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❆❜str❛❝t✳ ❈♦♥tr♦❧ ♦❢ t❤❡ ♣❧❛s♠❛ ✜❡❧❞ ✐♥ t❤❡ t♦❦❛♠❛❦ r❡q✉✐r❡s r❡❧✐❛❜❧❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛
❜♦✉♥❞❛r②✳ ❚❤❡ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ✐s ❣✐✈❡♥ ❜② ❛ ❝♦♠♣❧❡① ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❛♥❞ t❤❡ ♦♥❧②
❛✈❛✐❧❛❜❧❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ r❡s♣♦♥s❡s ♦❢ ✐♥❞✉❝t✐♦♥ ❝♦✐❧s ❛r♦✉♥❞ t❤❡ ♣❧❛s♠❛✳ ❋♦r t❤❡ ♣✉r♣♦s❡
♦❢ ❜♦✉♥❞❛r② ❡st✐♠❛t✐♦♥ t❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ s✐♠♣❧❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ✇✐t❤ ♣♦t❡♥t✐❛❧❧②
✐♥✜♥✐t❡❧② ♠❛♥② ❡❧❡♠❡♥ts✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ♠✉st ❜❡ s❡❧❡❝t❡❞ ♠❛♥✉❛❧❧② ❛♥❞ t❤✐s ❝❤♦✐❝❡
s✐❣♥✐✜❝❛♥t❧② ✐♥✢✉❡♥❝❡s t❤❡ r❡s✉❧t✐♥❣ s❤❛♣❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ✉s❡ ♦❢ ❢♦r♠❛❧
♠♦❞❡❧ str✉❝t✉r❡ ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r t❤❡ ♣r♦❜❧❡♠✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❢♦r♠✉❧❛t❡ ❛ s♣❛rs❡ ❧❡❛st
sq✉❛r❡s ❡st✐♠❛t♦r ✉s✐♥❣ t❤❡ ❛✉t♦♠❛t✐❝ r❡❧❡✈❛♥❝❡ ♣r✐♥❝✐♣❧❡✳ ❚❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ❛ r❡♣❡t✐t✐✈❡
❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ r❡❛❧ t✐♠❡✳ P❡r❢♦r♠❛♥❝❡ ♦❢
t❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ✐❧❧✉str❛t❡❞ ♦♥ s✐♠✉❧❛t❡❞ ❞❛t❛ ❛♥❞ ❡✈❛❧✉❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠♦r❡
❞❡t❛✐❧❡❞ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❝♦st❧② ♠♦❞❡❧ ❋❘❊❊❇■❊✳

✶✳ ■♥tr♦❞✉❝t✐♦♥
❚♦❦❛♠❛❦ ✐s ♦♥❡ t❤❡ ♠♦st ♣r♦♠✐s✐♥❣ ❝♦♥❝❡♣ts ❢♦r ❢✉t✉r❡ t❤❡r♠♦♥✉❝❧❡❛r ❢✉s✐♦♥ r❡❛❝t♦rs✳ ■♥ ❛
t♦❦❛♠❛❦✱ ❤♦t ♣❧❛s♠❛ ✐s ❝♦♥✜♥❡❞ ❜② ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ str♦♥❣ t♦r♦✐❞❛❧ ❛♥❞ ♣♦❧♦✐❞❛❧ ♠❛❣♥❡t✐❝
✜❡❧❞s✳ ❚❤❡ ❛❧♠♦st ♥❡❣❧✐❣✐❜❧❡ ✇❡✐❣❤t ♦❢ t❤❡ ♣❧❛s♠❛ ❞✐❝t❛t❡s t❤❛t ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ✭▼❍❉✮
❡q✉✐❧✐❜r✐✉♠✱ ✐✳❡✳ ❛ ❢♦r❝❡✲❢r❡❡ st❛t❡✱ ❞❡s❝r✐❜❡s ✐ts ♠❛❝r♦s❝♦♣✐❝ ❡✈♦❧✉t✐♦♥✳ ▼❍❉ ❞❡❝sr✐♣t✐♦♥ ✐♥❝❧✉❞❡s
❛❧s♦ t❤❡ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ✭t❤❡ s♦✲❝❛❧❧❡❞ ❧❛st ❝❧♦s❡❞ ✢✉① s✉r❢❛❝❡✮✱ ✇❤✐❝❤ ♠✉st ❜❡ ❝♦♥tr♦❧❧❡❞ ❞✉r✐♥❣
❛ t♦❦❛♠❛❦ ❞✐s❝❤❛r❣❡ ❜❡❝❛✉s❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ s❛❢❡t② r❡❛s♦♥s✳ ❘❡❛❧✲t✐♠❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ✐s
♥❡❝❡ss❛r② s✐♥❝❡ t❤❡ ♣❧❛s♠❛ ❜❡❤❛✈✐♦✉r ❝❛♥♥♦t ❜❡ r❡❧✐❛❜❧② ♣r❡❞✐❝t❡❞✱ ♣❛rt✐❝✉❧❛r❧② ❜❡❝❛✉s❡ t❤❡
❡q✉✐❧✐❜r✐✉♠ ✐s ✉♥st❛❜❧❡✳ ❙✉❝❤ ❛ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ r❡q✉✐r❡s t❤❡ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ❛s ❛♥ ✐♥♣✉t ✐♥
r❡❛❧✲t✐♠❡✳ ❙❡❡ ❡✳❣✳ ❬✶❪ ♦r ❬✷❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

❖♥❡ ♦❢ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r r❡❛❧✲t✐♠❡ ♣❧❛s♠❛ s❤❛♣❡ r❡❝♦♥str✉❝t✐♦♥ ✐s ♦✛❡r❡❞ ❜② ♠❛❣♥❡t✐❝ s❡♥s♦rs
♥❡❛r t❤❡ ♣❧❛s♠❛ ❜♦✉♥❞❛r②✳ ❍♦✇❡✈❡r✱ ❢✉❧❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭✇❤✐❝❤
✐♥❝❧✉❞❡s t❤❡ ♣❧❛s♠❛ s❤❛♣❡✮ ✐s ❛ ❝♦♠♣❧❡① t❛s❦ ❞✉❡ t♦ ♥♦♥✲❧✐♥❡❛r ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣❧❛s♠❛✳ ■♥ ❬✸❪✱
✐t ✇❛s s❤♦✇♥ t❤❛t t❤❡ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐ts ❜❛s❡
❢✉♥❝t✐♦♥s✳ ❙✐♥❝❡ t❤❡ ❜❛s❡ ❢✉♥❝t✐♦♥s ❛r❡ ❦♥♦✇♥✱ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛
s✐♠♣❧❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ✇✐t❤ ✉♥❦♥♦✇♥ ♥✉♠❜❡r ♦❢ r❡❣r❡ss♦rs✳ ❖✉r t❛s❦ ✐s t♦ s❡❧❡❝t t❤❡ r❡❧❡✈❛♥t
s✉❜s❡t ♦❢ ❜❛s❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧✳

❙❡❧❡❝t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❧✐♥❡❛r ♠♦❞❡❧ ✐s ❛ ✇❡❧❧ st✉❞✐❡❞ ♣r♦❜❧❡♠ ✐♥ st❛t✐st✐❝s ❛♥❞ str♦♥❣
♣♦✐♥t ♦❢ t❤❡ ❇❛②❡s✐❛♥ ❤②♣♦t❤❡s✐s t❡st✐♥❣✳ ❚❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦
♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ●❛✉ss✐❛♥ ♠♦❞❡❧✳ ❙❡❧❡❝t✐♦♥ ♦❢ str✉❝t✉r❡ ♦❢ t❤✐s ♠♦❞❡❧
✐s ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ♣r♦❜❧❡♠ r❡q✉✐r✐♥❣ t♦ ❢♦r♠❛❧✐③❡ t✇♦ st❡♣s✿ ✐✮ t♦ ❝❤♦♦s❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
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❋✐❣✉r❡ ✶✳ ❚♦❦❛♠❛❦ s❡❝t✐♦♥ s❝❤❡♠❛ ✇✐t❤ ♠❡❛s✉r✐♥❣ ❛♥❞ s❤❛♣✐♥❣ ❝♦✐❧s✳ B ♣r♦❜❡ ♠❡❛s✉r❡s ❧♦❝❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞ s✐③❡✱ ✢✉① ❧♦♦♣ ✐s ❛ ❝♦✐❧ ♠❡❛s✉r✐♥❣ ♠❛❣♥❡t✐❝ ✢✉① ψ ❛♥❞ ΩCk

✐s ❛ ♣❧❛s♠❛ s❤❛♣✐♥❣
❝♦✐❧✳ ❉✐✛❡r❡♥t ❝♦♥t♦✉rs ✐♠♣♦rt❛♥t ❢♦r ♣❧❛s♠❛ ❜♦✉♥❞❛r② r❡❝♦♥str✉❝t✐♦♥ ❛r❡ ❞❡♥♦t❡❞✳ ▲✐♠✐t❡r ✐s
t❤❡ ✐♥♥❡r s✉r❢❛❝❡ ♦❢ t♦❦❛♠❛❦ ❝❤❛♠❜❡r✱ Ωp ✐s t❤❡ ♣❧❛s♠❛ ✐ts❡❧❢✱ ❞❡❧✐♠✐t❡❞ ❜② ❞❛s❤❡❞ ❧✐♥❡✳ ■♥ t❤❡
❜♦tt♦♠ ♦❢ ♣❧❛s♠❛ ✇❡ ❝❛♥ ♦❜s❡r✈❡ ❛♥ ①✲♣♦✐♥t✱ ✇❤✐❝❤ ✐s ❝r✉❝✐❛❧ ❢♦r ❡♥s✉r✐♥❣ ♣❧❛s♠❛ st❛❜✐❧✐t②✳ ❋r♦♠
❬✸❪✳

♣❛r❛♠❡t❡rs✱ ❛♥❞ ✐✐✮ t♦ ❡✈❛❧✉❛t❡ ❧✐❦❡❧✐❤♦♦❞s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ str✉❝t✉r❡s ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ s✐❣♥✐✜❝❛♥t
❝♦♠❜✐♥❛t✐♦♥s ♦❢ r❡❣r❡ss♦rs ✇❤♦s❡ s✉♣♣❧② ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s✳

❆ r❛♥❣❡ ♦❢ t❡❝❤♥✐q✉❡s ❛r✐s❡ ❜② ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ♦♣t✐♦♥s ❢♦r ❡❛❝❤ st❡♣✳ ❚❤✐s st❡♣ ✐s ✈❡r②
✐♠♣♦rt❛♥t s✐♥❝❡ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ♣r✐♦r ✐s ✐♥❛♣♣r♦♣r✐❛t❡ ❛s ✐t ②✐❡❧❞s ♣♦st❡r✐♦r ❇❛②❡s
❢❛❝t♦rs ❞❡♣❡♥❞❡♥t ♦♥ ❛♥ ❛r❜✐tr❛r② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t ❬✹❪✳ ▼❛♥② ♣♦ss✐❜✐❧✐t✐❡s✱ ✐♥❝❧✉❞✐♥❣ r✐❞❣❡
r❡❣r❡ss✐♦♥✱ ♠✐①t✉r❡ ♣r✐♦rs✱ ♦r g ♣r✐♦rs ✇❡r❡ tr✐❡❞✱ s❡❡ r❡✈✐❡✇ ✐♥ ❬✺❪ ✳ ❖♥❝❡ t❤❡ ♣r✐♦r ✐s ❝❤♦s❡♥✱
♠❛♥② ❛❧❣♦r✐t❤♠s s❡❛r❝❤✐♥❣ t❤❡ s♣❛❝❡ ♦❢ s♦❧✉t✐♦♥ ❛r❡ ❛✈❛✐❧❛❜❧❡ ✉s✐♥❣ ❡✳❣✳ st♦❝❤❛st✐❝ s❡❛r❝❤ ❬✻❪✱
❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❬✼❪✱ ▼❈▼❈ ❛♣♣r♦❛❝❤ ❬✽❪ ♦r ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤❡s ❬✾✱ ✶✵❪✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ✐♥ r❡❛❧ t✐♠❡ ❢♦r t❤❡ ♣✉r♣♦s❡
♦❢ t♦❦❛♠❛❦ ❝♦♥tr♦❧✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s❡❡❦ ❛♥ ❛♣♣r♦❛❝❤ ✇✐t❤ s✐♠♣❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❖♥❡ s✉❝❤
♣♦ss✐❜✐❧✐t② ✐s t❤❡ ❛✉t♦♠❛t✐❝ r❡❧❡✈❛♥❝❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ❬✶✶❪ ✇❤✐❝❤ ✉s❡s ❛ ❤✐❡r❛r❝❤✐❝❛❧
♣r✐♦r t♦ s✉♣♣r❡ss t❤❡ r❡❣r❡ss♦rs t❤❛t ❛r❡ r❡❞✉♥❞❛♥t✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✉s❡s t❤❡ ❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s
❛♣♣r♦①✐♠❛t✐♦♥ ❬✶✷❪ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❬✶✸❪✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ t❤❡ s❡❝♦♥❞ ❙❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ ♠♦❞❡❧ ♦❢ t❤❡ ♣❧❛s♠❛
❜♦✉♥❞❛r② ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❧✐♥❡❛r r❡❣r❡ss✐♦♥✳ ❆ ♠♦❞❡❧ ♦❢ ❇❛②❡s✐❛♥ r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢
t❤❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ t❤✐r❞ ❙❡❝t✐♦♥ ❛♥❞ ✐ts ❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s s♦❧✉t✐♦♥
✐s ♣r❡s❡♥t❡❞✳ ❊①♣❡r✐♠❡♥t❛❧ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ♦♥ s✐♠✉❧❛t❡❞ ❞❛t❛ ❢r♦♠ ❛ r❡❛❧ t♦❦❛♠❛❦
❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦✉rt❤ ❙❡❝t✐♦♥✳

✷✳ ▼♦❞❡❧ ♦❢ ♣❧❛s♠❛ ❇♦✉♥❞❛r②
❋❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ ♣❧❛s♠❛ ✐♥ ❛ t♦❦❛♠❛❦ r❡q✉✐r❡s ♦♥✲❧✐♥❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛ ❜♦✉♥❞❛r②✳
❚❤❡ q✉❛❧✐t② ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ✐s ❤✐❣❤❧② s✐❣♥✐✜❝❛♥t ❢♦r t♦❦❛♠❛❦ ♦♣❡r❛t✐♦♥ s❛❢❡t② ❛♥❞
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♣❡r❢♦r♠❛♥❝❡✳ ❚✇♦ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ♠❡❛s✉r❡♠❡♥ts✱ ✇❤✐❝❤ ❛r❡ t②♣✐❝❛❧❧② ❛✈❛✐❧❛❜❧❡ ♦♥ ❛ t♦❦❛♠❛❦✱
❛r❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ s❤❛♣❡✿ ♠❛❣♥❡t✐❝ ❝♦✐❧s ♠❡❛s✉r✐♥❣ ❧♦❝❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ B ❛♥❞
✢✉① ❧♦♦♣s ♠❡❛s✉r✐♥❣ t❤❡ ♣♦❧♦✐❞❛❧ ♠❛❣♥❡t✐❝ ✢✉① ψ✳

❋♦❧❧♦✇✐♥❣ ❬✸❪✱ ✇❡ ✇✐❧❧ ❢♦r♠✉❧❛t❡ t❤❡ ♠♦❞❡❧ ✐♥ t❤❡ st❛♥❞❛r❞ ❝②❧✐♥❞r✐❝ ❝♦♦r❞✐♥❛t❡s (r, φ, z) t❤❛t
❛r❡ ✉s❡❞ ✐♥ t♦❦❛♠❛❦ ❣❡♦♠❡tr② ❞❡s❝r✐♣t✐♦♥✳ ❯s✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ s②♠♠❡tr② ♦❢ ♣❧❛s♠❛ ✐♥
t♦r♦✐❞❛❧ ❞✐r❡❝t✐♦♥ ♦❢ ♣❧❛s♠❛ ❝❤❛♠❜❡r✱ ✇❡ ♦♠✐t φ✳ ❚❤❡♥✱ ✇❡ ❝❛rr② ♦✉t ❛ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠
(r, z) t♦ t♦r♦✐❞❛❧ ❝♦♦r❞✐♥❛t❡s (ζ, η) ∈ R

+ × 〈0, 2π) ❛r♦✉♥❞ ❛ ♣♦❧❡ F0 = (r0, z0)✱ ❣✐✈❡♥ ❜② ❬✶✹❪

r =
r0 sinh ζ

cosh ζ − cos η
, ✭✶✮

z = z0 +
r0 sin η

cosh ζ − cos η
. ✭✷✮

◆♦✇ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ t❤r❡❡ s❡ts ♦❢ ♠❡❛s✉r❡♠❡♥ts ❛✈❛✐❧❛❜❧❡✿

✭✐✮ Nf ♠❡❛s✉r❡♠❡♥ts ♦❢ ♠❛❣♥❡t✐❝ ✢✉① ✐♥ ❝♦♦r❞✐♥❛t❡s xfi = (rfi , z
f
i )✱ ψ

meas
i ≈ ψ(xfi )✱

✭✐✐✮ Ns ♠❡❛s✉r❡♠❡♥ts ♦❢ ♠❛❣♥❡t✐❝ ✢✉① ❣r❛❞✐❡♥t ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts x1i , x
2
i ✱ δiψ

meas = ψ(x1i ) −
ψ(x2i )✱

✭✐✐✐✮ NB ♠❡❛s✉r❡♠❡♥ts ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ ♣♦✐♥ts xBi ❛♥❞ ❞✐r❡❝t✐♦♥s di✱ B
meas
i ≈ B(xBi )di✳

◆❡①t✱ ✇❡ ✉t✐❧✐③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✢✉① ❡st✐♠❛t❡ ψ̂(ζ, η) ✐♥t♦ ❛ s②st❡♠ ♦❢ t♦r♦✐❞❛❧
❤❛r♠♦♥✐❝s

ψ̂ = ψ̂ext + ψ̂int, ✭✸✮

ψ̂ext(ζ, η) =
r0 sinh ζ√

cosh ζ − cos η
×

{
Mea∑

n=0

aenQ
1
n−1/2(cosh ζ) cos(nη) +

Meb∑

n=1

benQ
1
n−1/2(cosh ζ) sin(nη)

}
,

✭✹✮

ψ̂int(ζ, η) =
r0 sinh ζ√

cosh ζ − cos η
×

{
Mia∑

n=0

ainP
1
n−1/2(cosh ζ) cos(nη) +

Mib∑

n=1

binP
1
n−1/2(cosh ζ) sin(nη)

}
.

✭✺✮

❋✉♥❝t✐♦♥s P 1
n−1/2 ❛♥❞Q

1
n−1/2❛r❡ t❤❡ ❛ss♦❝✐❛t❡❞ ▲❡❣❡♥❞r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❦✐♥❞✱

♦❢ ❞❡❣r❡❡ ♦♥❡ ❛♥❞ ❤❛❧❢ ✐♥t❡❣❡r ♦r❞❡r ❬✶✹❪✱ t❤❛t ❛r❡ ❝❛❧❧❡❞ t♦r♦✐❞❛❧ ❤❛r♠♦♥✐❝s ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ❛t
cosh ζ✳ ❚♦ ❝❛rr② ♦✉t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ♦♥❡ ♠✉st ❝❤♦♦s❡ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❞❡❣r❡❡s ❛♣♣r♦♣r✐❛t❡❧②
❜② ❞❡✜♥✐♥❣ ✐♥t❡❣❡rs Mia,Mib✱Mea,Meb✳ ◆✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ✜♥❛❧ s♦❧✉t✐♦♥ ✐s ❤✐❣❤❧②
❞❡♣❡♥❞❡♥t ♦♥ t❤✐s s❡tt✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♠♣❧❡t❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s s♦❧✈❡❞ ❜② ❞❡t❡r♠✐♥✐♥❣ ❛
✈❡❝t♦r u ♦❢ ✉♥❦♥♦✇♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❝♦❡✣❝✐❡♥ts ✐♥ ✭✹✮✱ ✭✺✮✱ ❣✐✈❡♥ ❜②

θ = (ae0, . . . , a
e
Mea

, be1, . . . , b
e
Meb

, ai0, . . . , a
i
Mia

, bi1, . . . , b
i
Mib

). ✭✻✮

❚❤✐s ✐s ❞♦♥❡ ❜② ♠✐♥✐♠✐③✐♥❣ ❝♦st ❢✉♥❝t✐♦♥

J(θ) =

Nf∑

i=1

(ψ̂i(θ)− ψ̃meas
i )2

σ2f
+

Ns∑

i=1

(δiψ̂(θ)− δiψ̃
meas)2

σ2s
+

NB∑

i=1

(B̂i(θ)− B̃meas
i )2

σ2B
. ✭✼✮

❍❡r❡✱ B̂ ✐s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ψ̂ ✉s✐♥❣

B =
1

r
(−∂zψ, ∂rψ) , ✭✽✮
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✇❤❡r❡ σ2f , σ
2
s ❛♥❞ σ2B ❛r❡ ❦♥♦✇♥ ✈❛r✐❛♥❝❡s ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦rs ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦✐❧s✳

◗✉❛♥t✐t✐❡s ψ̃meas
i , δiψ̃

meas ❛♥❞ B̃meas
i ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❞❡s❝r✐❜❡❞ ❛❜♦✈❡

❜② s✉❜tr❛❝t✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♣♦❧♦✐❞❛❧ ✜❡❧❞ ❝♦✐❧s✳ ❱❡❝t♦r θ ❝❛♥ ❜❡ ✉t✐❧✐③❡❞ t♦
r❡❝♦♥str✉❝t ψ ✐♥ ❡✈❡r② ♣♦✐♥t ♦❢ ❝♦♦r❞✐♥❛t❡ s②st❡♠ (r, z). P❧❛s♠❛ ❜♦✉♥❞❛r② ✐s ✐❞❡♥t✐✜❡❞ ❛s ❧❛r❣❡st
❝❧♦s❡❞ ✐s♦❧✐♥❡ ♦❢ ψ ✭s❡❡ ❋✐❣✳ ✶✮✳

▼✐♥✐♠❛❧✐③❛t✐♦♥ ♦❢ ✭✼✮ tr❛♥s❧❛t❡s ✐♥t♦ ❡q✉❛t✐♦♥

❞✐❛❣(w)ỹ(ψ̃meas, B̃meas)T = ❞✐❛❣(w)Ã(ψ̂, B̂)θ + e, ✭✾✮

✇❤❡r❡ ỹ(ψ̃meas, B̃meas)T ∈ R
N , (N = Nf+Ns+NB) ❛r❡ ♠❡❛s✉r❡♠❡♥ts ❡①tr❛❝t❡❞ ❢r♦♠ ✐♥❞✐✈✐❞✉❛❧

❝♦✐❧s✱
w = (σ−1

f , · · · , σ−1
f︸ ︷︷ ︸

Nf

, σ−1
s , · · · , σ−1

s︸ ︷︷ ︸
Ns

, σ−1
B , · · · , σ−1

B︸ ︷︷ ︸
NB

) ✭✶✵✮

✐s ❛ ✈❡❝t♦r ♦❢ ♣r❡❝✐s✐♦♥s ♦❢ ❝♦✐❧s ❛♥❞ ❞✐❛❣(.) ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ ✐ts ❛r❣✉♠❡♥t ♦♥ t❤❡ ♠❛✐♥

❞✐❛❣♦♥❛❧✳ ❉❡s✐❣♥ ♠❛tr✐① Ã(ψ̂, B̂) ∈ R
N×M , (M =Mea+Meb+Mia+Mib) ❝♦♠♣r✐s❡s ♦❢ ❡✈❛❧✉❛t✐♦♥

♦❢ t♦r♦✐❞❛❧ ❤❛r♠♦♥✐❝s ✭✹✮ ❛♥❞ ✭✺✮ ✐♥ ❝♦♦r❞✐♥❛t❡s ❣✐✈❡♥ ❜② ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ❝♦✐❧s ✐♥
❝❤♦s❡♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ e ∈ R

N ✐s t❤❡ ✇❤✐t❡ ♥♦✐s❡ ✇✐t❤ ♣r❡❝✐s✐♦♥ ❡q✉❛❧ t♦ β−1✳ ❋♦r ❢✉rt❤❡r
✉s❡✱ ✇❡ r❡✇r✐t❡ ❡q✉❛t✐♦♥ ✭✾✮ ✐♥t♦ ❛ ❝♦♥❝✐s❡ ❢♦r♠

y = Aθ + e. ✭✶✶✮

❇❡❝❛✉s❡ ✐t ✇❛s s❤♦✇♥ t❤❛t ♣r❡❝✐s✐♦♥ ♦❢ ✜t ♠❡❛s✉r❡❞ ❜② ▼❙❊ ❝r✐t❡r✐♦♥ ❞♦❡s ♥♦t tr❛♥s❧❛t❡
❞✐r❡❝t❧② ✐♥t♦ q✉❛❧✐t② ♦❢ ✜♥❛❧ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ❡st✐♠❛t❡✱ ✇❡ s❤❛❧❧ ✉s❡ ❛ ❞✐✛❡r❡♥t ♠❡tr✐❝ t♦
❛ss❡ss ✐t✳ ❲❡ ❝❤♦♦s❡ t❤❡ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ✇✐t❤ L2 ♥♦r♠ ❬✶✺❪✱ ✇❤✐❝❤ ✐s ❢♦r O = {o1, ..., ok}✱
P = {p1, ..., pl}✱ oi, pi ∈ R

m, ∀i ❞❡✜♥❡❞ ❛s

DH(O,P ) = max

(
max
o ∈O

min
p∈P

‖o− p‖2,max
p∈P

min
o ∈O

‖o− p‖2
)
, ✭✶✷✮

✇❤❡r❡ ‖.‖2 ✐s L2 ♥♦r♠ ❞❡✜♥❡❞ ♦♥ R
m✳ ❋✉rt❤❡r ✐♥ t❤❡ t❡①t✱ t❤✐s ♠❡tr✐❝ ✐s ✉s❡❞ t♦ ❡✈❛❧✉❛t❡ ❛♥❞

❝♦♠♣❛r❡ ♦✉t♣✉t ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❛♥❞ r❡❣✉❧❛r✐③❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② r❡❝♦♥str✉❝t✐♦♥ ♣r♦❜❧❡♠
❛♥❞ ❛ s✐♠✉❧❛t✐♦♥✳

■t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡ ♦r❞❡r ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ t♦r♦✐❞❛❧ ❤❛r♠♦♥✐❝s s✐❣♥✐✜❝❛♥t❧②
✐♥✢✉❡♥❝❡s t❤❡ q✉❛❧✐t② ♦❢ ♣❧❛s♠❛ ❜♦✉♥❞❛r② r❡❝♦♥str✉❝t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❡st❡❞ ❞❛t❛ s❤♦✇❡❞ t❤❛t
t❤❡ ❜❡st ❛♣♣r♦❛❝❤ ♠❛② ♥♦t ❛❧✇❛②s ❜❡ t♦ ❡st✐♠❛t❡ ❛s ♠❛♥② ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ t♦r♦✐❞❛❧ ❤❛r♠♦♥✐❝s
❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ♣♦ss✐❜❧❡✳ ❆❧s♦✱ t❤❡ r❡s✉❧ts ♦❢ ❡st✐♠❛t✐♦♥ ❛r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡①t❡r♥❛❧
❛♥❞ ✐♥t❡r♥❛❧ t♦r♦✐❞❛❧ ❤❛r♠♦♥✐❝s ✐♥ ❛ ❞✐✛❡r❡♥t ✇❛②✳ ❲❡ s❡❡❦ ❛♥ ♦♣t✐♠❛❧ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ r❡❧❡✈❛♥t
❡❧❡♠❡♥ts ♦❢ t❤❡ ♠♦❞❡❧ ✭✶✶✮✳

✸✳ ❇❛②❡s✐❛♥ ▼♦❞❡❧ ❙tr✉❝t✉r❡ ■❞❡♥t✐✜❝❛t✐♦♥
■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡♦r❡t✐❝❛❧ ♣r✐♥❝✐♣❧❡s ♦❢ r❡❣✉❧❛r✐③❛t✐♦♥✱ ✉s❡❞ t♦ s♦❧✈❡ ❧❡❛st
sq✉❛r❡ ♣r♦❜❧❡♠ ♦✉t❧✐♥❡❞ ✐♥ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳ ❚❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❧❡❛st sq✉❛r❡s ❢♦r♠✉❧❛t✐♦♥ ✶✶
❝♦rr❡s♣♦♥❞s t♦ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥

p(y|A, θ, β) = N (y|Aθ, β−1I). ✭✶✸✮

✇❤❡r❡ β ✐s ❛ ♣r❡❝✐s✐♦♥ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ♠♦❞❡❧ ❡rr♦r✳ ❚❤❡ ❧✐❦❡❧✐❤♦♦❞ ♠♦❞❡❧ ❛❧♦♥❡ ❝❛♥♥♦t ❞❡❝✐❞❡
✇❤✐❝❤ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ ✐s r❡❧❡✈❛♥t✳ ❚❤✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❇❛②❡s✐❛♥ tr❡❛t♠❡♥t ✇✐t❤
❝❛r❡❢✉❧❧② ❝❤♦s❡♥ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ❬✶✻❪✳
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✸✳✶✳ ❍✐❡r❛r❝❤✐❝❛❧ ♣r✐♦r ✲ ✉♥❦♥♦✇♥ ♣r✐♦r ✈❛r✐❛♥❝❡
❍✐❡r❛r❝❤✐❝❛❧ ♣r✐♦rs ❛r❡ ❛ ❝♦♠♠♦♥❧② ✉s❡❞ t♦♦❧ t♦ ❛❝❤✐❡✈❡ ♠♦❞❡❧ str✉❝t✉r❡ s❡❧❡❝t✐♦♥✳ ■♥ t❤✐s t❡①t✱
✇❡ ✉s❡ t❤❡ ❛✉t♦♠❛t✐❝ r❡❧❡✈❛♥❝❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❬✶✶❪ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❤✐❡r❛r❝❤✐❝❛❧
♣r✐♦r ♦❢ ③❡r♦ ♠❡❛♥ ●❛✉ss✐❛♥ ✇✐t❤ ✉♥❦♥♦✇♥ ✈❛r✐❛♥❝❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❡❧❡♠❡♥ts
♦❢ ✈❡❝t♦r θ ❛r❡ ❛♣r✐♦r✐ ✐♥❞❡♣❡♥❞❡♥t ✇✐t❤ ❡❛❝❤ ✈❡❝t♦r ❤❛✈✐♥❣ ✐ts ♦✇♥ ♣r✐♦r ✈❛r✐❛♥❝❡✳ ❋♦r♠❛❧❧②✱ ✇❡
❞❡✜♥❡

p(θ|α) = N (0, α−1), ✭✶✹✮

α = ❞✐❛❣(α1, α2, · · · , αM ), ✭✶✺✮

p(αi) = G(a0, b0), ✭✶✻✮

p(β) = G(c0, d0), ✭✶✼✮

✇❤❡r❡ ❞✐❛❣(.) ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❛r❣✉♠❡♥t ✈❡❝t♦r ♦♥ ✐ts ❞✐❛❣♦♥❛❧✳
❏♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ✭✶✸✮ ❛♥❞ t❤❡ ♣r✐♦r ✭✶✹✮✕✭✶✻✮ ✐s

p(y, θ, α, β|A) = p(y|A, θ, β)p(θ|α)
M∏

i=1

p(αi)p(β). ✭✶✽✮

❚❤❡ ❛✐♠ ✐s t♦ ♦❜t❛✐♥ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❧❧ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs✱ ✐✳❡✳ θ✱ α✱ β ✉s✐♥❣ t❤❡
❇❛②❡s r✉❧❡

p(θ, α, β|y,A) = p(y, θ, α, β|A)
´

p(y, θ, α, β|A)dθdαdβ . ✭✶✾✮

❊✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❡①❛❝t ❢♦r♠✉❧❛ ✭✶✾✮ ✐s ❛♥❛❧②t✐❝❛❧❧② ✐♥tr❛❝t❛❜❧❡✱ t❤❡r❡❢♦r❡✱ ✇❡ s❡❡❦ ♦♥❧② ❛♣r♦①✐♠❛t❡
♠❛r❣✐♥❛❧s ♦❢ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✉s✐♥❣ ❱❛r✐t✐♦♥❛❧ ❇❛②❡s✳ ■♥ ❢✉rt❤❡r t❡①t✱ ✇❡ ❞r♦♣ A ❢r♦♠
❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t✐❡s✱ ❛s ✐t ✐s ❦♥♦✇♥ ❛♥❞ ♥♦t ❛ s✉❜❥❡❝t ♦❢ ❡st✐♠❛t✐♦♥✳

✸✳✷✳ ❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s P♦st❡r✐♦r
❚❤❡ ❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❛ s♣❡❝✐✜❝ ❢♦r♠ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❞✐✈❡r❣❡♥❝❡ ♠✐♥✐♠✐③❛t✐♦♥
❢r❛♠❡✇♦r❦ ❬✶✷❪✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ t❤❛t ♣r♦✈✐❞❡s ❝♦♥❞✐t✐♦♥s ❢♦r ❛♥❛❧②t✐❝❛❧
s♦❧✉t✐♦♥ ♦❢ ❛ s♣❡❝✐✜❝ ❢♦r♠ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥✳

❚❤❡♦r❡♠ ✶✳ ▲❡t f (θ|y) ❜❡ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ♣❛r❛♠❡t❡r✱ θ = [θT1 , θ
T
2 ]

T ✱
❛♥❞ p̆ (θ|y) ❜❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ ❞✐str✐❜✉t✐♦♥ r❡str✐❝t❡❞ t♦ t❤❡ s❡t ♦❢ ❝♦♥❞✐t✐♦♥❛❧❧② ✐♥❞❡♣❡♥❞❡♥t
❞✐str✐❜✉t✐♦♥s✿

p̆ (θ|y) = p̆ (θ1, θ2|y) = p̆ (θ1|y) p̆ (θ2|y) . ✭✷✵✮

❆♥② ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❞✐✈❡r❣❡♥❝❡ ❢r♦♠ p̆ (·) t♦ ❡①❛❝t s♦❧✉t✐♦♥ p (·)

KL(p̆ (θ|y) ||p (θ|y)) =
ˆ

p̆ (θ|y) ln p̆ (θ|y)
f (θ|y)dθ, ✭✷✶✮

✐s ❛❝❤✐❡✈❡❞ ✇❤❡♥ p̆ (·) = p̃ (·) ✇❤❡r❡

p̃ (θi|y) ∝ exp
(
Ep̃(θ/i|y) {ln (p (θ, y))}

)
, i = 1, 2. ✭✷✷✮

❍❡r❡ θ/i ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ θi ✐♥ θ✳ ❲❡ ✇✐❧❧ r❡❢❡r t♦ p̃ (θi|y) ✭✷✷✮ ❛s t❤❡ ❱❇✲♠❛r❣✐♥❛❧s✳
❍❡r❡✱ Ef(θ) {g(θ)} ❞❡♥♦t❡s ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ❢✉♥❝t✐♦♥ g(θ) ✇✐t❤ r❡s♣❡❝t t♦ ❞✐str✐❜✉t✐♦♥ p(θ)✳
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❚❤❡♦r❡♠ ✶ ♣r♦✈✐❞❡s ❛ ♣♦✇❡r❢✉❧ t♦♦❧ ❢♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❥♦✐♥t ♣❞❢s ✐♥ s❡♣❛r❛❜❧❡ ❢♦r♠ ❬✶✷❪✳ ❆
s♦❧✉t✐♦♥ s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✷✷✮ ✐s t②♣✐❝❛❧❧② ❢♦✉♥❞ ✉s✐♥❣ ❛♥ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠✳

❚❤❡ ❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡
❝♦♥❞✐t✐♦♥✿

p(θ, α, β|y) = p(θ|y)p(α|y)p(β|y),
②✐❧❡❞✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢ ♦♣t✐♠❛❧✐t② ✭✷✷✮ ✐♥ t❤❡ ❢♦r♠

p(θ|y) ∝ exp
(
Ep̃(α|y)p̃(β|y) {ln (p (θ, α, β, y))}

)
, ✭✷✸✮

❛♥❞ ❡q✉✐✈❛❧❡♥t❧② ❢♦r p̃(α|y) ❛♥❞ p̃(β|y)✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ♦❢ ✭✷✸✮ ❛r❡ r❡❝♦❣♥✐③❡❞ t♦ ❜❡ ♦❢ ✇❡❧❧
❦♥♦✇♥ t②♣❡s

p̃(αi|y) = G(aαi, bαi),
p̃(β|y) = G(c, d),
p̃(θ|y) = N (θ̂, S),

✇✐t❤ s❤❛♣✐♥❣ ♣❛r❛♠❡t❡rs

aαi = a0i +
1

2
, bαi = b0i +

1

2
θ̂2i . ✭✷✹✮

c = c0 +
N

2
, d = d0 +

1

2
yT y − yTAθ̂ +

1

2
θ̂TATAθ̂ ✭✷✺✮

θ̂ = β̂SAT y, S = (α̂+ βATA)−1 ✭✷✻✮

❚❤❡ r❡q✉✐r❡❞ ♠♦♠❡♥ts ♦❢ t❤❡s❡ ❞✐str✐❜✉t✐♦♥s ❛r❡✿

α̂i =
aαi

bαi
, β̂ =

c

d

θ̂2i = Sii + θ̂i
2
, θ̂θT = θ̂θ̂T + S

❚❤❡ ✜♥❛❧ ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶✳

❆❧❣♦r✐t❤♠ ✶ ■t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ❢♦r str✉❝t✉r❡ s❡❧❡❝t✐♦♥ ♦❢ ❧❡❛st sq✉❛r❡s ♠♦❞❡❧✳

❖✛✲❧✐♥❡✿

• s❡❧❡❝t ♣r✐♦r ♣❛r❛♠❡t❡rs a0i, b0i✱ c0✱ d0✳

• s❡❧❡❝t t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s imax✱ s❡t ✐t❡r❛t✐♦♥ ❝♦✉♥t❡r i = 0✳

❖♥✲❧✐♥❡✿

• ■♥✐t✐❛t❡ p(θ|y, x) ❜② ♦r❞✐♥❛r② ❧❡❛st sq✉❛r❡s s♦❧✉t✐♦♥✿ θ̂(0) = (ATA)−1AT y✱ S(0) =
(y−Aθ̂(0))T (y−Aθ̂(0))T

M−(N+1) (ATA)−1

• ❋♦r i ❢r♦♠ 1 t♦ imax

✕ ✉♣❞❛t❡ s❤❛♣✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ α✱ ✉s✐♥❣ ✭✷✹✮✱
✕ ✉♣❞❛t❡ s❤❛♣✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ β✱ ✉s✐♥❣ ✭✷✺✮✱
✕ ✉♣❞❛t❡ s❤❛♣✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ θ✱✉s✐♥❣ ✭✷✻✮✱

• ❘❡♣♦rt ✜♥❛❧ ❡st✐♠❛t❡ θ̂(imax) ❛♥❞ ❝♦♠♣✉t❡ ♣❧❛s♠❛ r❡❝♦♥str✉❝t✐♦♥
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✹✳ ❊①♣❡r✐♠❡♥t❛❧ ❱❛❧✐❞❛t✐♦♥
✹✳✶✳ ❚♦❦❛♠❛❦ ❈❖▼P❆❙❙ ❛♥❞ ❞❛t❛ ❢r♦♠ ❛ ✈❛❧✐❞❛t❡❞ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧
❚♦❦❛♠❛❦ ❈❖▼P❆❙❙ ✐s ✐♥ ♦♣❡r❛t✐♦♥ ✐♥ ■PP ❈❆❙ ❈❘ ✐♥ Pr❛❣✉❡✳ ❖♥ ❈❖▼P❆❙❙✱ t❤❡ ♣r♦❝❡ss ♦❢
♣❧❛s♠❛ r❡❝♦♥str✉❝t✐♦♥ t❤r♦✉❣❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ❛ s❡r✐❡s ♦❢ t♦r♦✐❞❛❧ ❤❛r♠♦♥✐❝s ✐s ✐♠♣❧❡♠❡♥t❡❞
✐♥ ❱❛❝❚❍ ❝♦❞❡ ❬✶✼❪✳ ❱❛❝❚❍ ✉s❡s ❞❛t❛ ♠❡❛s✉r❡❞ ♦♥ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ♠❛❣♥❡t✐❝ ❝♦✐❧s t♦ ❡①tr❛♣♦❧❛t❡
♣❧❛s♠❛ ❝❤❛r❛❝t❡r✐st✐❝s ✐♥t♦ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ t♦❦❛♠❛❦ ❝❤❛♠❜❡r ❬✸❪✳

■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❱❛❝❚❍ ✐s ❡✈❛❧✉❛t❡❞ ♦♥ s✐♠✉❧❛t❡❞ ❞❛t❛✱ ❢♦r ✇❤✐❝❤ t❤❡ r❡❛❧
s❤❛♣❡ ♦❢ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ✐s ❦♥♦✇♥✳ ❚❤❡s❡ ❞❛t❛ ❛r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❋❘❊❊❇■❊ ❝♦❞❡ ❬✶✽❪
✐♥ ✐♥✈❡rs❡ ♠♦❞❡✳ ❚♦ ♦❜t❛✐♥ s✉❝❤ ❞❛t❛✱ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ♠❡❛s✉r✐♥❣ ❝♦✐❧s ❛♥❞ s❤❛♣❡ ♦❢ t❤❡
♣❧❛s♠❛ ❜♦✉♥❞❛r② ✐s ❝❤♦s❡♥ ❜② t❤❡ ♦♣❡r❛t♦r✳ ❋♦❧❧♦✇✐♥❣ t❤❛t✱ ❛♣♣r♦♣r✐❛t❡ ❢❡❡❞❜❛❝❦ ♦❢ ❡✈❡r② ❝♦✐❧ ✐s
❝♦♠♣✉t❡❞ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t ♦❢ ♠❛❣♥❡t✐❝ ♠❡❛s✉r❡♠❡♥ts ✐s ❣❡♥❡r❛t❡❞✳ ■t ✐s t❤❡♥ ✉s❡❞ t♦
r❡❝♦♠♣✉t❡ t❤❡ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ✈✐❛ ❱❛❝❚❍✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❱❛❝❚❍ t♦ s♦❧✈❡
✶✶ ✐s t❤❡ ♦r❞✐♥❛r② ❧❡❛st sq✉❛r❡s ✭❖▲❙✮ ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥✳ ❆♠♦♥❣ ♦t❤❡r ❝❤❛r❛❝t❡r✐st✐❝s✱
♣❧❛s♠❛ ❜♦✉♥❞❛r② s❤❛♣❡ ✐s ♦❜t❛✐♥❡❞ ❛♥❞ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ❋❘❊❊❇■❊
✐♥♣✉t ✭❡✳❣✳ ✉s✐♥❣ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ✶✷✮✳

❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♣❛♣❡r✱ ❛❧❧ ❞❛t❛ ✇❡r❡ s✐♠✉❧❛t❡❞ ✇✐t❤ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ✶✻ ♠❛❣♥❡t✐❝

❝♦✐❧s ❛♥❞ ✹ s❛❞❞❧❡ ❧♦♦♣s ✇✐t❤ ♣❛r❛♠❡t❡rs σB = 10−3, σf = 10−1

2π ✱ ✇❤✐❝❤ ❛❣r❡❡s ✇✐t❤ t❤❡ r❡❛❧
❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ t♦❦❛♠❛❦✳

✹✳✷✳ ❘❡s✉❧ts
❇❛s❡❞ ♦♥ ❛♥❛❧②s✐s ♦❢ ❛ tr❛✐♥✐♥❣ ❞❛t❛ s❡t ❢r♦♠ t❤❡ ❈❖▼P❆❙❙ t♦❦❛♠❛❦✱ ♣r✐♦r ♣❛r❛♠❡t❡rs ♦❢ t❤❡
❱❇ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❡r❡ ❞❡t❡r♠✐♥❡❞ ❛s ✐♥ t❛❜❧❡ ✶✳ ❚❤✐s ✇❛s ❞♦♥❡ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ ❖▲❙ ❜②
▲❙❆❘❉ ✭❧❡❛st sq✉❛r❡s ❛✉t♦♠❛t✐❝ r❡❧❡✈❛♥❝❡ ❞❡t❡r♠✐♥❛t✐♦♥✮ ❛❧❣♦r✐t❤♠ ✐♥ ❱❛❝❚❍✱ ✇❤✐❝❤ ♣r♦❞✉❝❡❞

❞✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ θ̂✳ ❲✐t❤ t❤✐s ♥❡✇ ✈❛❧✉❡✱ ❱❛❝❚❍ r❡❝♦♥str✉❝t❡❞ ❛ ❞✐✛❡r❡♥t s❤❛♣❡ ♦❢ t❤❡ ♣❧❛s♠❛
❜♦✉♥❞❛r②✳ ❚♦ ❛ss❡s ♣❡r❢♦r♠❛♥❝❡ ♦❢ ▲❙❆❘❉ ✱ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❋❘❊❊❇■❊ ❜♦✉♥❞❛r②
❛♥❞ t❤✐s r❡❝♦♥str✉❝t✐♦♥ ✇❛s ❝♦♠♣✉t❡❞✳ ❆❧❧ ❜♦✉♥❞❛r✐❡s ✇❡r❡ ♥✉♠❡r✐❝❛❧❧② ✐♥t❡r♣♦❧❛t❡❞ ✐♥t♦ ❛ ❧❛r❣❡
✭∼ 103✮ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts t♦ ❛ss✉r❡ ♠♦r❡ ♣r❡❝✐s❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ s✐♠✐❧❛r✐t②✳

♣❛r❛♠❡t❡r a0 b0 c0 d0 α0 β0
✈❛❧✉❡ 10−10 10−10 100 100 100 104

❚❛❜❧❡ ✶✳ Pr✐♦r ♣❛r❛♠❡t❡r s❡tt✐♥❣s ❢♦r ❱❇ r❡❣✉❧❛r✐③❛t✐♦♥✳

❯s✐♥❣ ♣r✐♦r ♣❛r❛♠❡t❡rs s❡tt✐♥❣ ❢r♦♠ t❛❜❧❡ ✶✱ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ▲❙❆❘❉ ❛❧❣♦r✐t❤♠ ✇❛s
❛ss❡ss❡❞ ♦♥ ❛ t❡st ❞❛t❛ s❡t✳ ❖♥ ❡✈❡r② t❡st❡❞ ❡q✉✐❧✐❜r✐✉♠✱ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ✇❛s r❡❝♦♥str✉❝t❡❞
✉s✐♥❣ ❖▲❙✱ ▲❙❆❘❉ ❛♥❞ ❘▲❙ ✭r❡❣✉❧❛r✐③❡❞ ❧❡❛st sq✉❛r❡s✮ ❛♣♣r♦①✐♠❛t✐♦♥s✳ ❚❤✐s ✇❛s ❞♦♥❡ ❢♦r
♠♦❞❡❧ ♦❢ s✐③❡M =Mea+Meb+Mia+Mib ✭M ✐s ♦r❞❡r ♦❢ t❤❡ t♦r♦✐❞❛❧ ❤❛r♠♦♥✐❝s ❞❡❝♦♠♣♦s✐t✐♦♥✮✱
✇❤❡r❡ M ∈ {5, ..., 22} ❛s t❤❡ ✐♥❞✐✈✐❞✉❛❧ s✉♠s ✐♥ ✭✹✮ ❛ ✭✺✮ ✇❡r❡ ❡①t❡♥❞❡❞ ✇✐t❤ ✈❛r②✐♥❣ ✈❛❧✉❡s ♦❢
Mea ∈ {0, ..., 6},Meb ∈ {1, ..., 6},Mia ∈ {0, ..., 4},Mib ∈ {1, ..., 4}✳ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ♠❡t❤♦❞s ✐s
✐♥ ❋✐❣✉r❡ ✹✳✷ ❢♦r ❛ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛✳

❇❡❝❛✉s❡ t❤❡r❡ ❛r❡ ✷✵ ♠❡❛s✉r❡♠❡♥ts✱ ✇❡ ♦❜s❡r✈❡ ❛ ❝❧❡❛r ❞❡t❡r✐♦r❛t✐♦♥ ♦❢ r❡❝♦♥str✉❝t✐♦♥ ✇✐t❤
❖▲❙ ❛s t❤❡ ♣r♦❜❧❡♠ ♦❢ s♦❧✈✐♥❣ ✭✶✶✮ ❜❡❝♦♠❡s ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ❢♦r ❤✐❣❤❡r ♦r❞❡r M ✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ r❡❝♦♥str✉❝t✐♦♥ ✇✐t❤ ▲❙❆❘❉ ♦r ❘▲❙ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② t❤✐s ❢❛❝t✳ ❆❧t❤♦✉❣❤ t❤❡
♣❡r❢♦r♠❛♥❝❡ ♦❢ ▲❙❆❘❉ ✐s ✇♦rs❡ ✐♥ t❡r♠s ♦❢ t❤❡ ▼❙❊ st❛t✐st✐❝✱ ♣❧❛s♠❛ ❜♦✉♥❞❛r② r❡❝♦♥str✉❝t✐♦♥
✐s ♠♦r❡ ♣r❡❝✐s❡✳ ❚❤✐s ❤✐♥ts ✉s t❤❛t s♦♠❡ s♦rt ♦❢ r❡❣✉❧❛r✐③❛t✐♦♥ ✐s ✐♠♣♦rt❛♥t ❢♦r ♣❧❛s♠❛ ❜♦✉♥❞❛r②
r❡❝♦♥str✉❝t✐♦♥ ♣r♦❜❧❡♠✱ ❛s s♦♠❡ t❡r♠s ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❜❡❝♦♠❡ ♦❜s♦❧❡t❡ ✇✐t❤ ❤✐❣❤❡r ♦r❞❡r
♦❢ t❤❡ ♣r♦❜❧❡♠✳ ▲❙❆❘❉ r❡❣✉❧❛r✐③❛t✐♦♥ ❝❧❡❛r❧② ❛❞❞r❡ss❡s t❤✐s ♣r♦❜❧❡♠ ❜② ✐t❡r❛t✐✈❡❧② ♠✐♥✐♠✐③✐♥❣
t❤❡ s✐③❡ ♦❢ r❡❞✉♥❞❛♥t t❡r♠s ♦❢ θ̂✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❢❛❝t ✐s t❤❛t t❤❡ q✉❛❧✐t② ♦❢ r❡❝♦♥str✉❝t✐♦♥
✉s✐♥❣ ▲❙❆❘❉ ❞♦❡s ♥♦t ✈❛r② r❛♣✐❞❧② ✇✐t❤ ❝❤❛♥❣✐♥❣ ✈❛❧✉❡ ♦❢ M ✳ ❚❤✐s ✐s ✐♠♣♦rt❛♥t ❢♦r ❛❝t✉❛❧
✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ❱❛❝❚❍ ❝♦❞❡✱ ❛s ❢♦r ❝♦♠♣✉t❛t✐♦♥ ✐♥ r❡❛❧ t✐♠❡ t❤❡ ❡①❛❝t ❝❤♦✐❝❡ ♦❢ ❡st✐♠❛t❡❞
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❋✐❣✉r❡ ✷✳ ❘❡s✉❧ts ♦❢ ♣❧❛s♠❛ ❜♦✉♥❞❛r② r❡❝♦♥str✉❝t✐♦♥ ❢♦r ✈❛r②✐♥❣ ♦r❞❡r ♦❢ t♦r♦✐❞❛❧ ❤❛r♠♦♥✐❝s
❞❡❝♦♠♣♦s✐st✐♦♥ M ❢♦r ❞✐✛❡r❡♥t ♣❧❛s♠❛ ❡q✉✐❧✐❜r✐❛✳ ❙tr❛✐❣❤t ❧✐♥❡ ✐s ❢♦r ❖▲❙ s♦❧✉t✐♦♥✱ ❞❛s❤❡❞ ❧✐♥❡
❢♦r ▲❙❆❘❉ ❛❧❣♦r✐t❤♠✳ ❉♦tt❡❞ ❧✐♥❡ ♠❛r❦s s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✇✐t❤ r❡❣✉❧❛r✐③❡❞ ❧❡❛st sq✉❛r❡s ✭❘▲❙✮
✇✐t❤ ♣❛r❛♠❡t❡r λ = 10✳ ❈r♦ss❡❞ ❧✐♥❡ ♠❛r❦s s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✇✐t❤ ▲❆❙❙❖ ❛❧❣♦r✐t❤♠ ✇✐t❤
♣❛r❛♠❡t❡r α = 1✳ ❇❡s✐❞❡s ▼❙❊ ♦❢ ✜t✱ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ DH ❜❡t✇❡❡♥ ❣r♦✉♥❞ tr✉t❤ ❛♥❞ s♦❧✉t✐♦♥
♦❜t❛✐♥❡❞ ✇✐t❤ r❡s♣❡❝t✐✈❡ s♦❧✈❡r ✐s s❤♦✇♥✳ ❆❧t❤♦✉❣❤ t❤❡ ✜t ♦❢ ▲❙❆❘❉ ♠❡t❤♦❞ ✐s ✇♦rs❡ t❤❛♥ t❤❛t
♦❢ ❖▲❙✱ ❘▲❙ ♦r ▲❆❙❙❖ ✐♥ t❡r♠s ♦❢ ▼❙❊✱ ♣r❡❝✐s✐♦♥ ♦❢ ❜♦✉♥❞❛r② r❡❝♦♥str✉❝t✐♦♥ ✐s ❝♦♥s✐st❡♥t❧②
❜❡tt❡r✳

t❡r♠s ♠✉st ❜❡ ♠❛❞❡ ✐♥ ❛❞✈❛♥❝❡✳ ❚❤✉s ❢♦r ▲❙❆❘❉ ✇❡ ❝❛♥ s✐♠♣❧② ❝❤♦♦s❡ M t♦ ❜❡ ❛s ❧❛r❣❡ ❛s
♣♦ss✐❜❧❡ t♦ ❡st✐♠❛t❡ ✇✐t❤ ❧❛r❣❡st ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥✳

❲❤❡♥ ❛♥❛❧②③✐♥❣ ♠♦r❡ s♣❤❡r✐❝❛❧ s❤❛♣❡s ♦❢ ♣❧❛s♠❛✱ ♣r✐♦r ♣❛r❛♠❡t❡r s❡tt✐♥❣s ❢r♦♠ ✶ ❞✐❞ ♥♦t ❧❡❛❞
t♦ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t✳ ■t ✇❛s s❤♦✇♥ t❤❛t s❡tt✐♥❣ a0 = b0 = 102✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ♣❡♥❛❧✐③❡
❧❛r❣❡ ✈❛❧✉❡s ♦❢ θ̂ ❛s str✐❝t❧②✱ ❧❡❛❞s t♦ ✐♠♣r♦✈❡❞ r❡s✉❧ts✳ ❚❤❡s❡ ✇❡r❡ st✐❧❧ ♦♥❧② s❧✐❣❤t❧② ❜❡tt❡r t❤❛♥
r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ ❖▲❙✳

❋✐♥❛❧❧②✱ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ ♣❧❛s♠❛ ❜♦✉♥❞❛r✐❡s r❡❝♦♥str✉❝t❡❞ ✉s✐♥❣ ❖▲❙✱ ▲❙❆❘❉✱ ▲❆❙❙❖
r❡❣✉❧❛r✐③❛t✐♦♥❬✶✾❪ ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ ❋❘❊❊❇■❊ ❜♦✉♥❞❛r② ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳

✹✳✸✳ ❖✤✐♥❡ ♠♦❞❡❧ s❡❧❡❝t✐♦♥
❈♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝✉rr❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ▲❙❆❘❉ ✐s t♦♦ ❤✐❣❤ ❛♥❞ ❞♦❡s ♥♦t
❛❧❧♦✇ t♦ r❡♣❧❛❝❡ ❖▲❙ ❛s t❤❡ ✐♥t❡r♥❛❧ s♦❧✈❡r ❢♦r r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ♣❧❛s♠❛ r❡❝♦♥str✉❝t✐♦♥✳
❚❤❡r❡❢♦r❡✱ ❛♥ ❛tt❡♠♣t t♦ ❞❡t❡r♠✐♥❡ ❛♥ ♦♣t✐♠❛❧ ♠♦❞❡❧ ❢♦r ✇❤✐❝❤ ❖▲❙ ✐s ❝♦♠♣✉t❡❞ ✇❛s ♠❛❞❡✳
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❋✐❣✉r❡ ✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ ♣❧❛s♠❛ ❜♦✉♥❞❛r② r❡❝♦♥str✉❝t✐♦♥ ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛ ❢♦r
❖▲❙ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❱❛❝❚❍ ✭❞♦tt❡❞ ❧✐♥❡✮✱ ▲❙❆❘❉ ✭❢✉❧❧ ❧✐♥❡✮ ❛♥❞ ▲❆❙❙❖ r❡❣✉❧❛r✐③❛t✐♦♥ ✇✐t❤
♣❛r❛♠❡t❡r α = 1 ✭❝r♦ss❡❞ ❧✐♥❡✮ ✉s✐♥❣ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥ M ✳ ●r♦✉♥❞ tr✉t❤✱
❣❡♥❡r❛t❡❞ ❜② ❋❘❊❊❇■❊ ❛❧❣♦r✐t❤♠✱ ✐s ❞❡♥♦t❡❞ ❜② ❞❛s❤❡❞ ❧✐♥❡✳

❯s✐♥❣ s♣❛rs✐t② ♣r♦♣❡rt② ♦❢ ❆❘❉ ♦♥ ❛ tr❛✐♥✐♥❣ ❞❛t❛ s❡t✱ ❛♥ ♦♣t✐♠❛❧ ♠♦❞❡❧ ✇❛s s❡q✉❡♥t✐❛❧❧②
❡st✐♠❛t❡❞ ❜② ❧❡❛✈✐♥❣ ♦✉t t❤♦s❡ t❡r♠s ♦❢ t❤❡ ♠♦❞❡❧ ✇❤♦s❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✇❛s s♠❛❧❧❡r t❤❛♥ ❛ ❣✐✈❡♥
❝♦♥st❛♥t δ ≈ 10−4✱ ✉♥t✐❧ t❤❡r❡ ✇❡r❡ ♥♦ ♠♦r❡ t❡r♠s t♦ ♦♠✐t ✐♥ t❤❡ ❡st✐♠❛t✐♦♥✳ ❚❤r♦✉❣❤ t❤✐s
❡✛♦rt✱ ❛ s❡t ♦❢ ✐♥❞✐❝❡s ❢♦r s✉♠s ✭✹✮ ❛♥❞ ✭✺✮ ✇❛s ♦❜t❛✐♥❡❞✳ ❚❤✐s s❡t ✐s ✐♥ ❚❛❜❧❡ ✷✳ ■t ❤♦❧❞s t❤❛t
n ∈ ea❢♦r t❤❡ ✜rst s✉♠ ✐♥ ✭✹✮ ❡t❝✳ ❚❤❡ ❆❘❉ s❡❧❡❝t❡❞ ♠♦❞❡❧ ✐s ✐♥❞❡❡❞ ✈❡r② s♣❛rs❡ ✇❤❡♥ ❝♦♠♣❛r❡❞
✇✐t❤ t❤❡ ❢✉❧❧ ♠♦❞❡❧✳

❚❤❡ t❤r❡❡ ♠♦❞❡❧s ✇❡r❡ ✈❛❧✐❞❛t❡❞ ❛❣❛✐♥st ❡❛❝❤ ♦t❤❡r ♦♥ ❛ ❞✐st✐♥❝t s❡t ♦❢ ❡q✉✐❧✐❜r✐❛✳ ❖▲❙
✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❱❛❝❚❍ ✇❡r❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ θ̂ ❢♦r ❡❛❝❤ r❡s♣❡❝t✐✈❡ ♠♦❞❡❧ str✉❝t✉r❡✳ ❚❤❡♥✱ ♣❧❛s♠❛
❜♦✉♥❞❛r② ✇❛s r❡❝♦♥str✉❝t❡❞✳ ●r❛♣❤✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ✐s ✐♥ ❋✐❣✉r❡ ✹✳ ◆♦ ❞✐st✐♥❝t ✐♠♣r♦✈❡♠❡♥t ❢r♦♠
t❤❡ ❢✉❧❧ ♠♦❞❡❧ t♦ ❆❘❉ s❡❧❡❝t❡❞ ♠♦❞❡❧ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✱ ❛❧t❤♦✉❣❤ t❤❡ r❡s✉❧ts ♦❢ ❆❘❉ s❡❧❡❝t❡❞
♠♦❞❡❧ ❛r❡ ♠✉❝❤ ♠♦r❡ ❝♦♥s✐st❡♥t✳

❢✉❧❧ ♠♦❞❡❧ ♠♦❞❡❧ s❡❧❡❝t❡❞ ✉s✐♥❣ ❆❘❉ ❝♦♥tr♦❧ ♠♦❞❡❧
ea (0, 1, 2, 3, 4, 5) ✲ ✭✵✱ ✶✱ ✷✮
eb (1, 2, 3, 4, 5) ✲ ✭✶✱ ✷✮
ia (0, 1, 2, 3) ✭✵✱ ✶✱ ✷✮ ✭✵✱ ✶✱ ✷✱ ✸✮
ib (1, 2, 3) ✭✶✮ ✭✶✱ ✷✱ ✸✮

❚❛❜❧❡ ✷✳ ❙❡ts ♦❢ ✐♥❞✐❝❡s✱ ❞❡t❡r♠✐♥✐♥❣ str✉❝t✉r❡ ♦❢ ❡st✐♠❛t❡❞ ♠♦❞❡❧✳

✺✳ ❈♦♥❝❧✉s✐♦♥
❚❤❡ ♣r❡s❡♥t❡❞ ♠❡t❤♦❞ ♦❢ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ♣r♦✈✐❞❡ ❝♦♥s✐st❡♥t❧② ❜❡tt❡r r❡s✉❧ts
♦♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣❧❛s♠❛ ❜♦✉♥❞❛r② ❡st✐♠❛t✐♦♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❛♣♣r♦❛❝❤✳ ■t ❤❛s
❜❡❡♥ s❤♦✇♥ t❤❛t ❛ ♠♦❞❡❧ ✇✐t❤ ❢❡✇❡r ❝❛r❡❢✉❧❧② s❡❧❡❝t❡❞ ♣❛r❛♠❡t❡rs ❛✈♦✐❞s t❤❡ ♦✈❡r✜tt✐♥❣ ♣r♦❜❧❡♠
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s❡❧❡❝t❡❞ ✈✐❛ t❤❡ ❆❘❉ ♣r✐♥❝✐♣❧❡ ✭❝r♦ss❡s✮ ♣❡r❢♦r♠❛♥❝❡ ♦♥ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛✳ DH ✐s t❤❡ ❍❛✉s❞♦r✛
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦r✐❣✐♥❛❧ ❋❘❊❊❇■❊ ❜♦✉♥❞❛r② ❛♥❞ t❤❡ r❡❝♦♥str✉❝t✐♦♥✳ ◆♦t❛❜❧② ♠♦r❡
❝♦♥s✐st❡♥t ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ s♣❛rs❡ ♠♦❞❡❧ str✉❝t✉r❡ s❡❧❡❝t❡❞ ❜② t❤❡ ❆❘❉ ♣r✐♥❝✐♣❧❡ ❝❛♥ ❜❡
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