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Abstract

The main goal of this article is to establish several new A-numerical radius equali-
ties for n X n circulant, skew circulant, imaginary circulant, imaginary skew circu-
lant, tridiagonal, and anti-tridiagonal operator matrices, where A is the n X n diago-
nal operator matrix whose diagonal entries are positive bounded operator A. Some
special cases of our results lead to the results of earlier works in the literature, which
shows that our results are more general. Further, some pinching type A-numerical
radius inequalities for n X n block operator matrices are given. Some equality condi-
tions are also given. We also provide a concluding section, which may lead to sev-
eral new problems in this area.

Keywords A-numerical radius - Positive operator - Semi-inner product - Inequality -
Circulant operator matrix - Tridiagonal operator matrix

1 Introduction and preliminaries

The operator matrices such as circulant, reverse circulant, symmetric circulant, k-cir-
culant, Toeplitz matrices etc. [13, 24] play a crucial role in pure as well as applied
mathematical researches such as graph theory, image processing, block filtering
design, signal processing, regular polygon solutions, encoding, control and system
theory, network, etc. The norm estimation for the operator matrices [6, 27] is exten-
sively carried out in the past and it is widely used in operator theory, quantum infor-
mation theory, mathematical physics, numerical analysis, etc. The norms of some
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circulant type matrices were determined by various mathematicians. For instance, Li
et al. [28], gave four kinds of norms for circulant and left circulant matrices involv-
ing special numbers. Bose et al. [12], discussed the convergence in probability and
the convergence in distribution of the spectral norms of scaled Toeplitz, circulant,
reverse (left) circulant, symmetric circulant, and k-circulant matrices. Works on
norm equalities and inequalities of special kind of operator matrices can be found in
the literature [2, 7, 25, 26]. Jiang and Xu [23] explored special cases for norm equal-
ities and inequalities, such as usual operator norm and Schatten p-norms. Several
norm equalities and inequalities for the circulant, skew circulant, and w-circulant
operator matrices were studied [4, 23].

Let H be a complex Hilbert space with inner product (-, -) and the correspond-
ing norm || - ||. Let B(H) be the C*-algebra of all bounded linear operators on H. Let
H= 69?:1 H be the direct sum of n copies of H. If Tj;, 1 < i,j < n are operators in
B(H), then operator matrix T = [T;;]can be defined on H by

- )
Z Typx;
j=1

Tx =

.
2T
=

for every vector x = [x, ... ,xn]T eH. If S, € B(H),i=1,...,n, then their direct
sum, @'_, S;, (which is an n X n block diagonal operator matrix), is given by

n Sl
Gs-| *
i=1 ’
Sl‘l
IfT, € B(H),i =1, ...,n, then the circulant operator matrix T, = circ (T},...,T,)
is the n X n matrix whose first row has entries 7}, ..., T, and the other rows are
obtained by successive cyclic permutations of these entries, i.e.,
T, T, Ts T,
r, T, T, - T,
T =\Ty1 T, T, . T,,| The skew circulant operator  matrix
nroen nlo | o
Teeire = scire (T, ..., T,) is the n X n circulant matrix followed by a change in sign
to all the elements below the main diagonal. Thus,
T, n 17, - 1T,
=T, T, T, - T,,
Teie =T,y =T, Ty =~ T,,| Itis well-known that every skew circulant
-T, -T; - =T, T,

operator matrix is uﬁitarily equivalent to a circulant operator matrix. Details discus-
sion on circulant, skew-circulant and their properties are given in [13].
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If T,e B(H),i=1,...,n, then the imaginary circulant operator matrix
Teire, = circ(Ty, ..., T,) is the n X n matrix whose first row has entries 7', ..., T, and
the other rows are obtained by successive c;clic permutations of i-multiplies of

r, 17, 73 - n
irT, T, T, - T,
il,_, iT, T, . T,_,| Everyimaginary circulant oper-

these entries, i.e., 'I]'circ, =

iT, iTy - iT, T,
ator matrix is unitarily equivalent to a circulant operator matrix. The imaginary

skew circulant operator matrix Ty, = scirc,(T, ..., T,) is the n X n imaginary cir-
culant followed b)} a change in sign to all the elements below the main diagonal.
1 I T - T,
_lTn Tl TZ Tn—l
Thus, Ty, = | =T,y —iT, Ty = T,
—ir, —ily - —iT, T,

Here L is the norm closure of the linear subspace L in the norm topology of H,
P, is the orthogonal projection onto the closed linear subspace M of H, [ is iden-
tity operator and O is the null operator on H, respectively. For any A € B(H), the
range, null space and adjoint of A are denoted by R(A), N(A) and A*, respectively.
An operator A € B(H) is called positive if (Ax,x) > 0 for all x € H, and is called
strictly positive if {(Ax,x) > 0 for all non-zero x € H. We denote a positive (strictly
positive) operator A by A > O (A > O). Throughout this paper, we assume that
A € B(H) is a positive operator, and A € B(EB;;I ‘H) is an n X n diagonal operator
matrix whose diagonal entries are positive operator A. Then, any such A defines a
positive semidefinite sesquilinear form:

Codat HXH > C,  (x,y), =(Ax,y), x,y€H.

Let|| - ||, denote the seminorm on 7 induced by (-, -),, i.e. ||x||, = 1/{(x,x), for all
x € H. Note that ||x|]|, = 0 if and only if x € M(A), and ||x||, is a norm if and only
if A is one-to-one (or A > 0). Also, (H, || - ||4) is complete if and only if R(A) is
closed in H.

The A-operator seminorm of T € B(H), denoted by ||T'|| 4, is defined as follows:

71|y

74 =
XERA), x£0 llxl

An equivalent definition of || T|| 4, is given in [42]. The set of all bounded linear oper-
ators on ‘H whose A-operator seminorm is finite is denoted by BA(H). It is known
that B*(H) is not a subalgebra of B(H), and ||T|| 4 = 0if and only if T*AT = O. For
T € B*(H), we have

TN, = sup { KTx,y)al @ x,y € RA), lIxlly = lIylla = 1}-

The operator T is called A-positive it AT > O. Note that if T is A-positive, then
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1T, = sup {(Tx,x)A cx €RA), xll, = 1}.

An operator X € B(H) is called an A-adjoint operator of T € B(H) if
(Tx,y), = (x,Xy), for every x,y € H, i.e., if AX = T*A. By [14, 29], the existence
of an A-adjoint operator is not guaranteed. An operator 7 € B(H) can have none,
one or many A-adjoints. An A-adjoint of an operator T € B(H) exists if and only if
R(T*A) € R(A). B4,(H) is the set of all operators which admit A-adjoints and 5, ()
is a subalgebra of B(H) which is neither closed nor dense in B(H). Moreover, the
following inclusions B, (H) C BA(H) C B(H) hold with equality if A is injective and
has a closed range.

If T € B4(H), the reduced solution of the equation AX = T*A is a distinguished
A-adjoint operator of T, which is denoted by 7% ([1, 31]). Note that 7%+ = ATT*A, where
AT is the Moore-Penrose inverse [33] of A. Recall that AT : R(A) P R(A)*r — H
is the unique operator satisfying AATA =A, ATAAT = AT, ATA = Py,
AA" = Prolray@rae I T € By(H), then AT* = T*A, R(T*) C R(A) and
MT#+y = N(T*A) ([14]). An operator T € B(H) is said to be A-selfadjoint if AT is self-
adjoint, i.e., if AT = T*A. Observe that if T is A-selfadjoint, then T € B,(H). In general
T # T*.ForT € B,(H), T = T* if and only if T is A-selfadjoint and R(T) C R(A). If

T € B,(H), then T € B,(H), (T#+)* = Py TPr» and ((T#A)#A)#A = T*. Also,
T*AT and TT*1 are A-positive operators, and
IT* Tlly = ITT* I, = ITI; = IT* 3. ¢))

An operator U € B,(H) is said to be A-unitary if ||Ux||, = ||U*x||, = ||x||, for

all x € H. For T,S € B,(H), we have (TS)* = ST, (T +S)* = T# 4 §%,

NTSIs < NTNANSN, and || Tx]l4 < IT]|411x]l4 for all x € H. The real and imaginary

parts of an operator T € B,(H) are Re,(T) = T+2T ™ and Im,(T) = T_ZT.#A.
w(T) is the numerical radius of T € B(H), which is defined as

w(T) = sup{l(Tx,x)l cx€eH, x|l = 1}.

It is well-known that w(-) defines a norm on B(H), and is equivalent to the usual
operator norm ||T|| = sup{||Tx|| : x € H, ||x|| = 1}. In fact, for every T € B(H),

1

EIITII <w( <|T. 2
Extensive studies on different generalizations, refinements and applications of
numerical radius inequalities have been conducted [3, 21, 22, 30, 38—40]. Saddi [36]

introduced the A-numerical radius of T for T € B(H), which is denoted as w,(T),
and is defined as follows:

wy(T) = sup{|(Tx,x)A| txeH, x|y = 1}.
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It then follows that
wy(T) = w,(T*) for any T € B,(H). 3)

If T € B,(H) and U is A-unitary, then w,(U*TU) = w,(T). Zamani [42] developed
a new formula for computing the numerical radius of T € B, (H):

0T + (T
wa(T) = sup —

feR

A

The inequality (2) is also studied using A-numerical radius of 7, and is given as
1
FITls < wa™) < N7 “4)

Furthermore, if T is A-selfadjoint, then w,(T) = ||T||,. Moslehian et al. [32] pursued
the study of A-numerical radius and established some A-numerical radius inequali-
ties. Bhunia et al. [11] obtained several A-numerical radius inequalities. Further
generalizations and refinements of A-numerical radius inequalities are discussed in
[8, 9, 15, 34]. Many studies on A-numerical radius inequalities are given in [15-20,
35,37, 41].

In this aspect, the rest of the paper is organized as follows. Inspired by the work
of Bani-Domi and Kittaneh [4], we establish certain A-numerical radius equali-
ties for circulant, skew circulant, imaginary circulant, and imaginary skew circu-
lant operator matrices in Sect. 2. Some special cases of our result have been given
in this section. In Sect. 3, we apply these A-numerical radius equalities to obtain
pinching type A-numerical radius inequalities for n X n block operator matri-
ces. Some equality condition are also given. In Sect. 4, we extend some recent
results of Bani-Domi et al. [5] to the semi-Hilbert space operators. In particular,
we obtain certain A-numerical radius equalities and pinching type inequalities for
n X n tridiagonal and anti-tridiagonal operator matrices. Finally, we end up with
a conclusion section, which may spark new problems for future research interest.

We need the following lemmas to prove our results. The first lemma is already
proved by Bhunia et al. [11] for the case strictly positive operator A. Very recently
the same result proved by Rout et al. [35] by dropping the assumption A is strictly
positive is stated next for our purpose. For usual numerical radius versions of
Lemmas 1.1-1.3, one may consult [4, 21].

Lemma 1.1 [35, Lemma 2.4] Let T,, T, € B,(H). Then

(1) wy 27? =max{w,(T)), w,(T})}.

2
. oOT\ _ 0T,
(i) wy T, 0 —WA<[T 0])

o T\ _ 0T,
(i) wy T, 0] _WA<‘[T2 O])foranyQGlR.
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iv) wy 2 % =max{w, (T, + T,),w,(T, = T,)}. In particular,
orT
Wa T, 01 = wy(T)).

Lemma 1.2 [35, Lemma 2.9] Let T, T, € B,(H). Then

Wa < [;:2 _TT1]> = max{w, (T, +iT,), w, (T, — iT,)}.
1 12

The following lemma was proved by Rout et al. [35].

Lemma 1.3 [35, Lemma 2.2] Let T|, T,, T3, T, € B,(H). Then

. T, O T, T,
<

O wallo .| ) <va\|z, 7,

. oT, T, T,
<

(11) wy T, 0 <wy T, T,

Lemma 1.4 [10, Lemma 3.1] Let T; € By(H),1 <i,j <n.Then

# #y oo #
Ty Ty, - Ty, " Tﬁ T%? T;ﬁ
Iy Ty = Ty | _| T3 Ty o Ty )
Tnl Tn2 Tnn T?;; T;;: Tj;

Part (i) of Lemma 1.1 can be generalized as follows.

Lemma 1.5 [34, Theorem 3.5] Let T; € B,(H),1 < i < n. Then

T, e 0
Wp ?Tz 0 =max{w,(T)), ..., ws(T,)}.
o) e T

n

2 A-numerical radius equalities for circulant and skew circulant
operator matrices

The aim of this section is to discuss certain A-numerical radius equalities for cir-
culant, skew circulant, imaginary circulant, and imaginary skew circulant operator
matrices. The very first result is a formula for the A-numerical radius of a circulant

operator matrix.

Theorem 2.1 LetT; € B4(H) for1 <i < n. Then

% Birkhauser
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w (Toire) = max {WA<Z a)k(l_i)Ti> tk=0,1,...,n—1 }
i=1

2xi

where w = en.

I, I, 1; - T,
Tn Tl T2 Tn—l
Proof Let T, =|T,_, T, T, * T,»|,letl,m,@?% ...,@" ! be n roots of unity
T, Ty - T, T
S U A AL SR
. I o &* - "
withw = e andU = L\/_ I & o*l - o,
ny., . . . .
I 0" ' T2 - wl
It can be observed that @ = 0" !, @ = 0" 2, -, &0 =" *, k=0,1,...,n— 1,
Prw Prawy Pra v PR
n— J1—
R @ PR @ PRy oPRG
P (R n— ] J1— —— e .
SO Ua = e PR.(A) w I.DR(A) w I.DR(A) w P.R(A) and
S _ b aelp_
Prawy oPrm o Prg " PR
Pr O 0
O P 0] .
U . RW .| =U"U. We set the direct sum D, Prgy for
0] 0] PW
Pz O - O
. | 0 Pgr - O
nxn block diagonal operator matrix . @ 7 | Now, for
R

x =[x, %,....x,]" € @, H, we have

||U_Jx||2A = (Ux,Ux), = (U_J#A[Ux,x)A =

n
@ Py x>
i=

A

Il
T~ T~
D- 1P-
S
o
2
=
=
~_—

® Birkhauser
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So, ||Ux|| 5 = |x|| 5. Similarly, it can be proved that ||[U*ax|| , = ||x|| 5. Thus, Uis an A-
unitary operator. Now, using Lemma 1.4 we have,

n-1 n
o oo _ KGi—1) s
UT U™ = @ Z Pra® T
k=0 i=1

n—-1 n
=@ > o1 as R(T]") C R(A)

k=0 i=1
n—-1 n #a
— <® Z d)k(i—l)Ti>
k=0 i=1
n—1 n #a
= <® Z a)k(l_i)Ti> .
k=0 i=1

Using the fact that w, (T) = wA([UT[U#N) forany T € B,(H), we get

n-1 n #a
# # »
WA(—I]—C“C) = WA(—H—cirAc) = WA([U—I]—ciA;c[U#A) =Wa <® Z wk(l l)Ti>

k=0 i=l
n—1 n
k=0 i=1
n n n
=max { wy Z Ti>,wA w(l_i)Y’i>, c Wy Z w(”_l)(l_i)Ti)
i=1 i=1 i=1
= max {WA<Z wk(l_i)ﬂ> ck=0,1,...,n— 1},
i=1

where the last equality follows from Lemma 1.5. O

As a special case of Theorem 2.1, we have part (iv) of Lemma 1.1.
Our next result is an estimate for A-numerical radius of skew circulant opera-
tor matrices.

Theorem 2.2 LetT; € B,(H) for1 <i < n. Then

W (Tgeire) = max {WA < Z(ka)1—i7~i> tk=0,1,...,n—1 }’

i=1

where 6 = e™/" and w = >/,
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Proof The n roots of the equation z"=—1 are ©0,0w,00°,...,00" " Let
]H 7& ]% o ]k
_Tn Tl T2 Tn—l
—I]—scirc = _Tn—l _Tn Tl Tn—2 and
-, -17; - =T, T,
I ol o’ |
| (o-a))l (aa))zl (o-a))31 (cw)'l
U= — : : :
\/_ (GC()” 2)n 2] (O.wn Z)n 1] (O.wn Z)nl (Gwn—Z)Zn—ll
(an l)n l] (GCD” l)nI (O’CO" 1)n+11 (an—l)Zn—ZI

Using a similar argument as used in the Theorem 2.1, we can show that U is A
-unitary.
Now, using Lemma 1.4, we have

n—-1 n
# Ha ky1—i
UT: U = <@ PNC) T>

k=0 i=

Using the property w,(T) = w, (UTU*) for any T € B, (H), we get

WA( SCIrC) - W/'\(—[rsc?rc) = W/'\([U—[rscHC[U#A) =Wa <@ Z(O-a)k)l IT>

- (@ o)

k=0 i=
= max {WA< Z(aa)k)l_iTi> k=0,1,...,n— 1},
i=1
where the last equality follows from Lemma 1.5. O

As a special case of the above theorem we have the following corollary which
is already proved in [35].

Corollary 2.3 LetT,, T, € B,(H). Then

w,\<[ T% ?]) =max{w, (T, +iTy), w,(T; —iT,)}.
—1ip 1

Theorem 2.4 provides A-numerical radius equalities for imaginary circulant
operator matrices.
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52 Page 100f 23 F. Kittaneh and S. Sahoo

Theorem 2.4 Let T, € B4(H) for1 <i < n. Then

Wi (Tejre,) = max {WA< Z(awk)i_lTi> ck=0,1,....,n- 1}’

i=1

where a = e™/" and @ = ¥/,
Proof The n roots of the equation z'=i are a,aw, aw?, ..., a0 Let
r, 7, I; - T,

iT, T, T, ~ T,

—ﬂ—circi =\il,_ ,il, T, . T,,|and
iTz iT3 A iTn Tl
1 1 1 1
1 al awl a*l - aw™ U

U= 7 o’ (aw) ] (@)’ - (@™ 1)1
n . . . . .
an—l] (aa))"‘ll (aa)2)n—1] (awn—l)n—ll
Using a similar argument as used in the Theorem 2.1, we can show that U is A
-unitary.
Now, using Lemma 1.4, we have

n—1 #a
# i—
UR T U =< Z(aa)k) 1T,~> .

k=0 i=1

=

Using the property wy (T) = w, (U*+ TU) for any T € B,(H), we get
n-1 n #
W) = Wa(To) = wa WP To 1) = w(@ Z<awk>f—1Tf>

k=0 i=1
n—-1 n
= WA<® Z(aa)k)i_lTi>

k=0 i=1

n
= max {WA< Z(aa)k)i_lT,) ck=0,1,...,n— 1},
i=1

where the last equality follows from Lemma 1.5. O

As a special case of the above theorem we have the following corollary.

Corollary 2.5 LetT,, T, € B,(H). Then
WA<[.T' T2]>=max WA<T1+ﬂT2>,WA<T1—1+ZT2> .
iT, T, \/E \/E

% Birkhauser
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In Theorem 2.6, we give an estimate for imaginary skew circulant operator
matrices.

Theorem 2.6 LetT; € B,(H) for1 <i < n. Then

Wa (T, ) = max {WA( Z(ﬁwk)l—fn> tk=0,1,...,n—1 }
i=1

where f = ¢ and @ = i/,
Proof The n roots of the equation 7" = —i are f, fw, fa?, ..., fo"\.
Let
T, T, T, - T,
_lTn T‘l T2 Tn—l
—ﬂ—scirci =|=iT,., —il, T, R
—iT, —iTy ~ —iT, T,
and
1 1 1 1
| sl pol p’l o P’

[U=% ﬂ:zl (ﬂw:)zl (ﬁw:z)zl - (ﬁw”"l)zl

ﬂn'—ll (ﬂa)).”_ll (ﬁw25n—11 (ﬂwn—.l)n—ll

The rest of the proof follows using a similar method as used in Theorem 2.4. O
As a special case of the above theorem, we have the following corollary.

Corollary 2.7 LetT,, T, € B,(H). Then

W’*‘([—?Tz %D = max {WA <T1 + %T2>,WA <Tl - 1\/%’@) }

3 Pinching type A-numerical radius inequalities for operator
matrices

The pinching type inequalities are among the most inequalities of operator matrices.
Very recently, Rout et al. [35] established some pinching type A-numerical radius
inequalities (see Lemma 1.3). For usual pinching type numerical radius inequalities,
one may consult [21]. Our goal of this section is to establish certain pinching type A
-numerical radius inequalities for n X n block operator matrices.

® Birkhauser
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Theorem 3.1 Let T = [T;] be an operator matrix where Ty, € B,(H). Then

n—-1 n
%"‘%(@ Zwk(i—l)si> < WA(-U—),

k=0 i=1

where

n
S, = z T;ii—l’ with T, ,; = T,(we could say that the subscripts are modulo n),
j=1

i=1,2,....n and w = &2/,

Proof LetMy, .1 = [m,]be the n X n operator matrix with

S I, forr+s=k+1lorr+s=k+n+1,
) O; otherwise.

Then we need to prove that M, ;,,, is an A-unitary operator for all k = 1,2, ...

1.e.,
[1 O O O O]
O O O O I
O O O I O
Mz ns2 = ' ) :
O O I O O
0o 1 0 0 0]
Pm O (0] 0] 0]
0 0 ) 0 Pry
o o 0 Py S
as| C 0T T RO ot R <R
0 0 Py o o
0 Prg O 0 o
Prm O 0
# 0 P— 0 #
Now, M, , +2M2ﬁ1 =l . R:(A) e sz“n oM 0.
o (0] Pm

% Birkhauser
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For x = [x}, %y, ...,x,]T € @[, H, we have

2
My 0%y = (Mg 0%, My 0 X) 8 = <M2 w2 M2 X x)a

= @ Pra®:x

<€BAPW’”>
i=1

n

@ AA*Ax, X

i=1

_ 2
= lxlly-

So, [IM,,,,2x|l4 = llx|l 4. Similarly, it can be proved that ||M2 S Xlla = llxll4- Thu.s,
M, ., is an A-unitary operator. Similarly, it can be shown that other operator matri-
ces My, | gyny1 are A- unitary operators for allk = 1,2, ... ,n.

Thus, usn;g Lemma . 1.4, we get
T#APWA) T#APR(A) T APW
A A A
M2n+2T Mz 2 h PR(A) o PR(A) - PR(A) -
# # -
T1§P R(A) Tn§P RA) TzSP R(A)
Similarly,
(O I O O]
I O O O
MS,TH—S =0 O 0O I P
O O 1 O]

® Birkhauser
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O Py O 0
P O 0 0
# _
M3,2+3— 0 0 0 PR(A) ,
| 0] 0] PR(A) 0] |
[ #A #A #A ]
T%zPW T&zpm Tizpm
Y LorPray Tulray - TiPray
N L. .
and My, ;T AMMH =15 PW T PW e T pm. Proceeding in this
4, H 4, H . 4, :
| IsPrmw ToPrw  TsPram |
way, we have
[O O O 1 O]
O O I O O
Mnon=f: .- S
I O O O O
O O 0O O I]
o o O Py O
o o0 Pz O 0
#a _ ) . ) .
n,2n : - : : : ,
Pey O 0 0 0
o o 0 O Pyl
# # # #
TPz TwoPrw T Prwy T PRy
M]n2111—#/”\/1]#A = #a : 4 ; #A: #A: >
‘ o BinPra o Difrw TuPra TpPram
Tl PR NoPraw TuwPraw TwPrm

% Birkhauser
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O O O 1
O O I O
Mpironar =] @0 7 1 1],
O 1 O O
I O O O]
@) 0] 0] PR(A)
0] 0] Pm 0]
A _ .
n+1,2n+1 :
0] PR—A) 0] 0]
_PR(A) 0] @] @) |
#, # #
Tn"PR(A) o T APR(A) T12PR(A)
and M, | 5,4, T% MnHan Tnn IPR(A) T2n IPR(A) Tln IP’R(A) . So,
#, # #
T PW TAPR(A) TAPR(A)
Sl S2 Sn—l Sn
Sn Sl Sn—2 Sn—l
Z Mk+1 k+n+1—|]—# Mk+l ktnt+l — Sn 1 S Sn—3 Sn—2 = Scirc(Sl’ ’Sn)!
k=1 :
S2 S3 cee SI’L Sl
where

S, = z e’ with T, ,; = T,(we could say that the subscripts are modulo n),

i= 1,2, ...,n and w = ¥/,
I 1 1 1 e
I ol o &1 - o'
Let U= % 1 wzl o*l @1 -+ @"2I|. Then, using the proof of Theo-
n . . .
I o' o 21 " 31 ol
rem 2.1, we get
n—-1 n #a
uSs!: Ut = < a)k<1—i>si> : ©
k=0 i=1
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Using the property w, (UTU**) = w, (T) and triangle inequality, we get

(B3 s) | (B3

k=0 i= k=0 i=

_— ([usjgctuh )
= WA(S )

circ
= Wp (Scirc)

- WA(Z Mk+l k+n+l—|]— Mk+1 k+n+1>

k=1
< nwA('I]' A)
= nwy (T).

n-1 n
1 .
Hence, ;WA<@ Z Pl l)Si> <wy(T). 0

i=1
Corollary 3.2 Let T = [T, ] be an operator matrix where Ty, € B,(H). Then

—max{ (Zwk“ ’)S> :k=0,1,...,n—1} Swy ().

As a special case of the above corollary, we have

1 T, T,
E maX{WA(Tll + T22 + T2] + T]2)7 WA(Tll + T22 - T21 - T]Q)} < Wa < [Tll T12:|>.
21 122

We remark here that the A-numerical radius inequality in Theorem 3.1 is sharp.
Remark 3.3 LetT; € B,(H)forl <i < n.If T is a circulant operator matrix, then the
inequality in Theorem 3.1 becomes equality. So, the A-numerical radius inequality

in Theorem 3.1 is sharp.

Remark 3.4 Based on Theorem 2.2, one can employ a similar argument as used in
Theorem 3.1 to obtain a pinching type inequality analogous to that in Theorem 3.1.

Theorem 3.5 Let T = [T} ] be an operator matrix where Ty, € B,(H). Then

—WA<@ Z(awk)’ 1S> < wa(T),

k=0 j=1

where
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S _e 2 Z kk+n—]+1 2 kk+n —j+1° with

T,; = Ty(we could say that the subscripts are modulo n),j =1, ..., n,

a = e™ ! and w = &*"/",

Proof LetM, ,_, = [m,]be the n X n operator matrix with
1, s—r=k,

my=14e2l, r—s=n—k, @)
O; otherwise.

It is not difficult to show that M, , , is an A-unitary operator for all k = 1,2,...,n
Now,

Sl 52 Sn—l Sn

n lSn Sl Sn—2 Sn—l

Z Mk,n—k—[r#A M:A;l_k = iSn—l iSn Sn—3 Sn—Z = Scirci(Slv SZ, ceesy Sn)’
i52 iS3 A iSn Sl

where

Sj =e> Z [y Z kesnje1> With

T .. = Tj(we could say that the subscripts are modulo n), j=1,...,n.

n+j
Let
1 1 1 1
1 al awl aw’l - aw" '
U= 7 o’ (aw) ] (aw®)* - (e 1?1
nf : : : :
(Xn_ll (aa))n—ll (awZ)n—ll (aa)n—l)n—ll

Then, using the proof of Theorem 2.4, we get

n-1 n #a
Uhsl U <@ Z(awky'—lsj> : ®)

k=0 j=1

Using the property w, (U*4TU) = w, (T) and triangle inequality, we get
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n—1 n #a
Wa (acd®y™'S y
k=0 j=I

=

n—1
WA<® 1(Otco")"_lSj>

k=0 j=

CIre;

wA<[U#A§#.“ UJ)

= wa(Sr,)
= WA(Scirc,)
i WA<Z M T Mi:z-k>
k=1
< nwy (TH)
= nwy (T).
n—-1 n
Hence, %WA<@ Z(awk)j_lSj> < wa(T). O
k=0 j=1

Corollary 3.6 Let T = [T ] be an operator matrix where Ty € B,(H). Then
1 SPENE
- E S ) k=0,1,...,n—=1 > <wy(T).
nmax{wA<j=1(aa) y 1) n } wa(T)

As a special case of the above corollary we have

ix in T, T
S max (v (T + Top + e (g #1710 )owa (T + Tog = e Ty +i70) p<wa |12 )
2 T Ty

We remark here that the A-numerical radius inequality in the Theorem 3.5 is
sharp.

Remark 3.7 Let T; € B,(H) for 1 <i <n. If T is an imaginary circulant operator
matrix, then the inequality in Theorem 3.5 becomes equality. So, the A-numerical
radius inequality in Theorem 3.5 is sharp.

Remark 3.8 Based on Theorem 2.6, one can employ a similar argument as used in
Theorem 3.5 to obtain a pinching type inequality analogous to that in Theorem 3.5.

4 A-numerical radius equalities for n x n tridiagonal
and anti-tridiagonal operator matrices

In this section, inspired by the work of Bani-Domi et al. [5], we extend some recent
results of [5] to semi-Hilbert space. Using a similar analysis as used in the previous
section, one can employ certain A-numerical radius equalities for n X n tridiagonal
and anti-tridiagonal operator matrices. We present here the results without proofs.
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T, T, O - 0
T, T, T, ;
Theorem 4.1 Let T|,T, € By(H)and T=|0 T, T, O | be an n X n tridiago-
N Y
OO0 T, T

nal operator matrix. Then

wu(T) = max{wA(T1 + <2cos nkfl >T2> k= 1,...,n}.

Remark 4.2 By setting A = [ in Theorem 4.1, we get a recent result proved by Bani-
Domi et al. [5].

Some special cases of Theorem 4.1 are described in the following table.

Results on A-numerical radius Results on usual numerical radius
Letting n = 2 in Theorem 4.1, we have T, T,
7 7| ) = max{w(T + T,).w(T, = T,)}. see
T, T 2 4
Wa ( [Tl T2] ) = max{w, (T, + 1), wy(T; — T,)}
2 41 s [21, Lemma 2.1].

see [Lemma 1.1].

If 7, = O in Theorem 4.1, we have Ww(T) = 2max{‘cos %‘W(Tz) k= 1,...,n}see
wa(T) = 2max{|cosﬂ%|wA(T2) k= l,...,n}.

. 0T,
oT [5]. In particular, W T, o|) = w(Ty), see [21,
In particular, Wy < [T 02] > = wu(Ty), [see
Lemma 1.1]. 2
Lemma 2.1].
It T, = O in Theorem 4.1, we have w(T) = w(T)) see [5].
wa(T) = wy(T)), see [Lemma 1.1].
If T, = T, in Theorem 4.1, we have w(T) = max{|1 +2c0os <2 w(T)) 1 1<k < n}
wM‘H’):max{|l+2cosn/%lwA(Tl): 1<k<n ntl
see [5].
If T, = iT, in Theorem 4.1, we have w(T) = max{w((l + (2COS k_lrl)i>Tl) Tl<k< n} ,
wa (D) = max {wy ((1+ (2c08 2 )i)1y) : ISkSn}, ”+
see [5].
T, 2T, O - O
T2 Tl an_sz :
Theorem 4.3 Let T,,T, € B,(H), T=]10 T T ~ 0 be an nXn
1 2 A 2 1
. : .. ... an—ZTz
0 T, T,

tridiagonal operator matrix, and let a = e. Then

km
1) = max o, (7, + (20! )T) k=1,
Wa(T) =max § wy(T; + | 2c COSn+1 5 n

) Birkhauser
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T, o 'T, O )
ol, T, o"'T, :
Theorem 4.4 Let T\, T, € By(H), T=| O T, T, 0 be an
wn—l T
o 27[i0 ol T,
n X n tridiagonal operator matrix, and let = e» . Then
w,_\(T):max{wA<T1+<2cos kx >T2> k= ,...,n}.
n+1

Theorem 4.5 LetT,,T, € B,(H), and

O - 0 T, T

T Ty 1y

T=lo .~ nn T, O
T, . . . :
1, 0 - O]

be an n X n anti-tridiagonal operator matrix. Then

wy(T) = max {WA<(—1)k+l [Tl + <2c0s n]:[l )TZD tk=1,... ,n}.

Remark 4.6 By setting A = I in Theorem 4.3, 4.4, and 4.5, we get usual numerical
radius equalities proved by Bani-Domi et al. [S] very recently.

Finally, at the end of this section, we establish certain pinching inequalities for
n X n tridiagonal and anti-tridiagonal operator matrices.

7, O - O
T, T, T, :
Theorem 4.7 Let T,,T,,T; € B{(H)and T=|0 T; T, *. O |be an n X n tridi-
R
00 - Ty T

agonal operator matrix. Then

max{wA(Tl + (cos %)(Tﬁn)) k= ln} < wi(T).

% Birkhauser
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Theorem 4.8 LetT,,T,,T; € B,(H), and

o) O T, T
T, T\ Ts

T=lo .~ 1 13 O
1> :
T3 0 - O]

be an n X n anti-tridiagonal operator matrix. Then

kr
n+1

max {WA ((-1)"+l [T, + (cos )(T2 + T3)]> k=1, n} < wy(T).
Remark 4.9 The inequalities in Theorems 4.7 and 4.8 become equalities if 7, = T5.
So, the A-numerical radius inequalities in Theorems 4.7 and 4.8 are sharp. For the
usual numerical radius, the usual operator norm and the Schatten p-norms, one can
visit [5].

5 Concluding remarks

In this paper, we have presented different A-numerical radius equalities and inequal-
ities, which depend on the nice structure of circulant, skew circulant, imaginary cir-
culant, imaginary skew circulant, tridiagonal, and anti-tridiagonal operator matrices.
By employing similar analysis to different special operator matrices, it is possible to
obtain further A-numerical radius equalities and inequalities. We now conclude the
article by remarking that further study on this topic may develop an interesting area
for future research.

Acknowledgements The second author is thankful to the Government of India for introducing the work
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