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A three dimensional continuous space Monte Carlo computer simulation study is presented to
discuss the extension of flexible, linear polymer chains due to the presence of equally flexible side
chains. We consider the enhancement of the persistence length of bottle-brush structures in an
athermal solution due to steric interactions between the side chains. The largest structure studied
consists of a backbone of 100 beads with 50 side chains of 20 beads each. The persistence length
l is evaluated in two different ways using the radius of gyration of the backbone and the bond angle
correlation function, respectively. A correct description of the backbone conformations is shown to
require at least two characteristic lengths. At a small length scale the backbone behaves flexible; the
extension occurs at a larger length scale. There is a strong indication that the ratio between the
persistence length and the diameter, which is the determining factor for lyotropic behavior of
conventional semiflexible chains, levels off as a function of the side chain length. The value of this
ratio is, moreover, too small to induce lyotropic behavior along this line. Recent experimental
observations of lyotropic behavior of polymacromonomers are discussed in terms of these findings.
© 1997 American Institute of Physics.@S0021-9606~97!53130-8#
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I. INTRODUCTION

In the field of polymers, the phrase molecular bott
brush is reserved for comb copolymers with a high density
side chains. Recently, the interest in comb copolymers
increased considerably mainly due to the introduction of t
entirely different ‘‘synthetic’’ approaches. One class of sy
tems was obtained by Schmidt and co-workers1,2 who suc-
ceeded in polymerizing macromonomers resulting in h
molar mass polymethacrylate backbones with oligostyr
side chains of up to 50 styrene units. Another related
quite different set of systems was obtained by various gro
in a much simpler way using strong physical association
tween end-functionalized oligomeric chains and hom
polymers.3–11 Compared to the former systems, the olig
meric side chains used so far are, however, consider
smaller.

The physical association involves hydrogen bonding
ionic interactions. The hydrogen bonding systems are c
acterized by a somewhat weaker repulsion between the a
ciated side chains and the polymer backbone and, there
often exhibit order–disorder transitions in the melt.8,9,11 The
unfavorable interactions between the polar and nonp

a!Also at: Department of Engineering Physics and Mathematics, Hels
University of Technology, P.O. Box 2200, FIN-02015 HUT Espo
Finland.
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groups of the polyelectrolyte complexes are in general la
and the systems studied so far all exhibit a microphase s
rated ordered state.3–7,12 No order–disorder transitions hav
been observed. The phase behavior of both systems
sembles in many ways that of ordinary com
copolymers,13–16 however, in particular for the more weakl
associating systems also interesting differences are pred
due to the reversible nature of the side chain association.17,18

The above phase behavior concerns pure polymer-oligo
systems without additional solvent. In one case of the po
electrolyte complex of poly~4-vinyl pyridine!-dodecyl ben-
zene sulfonic acid~P4VP-DBSA!, a selectively good solven
for the alkyl side chains, xylene, was added. The long per
of the microphase separated lamellar structure increased
up to 60 wt % xylene, attributed to swelling of primarily th
nonpolar alkyl layer. For higher amounts the order disa
peared as demonstrated by a vanishing birefringence.12

The influence of particularly those solvents, which c
be classified as good solvents for the side chains, is of in
est because recent theoretical predictions contradict e
other concerning the induced extension to the bottle-brus
In a decade old publication Birshtein and co-workers19 ar-
gued that comblike copolymers in dilute solution under go
solvent conditions show considerable stretching of the po
mer backbone and the side chains due to the excluded
ume effect. They concluded that the repulsion increases

ki
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3268 Saariaho et al.: Lyotropic behavior of bottle-brushes
extension of the structures leading to a persistence leng
size comparable to the dimensions of the side chains. C
ventional lyotropic behavior of semiflexible chains requir
the ratio between the persistence length, characterizing
stiffness, and the diameter of the chain to be larg
( . 10).20,21 If this criterion is applied to molecular bottle
brushes, the prediction of Birshtein and co-workers impl
that lyotropic behavior should not be expected. More
cently, Fredrickson22 came to exactly the opposite concl
sion that flexible nonconjugated polymers can be made
exhibit nematic order by the proper choice of surfactant.
predicts in particular that under appropriate conditions
relevant ratio between the persistence length and the d
eter of the bottle-brush increases monotonously as a func
of the side chain length.

Schmidt and co-workers1,2 succeeded in polymerizing
polymacromonomers consisting of oligostyrene side cha
of up to 50 styrene units leading to bottle-brushes with a h
molar mass polymethacrylate~PMA! backbone. From dy-
namic light scattering data and x-ray scattering on dilute
lutions in toluene they concluded that the PMA main ch
adopted an extremely extended conformation character
by a persistence length of up to 1000 Å, surrounded by
panded but still flexible polystyrene side chains. For incre
ing concentrations of the polymacromonomer in tolue
small angle x-ray scattering showed the presence of a s
tering peak which suddenly becomes narrow and large
; 31.5 wt %.1 They tentatively concluded that a nematic s
lution was obtained as a consequence of the extension o
main chain due to steric interactions between the oligo
rene side chains. If this conclusion is correct it means t
lyotropic behavior of bottle-brushes due to excluded volu
interactions can be realized.

Molecular bottle-brushes obtained by physical asso
tion, notably hydrogen bonding, exhibit related behavior.
this case the explanation is rather straightforward. The tr
sition corresponds to an order–disorder transition from a
mogeneous solution to a microphase separated structure
sisting of highly swollen lamellae. There are, howev
essential differences between the two classes of system
the case of physical association the amount of polar and n
polar material is comparable. The polymacromonomers,
the other hand, contain only an extremely small fraction
backbone material, of the order of 1 to 2 wt %. So, the str
tures can in a good approximation be considered as con
ing of pure polystyrene only, with a very dense almo
globular core and a much less dense corona. In this ca
block copolymer like order–disorder transition should not
expected. In fact, the good solvent introduces an effec
repulsion between the coronas of these polymacromonom
As a consequence a characteristic length of the order of
size of the diameter is present in these solutions. The i
vidual bottle-brush structures, based on the dynamic li
scattering data, have an internal density of; 0.26 g/mol.
This estimation is based onD > 100 Å, l > 1400 Å, and
Mw > 2.2 3 106 g/mol.1 Hence, these bottle-brushes do n
overlap until polymer concentrations in the order of 30 wt
are reached, a number that happens to coincide with the
J. Chem. Phys., Vol. 107,
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centration for which a sharp small angle x-ray scatter
peak was observed for the first time. At the critical overl
concentration theintermolecularbottle-brush repulsion ap
parently results in a sharp Bragg reflection. However,
relation with the conventional nematic transition in semifle
ible polymer solutions, such as aromatic polyamides so
tions, is less obvious.

Because the situation is rather unclear, we decided
investigate molecular bottle-brushes in a dilute good solv
by continuous space Monte Carlo computer simulations,
results of which will be reported in this paper. A few relate
systems23–26have been published in recent years and in p
ticular, the bond fluctuation lattice model study by Roua
and Borisov23 deserves mentioning. Our simulations addre
structures with an effectively higher coverage and a mu
stronger excluded volume effect between successive
chains, which is the essential parameter with respect to
tropic behavior.

II. THEORETICAL APPROACH

Before we discuss the computer simulation methodolo
and present the results, it is useful to consider briefly
theoretical approaches that have been published so far.
most extensive study is due to Fredrickson22 who considered
bottle-brushes obtained by association between homop
mers and end-functionalized oligomers. Here we are not
terested in the chemical equilibrium that is involved and d
cuss the properties of the bottle-brush structures assum
the side chains are securely fixed. His starting point is
free energy of a comb copolymer structure in the limit of lo
coverage with side chains, which as a straightforward gen
alization of Flory’s approach,27,28 is given by

bF5
R2

Na2 1a3
N2

R3 1RM
3 ~sN!2

R3 , ~1!

hereR is the size of the main chain ofN beads of sizea3,
sN is the number of side chains ofM beads of sizea3 each,
RM denotes the Flory radius of the side chains andb
5 1/kT. On the basis of this expression three different
gimes can be distinguished:

~a! Low coverage:s!M29/10. Here, the successive sid
chains are on average so far away from each other that
beads of the polymer backbone determine the excluded
ume and, hence the result is the familiar Flory express
R > aN3/5.

~b! Low to intermediate coverage: M29/10!s
!M23/5. Here the excluded volume is determined by t
side chains and the size of the structure is the result of
balance between the unfavorable elastic stretching of
main chain and the corresponding reduction in excluded v
ume from the side chains:R > as2/5M9/25N3/5.

~c! High coverage: s@M23/5. In this regime the side
chains begin to overlap severely and the free energy Eq~1!
ceases to be valid. An extended rodlike state for the polym
backbone is predicted together with side chains that beh
essentially like two-dimensional self-avoiding walks in
plane perpendicular to the spine, i.e.,RM > aM3/4. A sta-
No. 8, 22 August 1997
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3269Saariaho et al.: Lyotropic behavior of bottle-brushes
bility analysis of this extended conformation led Fredricks
to the conclusion that the persistence length satisfiel
; as17/8M15/8. BecauseRM is proportional to the diamete
D of the bottle-brush structure, the last two equations de
onstrate thatl/D ; M9/8. Since this ratio increases monot
nously with the side chain length, lyotropic behavior shou
be the rule.

Birshtein et al.19 took a somewhat different approac
writing the free energy of the bottle-brush as a sum of t
terms

bF5DFel~s21,h!1DF~M ,h!. ~2!

The second term represents the free energy of chain
length M attached to a solid cylinder with a distanceh be-
tween successive side chains. The first term represents
elastic free energy of stretching a self-avoiding walk ofs21

segments~i.e., the number of segments between two succ
sive side chains in the bottle-brush model introduced in
above discussing dealing with Fredrickson’s approach! up to
lengthh. For large extensions this term can be found in
Gennes,27 Eq. I.49

DFel>~hs3/5!5/2. ~3!

For the second term they derived an expression, which
later also given by Wang and Safran29

DF>h25/8M3/8 ~4!

Minimizing Eq. ~2! with respect toh then gives the equilib-
rium value ofh and this in turn determines the local stru
ture, using the concepts on which Eq.~2! is based. In this
way they obtained for the overall size of the structureR
> as9/25M9/25N3/5, which happens to be nearly identical
the expression obtained by Fredrickson in the low to int
mediate covering regime. For the diameter they find

D>as3/25M18/25;M0.72, ~5!

with an exponent which is slightly smaller than the 2D-SA
value of 3/4 due to the assumption that a chain section
tween two successive side chains can be stretched be
any limit. If this is no longer the case, we automatically en
the extended cylinder regime where the exponent will
3/4.19,29 Therefore, we conclude that the above analysis
deed addresses the intermediate coverage limit. As far a
possibility of lyotropic behavior is concerned, the author19

speculate that the persistence length of the bottle-brush s
ture will be of the same order of magnitude as its diame
and hence, that lyotropic behavior due to excluded volu
effects alone should not be expected. Here, their opinion
viously differs with that of Fredrickson, who on the basis
an analysis of a fully stretched structure came to the ex
opposite conclusion.

In a very recent paper, Rouault and Borisov23 also dis-
cussed comb copolymers. Using a Flory approach which
fers slightly from Eq.~1!, they find R > as0.4M0.4N3/5.
Under conditions of dense grafting of long side chains wh
a simple Flory argument breaks down, they findR
J. Chem. Phys., Vol. 107,
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> as0.54M0.54N3/5. Although stiffening of the backbone is a
important ingredient, the possibility of lyotropic behavior
not discussed in any detail.

Since these treatments involve scaling arguments i
very difficult to assess the consequences for real poly
systems. If very long side chains are required, then a ser
question arises concerning the polymer concentration
which lyotropic behavior may be expected. Suppose that
a certain value ofM (N @ M ), the ratio between the per
sistence lengthl and the diameterD is indeed sufficiently
large (l/D . 10), then the density of polymer segmentsr
in a single bottle-brush satisfies

r>
l~sM11!

lD2a
;M 21/2, ~6!

where use has been made ofD ; M3/4. This simply implies
that bottle-brushes will start to overlap at rather low conc
trations forM large. Since the very idea of lyotropic beha
ior of bottle-brushes is based on the role of the exclud
volume effect, which will gradually diminish above the ove
lap concentration, nematic behavior of molecular bott
brushes will have to disappear again at somewhat hig
polymer concentrations.

III. MODEL AND DETAILS OF THE SIMULATION

Monte Carlo~MC! simulations were used to study th
conformational properties of bottle-brush copolymers. T
copolymers were modeled in 3D continuous space as lin
chains of hard spheres freely jointed together, to which s
chains consisting of hard spheres of the same size
grafted. The distance between the centers of mass of suc
sive beads is arbitrarily set to one and the radius of the be
in the same units equals 0.5. Since the whole issue of
tropic behavior of bottle-brushes is intimately connect
with the excluded volume effect between nonbonded bea
the only interactions in the system will be hard-sphere int
actions and the potential energy takes the simple form

Ui j 5 H 0
`

if i and j are neighbors orr i j .1,
otherwise , ~7!

where r i j is the distance between beadsi and j . Solvent
interactions are explicitly ignored in this approach, and
model corresponds to a bottle-brush in an athermal solut

Configuration space is sampled according to the M
tropolis importance sampling scheme.30 For every trial step it
is first decided whether an attempt to move a main ch
bead or a side chain bead is taken according to a
described probability. After that a bead is chosen random
from the main chain beads or from all the side chain bea
A small chain requires considerably less steps to equilib
than a large one. In fact the relaxation timet for a chain ofN
beads in a good solvent in the case of free draining is kno
to scale liket ; N11/5, whereast ; N2 for the Rouse
model. Since both exponents are close to two, the choic
attempt to move a main chain bead or a side chain bea
made according to the relaxation time being proportiona
N2. Let the number of main chain beads be denoted byN,
No. 8, 22 August 1997
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3270 Saariaho et al.: Lyotropic behavior of bottle-brushes
the number of beads per side chain byM and the total num-
ber of side chainsns , then the probability of taking a main
chain beadp is given by

p5
N3

nsM
31N3 . ~8!

Here the number of beads appears with the power 3, s
every bead must have the opportunity to move once to de
a elemental time step, which introduces another factorN for
main chain beads andM for side chain beads.

To introduce the trial moves, three different kinds
beads have to be distinguished:

~a! ‘‘Common bead’’: This is every bead that is neither
chain end bead nor a main chain bead connected
side chain; the trial move consists of a rotation ove
randomly chosen angle around the vector connec
its neighboring beads.

~b! ‘‘Grafted main chain bead’’: Here the trial move is
the same as above, except that the side chain conne
to it is also rotated in a concerted manner.

~c! ‘‘Chain end bead’’: The trial move consists again of
rotation over an arbitrary angle, however, this tim
around the vector connecting beadsN 2 1 and N
2 3, taking beadN to be the chain end bead. Th
allows the bond angles to change also at the ends o
chain.

Figure 1 illustrates the three different possibilities. The
ceptance of the trial move is easy to determine, since
potential-energy change at every step is either zero~ac-
cepted! or infinite ~rejected!.

The studied structures consisted of 100 main chain be
~99 chain segments! with 50 side chains ofM beads each
The main chain beads from which a side chain is graf
were chosen equally along the backbone, i.e., every o
main chain bead carried a side chain. Side chains of len
M 5 0, 4, 6, 8, 10, 12, 16, and 20 were considered. T
initial conformation was created in the following way. Fir
the backbone was formed as a hard-sphere self-avoi
walk in the first quadrant of a two-dimensional plane. Th
the side chains were grown from this backbone randomly
three-dimensional space. Every bottle-brush structure
equilibrated by running the simulation for 5* 105 Monte
Carlo ~MC! main chain steps and 50* M2 MC side chain
steps. Here a MC step refers to some elemental time and
differs between the main chain and the side chain. For
main chain it corresponds to 100 (5 N) attempts and for
the side chains to 50* M attempts. After equilibration the
simulation was divided into 10 blocks, each consisting
100* N2 MC main chain steps~5 106 MC steps! and
100* M2 MC side chain steps. For every block the avera
values of the quantities of interest were calculated using
conformations taken from the simulation at equally spa
intervals. The average of the block averages^A&block was
then used as an estimate for the average quantity^A&. The
statistical errors were calculated assuming that each b
average value is an independent sample from a Gaus
distribution with unknown variance. In that case, using n
J. Chem. Phys., Vol. 107,
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merical values of the Student-t distribution with nine degrees
of freedom, we obtain for 95% confidence interval:

^A&5^A&block60.72s~^A&block!, ~9!

wheres(^A&block) is the standard deviation of the block a
erages.

IV. RESULTS

In this section we will present the results of our Mon
Carlo simulations on a bottle-brush consisting of a m
chain of 100 beads and 50 side chains of 0–20 beads. O
sionally, we will refer to some smaller structures of ma
chains of 50 beads with a complete coverage, i.e., also w
50 side chains. In the latter case chain end effects are m
important and to minimize these only the middle part will
considered. For the main chain of 100 beads end effects
less important, but will be considered where necessary.
possibility of lyotropic behavior of molecular bottle brush
depends directly on the ratio between the persistence le
and the diameter, so this will be our primary concern. Th
the polymer backbone will be characterized in terms of
radius of gyration tensor and asphericity and finally t
whole structure will be characterized in the same way. Fig

FIG. 1. Illustration of the Monte Carlo moves.~a! Bead that is neither an
end bead, nor a main chain bead connected to a side chain;~b! Main chain
bead connected to a side chain;~c! End bead.
No. 8, 22 August 1997
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3271Saariaho et al.: Lyotropic behavior of bottle-brushes
2 shows a characteristic conformation of the largest bot
brush structure simulated. It illustrates many of the featu
that will be discussed and we will refer to it time and aga

A. Persistence length and bottle-brush diameter

The first problem to deal with is how to define the
quantities. From the theoretical section the definition of
diameterD as twice the root-mean-square average of
end-to-end distance of the side chains is the obvious ch
and this is where we start. Figure 3 showsD as a function of
M . Since the data are obtained by averaging over the e
to-end distance of all side chains, the error bars are e
smaller than the symbols used to present the data. Fur
more, leaving a certain number~10 or even more! of side
chains situated at either end of the main chain out make
difference. As is also clear, the fitting of the monotonou
increasing function is almost perfect and leads to a sca
predictionD ; M0.682. The same exponent follows from th
log–log plot presented as an inset in the same figure. T
value of the exponent is still smaller than the 0.72 derived
Birshtein and co-workers19 and the 0.75 given by

FIG. 2. Characteristic bottle-brush conformation of a main chain~black! of
100 beads and 50 side chains~white! of 20 beads each.
J. Chem. Phys., Vol. 107,
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Fredrickson,22 however, it is at the same time much larg
than the 3D SAW value of 0.588. So, although we are ob
ously far away from the real scaling regime, it is quite ob
ous that the excluded volume effect is operational for o
structures. Rouault and Borisov,23 on the other hand, still
find the ‘‘unperturbed’’ 3D-scalingM0.6 for the size of the
side chains of the structures they study and comment, th
is not surprising because the degree of overlap is still ra
weak.

For the persistence length things are not so clear. Si
the backbone is supposed to become extended rodlike at
coverages, we decided to use expressions pertaining to
wormlike chain model. However, it should be realized th
this model interpolates between a rodlike and arandomwalk
structure. In other words, excluded volume effects due to
self-avoiding character of the backbone conformation are
included. We start with the familiar relation between the p
sistence lengthl and either the end-to-end distanceRe or the
radius of gyrationRg , since this is the preferred method us
to interpret experimental results. Of course, there is a su
difference, experimentally it is applied to the whole stru
ture, whereas we apply it to the backbone only. After that
alternative analysis based on the bond angle correlation fu
tion will be presented. The first mentioned equations are31

Re
25^R2&52Ll22l2~12e2L/l!, ~10!

Rg
25^S2&5

Ll

3
2l21

2l3

L
2

2l4

L2 ~12e2L/l!, ~11!

whereL 5 Na 5 N, andR andS represent the end-to-en
distance and the radius of gyration of a particular conform
tion. It was this latter equation which was used by Schm
and co-workers1,2 to calculate the persistence length of t
polymacromonomers from dilute solution scattering me
surements. The results required are therefore the end-to
distance and the radius of gyration of the backbone a
function of the side chain lengthM . Since both lead to es
sentially the same predictions, we restrict ourselves to
radius of gyration. The data are presented in Fig. 4 and s

FIG. 3. The diameterD of the bottle-brush structure as a function of sid
chain lengthM .
No. 8, 22 August 1997
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3272 Saariaho et al.: Lyotropic behavior of bottle-brushes
Rg to increase monotonously withM giving the first indica-
tion of side chain induced stretching. The data have b
fitted with a power law equation which indicates an increa
with an exponent close to 0.54. In this case, a log–log plo
not suitable because of the important contribution of the c
stant corresponding toM 5 0. Only for very large values o
M would this be possible. In the theoretical section vario
exponents were given. Perhaps fortuitously, our expon
agrees surprisingly well with the exponent 0.54 theoretica
predicted by Rouault and Borisov23 for the situation of dense
grafting with long side chains.

Figure 5 presents the persistence length as a functio
M as obtained from the radius of gyration. Although n
shown, using the end-to-end distance leads to nearly ide
cal results, as it should of course. The data show als
monotonously increasing behavior, which using similar
ting as before now leads to a scaling ofl ; M0.7, a result
that is not even close to the predictions of Fredrickson22 of
l ; M1.875. Before this is discussed any further, the ra
between the persistence length and the diameter as it fol

FIG. 4. Radius of gyrationRg of the main chain as a function of side cha
lengthM .

FIG. 5. Persistence lengthl of the main chain based onRg as a function of
side chain lengthM .
J. Chem. Phys., Vol. 107,
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from these results will be considered. The data are prese
in Fig. 6~a! and demonstrate a most striking behavior. Rat
than increasing as a function ofM , the best one can say i
that the slight decrease of this ratio levels off. Howev
before jumping to any conclusion, the possibility of mo
than one characteristic length scale should be conside
Already the conformation presented in Fig. 2 illustrates t
the backbone is rather flexible at small length scales
becomes extended on a larger length scale only. As a co
quence, the calculations presented underestimate the val
the persistence length that we are really interested in. In
der to investigate this issue, the bond angle correlation fu
tion, defined as the average cosine^cosu(s)& of the angle
between chain segments separated by a lengths was calcu-
lated. The relation between the bond correlation function a
the persistence lengthl of a persistent chain is given by

^cosu~s!&5e2s/l. ~12!

Selected results (M 5 0,6,10,16,20) are presented in Fig.
The large scatter in data for increasing values ofs results

FIG. 6. ~a! The ratio of persistence lengthl, based on Eq.~11!, and the
diameterD as a function ofM . ~b! The ratio of the persistence lengthl,
obtained from the correlation data of Fig. 7, and the diameterD.

FIG. 7. Bond correlation̂cosu(s)& as a function ofs for M 5 0, 6, 10, 16,
and 20.
No. 8, 22 August 1997
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3273Saariaho et al.: Lyotropic behavior of bottle-brushes
from the decreasing number of data points involved. Sev
observations can be made. First, the excluded volume e
between the backbone beads, manifestly present for s
values of M , introduces an effective persistence to t
chains. This effect is most obvious forM 5 0, but continues
to play a role for higher values ofM . Furthermore, all curves
show a strong decline for small values ofs, which represents
the local small length scale flexibility of the backbone. It
this fact that results in an underestimation of the persiste
length using theRg(l) expression Eq.~11!. The most appro-
priate procedure is to use the middle linear part of the curv
This type of fitting leads to values of the persistence leng
presented in Fig. 8. The values are considerably larger
the ones calculated on the basis of Eqs.~10! and~11!. Due to
the excluded volume effect, the new data present an up
bound. Because of the arbitrariness involved, except ma
for the largest values ofM , error bars have been omitte
The fact that the excluded volume effect diminishes for m
extended conformations, lends some credibility to these
ues, in particular to the ones obtained for the larger value
M . These results indicate that, at least forM not too small, it

FIG. 8. Persistence lengthl of the main chain obtained by applying Eq.~12!
to the correlation data presented in Fig. 7, as a function of side chain le
M .

FIG. 9. The largest eigenvaluel1 of the main chain as a function ofM .
J. Chem. Phys., Vol. 107,
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is possible to characterize the structure rather well in te
of a persistent structure. The ratio betweenl obtained in this
way and the diameterD is also presented in Fig. 6~b!. Al-
though it is considerably larger now, the qualitative behav
as a function ofM is the same as before.

So, that leaves us with the following tentative concl
sions. From the data for the diameter it is clear that
longer side chains are long enough to induce consider
stretching of both the side chains and the main chain. T
confirms that the structures with the longer side chains ar
least in the ‘‘intermediate covering regime.’’ The fact that n
clear increase in the ratio between the persistence length
diameter for increasing values ofM is found leaves essen
tially two possibilities open. Either, we are still too far awa
from the strong stretching regime, or, which seems m
likely, our results support the conclusion by Birshtein a
co-workers9 that this ratio becomes independent of the s
chain length. Additional support for this conclusion com
from the observation of Rouault and Borisov23 that the fluc-
tuations in the main chain configuration may result in a s
nificant decrease in the induced backbone extension, fluc
tions that were not taken into account in the Fredricks
approach.22 These conclusions do not exclude lyotropic b
havior; it is still possible that the excluded volume intera
tion between different bottle-brushes induces additio
stretching.

B. Characterization of backbone and bottle-brush
structure

In the final section we will characterize the backbo
and the bottle-brush structure in a little more detail. Th
characterization can best be done32 by means of the radius o
gyration tensorT defined by

Tab5
1

N (
i 51

N

~r i ,a2r c.m.,a!~r i ,b2r c.m.,b!, ~13!

wherea and b refer to thex, y, andz components of the
position of the main chain beads (r i ,a) and the center of
mass of the main chain (r c.m.,a). Hence the elements of th
matrix are products of thex, y, and z components of the

th

FIG. 10. The middle eigenvaluel2 of the main chain as a function ofM .
No. 8, 22 August 1997
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3274 Saariaho et al.: Lyotropic behavior of bottle-brushes
radius of gyration. The radius of gyration tensor was fi
introduced by Solc and Stockmayer33 in their study of ran-
dom flight chains. The eigenvalues ofT, in descending orde
denoted byl1 , l2 , andl3 , are called the principal radii o
gyration. They are related to the radius of gyration by

Rg
25l11l21l3 . ~14!

These eigenvalues may be considered as the square le
of the principal axes of an ellipsoid describing the shape
the structure. The corresponding eigenvectors define the
rection of the principal axes, the largest eigenvalue co
sponding to the preferred direction of the object.

Figures 9–11 present the principal radii of gyration
the main chain backbone as a function of side chain len
M . Comparing theM dependence of the three eigenvalu
we note that the largest one,l1 , not unexpectedly shows th
strongest increase. The middle one,l2 , also increases bu
not as strongly. The most interesting observation, howe
is the slight decrease in the smallest eigenvaluel3 . Appar-
ently, this is the way the stretching manifests itself in ter
of the principal radii of gyration. Another measure of th
shape of an object is given by the quantityAd called asphe-
ricity. Mathematically it is defined by

FIG. 11. The smallest eigenvaluel3 of the main chain as a function ofM .

FIG. 12. AsphericityAd of main chain as a function ofM .
J. Chem. Phys., Vol. 107,
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, ~15!

and it has zero as a lower bound for a spherical object. In
case of Random Walks it can be calculated exactly in a
dimension,32 being 10/19> 0.53 in 3D. For self-avoiding
walks the value in 3D is slightly larger,; 0.54. Figure 12
representsAd as a function of side chain lengthM for the
main chain backbone. A steadily increase is observed, i
cating a shape that deviates more and more from spheri

Having so far concentrated on the polymer backbo
next we will consider the complete structure. Figures 13–
present the data forl1 , l2 , and l3 . Now, there are clear
differences with the previous results describing only t
backbone. In particularly, the strong increase in the smal
eigenvaluel3 should be noted. This is of course due to t
side chains, but the most striking observation arises from
behavior of the ratiol2 /l3 , presented in Fig. 16. This ratio
is falling down rapidly as a function ofM , a clear indication
for a more cylindrically like shape of the bottle-brush. Th
asphericity of the bottle brush, presented in Fig. 17, beha

FIG. 13. The largest eigenvaluel1 of the bottle-brush structure as a func
tion of M .

FIG. 14. The middle eigenvaluel2 of the bottle-brush structure as a func
tion of M .
No. 8, 22 August 1997
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3275Saariaho et al.: Lyotropic behavior of bottle-brushes
completely opposite from that of the backbone. It decrea
as a function ofM , which could be interpreted as the stru
ture becoming more spherical. This seems counter intuit
however, it should not really come as a surprise because
increase in length of the side chains is felt strongest by
smallest component. BecauseN is kept constant the structur
becomes, despite the stretching more spherical for increa
M .

V. CONCLUDING REMARKS

The 3D continuous space Monte Carlo simulations p
sented concern freely jointed hard-sphere chains grafted
freely jointed hard-sphere side chains. The beads of the m
chain and of the side chain have identical size. Even for
largest structure studied, consisting of 100 main chain be
and 50 side chains of 20 beads each, the extension o
backbone is such that the value of the persistence leng
less than twice the value of the diameter. This finding sho
that lyotropic behavior of these kind of bottle-brushes, ba
exclusively on the side chain induced extension is hig
unlike solely increasing the length of the side chains. Si

FIG. 15. The smallest eigenvaluel3 of the bottle-brush structure as a func
tion of M .

FIG. 16. The ratiol2 /l3 for the bottle-brush structure as a function ofM .
J. Chem. Phys., Vol. 107,
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not even a beginning of an upturn in the behavior of the ra
between persistence length and diameter is observed, it is
so unreasonable to speculate that if sufficient stretching
be induced, the side chains have to be at least 1 or 2 orde
magnitude larger; well beyond present day computer sim
tion possibilities. This implies also that, using Eq.~6!, the
segment density inside a single bottle-brush will then be
the order of a few percents at most. Consequently, ove
between bottle-brushes will occur already at rather low c
centrations. In the semidilute regime, the molecules may
first stretch more, but ultimately the excluded volume effe
on which the very extension is based, will be screened. T
the nematic behavior of individual bottle-brushes will al
disappear.

The final question remains, how to interpret some of
existing experimental data. First of all, it should be realis
that the beads of our model are of equal size for the m
chain and the side chain. In the experimental example c
before, due to Schmidt and co-workers,1,2 the main chain
was polymethacrylate and the side chains were polystyre
However, the size of the styrene monomers is undoubte
bigger than the size of the methacrylate monomers. Mo
over, both the main chain and the side chains are consi
ably stiffer than a freely jointed chain. They may be treat
as a freely jointed chain of flexible segments, only the
flexible units would comprise several monomers. In terms
Kuhn segments the length of the polystyrene side chains
essentially comparable to the longer side chains we u
Concentrating on the main chain, this implies that there
actually several side chains per flexible main chain segm
These two effects, a considerably higher coverage~at least
effectively!, as well as a larger excluded volume per si
chain bead than per main chain bead, might explain the
tremely large persistence length observed. This sugges
study whether lyotropic behavior can be induced by adju
ing the topology of the side chains, instead of increas
their length. In fact, the preliminary computer simulatio
suggest that the size of the side chains has an important
to control the extension.34

FIG. 17. AsphericityAd of the bottle-brush structure as a function ofM .
No. 8, 22 August 1997
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