 = mnk(le(x)@ =

Proof. [13, 4]. |

Corollary 4 B
Let  C R? be a bounded Lipschitz domain and let P € C(Q, GL(3)). Then the
system

{N;¢}Y)_| :=wvec(V¢- P+ PT-Voh)

of operators is weakly coercive over H'4(Q).

Proof. Obviously, the coefficients of N;¢ satisfy the continuity condition of the
theorem. We check the rank condition for £ € C3, £ # 0. We have

{Nip})_, :=vec(Vé- P+ PT-Vol)

2 (axlpll + 3@2921 + @x3p31>

O 1
ai)lpm + 3x2p22 + a$3p32 + axlpu + 312]721 + 8‘,1631931

O 1
£1P13 + 81,22923 + 33631?33 + 6x1p11 + 81,2]?21 + @x3p31

8:c1p12 + 812p22 + (%3]932 + 3361p11 + p21 T 8$3p31

2
= 2 (gflpw + 3@]922 + 3$3p32>

O 2
8i1p13 + 81’2p23 + 8x3p33 + 811p12 + 8I2p22 + 8x3p32

O 1
@ﬁlpl?) + 8:02p23 + 59331933 + 33611711 + 8:62]?21 + 8x3p31

33511?13 + 3:522923 + 8x3p33 + 8x1p12 + 3x2p22 + 8x3p32

3
2 (gilpw + 8x2p23 + 3%2933)

Therefore in this case the matrix N; ¢ looks like
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2 (&ip11 + Eapar + E3ps1)  Eipia + Eapoo + E3pse E1pis + Eapas + Eapas

0 §ip11 +&ap21 +E3ps1 O

0 0 §&ipir + Eapar + &3psa
&1p12 + Eap2o + &332 O 0
&1+ Eapar + E3psr 2 (Eapro + Eopon + E3ps2)  Euprs + Eapas + E3Dss
0 0 §1p12 + Eapar + E3ps2
§ip13 + &apas + E3pss 0 0
0 &1p13 + Eapas + E3pss 0

&ipi1 + Eapar + Eps1 Eipia + Eopao + E3psa 2 (§1p1s + Eopas + E3pss)

Now we show that rank(N,,) < 2 implies £ = 0 which will give the desired
theorem. If rank(N;,) < 2 then the matrices

2 (&p1n + Eapar + E3p31)  Eipia + Eapao + E3psa E1pis + Eapas + E3pss

E,=10 &1p11 + Eap21 +E3pa1 O
0 0 Sipn + &apar + E3psi
E1pi2 + Eap2o + E3ps2 O 0

Ey = | &pii+ &par + &1 2 (Eaprz + Eapao + Esps2)  E1p1s + Eapas + E3pss
0 0 §ipi2 + &ap2o + E3p32
&1p13 + Eapog + Eapss O 0

Es:=10 §1p13 + Eapaz + E3paz O

E1p11 + Eopar + Esps1 Eipia + apoo + E3psa 2 (§1p13 + Eopas + E3pss)

must each be singular, which implies that the determinants, respectively have to
vanish. But

0 = det By = 2 (&1p11 + Eapor + E3par)’
0 = det By = 2 (&1p12 + Eapao + E3paa)’
0 =det B3 = 2 ({1p13 + E2p2s + 53]933)3 .

This in turn implies that PT.¢ = 0. But P is invertible and therefore £ =0. W

Corollary 5 (Korn’s second inequality for nonconstant_coefﬁcients)
Let © C R? be a bounded Lipschitz domain and let F;' € C(Q,GL(3)). Then

V¢ - F, ' (z) + prT(fU) : V¢TH%2(Q) + H¢H%2(Q)
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is a norm on H“ ) equivalent to the standard norm.

Proof. As a consequence of weak coercivity we get the existence of ¢ > 0 such
that

IV - Fy N x) + F () - Vo [ Taq) + 1672 = [0l 20
however, the continuity of F, ' implies that
IV - Fyt(x) + F, T (2) - Vol 72y + 16 720) < 10720y + KT - IVEl72 (0
< K030

Hence the conclusion. [ |

Remark 1

This is decisively more than Garding’s-inequality, which, in the case of noncon-
stant coefficients, together with the strict Legendre-Hadamard condition, is only
valid for functions in H*)). Note that for constant coeflicients we have more,
namely coercivity over H")()), compare with [22, p.323]. But here we have
proved a generalization of Korn’s second inequality which might not have been
noticed before in this special form for invertible smooth F,.

For clarity of exposition we cite the Garding’s inequality for comparison in our
context.

Lemma 8 (Garding’s inequality)
Let F7t € C%(Q,M**3) be given with det F,(x) > p™ > 0. Then for all §,n € R?

In@&) - F,H(x) + F, 0 (@) - (n@ &) T2 > e () [Inl]? - €]
and as a consequence
Jct >0V e HAQ):
IV - Fy () + F, 1 () - Vo 1 72) + [161720) > ¢ 10120 -

Proof. See, e.g [10, p.9]. |
We are now in a position to prove our main

Theorem 3 (Generalized Korn’s first inequality)
Let  C R? be a bounded Lipschitz domain and let T' C 99 be a smooth part of
the boundary with nonvanishing 2-dimensional Lebesgue measure. Let

H,AQ.T) = {¢ € HQ) | ¢, = 0}

and let F,, F."' € C'(Q,GL(3,R)) be given with det F,(x) > u* > 0. Suppose
furthermore that RotF, € C*(Q,M**®). Then

3¢t >0 Voe HAQD): [V Fy (@) + F, 7 (@) Vo 2y > ¢ [6l3nan

19



Proof. The proof proceeds now in a standard fashion by contradiction, see e.g
6, 13] for the case of the classical Korn’s first inequality. Assume to the contrary
that there is a sequence of functions ¢, € HXXQ,T') such that

9z =1 but [[Vor - F (@) + F (@) - Vg llia) — 0.

Via the Rellich compact embedding of H'4Q) in L*(Q) there is a subsequence
again denoted by ¢ and an element ¢ € HX4Q,T') with

¢r — ¢ strongly in L*(€2)

G — & in HYYQ).

Due to the convexity of the mapping H — || H - F,; ' (z) + F, " (x) - H"||* we have

196 ;7 (a) + F; 7 (2) - V6T ) <
liminf Vo F; (@) + F; 7 () - Vol [3agey = 0

If we apply Theorem 1 this yields ¢ = 0.
We show now that this subsequence is in fact a Cauchy sequence in the norm

IVu - B @) + B (@) - V' |[Ta) + ull 2

on H%¥Q). To see this we note

IV (6 — ¢5) - (@) + F, 1 (@) - Vige — 65)" 720 + 1ok — ¢ill72(q) <
\||V¢k B @)+ E N (a) - V¢Z||i2(nl+

TV
—0 by assumption

l’v%‘ - Fy N x) + Fy () - V%TH%%QJF | fx — ¢jH%2(9)J
r>0 —0 V;;Rellich

Therefore, ¢, is also a Cauchy sequence in H%%). Which means

¢r — ¢ strongly in H'Q) and
19720y = 1

contrary to ¢ = 0. [

Remark 2 (The general gradient case) B
The Theorem shows that if F,, = V'V, it is sufficient to have F,, F,;* € C'(Q, GL(3,R)).
Compare [7] p. 44.
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Interestingly enough, the above theorem can be proved using a direct argu-
ment in the gradient case F, = V¥,, ¥ € C?(Q,R?), which mirrors the simple
formula for the first Korn’s inequality for functions ¢ € HX4Q).

Theorem 4 (Special H!%Q)) gradient case) B
Let Q C R? be a bounded Lipschitz domain and let F,, = VU, € C*(Q,M?*?) be
given with det F,;'(z) = u* = const. # 0. Then

It >0 Voe HAQ): Vo F N (2) + Fy () Vol ey = ¢ 104 -
Proof. For A € M®*3 the Caley-Hamilton theorem tells us that
AP —tr(A) - A2+ tr(AdjA) - A —det A- 1 =0

If A e GL(3,R) we can multiply this equation with A~'. Taking the trace on
both sides we then have

tr(A?) —tr(A)? + 2 tr(Adjd) = 0. (3)
This formula remains valid for general A € M3*3. Now

IV Fy (@) + F (@) - Vo' [P = 21Ve - B @) + 2t (Vo - By (2)))
=2V F, (2)|* — dtr(Ad[(Ve - F, ™ (2)))+
20r((Vo - F, ' (@)))?
> 2|V N (@) — dtr(Ad(Ve - F, 7 (2)))

where use has been made of the identity 3. Assume that ¢ € C5°(€2) and look at

However, the Piola-Identity (see [6, p.39])
div Cof(V¥,) = div AdV¥] =0

together with the divergence theorem implies that (u = const.)

/ 1 (Ad(Vo) VT do = pu / (Ad[(V)VU]) dz =0

Q Q
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if ¢ € C5°(Q2). Therefore upon integrating we get
Vg - Fy N x) + F, T (2) - Vo [[Ta) = 21V - E, (@) 120
> 2 )\min,§<Fp71FpiT) ’ HV¢H%2(Q)

where X ;. o(F, 'F, ") denotes a lower bound for the smallest eigenvalues of

FNa) - F7T(x) on €. An application of Poincare’s inequality gives the result

for ¢ € C5°(Q2). But C5°(Q) is dense in HXHQ). |

More can be said in another special case:

Theorem 5 (Special H}A(2) gradient case with ¥, a diffeomorphism)
Let Q C R? be a bounded Lipschitz domain and let F,, = VV, € C*(Q,M?*?) be

given with det F,7*(z) > p* and let ¥, : Q C R? — R? be a C'-diffeomorphism.
Then

It >0 Voe HoAQ) : [V F (@) + F, (@) - Vo' 1oy = ¢ [0l -

Proof. The proof uses the fact, that under the assumption that ¥, : QCR?—
R? is a diffeomorphism, the map z +— ¥,(z) =: £ induces a change of variables.
Indeed if ¢ € C§°(2) we can uniquely define a function ¢, by setting

P(x) = Pe(¥p(2)) -

We then get Vo(z) = Vg (V, (7)) Vo ¥y (x) or Vo(z) -V, U, (1) = Vege (Vp(2)).
For ¢, we obtain by the simple H1(2) case of Korn’s first inequality that

/ IV6.(6) + V. ()| de > 2 / IVeon(©)IP de
£eT,(Q) T, (Q)

since ¢.(§) = 0 if £ € 0V, (€2). Now on applying the change of variables formula
we obtain

/ IV60(,(2)) + Vo (T, ()72 det VT, () da

>2 [ Vet @) det VU (z) do.
By assumption det VW, (z) is strictly positive. Hence we can conclude that

max(det VI, ( / Ve (,(2)) + Voo (U, (2)T||? dx >

2m1n (det VW, ( /HVg(be )| dx .
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Therefore

) ming (det V¥, (z))

1 -T T2
IVo-E, @)+ £,7(0) - Vol 2 20 Gerve, @)

IVe - F, (@) 1720

ming (det V¥, (z))
maxq(det VU, (x))
ming (det VW, (z)™1) [P ,
maxgq(det V¥, (z)~1) )‘mmyﬁ(Fp Iy )HV¢||L2(Q)
et
2
~ “maxgq(det F(z)"1) Amin 2

Armi 7(Fp_1Fp_T) “v¢||%2(ﬂ)

min,§2

(5, B ) IVl

An application of Poincare’s inequality together with the density of C§°(€2) in
HIQ) will give the result. |

For n = 2 space dimensions we can prove exactly the same theorem as above
but there is another theorem which might be interesting in its own right because
it can handle incompatible plastic configurations with much less regularity:

Theorem 6 -
Let Q C R? be a bounded Lipschitz domain and let F, € L>(Q, M**?) be given
with det F,; ' (z) = o = const. # 0. Then

I >0 Voe HoAQ) : [V F (@) + F, (@) - Vo' 1oy = ¢ [0l 0 -
Proof. For A € M?*? the Caley-Hamilton theorem tells us that
A% —tr(A)-A—detA-1=0.
Hence, taking the trace on both sides
tr(A?) —tr(A)* = 2det A
which gives for ¢ € C§°(Q)

Vo - F @) + F () - VO |2 = 2|V - F (@)|]° + 2tr (Vo - Fy (2))?)
=2|[Vo- F Yo +2tr(Vo - FyH (2)))*~
4det(Ve - F, ' (x))
> 2|V - F, ()P — 4pdet(Vo).

Because det(V¢) is a divergence, integrating over €2 and application of Poincare’s
inequality will give the desired result, because C§°(2) is dense in H2XQ). |
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5 Concluding Remarks

In case of analyzing the form ||[F,(z) - Vo + V™ - FJ ()| instead of

IV - E N (x) 4+ Fy T (x) - Vo' ||* we can do the same calculations as in Lemma 5.
But we see that with Lemma 4 and invertible B we can directly solve for RotA
and we only have to check that Ly : R? — R? is bijective. This can directly
be seen by looking again at the computations which were done in the proof of
Corollary 2. Altogether the whole analysis done so far carries over to this case.
The same type of coerciveness holds as well for forms of the type

Gy - Vo F,+ F - Vo' - G|
with F,, G, € C*(Q, GL(3,R)). If we write
Gy V6 Fy+ FF V6" - GE2 = Gy - (Vo Fy -G, + Gy - Y- e7) - G
we see immediately that we can always reduce the above case to the case
IVe- Clz) + CM(x) - Vo' ||

with C' € C1(Q, GL(3,R)) since |G - X - GT|| and || X|| are equivalent norms on
M?**3 if G € GL(3,R). This remark shows that we have Korn’s first inequality
in the case with elastic rotations as well.

A generalization of our main theorem to LP(£2) spaces with 1 < p < 0, i.e

3c¢t >0 Ve HAQT)
Vo - F () + Fy (@) - Vol g = ¢ 101 hnq

seems to be straightforward, because we get the generalization of Korn’s second
inequality in our situation and the LP(Q2) setting by Theorem 6, in [4, p.530].
But to proceed from Korn’s second inequality to Korn’s first inequality we did
not make use of any specific L?(Q2) property.

The question remains to be settled whether the awkward smoothness assumptions
made for F}, and the part of the boundary I' are sharp. Less smoothness is of
course of utmost importance in real applications.
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