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On Laplacian Energy of Certain Mesh Derived Networks

Bharati Rajan
Department of Mathematics
Loyola College
Chennai
Albert William
Department of Mathematics
Loyola College
Chennai

ABSTRACT

Eigenvalues of a graph are the eigenvalues of its adjacency
matrix. The multiset of eigenvalues is called its spectrum.
There are many properties which can be explained using the
spectrum like energy, connectedness, vertex connectivity,
chromatic number, perfect matching etc. Laplacian spectrum
is the multiset of eigenvalues of Laplacian matrix. The
Laplacian energy of a graph is the sum of the absolute values
of its Laplacian eigenvalues. In this paper we calculate the
Laplacian energy of some grid based networks
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1. INTRODUCTION

Spectral methods in graph theory have received great attention
since their introduction and have proved to be a valuable tool
for the theoretical and applied graph theory [1,2]. The study of
graph eigenvalues realizes increasingly rich connections with
many other areas of mathematics.

A graph G with vertex set V ={vy,v,..v,} can be
represented by its adjacency matrix A = A(G) = [a;;] where
a;j = 1 if v;and v; are adjacent and a;; = 0 otherwise. The
spectrum of G is the set of numbers which are eigenvalues of
A(G), together with their multiplicities. If the distinct
eigenvalues of A(G) are Ay > 13 >...>2A,_; and their
multiplicities are m(d), m(A1),...,m(As_1), then we can
write the spectrum as

SpecG :( 4o A A j

m(4) m(4) . . m(4.4)

The energy E (G) of a simple graph G is defined to be the sum
of the absolute values of the eigenvalues of G. In [3] the
spectra and energy of several classes of graphs containing a
linear polyene fragment are obtained. In [4] the energy of
iterated line graphs of regular graphs and in [5] the energy of
some self complimentary graphs are discussed. The energy of
regular graphs is discussed in [6]. Some works pertaining to
the computation of energy can be seen in [7,8,9,10,11].

The Laplacian matrix L = D — A is the difference of
D =diag(dy, d,, ...,dy), the diagonal matrix of vertex
degrees, and the adjacency matrix A. The matrix L is positive
semi-definite, and therefore its eigenvalues are non-negative.
The least eigenvalue is always equal to 0; the second least
eigenvalue is also called the algebraic connectivity of G [12].
Let u; = pup, = -+ = p,, = 0 be the Laplacian eigenvalues of
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The Laplacian energy, denoted by LE(G), is defined as
2
LE(G) =Xy |u — 2|

It has been found [13] that there are a number of analogous
properties between E(G) and LE(G). It is known that if the
graph G is regular, then LE(G) = E(G).

2. APPLICATIONS

Motivation for founding the theory of graph spectra has come
from applications in Chemistry and Physics. The first
mathematical paper on graph spectra was motivated by the
membrane vibration problem [14]. In quantum chemistry, the
skeleton of a non-saturated hydrocarbon is represented by a
graph. The energy levels of the electrons in such a molecule
are the eigenvalues of the graph. The stability of molecules is
closely related to the spectrum of its graph [15]. The spectra
of graphs, or the spectra of certain matrices which are closely
related to adjacency matrices appear in a number of problems
in statistical physics (see, for example, [16,17,18]). Graph
spectra appear in internet technologies, pattern recognition,
computer vision, and in many other areas. In geographic
studies, the eigenvalues and eigenvectors of a transportation
network provide information about its connectedness. It is
proved that the more highly connected the transportation
network G is, the larger is the, the largest eigenvalue 4,(G).
[19,20]

The eigenvalues of a graph characterize the topological
structure of the graph. The technique is usually efficient in
counting structures, e.g., acyclic digraphs, spanning trees,
Hamiltonian cycles, independent sets, Eulerian orientations,
cycle covers, k-colorings etc. If a graph possesses certain
property, using its eigen-properties it is possible to derive
(recurrence) formulas for counting the number of structures.

As there is no easy way to determine the eigenvalues of a
graph G, determining the complete spectrum is an interesting
problem. Here in this paper we obtain the spectrum of
interconnection networks such as grid G(n,n), cylinder
C(n,n), torus TR(n, n) using MATLAB.

3. CALCULATING THE ENERGY
3.1 Grid 6(I,n)

The topological structure of a grid network, denoted by
G(l,n), is defined as the Cartesian product P, x B, of
undirected paths P, and P,. For convenience we assume that
I = n. The spectrum of the graph does not depend on the
numbering of the vertices. However here we adopt a particular
numbering such that the adjacency matrix has a pattern which
is common for any dimension. We follow the sequential



numbering from left to right. The following diagram
illustrates the numbering chosen.

1 2 3
L 2 * L ]
5
de 3 ®* 0
L L] L ]
7 8 9

Figure 1: Sequential numbering of Grid (3, 3)
The adjacency matrix of G (3, 3) is given by

B I O 010
A=|1 B | |where B=|1 0 1], listhe
O 1l B 010

identity matrix of size 3 x 3 and O is the zero matrix of size
3x3.

In general the adjacency matrix of G (n, n) can be written as
B I o . . . . OO

I B 1 0. . . OO
o1 B I O

A where
I B I O
O 0 I B |
O 0 O I B
010 00
1 010 00
01010
01010

B=(. . . . . . . . . 1 is the
.. 1 010
oo . . . . 101
oo . . . . 010

[l

identity matrix and O is the zero matrix of size n X n.
The following MATLAB program generates the adjacency
matrix of grid G (n,n) and also calculates its energy.

function []= energygrid(n);
A=zeros (n*n);
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for i=l:n*n-1
A(i,i+1)=1;
A(i+l,1i)=1;

end

for i=1l:n-1
A(i*n,i*n+1)=0;
A(i*n+1l,i*n)=0;

end

for i=n+l:n*n
A(i,i-n)=1;
A(i-n,i)=1;

end

A

eigenvaluesofgrid= eig(A)

Energy=sum (abs (eigenvaluesofgrid))

Proof of correctness of energygrid program

It can be easily seen from the MATLAB program that the first
and the second 'for loop' generate the matrices B's along the
main diagonal in the adjacency matrix. The (i, i)™ entry B of
the block representation of the adjacency matrix corresponds
to the i™ row of the grid which is a path on n vertices. The last
'for loop' generates the identity matrices I's along both sides of
the main diagonal in the block representation and accounts for
the column edges of the grid between the paths.

In order to calculate the Laplacian matrix, we devise a logic to
write down the degree matrix D. First we consider a diagonal
matrix D = 41, where I is identity matrix of size n? x n?.
Replace D(1,1),D(n,n),D(n®>-n+1,n>—-n+1) and
D(n?,n?) by 2. To obtain the degree matrix, we need to
replace 4(n — 2) entries of D which correspond to the first
and last rows and first and last columns of the grid except for
the four corner vertices with 3. The resultant D will be the
degree matrix of grid G(n, n). The following MATLAB codes
generate the Laplacian Matrix and Laplacian energy of
G(m,m).

function L=laplaciangrid(n)
X(l:n*n)=4;
X(1)=2;
X(n)=2;
X(n*n)=2;
X((n"2-n)+1)=2;
for i=2:n-1
X(1i)=3;
end
for i=n+l:n"2-2*n+1l:n
X (1)=3;
end
for i=2*n:n:n"2-n
X(1)=3;
end
for i=n+l:n:n"2-2*n+1
X(1i)=3;
end
for i=n*(n-1)+2:n"2-1
X(1i)=3;
end
D=diag (X) ;
A=grid(n);
L=D-A;
Lapspectrum=eig (L)
auxeigvalue=Lapspectrum-4* (n-1)
Lapenergy=sum (abs (auxeigvalue))
end

10



3.2 Cylinder C (I,n)

The topological structure of a cylinder network, denoted
C(l,n) is defined as the Cartesian product P, x C, of
undirected path P, and an undirected cycleC,. For
convenience we assume that [ = n. The numbering adopted
for cylinder is same as that of grid. The adjacency matrix of
C(n,n) in block formis

B 1 o. . . . OO
I B 1 O . . . OO
o1 B 1 O
o1l B1o where
A=
I B I O
0O O I B |
O O O 1 B
010 01
1 010 0 0
01 010
01010
B=|. . . . . . . . .| |listhe
1 010
oo . . . . 101
10 . . . . 010

identity matrix of size n X n and O is the zero matrix of size
n X n. The following MATLAB program generates the
adjacency matrix of cylinder C(n,n) and calculates its energy.
function []=energycylinder (n);
A=zeros (n*n) ;
for i=l:n*n-1
A(i,i+1)=1;
A(i+l,i)=1;
end

for i=1l:n-1
A(i*n,i*n+1)
A(i*n+1,1*n)

end

for i=1:n
A(i*n-(n-1),i*n)
A(i*n,i*n-(n-1))

end

for i=n+l:n*n
A(i,i-n)=1;
A(i-n,1)=1;

end
A

eigenvaluesofcylinder= eig(A)

Energy=sum (abs (eigenvaluesofcylinder))

=0;
=0;

’

=1;
=1

’

Proof of correctness of the above programme is similar to the
first one, that we skip for the readers to prove. Obtaining the
Laplacian matrix and hence Laplacian energy becomes easier
after generating the adjacency matrix. The following
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MATLAB function calculates the Laplacian energy of
C(n,n).

function L=laplaciancylinder (n)
X(l:n*n)=4;

X(1)=3;
X(n)=3;
X(n*n)=3;

X((n*2-n)+1)=3;

for i=2:n-1
X(1)=4;

end

for i=n+l:n"2-2*n+1l:n
X (1)=3;

end

for i=2*n:n:n"2-n
X (1)=3;

end

for i=n+l:n:n"2-2*n+1
X (1)=3;

end

for i=n* (n-1)+2:n"2-1
X(1i)=4;

end

D=diag (X) ;

A=cylinder (n);

L=D-A;

Lapspectrum=eig (L)

auxeigvalue=Lapspectrum-4* (n-1)

Lapenergy=sum (abs (auxeigvalue))

end

3.3 TorusTR(l,n)

The topological structure of a torus network, denoted TR (I, n)
is defined as the Cartesian product C; x C,, where C; and C,
are undirected cycles. The numbering adopted for torus is
same as that of grid i.e., sequential labelling from left to right.
The adjacency matrix of TR(n, n) in block form is

B I O . . 01 where o100 . . . .01y I
I B 1 O . 00 1010 . 00
o1 B I O . 01010 . .

o1 B 1 O 01010 .

A= . B=

.o I B I O .. . . . 1010
[ONe) I B 1 oo0o. .. .101
I 0 O 1 B 10. .. .010

is the identity matrix and O is the zero matrix of size n X n.
The following MATLAB program generates the adjacency
matrix of torus TR(n,n) and also calculates its energy.

function []=energytorus(n);
A=zeros (n*n);
for i=l:n*n-1
A(i,i+1)=1;
A(i+1,1)=1;
end
for i=1:n-1
A(i*n,i*n+1)=0;
A(i*n+1,1i*n)=0;
end
for i=1:n
A(i*n-(n-1),1i*n)
A(i*n,i*n-(n-1))
end
for i=n+1:
A(i,i-n)=1;
A(i-n,1i)=1;

=1;
=1

’

*n

(=]
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end

for i=n*(n-1)+1l:n*n
A(i,i-n*(n-1))=1;
A(i-n* (n-1),1i)=1;

end

A

eigenvaluesoftorus= eig(A)
Energy=sum (abs (eigenvaluesoftorus))

The following MATLAB commands gives the Laplacian
Matrix and Laplacian energy of TR (n, n).

function L=laplaciantorus (n)
X(l:n*n)=4;

D=diag (X) ;

A=torus (n)

L=D-A;

Lapspectrum=eig (L)
auxeigvalue=Lapspectrum-4*n
Lapenergy=sum (abs (auxeigvalue))
End

3.4 Extended grid EX(L,n)

By making each 4-cycle in a I xn mesh into a complete
graph we obtain an architecture called an extended mesh
denoted by EX(I,n). The number of vertices in EX(,n) is In
and the number of edges in EX(l,n) is4in—31—3n+ 2.
We follow the sequential numbering from left to right.

The following diagram illustrates the numbering chosen.

2
! 3

s 9
Figure 2: Sequential labelling of EX(3, 3)
The adjacency matrix of EX(3,3) is given

B C O
A=|C B C
by OCB
where

010 110
B=|1 0 1 C=|111
010 011

a,
and O is the zero matrix of size 3 x 3.

In general the adjacency matrix of EX(n, n) can be written as
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B C O O O
C B CO O O
OC B CO
OC B C O
A= 0 O where
O O
C B CO
OO0 C B C
O O O C B
01 0 . 00
1010 . 00
01010 .
01010
B = ,
. 1 010
00 101
0 010
1 0 . . 00
110 . .00
1110 .
01110
C=
11
0 1
0 0

and O is the zero matrix of size nxn. The following
MATLAB program generates the adjacency matrix of
extended mesh EX(n,n) and also calculates its energy.

function C= extendedgrid(n);
C=zeros (n*n)
for i=l:n*n-
C(i,1i+1)
C(i+1,1)

[

1;

=1

end

for i=n+l:n*n
C(i,i-n)=1;
C(i-n,1i)=1;

end

for i=1:n-1
C(i*n,i*n+1)=0;
C(i*n+1,1i*n)=0;

end

for i=n+2:n*n
C(i,i-(n+1l))=1;
C(i-(n+1l),1)=1;

end

for i=n+l:n*n
C(i,i-(n-1))=1;
C(i-(n-1),1)=1;

end
for i=1:n-2
C(n*i+1,n* (1+1))=0;

12



C(n* (i+1),n*i+1)=0;
end
for i=1:n-2
C(n*i,n*i+n+1)=0;
C(n*i+n+1,n*1i)=0;
end
C
eigenvaluesofgrid= eig(C)
Energyofextended
grid=sum (abs (eigenvaluesofgrid))

The following MATLAB commands give the Laplacian
Matrix and Laplacian energy of EX(n, n).

function L=laplacianextgrid(n)
X(l:n*n)=8;
X(1)=3;
X(n)=3;
X(n*n)=3;
X((n"2-n
for i=2:
X (1)

+

5;

1)=3;
1

s~

end

for i=n+l1:n"2-2*n+1l:n
X (1)=5;

end

for i=2*n:n:n"2-n
X (1)=5;

end

for i=n+l:n:n"2-2*n+1
X (1)=5;

end

for i=n*(n-1)+2:n"2-1

end

D=diag (X) ;

A=extendedgrid(n) ;

L=D-A;

Lapspectrum=eig (L)
auxeigvalue=Lapspectrum- ( (8*m"2-
12*m+4) /m"2))
Lapenergy=sum (abs (auxeigvalue))
end
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5. CONCLUSION

In this paper we have devised a method to compute the
spectrum and thereby the energy and Laplacian energy of
mesh derived networks of all dimensions. This is of great
relevance in studying the structural properties of these
networks in a new perspective. Finding the energy of certain
interconnection networks such as butterfly, benes network and
other interconnection networks are under investigation.
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