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Abstract

We deal with the long time asymptotics of the Vlasov—Poisson—
Boltzmann equation. We prove existence and uniqueness for the equa-
tion giving the electric potential at the limit.



1 Introduction

Plasmas (gases of charged particles) can be described using kinetic equa-
tions. To simplify the analysis, we shall only consider jelliums, which are
plasmas containing only one species of particles (of mass m and charge e).
Let us denote f(t,z,v) the density of particles, which at time ¢ and point
x, move with velocity v. We assume that the particles remain in a bounded
domain 2 and, since we are not interested in relativistic phenomena, the
velocity v belongs to IR3.

In the mean field approximation, when particles interact only through
electromagnetic forces, the density f solves the Vlasov equation,

%—l—v-vgﬂf—i—F-va:O, (1)

where F' is proportional to the Lorentz force created by the mean electro-
magnetic field.

Next, we shall assume that magnetic forces are negligeable, and therefore

€

where the electric potential ¢ obeys Poisson’s law

e
e L (3)

€0

and where € is the electric permeability of the vacuum. The system (1) - (3)
is called the Vlasov—Poisson system.

Now, to give a more realistic description of the plasma, we take the
elastic collisions between particles into account. Denoting by (v,v;) and
(v, v}) the velocities of the particles respectively before and after a collision,
the conservation of momentum and energy gives

Vv = vt (4)
e e (R S AT ()

which can be parametrized under the form

V= v—((v—11) ww, (7)
vp= v+ ((v—u1) ww, (8)



where w is a unit vector of IR3.
Assuming that there is no correlation between particles before and after
a collision, we now have to solve the Vlasov—Poisson—Boltzmann equation,

of

e
ot +U‘me_avx¢'vvf:c)(f>f)7 (9)

where @ is the Boltzmann quadratic collision kernel (acting only on veloci-
ties),

QU@ = [ {0 F0D) = @) @)} B - v1,) dudon,
v1€R3 JweS?
(10)
and B is a collision cross section (Cf. [Ce], [Ch, Co| and [Tr, Mu]).

We prove in this work the convergence towards equilibrium for a regular
solution of the Vlasov—Poisson—Boltzmann equation in a bounded domain
with appropriate boundary conditions. Note that such a result is already
known for the Boltzmann equation, even for renormalized solutions (Cf. [A]
and [De 1]). The reader will find a survey on this subject in [De 2].

Moreover, we give a description of the Maxwellian steady states for such
a plasma, when the mass and energy of the particles are fixed. Note that
D. Gogny and P-L. Lions have already given such a description when the
mass and temperature are fixed (Cf. [G, L]). For the study of the stationnary
solutions of these equations, we refer also to [Do].

In section 2, we prove that in the long time asymptotics, the density of
particles satisfying the Vlasov—Poisson-Boltzmann equation converges to a
Maxwellian with zero bulk velocity, and uniform temperature. Moreover,
we give an equation for the electric potential in this limit.

A formula for the temperature and density of the Maxwellian is given in
section 3, using conservation of mass and energy.

Existence and uniqueness for the equation satisfied by the electric po-
tential is proved in section 4.

Finally, we give in section 5 some additional results. Namely, we extend
our methods to several models of collision kernels, and explain how to mod-
ify our analysis to take into account magnetic forces. We give also some
indications about a model with several species of particles.



2 Long time asymptotic behavior of the Vlasov—
Poisson—Boltzmann equation

In this section, we are interested in the long time asymptotic behavior of
regular solutions of the Vlasov—Poisson—Boltzmann equation and in the form
of their stationary limit.

Let us assume that the cross section B satisfies the

Assumption 1: The cross section B is strictly positive a.e., depends
only on |v—v1| and |(v—v1)-w|, and satisfies for some K > 0 the following
bound,

B(v —v1,w) < K(1+ |[v] + |v1]). (11)

Note that the cross sections B coming out of hard potentials with the
angular cut—off of Grad (Cf. [Gr]) satisfy assumption 1.

We shall denote n(x) the outward normal to 9 at point 2. We assume
the specular reflexion of each particle against the wall:

For every ¢ in [0, 400,  in 09, v in IR3, such that v - n(z) <0,

f(t,x,v) = f(t,x, Rv), (12)

where

Rv=v—-2(-n(z))n(z). (13)

Moreover, we suppose that the boundary 02 of the domain is a perfect
conductor and therefore:
For every ¢ in [0, +o0o[,  in 052,

o(t,z) = 0. (14)
Finally, we prescribe initial data:
£(0,2,v) = fo(z,v), (15)
and
¢(0,2) = ¢o(), (16)

satisfying the following assumption:



Assumption 2: The initial datum fo is nonnegative. It is compatible
with the initial datum ¢,

Ao = [ fodv, (17)

and the total mass, energy and entropy are finite,

/ / fo (1 + [v]* + | log fol ) dvdz + 9/ |V2¢o|2dx < 4o00. (18)
zeQ JvelR3 m JzeQ

Note that R.J. DiPerna and P-L. Lions proved in [DP, L 3| that when
the position x belongs to IR? and under suitable assumptions on fy and B,
there exists a global nonnegative renormalized solution to the Boltzmann
equation,

of

S0V = QUL ), (19)
This result has been extended by K. Hamdache in [Ha] to the case when x
lies in a subset of IR? and f satisfies appropriate boundary conditions (like
specular reflexion).

Moreover, R.J. DiPerna and P-L. Lions have also proved in [DP, L 2] a
theorem of existence for the Vlasov—Poisson equation,

of e —
E +v-Vof — vafb -V f =0, (20)
€
~Bet = % /1;617%3 fav, 2y

when z belongs to IR? and for a large class of initial data. The existence of
strong solutions for this system is also investigated in [Pf] and [Sc].

It is possible to mix the results on the Boltzmann equation and on the
Vlasov—Poisson equation when 2 belongs to IR?, in order to obtain solutions
to the Vlasov—Poisson-Boltzmann problem (3), (9) (Cf. [L]). However, there
is no result for the time being on this equation when boundary conditions
like (12) and (14) are required for the solution.

Therefore, we shall from now on consider solutions of equations (3) —
(10) and (12) — (14) whose existence we do not know. More precisely, we
shall consider such solutions (f, ¢) satisfying the following assumption:

Assumption 3: The density f is nonnegative, bounded and uniformly
continuous on [0, +0o[xQ x IR3, it also belongs to L>=([0,T] x ; L' (IR?)).



Moreover, the potential ¢ belongs to C%([0, +00[x) and its derivatives up
to second order are bounded and uniformly continuous.

The main result of this section is the following:

Theorem 1: Let Q) be a reqular (of class C?) bounded and simply con-
nected open set of IR such that OS2 is not a surface of revolution, and assume
that (f, ) is a solution of equations (3) — (10) and (12) — (14) under as-
sumptions 1, 2, 8. Let t,, be a sequence of real numbers going to infinity, and
T be a strictly positive real number. We define f"(t,x,v) = f(t + tn,z,v)
and ¢"(t,x,v) = P(t + tn, z,v).

Then, there exist a subsequence tn,, a function ¥(x) in C*(Q), p > 0
and 6 > 0 such that f™(t,z,v) converges uniformly on every compact sets

of [0,T] x Q x IR to

o p ep(x) o
g(t,z,v) = (2710)% exp{ — 5 " @}, (22)

and ¢™ (t, z) converges in C?([0,T] x Q) to 1(z). Moreover, g, satisfy the
boundary conditions (12) — (14), and the potential ¢ is such that

—Np) = p% exp{ G } (23)

mo

Proof of theorem 1: Assumption 3 ensures that the sequence f" is
equicontinuous. Moreover, it ensures that for a given (¢, z,v) in [0,7] x Q x
IR3, the sequence f™(t,x,v) is bounded. According to Ascoli’s theorem, it is
possible to extract from f™ a subsequence f™* such that f™* converges uni-
formly on every compact sets of [0, 7] x Q x IR? to a bounded and continuous
function g(t, z,v).

Moreover, assumption 3 also ensures that the same manipulation holds
for ¢™ and its derivatives up to second order. Therefore, it is possible to
extract from ¢" a subsequence ¢"* such that ¢™ converges in C2([0, 7] x Q)
to a function ¢ (¢, x).

The proof of identities (22) and (23) is divided in four steps.

Note that we shall need in the sequel the conservation of mass

/ / f(t,z,v)dvde = / fo(z,v) dvdz, (24)
zeQ JvelR3 zeQ JvelR3



and the conservation (or at least the decrease) of energy

/ / f(t,z,v) v dvdz + io/ IVeo(t, x)|? da
zeQ JvelR? m JzeQ

< / / fo(z,v) |U\2 dvdz + 6—0/ ]dex)(x)\g dx. (25)
xeQ JvelR3 m JzeQ

These estimates will be proved in section 3.

First step: The functions g, still satisfy equations (3) — (10) and
(12) = (14).

Proof of the first step: It is clear that 9, f™ + v - V. f™ tends to
0:g + v - V,g in the sense of distributions.
Moreover,

and f™V,¢" converges uniformly on every compact sets of [0, 7] x Q x IR?
to gVz1. Therefore, =V, " -V, f" converges to .=V - V,g in the sense
of distributions.

The conservation (or decrease) of energy (25) (which will be stated in
section 3) ensures that for every ¢ in [0, +o00],

/eQ /elRS f(t,z,v)|v|? dvdz < E, (27)

where E is the initial energy. Therefore, & [ s f"*dv tends to & [, c s gdv
in the sense of distributions.

Moreover, it is clear that —A,¢™ tends to —A\ .1 in the sense of distri-
butions.

Therefore, it only remains to pass to the limit in the sense of distributions
in the collision term Q(f"*, f™*).

According to estimate (27),

E
/ / flt,z,v) dvde < -0 (28)
zeQ Jju|>R R?

Therefore, according to assumption 1, when R is large enough,

/ / / [ (t,x,v) f*(t, z,v1) B(v — v1, w) dwdvidvdx
zeQ J |2 +|v1|2>R? JweS?



< / / / f (b 0) f (¢, 01) K(1 4 o] 4 |v1]) dvrdode
zeQ J|v|2>R2/2 J|vi1|2>R2/2

2K E,
< 3[[fll oo ([0,+-00[x L1 (R3)) 7 2. (29)

Moreover,

/eQ /I /24| |2> R2 /652 et 2, o) [ (¢ 01) B(v — o1,w) dwdvidvds
x v vi|?> w

= / / / [ (t, xyv) f(t, z,v1) B(v — v1,w) dwdvidvdz.
z€Q J|v|2+|v1|2>R? JweS?
(30)

Using estimates (29), (30) and the dominated convergence theorem, we get
the convergence of Q(f™*, f™) towards (g, g) in the sense of distributions.
Finally, we can pass to the limit in equations

O 0 Vg S o = QU ™), (3)
8t X m X v I bl
and
At = & £ d. (32)
€0 JveRr?
We obtain
9 4 Vag— SV Vg = Qlg,9) (33)
ot zg m e v = &\G,9),
and
AT E/ gdv. (34)
€0 JvelR?

Moreover, it is clear that the boundary conditions (12) and (14) still hold
for g and 1. Therefore, for every ¢ in [0,7], z in 0L, v in IR3, such that
v-n(z) <0,

g(t,z,v) = g(t, z, Rv), (35)

and

Y(t,x) = 0. (36)

Second step: There exists a nonnegative measurable density r(t, x), a
strictly positive measurable temperature T(t,xz) and a measurable bulk veloc-
ity u(t,x) such that g is the Mazwellian of parameters r, u and T,

r(t, ) _ (wou(ta)?

g(t,x,v):( A CONN (37)

27T (t, x))3/2

8



Moreover, the function g satisfies the Vlasov equation,

dg e B

Proof of the second step: We proceed as in [De 1]. According to
Boltzmann’s H theorem and to the proof in [DP, L 1] and [Ha], the function
f satisfies the following estimate:

sup [ [ ()| log £ (o) dado
t€[0,4o00] /ZEQ velR3

* t:(?o /er /1)€R3 /v1€B3 /weS2 {f(v')f(vi) B f(v)f(vl)}

{log (f(v’)f(v’l)) —log (f(v)f(vl)) } B(v — v1,w) dwdvidvdzdt < +o0.
(39)
Therefore, the entropy dissipation

/OT /er /velR3 /U1GR3 /w65’2 {f”k (U/)fnk (vi) — [ (Ul)}

{ log (f"’c (V) fr* (v'l)) —log (f"’C (v) fr* (v1)> } B(v — vy, w) dwdvy dvdzdt
(40)
tends to 0 as k tends to infinity.
But the function

O(z,y) = (z —y)(logz — logy) (41)

is nonnegative, and therefore, using assumption 1, we can extract from f"*
a subsequence still denoted by f"* such that for a.e. (¢,z,v,v1,w) in [0, T] x
Q x R3 x IR? x 52,

O( S (1w, ) ™ (b, vh), S (b, 0) ™ (hwvr)) = 0. (42)

k——+o0

But this quantity tends also uniformly on every compact sets of [0, 7] x  x
IR? x IR x S? to

(C) ( g(t,z,v)g(t,z,v)), g(t,x,v)g(t,x,v1) ) (43)



Therefore, for a.e. (t,7,v,v1,w) in [0,T] x Q x R3 x IR? x S,

g(t,x,v") g(t,x,v1) = g(t,z,v) g(t, z,v1). (44)

Using a result of [Tr, Mu]| for example, we see that g is almost everywhere a
Maxwellian function of v (whose parameters may depend on ¢, ). Therefore,

we can write (t.2) ,
r(t,z _(v—u(t@)”

t,x, N i R T(te) 45

g( x ’U) (27TT(t,£L‘>)3/2e ( )

where r,u and T are measurable. But g is locally bounded, therefore the
temperature T is strictly positive (and different from +o00) for a.e. (¢, x).
Moreover, g is nonnegative, therefore » > 0 for a.e. (¢,z). Finally, Q(g,9) =
0, since g is a Maxwellian, and according to eq. (33), g satisfies the Vlasov
equation (38).

Third step: The density r defined in the second step is strictly positive
(except in the trivial case when fo = 0). Moreover, the parameters r,u and
T defined in the second step are continuous.

Proof of the third step: The conservation of mass (24) (which will be
proved in section 3) and estimate (27) ensures that g still satisfies,

/ / g(t,z,v) dvdx = / fo(z,v) dvdz. (46)
zeQ velR3 zeQ JveR3

Except when fy = 0, we obtain for all ¢ in [0, 7] the existence of (xg,vp) in
Q) x IR? such that g(¢,zo,v9) > 0. But eq. (45) ensures that r(¢,z0) > 0, and
therefore for all v in IR3, g(t, zo,v) > 0. Because of eq. (38), g(t+7, x0,v) =
g(t,x0+vr +0(7),v(7)) and therefore, for every 7 small enough, and every
x in Q, one can find v such that g(t + 7, z,v) = g(t, zo,v(7)) (note that if Q
is not convex, one has to carry out this analysis several times). Therefore,
g(t + 7,x,v) > 0 and r(t + 7,2) > 0. Finally, the function r is strictly
positive. But r is also the local density

r(t,x) = /velR3 g(t,z,v) dv, (47)

therefore r is continuous, and % is also continuous. Finally, ru and rT
can be obtained as moments of g, and as a consequence v and T are also
continuous.

Fourth step: The functions g and 1 satisfy identities (22) and (23).

10



Proof of the fourth step: Note first that because of the averaging
lemmas introduced in [DP, L 3], eq. (34), eq. (38) and eq. (45) together with
the boundary conditions ensure that the macroscopic parameters r, v and T’
are smooth. Because of the strict positivity of r and 7', the quantities logr,
logT" and % are also smooth.

We recall the properties of log g and v collected in the previous steps of
the proof,

1. The quantity log g satisfies the Viasov equation,

8tlogg+v~vxlogg—%wa-vvlogg:O (48)

2. The potential ¢ satisfies the Poisson equation (34).
3. The boundary conditions (35) and (36) hold for logg and 1.
4. The function log g is the logarithm of a Maxwellian function of v,

v —uf?
2T

3
logg =logr — 2 log(2nT) — (49)

Then, we inject eq. (49) in eq. (48) and get a polynomial in v — u of
degree 3 which is always equal to 0. Looking at the term of highest degree,
we get the equation,

vi{%} — 0. (50)

Therefore, the temperature T'(¢,z) depends only on t. We write
T(t,x) = To(t). (51)

Then, looking at the term of degree 2, we can see that for any vector h of
modulus 1,

(1110)' +V,u(h,h) = 0. (52)

According to [De 1], there exist a skew—symmetric tensor A depending on ¢
and a vector C depending also on t such that

u(t, z) = (Tlo)'(t) 2+ At) (@) + C(8). (53)

But boundary condition (35) ensures that for all ¢ in [0, 7], z in 02,

u(t,z)-n(z) =0. (54)

11



Therefore, if we define a curve in IR? by

)= ultyals), (59)
w(0)e 99, (56)

the point z(s) will remain in 0N for every s in IR.
Then, we proceed as in [De 1]. Since 02 is bounded and is not a surface
of revolution, we get

1
(=) =0, cy=0. A®r)=o. (57)
Ty
Therefore,
u(t,z) = 0. (58)
Moreover, we can define 6 > 0 by
To(t) = 6. (59)
Note that eq. (49) injected in eq. (48) also yields
or
— =0 60
at Y ( )
and .
21 — V¢ =0. 61
Vg logr + mHV Y (61)
Therefore, r does not depend on t. We denote:
r(t,z) = ro(x). (62)
Then, g can be written as
_ ro(z) v?
g(t,x,v) = WGXP{ ~ 59 }7 (63)

and it clearly does not depend on t. But according to eq. (34) and eq. (36),
the potential 1) does not depend on ¢ either. Therefore, according to eq. (61),
there exists p > 0 such that

ro(a) = pexp { — LY, (64)

mo

which concludes the proof of theorem 1.

We now investigate the global conservations for the Vlasov—Poisson—
Boltzmann equation.

12



3 Conservations of mass and energy, applications

We begin this section with the (formal) proof of conservation of mass and

energy for system (3) — (10), (12) — (14). Note first that (according to
[Tr, Mu] for example) when x(v) = 1,v, or |v|?,

Qf, f)(v) x(v) dv = 0. (65)

velR3

Note that this property immediately yields the conservation of mass

0
En /wEQ /UEZR3 fdudx = 0. (66)

Moreover, multiplying eq. (9) by |v|? and integrating over z and v, one gets

) , ,
&{ém[;metwm}—Lmédﬁmv¢>Vfw\mm_o(m)

Denoting by do(x) the natural measure on 02, we get after an integration
by parts with respect to = and v,

;{LeQAGJRSf’UPdUd:U} _2/a:eQ Til(bvx‘{/veplgfvdv}dx

—i—2/ / —qﬁf v-n(z))dvdo(z) = 0. (68)
z€dQ JvelR3 M
Using now the local conservation of mass,

0

m{[)gﬂ3fdv}+vx-{[)€m3fvdv}:0, (69)

and the boundary condition (14), estimate (68) becomes

;{LGQA€B3f|v|2dvdx}+2 xegmcbat{/vemgfdv}d:czo. (70)

Using now Poisson’s equation (3) and integrating by parts with respect to
x, we get

9 2 60/ 0
< dvdzd + 2 [ 2V, (V.e)d
at{/a:EQLGIR3f|U| Y m}+ m Jzeq v ¢8t(v ¢) dz

a¢)}da() 0. (71)

+2 2q§{—n(m) v((‘?t

m JxecoQ

13



Using once again the boundary condition (14), we get at last the conservation
of energy,

0 ) € ,
il € ) o ,
875{/3369 /vejR3f|v‘ dvdz + m/m€9|v (b‘ d:L'} 0 (7 )

For a solution of the Vlasov—Poisson-Boltzmann system (3) — (10), (12) —
(14), satisfying assumptions 1, 2, 3 of theorem 1, the a—priori estimate (66)
holds, and it yields identity (24). Identity (72) also holds, although perhaps
only as an inequality, whence eq. (27). estimates (27) and (39) ensure that
one can pass to the limit in eq. (24) when the time ¢ tends to infinity (this
property has already been used). However, it is not possible to pass to
the limit in eq. (25) without a stronger assumption. Therefore, we shall
from now on deal with solutions of (3) — (10), (12) — (14), which satisfy the
following property,

Assumption 4: There exists € > 0 such that

sup / / f v dvdx +  sup / Vo0 ede < 400, (73)
te[0,4oo[ Jz€Q JveER? te[0,4o00[ JzEQ

If fp is an initial datum, we denote now by My the initial mass,

My = /xEQ /UGR3 fo(l',’U) dvdz, (74)

by Ey the initial energy,

B= [ [ pav)fdd+ 2 [ 900, (75)
zeQ JvelR3 m JzeQ

by x the constant
_ 4mE0€0

YT oage

F(t) =1+ /1 + xt2. (77)

Moreover, we define the three following constants Cj, (i = 1,2,3), which

depend only upon the physical constants of the problem,

3My \3/2 3My 2mEy
) ) Co = R 3= .

47TEO 4EO 3M()6

and by F' the function

Ch = MO( (78)

14



Theorem 2: Let ) be a reqular (of class C?) bounded and simply con-
nected open set of IR® such that S is not a surface of revolution. Assume
that (f,¢) is a solution of (3) — (10), (12) — (14) satisfying assumptions
1,2,8 and 4. Then there exists a function V(x) in C?(2) such that for every
strictly positive T, f7(t,x,v) = f(t + T,x,v) converges uniformly on every
compact sets of [0,T] x Q x IR® when T tends to infinity to

” 3/2 .
9(@v) = J eiV dx <F(”vaHL2(Q))> ¢ V@ =CF(IVaVllp2@a)lol,
e
(79)
and ¢7 (t,x) = ¢(t + 7, ) converges in C%([0,T] x Q) to
Cs

V(x). (80)

P(x) =
F(IVaVll2 )
Moreover, the potential V' satisfies the following equation,

3 XAV B eV (81)
2 FVV @) Joene 7 de’

and V =0 on 0N.

Proof of theorem 2: We define as in theorem 1 for all sequence ¢,
going to infinity the functions f"(¢,z,v) = f(t + tp, x,v), and ¢"(t,z,v) =
d(t+tyn, z,v). Theorem 1 ensures that we can extract from ¢,, a subsequence
tn, such that f™ converges uniformly on every compact sets of [0, 7] x Q x IR
to g defined by (22) for any T' > 0, and ¢™* converges in C2([0,7T] x Q) to

.
But according to estimates (66), (72) and (73), we get for all ¢ € [0, 77,

/ / f(t, z,v) dvde = My, (82)
zeQ JvelR?
and
/ / f”k(t,x,v)|v|2dvdx+€—0/ Vo™ (t, 2)’de = By, (83)
zeQ JvelR3 m JzeQ

We can pass to the limit in eq. (82) because of estimates (27) and (39) and
obtain the conservation of mass for g,

/IEQ /QJEBS g(t, z,v) dvdx = M. (84)
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Moreover, estimates (39) and (73) ensure that the passage to the limit in
(83) holds. It yields

/ / g(t,z,v) |v|* dvdz + © \V1(t, x)2dx = Ep. (85)
zeQ JvelR? m JzeQ

Injecting (22) in (84) and (85), one obtains,

ey ()
_ dr = M, 86
pLeQexp{ mo } €z 0, ( )
and
3p9/ exp { _ ) } dw + 2 |V 2dx = E. (87)
T€Q mb m JzeQ
We denote ()
ey(x
V(z) = 88
(r) = 2 (59)
Equations (86) and (87) become,
p/ exp{ - V(m)} dx = My, (89)
€S
and m
3Mof + %92/ VL V[? de = Ep. (90)
€ z€N

We can solve eq. (89) and eq. (90) (knowing that 6 must be strictly positive),
and get,

p= Joca exp{—V(z)}dz’ (91)
and
0 250 (92)

- SMoF([|VaV | 2(a))

Therefore, we obtain for g and v the identities given in (79) and (80). More-
over, theorem 1 provided for ¢ eq. (23), therefore, V satisfies (81). It remains
to prove that the whole families (f7),>0 and (¢7),>0 converge to g and 1.
This is due to the uniqueness of the limit of f* and ¢"*. Indeed, V is
defined in a unique way by (81) and the fact that V' = 0 on 99 (as it will
be seen in section 4, theorem 3).
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4 Existence, uniqueness and regularity results

We are now interested in the properties of eq. (81),

3 AV -V
_ X — © — (93)
2 14 14X foeq VoV P dr Joeae™" do
with the Dirichlet boundary condition (imposed by theorem 2)
V=0 on 09 (94)

The main statement of this section is the following;:

Theorem 3: Let Q be a regular (of class C?) open set of IR3. For any
X >0, eq. (93) with boundary condition (94) has one and only one solution
V. This solution is strictly positive on 2 and of class C*(€2) N C>().

Proof of theorem 3: First, we prove the existence of a positive solution

of eq. (93) with boundary condition (94).
Let us define the functional J on H}(Q) by setting

J(U) = d)(vaUHL?(Q)) + log </ch9 e_Ud:B>, (95)

where ¢ is defined on IR" and

qb(t):2<\/1+xt2—10g(1+\/1+xt2)>. (96)

The following lemma proves that J is bounded below.

Lemma 1 : Let Q2 be a regular (of class C%) open set of IR3. There
exists a continuous function F defined on [0, +oo[ such that

F(t) = —2logt +0O(1) when t— o0, (97)

and

YU € H}(Q), log (/ eV daz) > F(HVIUHLQ(Q)). (98)
€N
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We shall give a more general version and a proof of the lemma in the
appendix.

Now, we use the same method as in [Do]. Let us consider a minimizing
sequence (Vp,)nemw, i-e. a sequence satisfying

ngg-looj(vn) - Uegf(Q)J(U)’ (99)

It is not restrictive to assume that for every n € IV, we have
JV) < J0) = loglol (100)

Now, one can easily prove that when ¢ goes to infinity, ¢(¢) is equivalent
to %\/)? t. According to lemma 1, the sequence (HVQ;VnHLg(Q))neW remains
bounded. Moreover it is clear that

YU e HY(Q), JUY) < JU), (101)
since ¢ is increasing. Therefore, we can also suppose that
Yne N, V,>0. (102)

There exists a nonnegative function V of H}(2) such that, after extraction
of a subsequence if necessary, V,V,, — V.V in L?(Q), and V;, — V a.e. The
lower semi-continuity of the L?-norm ensures that

IVaVl2@) < %g}r{}f IVaVal L2 @) (103)
and since ¢ is increasing,
o(IVaVlla) < liminfo([VaVillize )- (104)
Using Lebesgue’s theorem of dominated convergence, we obtain

lim e Vrde = / eV dux, (105)
z€Q e

n—-+4oo
and therefore

JV) = inf J(U). 106
V) =t JW) (106)
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Now, let us consider the functional J* defined on H}(f2) by

THU) = 6(IV2Ul a(@y) + log ( [ e da:). (107)
€N
We have
VU € H)(Q), J(UY) < JHU) < J(O), (108)
and therefore
JHV) = inf JT(U). 109
V) = i JO) (109)

But J* is a functional of class C! on H}(2), and for all U € H}(Q),

3 AU —UT
dJT(U) = -2 X - S (110
2 14 \/1 X foeq VU2 de Joeqe™ da
Therefore
dJT(V)=0
3 YAV e VT
= - = —7
2 14+ 14X [y VeV P dr Jreqe™" do
A, -V
e _3 XAV ___° (111)

2 14 14X [y VoV Jecoe™" do

since V > 0 a.e.

Finally, V' is a nonnegative solution of eq. (93) with boundary condition
(94).

We have now to prove the uniqueness of the solution. Let us define the
convex cone HT by setting

HY={Uc H{(Q)) U>0 aeonQ}. (112)

According to the maximum principle, every solution of eq. (93) with bound-
ary condition (94) is nonnegative and belongs therefore to HT. As a con-
sequence, every solution V satisfies dJ (V) = 0. But J*(U) = J(U) for
all U € H", and J is strictly convex. Indeed, ¢ is increasing and strictly
convex, and the L?-norm is strictly convex. If we consider two functions Uy
and Us of H}(Q) and ¢t € [0,1], we get

log </ poe_(tU1+(1—t)U2) d:r) = log (/ (poe_Ul)t (poe_U2)(17t) dm)
RN o
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<t log (/]RN poe Ut d:):) +(1—1¢) log (/]RN poe U2 d:):), (113)

according to Holder’s inequality.

The functional J* is therefore strictly convex on H ', which ensures that
the solution of dJ* (V) = 0 is unique on H*. Finally, the solution of eq. (93)
with boundary condition (94) is unique.

It is easy to prove that the solution is strictly positive on €2 with the
maximum principle, and of class C2(Q)NC>°(£2) with an elliptic bootstraping
argument.

Because of the uniqueness of the solution, one can also prove that V is
radially symmetric if € is a ball. Indeed, the solution composed with every
rotation is still a solution.

5 Some additional results

5.1 Others collision kernels

First note that in the analysis of sections 2, 3 and 4, the only algebraic
properties required on the kernel @) is the existence of an entropy, and the
conservations of mass and energy.

More precisely, the kernel (Q must satisfy:

Q(f, f)dv =0, (114)
veIR3

| au.nplde=o. (115)

veIR3
[ QU e fdv <o, (116)

veIR3

and

/ Q(f, f) log fdv=10 (117)

velR3

if and only if f is a Maxwellian function of v.
Note that these assumptions are satisfied by the B.G.K. kernel (Cf.
[Bh, Gr, Kr)),

where M} is the Maxwellian having the same moments as f.
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They are also satisfied by the Fokker—Planck—Landau collision kernel
(Cf. [Li, Pi]),

Q(f,f):vv./vle]RN@(w_le{Id_ (U—v1)®(v—v1)}

v —v1f?

{ F00)Vf @) = F(©0) V0 F(01) } dor, (119)

where O is a strictly positive function going from IR to IR.

Therefore, the analysis of sections 2, 3 and 4 still holds (at least formally)
if Q(f, f) is one of these kernels.

In fact the most accurate collision kernel to consider in the case of a
plasma may be a sum of Boltzmann’s kernel and Fokker—Planck—Landau’s
kernel.

5.2 Influence of a magnetic field

We can also take in account the presence of a magnetic field. In such a
model, it is still possible to write a Vlasov—Boltzmann equation,
of

where F and B are respectively the electric and magnetic fields, satisfying
the Maxwell system,

oF
—egpio — + Curl B = e,uo/ fudv, (121)
ot velR3
B
i%+ Curl ,E =0, (122)
waE:E/’ fdv, (123)
€0 JvelRr3
Div ,B =0, (124)

and ¢ is the electric permeability of vacuum and g is the magnetic permit-
tivity of vacuum. Note that the existence of a global renormalized solution
to this system is now proved when L? bounds are imposed on the initial
data (Cf. [DP, L 2]). According to [J], it is possible to find a potential ¢
and a vector potential A such that

1 0A

E=-Vyp— — 2
eopo Ot

(125)
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and
B = Curl 4A. (126)

Then, we take the following boundary conditions:
For every t in [0, 400,  in 09, v in IR?, such that v - n(z) <0,

f(t,x,v) = f(t,x, Rv), (127)
o(t,x) =0, (128)
A(t,z) = Ao, (129)

where Ag is a constant vector potential imposed on the boundary. It is easy
to prove that the limit of the magnetic field B(¢, ) when ¢ tends to infinity
is 0. Therefore, all the results of section 3 still hold, except that the total
energy Fy is now given by

1
Eoz/ / f0|v|2dv+€—0/ \eo|2dx+—/ Ibol? dz,  (130)
2€Q JvelR3 m JzeQ mpo JzeQ

where eg and by are the initial electric and magnetic fields.

5.3 The case of several species

Finally, we give some results on a model where different species interact.
For every species i, we define the density f;(t,x,v), the mass m; and the
charge e; of one particle. We assume that the densities f; satisfy the Vlasov—
Poisson—Boltzmann equation,

afi
ot

0 Vafi = Vet Vofi = 30 Qulfin i), (131)

J=1

where Q;; is a Boltzmann kernel describing the collisions between the par-
ticles of the species i and j. Note that for such a model (we assume that
the cross sections B;; associated to Q;; are not identically equal to 0 for
all i,j = 1,2,...,n), the equilibrium is reached when the densities f; are
Maxwellian functions of v having the same temperature § and the same
bulk velocity.

Moreover, we can write the Poisson equation for the potential,

Db = ; o /Uemg £ dv. (132)
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We still require the boundary conditions (12) for each species ¢ and (14) for
the potential ¢. The analysis of section 2 leads to the following identities
for the limits g; and 9 of f; and ¢ when the time ¢ goes to infinity,

A i eip(x) v
gz(t,:li,'l)) - (271_9)% exXp { - mle - % }7 (133)
and . (a)
€; C; YT
—Nptp = ;:1 ;pi exp { i } (134)

Moreover, if we denote by M; the initial mass of the species i, and by FE;
the initial energy, the conservations of these quantities ensure that

M; = m; p; /IEQ exp{ — eit)(z) }d:):, (135)

and

E= ZSmlpZG/ exp _ el )}dx—{—eo/ Q|Vx¢|2d1‘. (136)
re

’L

We make the change of variable

Y(x)

V(o)== (137)
and denote ..
A= —, 1
o (138)
M ="M, (139)
i=1
2FE
H(t) = . (140)
3M + /IM? + 4Eept?
Equations (135) and (136) become
Hi
P = ) 141
P fer e AV @) dy (141)
and
6092/ |V V||>dx +30M — E = 0. (142)
€N
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Finally,

2F
6 = . (143)
8M +,/IM? +4E € [,cq |V V *da
Therefore,
i -3
ita ) = 2rH VxV
i(t,2,0) = Ty (rH VY )
e p< AV (@) [0 ) (144)
X g - )
2H(||V2V|r2(0))
and
Y(z) =2E H(||VaV |2 @), (145)
where V satisfies:
/Al‘ n —)\ZV(m)
_3 X v L S VR e (146)
214 14X e VoV P e = Jeeqe ¥V da
with AE
’ €0
X =iz (147)

and this equation can be solved exactly as before.
Appendix
In this section, we give a proof of the following lemma:

Lemma 2 : Let Q be a reqular (of class C?) open set of IR® and p belong
to |1,400[. There exists a continuous function F defined on [0,4o00[ such
that

VU € WiP(Q), log (/ e U dx) > F([|V.Ull@)), (148)
zeQ

with
F(t)=— f 1 logt +a+o(l) when t— +oo, (149)

and

p p_ 109
= log(—2— 1221) 1

a p—lx<0g(p—1K(Q)) , (150)



where K () is the constant appearing in Hardy’s inequality (168).

Proof of lemma 2: The proof is divided in two steps.
First, we prove that

VU € WiP(Q), log (/ e U d:c) > P ([|V.Ulls@), (151)
z€Q

with

Fi(t)=A—- Bt, (152)
where A is a real constant and B a strictly positive real constant. This step
is necessary to prove that F' is continuous and bounded in a neighborhood
oft = 0+.
In a second step, we prove that

VU € WiP(Q), log (/ e U dx> > By (IIVaUl (e ) (153)
e
where Fy is a continuous function on |0, +oo[ such that
Fy(t) = — P ] logt+a+o(l) when t— +oo. (154)
p —_—

The lemma is therefore proved with F' = max(F}, F3).

First step of the proof: Let U belong to Wol’p(Q). According to
Jensen’s inequality, we have

_ Joeq U dx
/ere Vde > |9 exp{ — (W)} (155)

Holder’s inequality ensures that
[ Ude <10 U, (156)
z€e)

and, according to Poincaré’s inequality, we get
U]l e) < C(Q) VUl e (157)

where C(€2) is a strictly positive constant, and

[ vdr < @ VUl (159
€
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Therefore,

log (/ e U dx> > P (| V.Ul (159)
x€N
with ()

Second step of the proof: Let us define the following quantities for
z € Qand A >0,
d(z) = d(x,09), (161)

and
D={zxzeQ/ dx)<1/A}. (162)

Let U belong to Wy*(Q) and define
V=-uUt (163)

Then

3/ e da. (164)
€N

Using Jensen’s inequality, we get

v
Z dx

/ e T dr > Qx| expq — fmeg*id : (165)

HASIOAN ’Q/\’

Then, Hélder’s inequality ensures that

V V
—dr < VRS . 1
Lo gt < 107 g, (166)
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Moreover

%4 1%
—d < O Ve
/xem g @ = 2| [ d e ()

since Q0 C €. According to Hardy’s inequality, we get

v
Il = K [IVaVir@),

where K () is a strictly positive constant. Therefore,

-U
de > Q X — [ ——— V.V .
/xeﬂe = Il ep{ (\9,\\1/” H HLP(Q))}

Let us define the functions,

A(t) = (1)_1 L t)ppl,

p |0Q/P
and 09
nt) =~ —
U= 30 1930

(167)

(168)

(169)

(170)

(171)

The choice of the form of A(t) has been made in order to maximise the
value of the constant a which appears in (149). It is clear that 7 is positive,

continuous on 0, 4+oo[ and that

lim n(t) =0.

t——+00

Let us assume that

t=VaUllrr), A= AQ).

We get
1 t
V2Vl ey = Ok IVaUl ey = OB
But 09
-1
Dol =5 (1+0)
therefore

1/p
ViVl  (1+0@) "t
ao 7P [0Qr A(t)-1/e
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(172)

(173)

(174)

(175)

(176)



and

K(Q) VeVl o) p 1/p
= 1 t . 177
[Qao)l'7? - (1+0) ()
Finally
log (/ e U dx) > FQ(HVIUHLP(Q)), (178)
z€eQ
with

F(t)=a— f -Int - In(1+n(t)) + % (1 - (1+ n(t))l/p) (179)

The function F5 is therefore continuous, and

Fy(t) = - g . Int+a+o(l) whent— +oo, (180)

which ends the second step of the proof.
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