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ON MEA}I RESIDENCE TII{ES IN COMPARIItENTS

1. ltittoductlon

tet A be the metrr.x of fractlo*al tranafet coeff{cteats aeeociated

rtth a comperteent6l sy6ten. It wae obeerved fn [11 thst the elementa of

-A-l (aaeunLng A ls lnverttble), denoted by ,il , adnlt to the follstr-

lng lntetpretetlon, 
"il 

le the mean tl$e ln conpattment + have loaded

the syetern Ln conpartuerrt I . Thle lnterpretat{on appesrs to be very

ueeful ln provld{ng futther i'nsfght lnto the analygts of ccnpartnrental

Eyste[E end deservea a more extenel,ve dLeeuseLon thafl that glven ln [11.

In thls p6per we erctend the d,eftnlt{on of meaa ttnee (ln coupartilsflts) to

syEte[s for whleh the aseoeleted eoupattnental natrlx le not neceBsaty ln-

vertLble and the extended deflnttlon Lncludee arbltraty loading.

l{e also relete tbe compa"trfient rnean ti.meg rdth othef tlne pateneterB.

For exemple Eearon [2] defLned the nean resldence tfine (for the entlre

eyate,rn). It ls natural to ask lf the sun of the nean tlrnee {n eech cou-

partnent eolncldea w'l"th ltearonf s fiean resLdence tlme. Ae thlg 1g lndeed

true, 1.€. p the def{nftlone are c"oasl.ctantr and lt seenE natufal to uee the

phraee, ttqoqp*rftrettel th d', @ to deecr{be the portlon

of rnean resLdenee tLme eirent ln lndlvtduaL compartnenta. Other t{ne pata-

ngtera whtch are ueed for comg:arLson 6te the mean f{ret exLt tl'nea and the

telaxatlon t&aes (or fthaLf-llvestt). We avald the tetm tt-SgggSl@t'

efnce th{r phraee har .Led eo su,ma cortfue{on (I3j-I5]}'

The eecond part of tha Faper desle w'ith reX.atfonah{ps bettreen C}lRf

parefietef,s, eepecfalLy tn findfng eond{tfona undEr whlch they have tdentlcal

values. In pattleuler our d{scuaefon helpa to explaln $hy dlffetent eleflente



ln the j.nvergee of eonpartmental natrl,ces af,e soffiettaes equal to eaeh

other, €.g. [61, p. 5A2.

We conclude rrtth €rooile Fuggestdons for further studl.ee.



2. Fretrfunfnerlee

We have occagion ts uEE betil eolumn vectofa and row vectorsi the

tratter wtll be dtettngutehed from the fnrmer by the use of the transpose

synrbol ff*!r. Fol-3-owlng !{earcn ([2lr[7J] 1,1e res€rve a to deaote a

column vectof, of onesl u* * TXrJs "." rI] " The eynbot ,i denotes a

veetor,wtth uero cottponemts except for orle ln the i poal.tLonr 1.€.1

1O\ * t?tAs *., ,lr?u ,,. n01 .

the lntttal vector or the .tr"oad {n cornpertmentel syEteris ls a vector

so havlng nonnegatfve eomp&nent,s. The loed 'dleerjLtgt-&q vectof, l"s deffned

by d o so/Lr*uo . Since Heen reeldenee tfnes depend onLy an the load dle-

trlbut{on lt le convenLenl to nofinelfse sO thet :fra - d 1 L.€.r we may

aseune thet loes of generaltty that

lrl*$s = (2.1)

We begln w{th a brief cwftnery of compettmental- systems qrhLch are

dl.seuesed exteselvely Ln [8]. ?lme-l.tlrreriene systese are apdeled by

Bysfe&s of ellfferentl.ai. equatLons of the form

&=Asru{o}*a6. (2.2j

TxY=
4

The coupartmentaL metrlx A consleta

tlonal tranefer cceffLel.entsr,."e. ;

af, elements dt t called the frac-
val

is the {aflow of
"tf,j 

(i.#i)

tagged parttel"ee fron ;i to i . The totel" outflow from i lslto othef,

cotnpaf,tments Bnd the eyetetns envdronnpnt te -"lf l. The of f-dfagonel

psrauletert oti af,e aonileg€f,lve sl.nce they correspond to Lnflone whlle



the d{aganal peranetere odi af,e nonpesfLl"ve aLaee they meaeure outflowe.

Equatlon (2"2') fe the gteeemsnt cf the faet fiket the rste of change cf

Bart{eleo fn eeeh ccmpartfixent i.e the d{ffef,enee betneen the lnflews and the

outfLows.

?he tate af excf,egf"on fron csr*pa"tffi€nt i Lnto the syatemc envlrontnent

{s d^#: where
val .l

(2"3)

The nonnegat{ve pare!il€t€ru ooi ere cal}"ed the exeret{on coeffLclente. A

cfinplrftment ;i *e ssid to be eqcretorg (or an ,exdt) tf a,d >

It i.g custofiaf,y to deeeri"be conpartnentsl eyeteua tn terme of thelt

aseoc{ated we$.ghted dJ"grephs {dLreeted graphe} ae Lu Fi.g. 1. lhe segurent

Ln the dlgtaph whlch Jolnn conparfmettt j ts eompartnent rj and ls

d{rccted from ;i ts 'n corrd€pondg ts the fractl"onal tfsnsfef, eoeffLc{ent

ar; (if i) , In the case of 
"gp,g 

Byeeemer i.,e. systems havlng etieretory
'(/d

eomparftients, afi excretlon oui le descrLbed by €tfi arrow polntlng away

f,rom excretory eomperhnear ;i " Systema qfrtch are mot open 6re sald to be

clgged aa lrape. The autflsss coefffcl.ente dii 6re not usuatrly reptre-

renfed ln the digraph el"nee they ere not poef"tfve quantttles and are

detenrr.Lned by Eq. t2.,1! " A ggggggg $"n e digraph {a s set of d{rected

lfne segmeats eonneet*.ng m e*mpartnnent i ta e cr:mparfftleat 4 w{,eh all

segffienee orLented {n the dl"reetlea fron .t to i, A Sgg!. ts a aequeRce

whtch {nteteeeta each eosapartm€nt aSong lts route only once. eoarpaf,taent

i le sald to r_eeeh eonpartment i lf there ls a peth from i to d.

eeld to stronglv eoqlrected lf each coilpart'-

ullrdn; = - L do,i =ld;;l - L 4,.i
iio "il {et {#iro "u

A compartftentsl" eyetem f.e



m€Et f,saehee every other eompartruenf, f"n the system, trn the event that the

system le noL serongl.y con*.ected then {te corftp$rtlRefttal" fisttrlx le gglg*blgt

l. e. ihe conpertffients mey be Hurnbared {"c eueh a fashlon sa that A rnay be

partte{oil€d

$*
nl

t
I
t

Hl
(2,4'

rhere 0 denctes a fiuttin of ueroe. E and H sre elso compartnetltal

netrLces; they correepond to qgmtr9ltfteqqql_-g+bgltstefils. Representet{cne of

the forn (2,4, Ere nst dlfftcult to ldentLty ll'lth the a{d of the dlgraph.

For example in Ftg, l, eompartffient6 6r8rf do net reaeh conpartment 7t2t

8r4. Ttrue {7r8r3r4} end t$r8n?} deterntne aubeyetens hrlth ageocLeted

eoupsrtsental metrfeee 8 and ft reapectiveLy. The deconposr.tfon Ls not

unlque for lse could eLso havep E.g" , {L} aad {fro&r4r6r6tfl , If ,5

l-e s subayatem of 4 an& Sz {e a euheyst€m of ,91 then Sz fa con-

ai.dered to be a eubeysten cf ,5 . For exantp}e Flg, I haa 2{+ (ptopet)

subs:rste&e twer of t&1eh are gJ.ven tn Ftg. 2, HotLee ehat a eegment ftom

eailp€"rtment i to eoa*partment i beesqnets an exef,et{on l"n regard tc eub-

systen *rhtch conta{trs d but cet { end alL ffrcretlorie frorr the Bane

cobpartment afe lunped tagether" Fof, exatrrple lf E eorresponde to the

srrbs]'stem of F{g" tr w}:feh eont&Lt?s onJ-y compdrtment I then E = (an}

Recall thet dtt * *{a.,+.aurJ. Thue ln eonatructL*g Fig' 2(a) }re Jotn

the segaentc eesociated w{fh aZl and A* to fcrm the excretlon coef-

flc{ent a21+aIt,

Mean reel.dence t{mes ere etroeely related to the ftatflx

fu
I

L$
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where I Ls the J.denEfty natrf,x"

In vlew of Theorem I (f) tt ts not dLf,ficult to eee from the dlgraph

lghi.eh csrflpertnentsX" {eubcsrup*rtrnental} eystems heve {nvertlbLe cot[psrt-

mentel msefLees. Fotr ex*mptr-e the eoatpefenletltel matt!.x *f Flg" l la not

fnverti.bX.e becauae sonpsretnene 7 La a tr*p. !{cwever i.te aubsystete

whfch de contaln csrep6fb&e&e f have fnvert{b1e asgoelated compertrsental

rnaf tLces.



3", cope_arrtnenegl4eqF Bqel"4er!e?_ tf.!ue

To revfew the deflnftlort of fi'tRT glven fn [1] ffe agsume for the

reonent that the compartmenLel" mstrl":c A fe ttrverfLbLe. The CllRt ,ii t

1.€" 1 the ueen tirae l-n eoffiFarenent d reauJ.lf.ng frcn a l"sed i"n cotnpaf,t-

nent -f (and *nly ln ;i3 le €he {iri} el"ement of T * -A-1 . ?o obta{n

thfs fnterprctsti.$n sf the enemente of Y , the el"ement pii{*} of t?'8}

fs regarded ee the probabtltfiy af the evenL ttret a partf,cle ex{ste Ln

eo&psre{oent i *t the e'lme t ao*dlf{cned en Lte havlng sterted {n con-

pertment i " Such atr t"nterpretatlsn f"s nst uncortrmsn' €.g.e see [6]o[10]t

[11]. If we ilelose the eyetemrt by addlag sne or &otre compert$ents to

repres€ne the syat€tf,s envl.ronment end lf we fi.x e enell ttme lntetval h ,

then tfue prccess {e appraxlmeted by an ebuorblng d{screte Mettrtov chaia

where P(h) represefiC* thc tsartei"tl.cn probablltty matrLx fram nonabeorb{.ng

etates to nenebeotbf:rg etatee" fhe fundementel ftiatrlx fer the dlsetete

procesn fe then l,l(W * yf -e(il|-L i i.ts eLeuents n,r(il glve the mean

ntrmber of vtsfts fo csnpartment n hav{ng etarted dn eonpart$ent i ,

$!nee eech vde{te occupLes h ualts of tltne the sean tlme in {, havtng

etarted l"n I , 5-a ?strid#t) . Lettfng tx tend to setro we obtef.a the mean

teel"dence ttme ge

T o" .t = Ltm Vvn"' ,(h)kil fu+0 v{
(3. t)

In v{ew of theoreu (4.1} ({J.{.t) and (r.v}} ,# {s aleo gi"ven by

r."= f r,,(t)d,t= (r),,1,;j 16 '1'J 7'8
(3. ?)



a$d i.t glves fhe ff&Y {.n 6 , ecn6tif$"*cted t:n the loed occurfng ontry ln

eorBpertffient j ,

We now ecneLder an arbl.trary .!-oed dfatrfbut{e,n &a . the compcnent

*.9 mey be reg*rded ae the pr*bab$.3-1ty thab e random FartEcles e,xLsts tt!
al

conrpartnent i at * * 0 " ffi v{.evr of, i}re sbeinre dl,sctrssden, the fSiRT {n

i. conditfoeed mr the 3.cer3 probebil-lty df,strdbut{str *a eheu3d be deftned

&&

,+ f*ol * 'i'**
,4.\e J *' r-&dt

t't"+ u
i
;l

tum. "(klx244 4ed al

(3.3)

whteb {n rrfew of Thesrsm J" i"e *lsa gf"ven by

r.4(x4J * \ ,t nrr{t;}d.*}sx *
tr
L t.r*6" {LAt

(3.4)

We reow tr€&sve the Lwvete$.bl-tiry reearlet*.$n. TE d*I doee not enf.et

thefl scme Cft{Rf p*rernetere {3.4} wti"l be {nflni"f,e or undeffned, hawevet

sthefs may be deftced. Fnr exen;p1e {"n'Ff.g. 3-u rO{ao} d.e defl"ned fot alL

i {and f.*t aL"L *o} eaeept *rken i" * 7 - ?trl-s Lg a eriaeequ€ree of the

fact that sl"i" fl.pwm to s c*repaxt.metz| i, {d.#7} svcj.d ttTe Erspr eonpartment

? , Er,'en Lf *1 , # ft eoatrlfuutee n*:fhfu*g tc rU{no) slnee F does

npt reaah d ('i"#?) " It f.q tlot rgLffieult bc see, lrl gerretal, thet l"f a

eomFsrtuent ;i dnes not f,ear:h e etltlrpnrtfiefit 4 then '{1.;a(*} * A f,or sLL

t and tdi*0

The ffiffi.T paremseers rriay fue desctilbed ln terms cf eubsysteffa. We deflne

enaL3.est esbsvet

rye$ge* ,? h4\,ffjrf[ _g:.5 I 4 .-tq qgtrgg-qtqFj].1 _3 : ftre cof,reapondlng eubdLgraph



rtl

Ls denotea iUtxo), For exermpJ"e if i.n TLg' ? *i * o btrr *;.'

DU{uo} la Fl.g. ?(b}. fhe aeese{nted aub*mpaxffaenfel ffiatrt$ L$t

In lhe erretrt thet A."{x6J ls tnverti.bLe ve rlefln*

rr,{x") ,* rE, |. + "rnr**ufi + tuurfi

0 then

Ar(aa) '

f f{n6} 
* *A'iL (u*) 6

(3.5)

It ts clesr frsn Eheorem 1. {t} that f,{ao} exfats i'f snd onLy {f St{nCI)

does nor eontefn tyapw. ${sreotref ttoe e5{RT pefaureten S/dl--3e-$Sfjqeg

{S e$d snlyj^f *$#lgl -lc rpes-e€'€s€e+" Fot exampS'e tf tn Ftg' !"

*o, * O and *;. * 0 rtnen "t*(*e) LE def{ned. ttc value te

(3.6)

where

r-1
f4a = Thg * T,n4 * toout^osr,l - n

(3. z)

The r , "tE Ln (3.7)
44eu

we expleln why theae

th{s eype"

In vlew ef tlre f,ect that bhe S&t? 'pareileeer rU(*o) depemds only an

the f,Lsws fr*m lae.dee{ er*perLmenfe to i, 1.e. on the subeystenn SU(no) u

lt ls penni.eefbS"e to repJ-eee tire ayste'm by tin{na) when regerdtng thie

pernmetef . Ifi other '*orde We fitSY &i?s'ctt3€r WheneEer eonVenLent errd wlthoUt

loss of generalfey, thet fire ce,ffiPaft$entel matrLx Ls L*verttbLe ln dle-

cueaf.ng a C${RT t,(*'} '{ €3 ,

ate the ei-e*:ente J,.n the thtrd scw af, TU{t"} ' Later

elemsnte are eqval sad we d'iecttes rei"attsnshJ'ps of



{{
I.L

4. $wcsleqg ggFlt-3q:eg"gtlie (qvsqet".I-.9

In defln{.ilg *1gsn reefelenee tftse fee a csmpertieenesl syse€ft! }lee:on [2i

ffisde uee af lhe'funet"fon

af&ltFtr ilt *?
.?
tJ

fm
t, I

U,*l. l

' 4Jo

*oO af (*) (4" 1)

nfu{,eh J-r l^xrgerpteeed sE eh6 cond{*foeel probairt}-t'cy detts*'ty

tr
Tfueorem l (tf) fher | 6f *;d* * l7 for t*.mee of arsl"t f,rem

]{i

{see ei.es [6jrf10]]. The me*tr resLdencc time l* fhen g{ven

atrfBel1E

f t*j * -7.

whf,ch reeulce froru the dffferentlal

Erass equatfcns (*"31" IneertJ'ctt nf

p6rts (recai-l wffu) = A1 we have

(reeal-L fr<*n

the systen

by the ftret

(4.3)

equ@tLc??6 (?.2) esd the consefltatLr:n of

{4.5} lnto (4"2} and {ntegf,atLng by

't;+(*jd* (4,2)

'In otder f0 fftsxtfe etiat the lntegral I'e ffnf.te for sl't" l"uad dtstr{'butl"one

lfeafsr:. raquirerl thae ehe csslp6fgfnents! *afrfx A {e favertLble" fhie

reetrlcti.otl .Ie fi*E @E&*n[tal e{nae 6N€ cs'n replere the syst€m by the uub*

Eyseem r+h*eh {s f,*rnred fr*rn the unLmn ef SU{no) ti&rere 't tuma sver el"l

cofilFatrtmt€n*$ w?-ti.{:tx t}xe L$ad' r*eehebSe "

Ta exprees the F€s€metaf i-it {-n e feror wh*ch ls esfiveaf,enf, fsr cou-

par{ean we use the enternate f,*rfl$J:l"e



(g'?)

{5"?}

'pa38dT?T+sF Fa srJd}ll"& TTs so #ne eq3 ET i4 6T *3q'L

spTaT,t o{f"€} l:o ?xs11tr3i}€ fi$TTB? P13€ r49'X} o:}uT {S"?} 8uT+nl;+Pqn$

aasq a$a q#{+}.i * on{v4)dxa * {4)fi

ure} aq? uT gltoTSprrba ;exxu*.raJ3Tp l:CI alaaede aqa EuTaloS

' {uw)*r,ft * tdr* 
uf 

* tn

tl ft' !
" {*{r)!:!rI Vs = (+}?a

. #t?
'+P{+)u.}3=t* {r't)



A pertleLe ex{etltrg f.tl e c$ftpgremeflt i" at t * 0 may entet and

ex{t comFsrtrftent d ae,let&l tlmee* fhe duretfcn of eac.h vlalt {e taken

Lnto eceoun! {n the eHR.f p*rarn€ter ti,i,. Ttlat pottlon of frrean ree{dence

tlnre rfi1ch oecure o*!-y trp ts fhe flset exi.t fram coffFart$eilt i J"s g{ven

by (t121)

5-". 3*te_q -E_:{.LF tlqla.

r1= 1.lla14l (5.1)

whete we reeall that lo,"rl * E or.-, repfesente the tota3. out fLow, 7""r.' 
t<? + K't,

ftom compertment i. It eeeme netural to refer to 'Y4 as the ffieen-!-1fs.!.

e$ttllbsq J[Esj'' -qqFpef tgq!14 ?_ "

Suppoae cse consfder itre caee g;f a e$mpaftment n dl{ch le not

muEueltry reachable r*{th any other flompe.f,tnent' e"g" eompaf,tftenl 3 ln

l.Lg. 1. In suetl ea€'€p fhe part{sle ca11 exLt cnly once and so l^t ehould

turn out thet

\ + 
* r i.{ {ns return) . (5.2)

To verffy thls wa *beerve eh*t rt;r* raturilft ceaFef,ttneflts hsve the property

thet the eubsyaterc t;d{Ld} * Fhere I.t :La fhe unj.t vector def,j'aed {n

$ec,tian ?n ccnsfsbs sf es&p€lrtneng t1 aLcne" The eeeoelated eompattrnental

mstrix At{I:) le rhe .1 x 3. rn{3tf:[x (a41) end f i(Ii) = -(I/ai,il = | oU,l't,
L1,

?hua the csncluefon {5. 2} reeul.ta ss an *.rrnedLate eonstequenee of e:rpteselng

el{*T par*netere tn terr*s of eubsyeteils.
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6" 4el"eFagJ.qq g*nqq

An finpottant ceee cceurg when e canponent stst€ 4 lc expteesed es

exponential. euu of the fornt

(6. Uxu{t) * 
I "rf 

exp(-*/E/ '

The posJ"tfve quentltLes Ei are knotlln ee relaxetLsn tlmee (eotnet{mes

they are elao refemed to ee helt-l"i.ves {n csaea where no coupllng ex{ets

between eonpflremeRts) " In vlew cf the fect that xUfu) = 0 the matrlx

AU(xo) ie Lnverti.bLc trherc fio ls the load" ?hus t,(ao) J.e deflned

end we wlli. shorP thet

tr*
't;{fi") * i d""j 9" .

vivul
U

To see Eh{e r+e cnfspsre {4.5} qrrft (3.4} an,* notfce that

end then sre fftpr66w nU(b) i.n ter*:s cf {6.1"} to obtaln

It Le aot dLff{eai-t tr ah*et, uelng inethods fn [13J

thc esef f J.*lente &;; ere glve* bY

t* ,T *o
Llra * l, U.e'rJ x' 3

called eone tt tg-e.gg- laggglge metrl.c

the Lagr*nge f-n€erPc3-etftig feruncla

(6.2j

r(o

r.,(il * | *",(t)db
" J0

the reault, (6.?).

(pp. 607-6LZ) that

(6.3)

,l etre
where the

gi.rren by

'i= ulur'^ur-A)f
F

L
k#i

(7\k* t /
(6. 4l
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Ttre 1,., are the elgenvalues of Ehe eoupartmentsl fiBtrlx A ordered Ln
d

euch a feshlon that 6d *- fjl whenever 1ri f 0, SLnce softnare peck-

eges exl.et for est{"matLng relexetLon tlmeg and conpcnent $seticee fro'tn

obeerved detE (e.g"r t13l), fatmulae (6.U and (6.3) offer a vLable method

fof estl.nstdng the 614R1 paranetefa rhleh doee not requlre prtor estlmates

of the fractlonsl ttangfer eoeffiefente"

The relaxetlon tfutes do not generally relete to lndlvlduel conpart-

nents horEver {a epeelal ceaes tt ,.s porslbLe to make sil esEoclatfon. ![e

conetder Ln partlculet the tr*o ecrnpartri€fitaJ. syeteftE trhere f,he abova

formulaa lead to thc repreeentatfane of, the diagonal el"enentgI

ttt - uEt + (1 -a')E, ,

tzz o (1- alE, +

rl"lth d betseen seto and one. Thue thE

the E'. lf we ntrnrbet the courpaf,tnents

aEz ,

"ii 
are we{ghted

and the relaxatl"on

(6.5)

(6.6)

avetages of

tlmee so thet

(6.7)

(6.8)

tl1 < rzz and tt . €a

then we h*ve the l"nequelltlee

Et t trr ''zrt €z I

Thus El {e a lower bound for the r'f,set$ coalpartuent and

bound fot the ttetowtt eomF€feftent"

Ez La an uppef
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Slnce ttre paraneter G, {s of consfdetable lnpottance (e.g" [151]

{.t aeens eorthrrhi.le to llse aorne equtrvalent fsr&ulas for tepteeentl.ng lt.

q - {Ez- "r r//{Er- Er} * {rrr- EL}/(Ez- Er)

(orr-7.//(hL- Inl * (\r- anr]/fht - lzJ

'r",r7, 

rrf 
'..*j'r'r'rrr,rt 

,' ,' ,",.1r', 

rl)u'r 

)*, 

tlJut 

,t , .

fhese ldentltlea follow from the fact thet funetlanally related tnrtt{ees

ahare ldentlcal eoupsnefits. Net{ce thet the laet two expreeel.one Ln-

' volve t but, the dependesce on t cancele.
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7. Intet CFIR1 _Relet{onehlPe

Havlng dfaeueeed hotl the ${R! relate to other tlne parauetere we nfrt

coaeLdet how they rel*te to eaeh othef. the relatLonehlpe we have ln

uLnd Ere fltruetrated ln (3,7). We begln thle dLscuneLos wlth an obeerrra-

ti.on due fo Andet*on [16J Ln h{.e atudy ef SEC (qfqglgEx{t CoftDattilentgl)

syBtefia.

An $EC uyetem le deflned to be e coarpartbental syaten havtng one and

only otre e:rcretory efirpsrtrsent (caltr"ed the -g5[!) and (at Leaet) 'one path

from every eonpartmetrt to the exit cfirpartment. In pertlcular Lhe com-

pattilental naerf.x fa fnvertLble. Andareon obaerved the followl.ng reeult.

Theqrqtt 2 &nd,eraqLL. Let A be the conpartnental natr{x aeepclated

wlth an SEe ayrtem. Thetr Lf, fi {s the exft conpef,tmentl the enttLeg

of rotr m Ln J*l are identf.eaL and thelr eofitrtrofi valste *s -";:, whete

o0* ts the excret,lort eoef,ffcl.ent fofm eoftpartilent rft ,

ge note Ln pes*ing tkrat the converee of Theoreu Ls aleo true, L.e.

?heoretn 3.

fheorar_n L suppoae A {a a eonpartnental matfl"x hevlng the propetty that

f--d-1 haeacsnetaatssw rftr Bay rwfou>6 fora1l i' lhen A

represente e $Ee system trhere fhe excf,etLan eeefflcfenr ftom the eingle-

exlt, m {e o** = u-l . In partLeular Y {e ai.loved to have at moet one

conEtant rowo

and 7* are

vlew of (2.3),

Wof,t According to the hypctheels vu* ,'

defi.ned fn Seetl.on ?' ?hue u*A * -u-lfri

Ehat

1frr where

tnthLch 1ile4fl8,

u

Ln
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(7.1)

lhat le rfl le the only ext t eo.r[Fertment.

The pro,of of fheoren 3 Ls epeentl.ally the proof of, Theoreu 2 wlth the

order of the step6 reveraed.

trt followe lnrned{arely froa ?heoren 2 (and the notualf"zatfon (2.1)}

that the SIRT paremetef,s g*.ven by {3.4}, for the ceee of, the sLngle-exLtt

are Lndependent of the losd and thelr edffiion value J.e

-Irr(aa) = ";; 
felngfe-exit,r m) " (7,2)

Such a conclue{on mtght be sntfctpeted f,rom the faet that all partlcles

nffiat eventuelly enter m no &etter where they atart and there tlne ln m

1r regulated by the excretlon rate f,ra$ m. fhe ca{ncldence of the para-

netera l* (3"7) oecure &s E apee{al case of #.f.}.

Aa e second lltruetf,stf,on we ccnsfdet the und"dLrectlonaL csterary

system, glven {n Flg. 3, whieh appears eig. fn [6]. Itl thie cese aL1 sub-

systeme S6(x") sre SEC syetems, It fr:J.lo$e Lrnraedi.atetry that f has the

forrn

ooi*0, l*n and oo**v-l>o

a-!oa,eiozt
-r -'ln.-L n * n . , . 0ttSz *ez tl

taai

t.!4

ralt

-1 ,-t -1 -t
n^rltt'l'

"an uon *an " ' "'on
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l,le no*r conaLder the fallcnr{ng ultuatlan" $uppose tre have thrEe eompsftfients

of a cmpert*ental ayrten !.ebe3ed d sm*P euch ehat d reachee tft , nl

reaehee p and t mu6t reaeh tt! " A ease f.n polat oecurc ln FLg. 1 telctng

I * Eu rn= 4, F * 8. ALttrrougir tt deems {.ntul.{:lvely cleat, we shotil ana-

lyttcatrly thet undef, these c{rctfinstancee ,pi * ,p*, A nore precl'ee

vbraion of thla sfiateftenf f.a as fetr"lowa,

ITreorqn 4,

p Ls not

Lct, 8m(1i| h* a $EC aubsysf,em euch that m reaches p trhere

tn $m{TJ} . Then opi * nW {eseunLng they cre defined).

?rpgf: Let A * AOtXf) arud E * A*f 1,7) then E repreeents a SEC aub-

eyeten of Sp(Ti) " fhue 74 ruay be expreeaed Ln the reduelble forn (wtth

sn epproptl"ete nutrberfng of ecenpartnente)

and F = fr-} Lw s'Lwen by t\3.7i (p" 2LL7]l

.,. -'t
{l | -r -.r

"l , Tor*g^tgg-t
".-t I s^

-H *l

(7.3)

f t: 'a1
F.=l I

lc HJ

r- **1l*fr
t[ryt
I * 

^{

S{nce A*{Td} J.e $EC' fte

by exltlng ftem rn n ?htts

ef,rBpsf,f-nenes can reach other eofipaf,taenlB

G hae the. fonn

otrly

G*{0 ". 6"' a,, g}
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whate g !.a a coluun veetotr reptesenttng transfets fron m fo those csm-

pertnante ln Sp(1dt wtrteh are not l"n 8m(1/. It follovs that GEfr

ls lndependent of el1 rowe of g-r except ehe laEt tos wtrlch, Ln vlew of

the SEC property' hae tha forn -vrr* wtrere v > 0. Thus GE-L

--\r[gt g: r.. r g] endconaequently IzL*-vlfi-lg: H-tg" "'': a-lgl

has eonstsnt f,sws" ${.nce both ,pd and 
"W 

ere both meubera of one of

theae cenetant rows of lzz they neeeasarly eo{nefde. thia courpletes the

proof.

Notlca thet the proof of Theorein 4 g!.vee ucre {nformstLon than that

stated in the hypotheale howEvsr we prefer ta keep they hypotheafs slurple

so &s nat to obecure the nta{n obJect'lve"

Theotem 4, appLled eeveral ti.mes to Flg, 1, y{elds 
"52 

o 
"sg 

* tsk

and T6g = T6g o T6b .

l{e eoneider brlefl-y DEC (Souble-Exi.t Ccrmpattnentatr") Syetema. Suppoee

y and m atre tfte exft eompartmente and Y teaehes fi but m doeg not

reach ya aa Ln FLg. L tdrere y - 4 end ta * 6, Let p(Iltil denote the

ptobabtllty that e p6.rt{ci.e t"n r reechee the eubeystem repf,eeented by

f/ . Fot the case undet conefderaf,lon, tatrt'*ng [! - A*(1*) r lle have [121

(p.455)

pftfo*) = f f aool - *rn]/lanol (7 .4)

$otlce thst sinee f{ te SEfi *d.th extt ttt ' 
p(Hr:r.} {e al'eo the ptobabtltty

that ? teaehee fti, One n{ght expect that

r**r*pft*) *";kp(It,r) (7.5)
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fo vertfy (7,5) we stoaheetlcally *.nterptet the natrf:r lzl oceurl.ng Ln

t7,3r. Nsw Q =-GE*! gfvee us the $strflc of ptobabtl{tles A7o, that

a patt{ele *.* eonpertaent ? of E' ({.e" the eubsyste& repf,esented by

F) enters fl thraugtr eoepartffent k , MoreErvet -grl ls the uratri.x of

CMRf paramet€rs rmk tfrorn Fl eo !!r , fhus the ele:uenta of f af,e

r*rw= 
t&atmkqlor '

(mGHur'€E) (7.6)

(notlee that Apo, pLays tha role cf efi tn (3.d|)). llow {n the caee of

(7.5) H repteeente e SEC ayntern so thst ,*X= oii, fot alL k Lt Il ,

In parttcutrm, ,r** oih and (7-6) reduces to -l " ql* - .;:rp(ft.rt')Trrw="riol- 
r

In F{9" 1 there are 3 }EC rubayefemr and we conclude frtvm the above

obeervetfoils that T64 * Teeas*[oo,* +oru]"1 = [so6 *a76]-1 os,* laa,r+cuul-1 ,

T41 = tq,+aztlozl*osti-t * [ccr,* *osql-lortlozt+orrl-t and Tzt =

r-1 F . r-1 F . r-1lzzdz.Lazl +dstl ^ * La?Z+aurl -anrLarrf *stJ

Wlth tlre help of thre stocheetLc {ntarptetatf"oa it ls not dtfflcult to

obEaLn further relati.onshs.pe ld.ke those etatsd above, It ls hoped that

eueh relatd.cnehipe w'll"L not onl-y ald {n eonstrucftrng Lnverse eatrlcee but

they ehould be trsefuL towarde the anaLye*.e and ldentlfdcstLon sf co,t@art-

mental Bystees. Some related prsepecte fer rtudy sre suggeeted below.
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8" Sr4$Eest&oFs for Further Studles

&. pwbSPJLi*W :Ph& ;i 
-:Fe#hee 

1, rt, ehould be evldent from the

dLeeueelotr that p('i",i j * ,&/ri,{ l"s the probabtllty thet d reeches I ,

Fot exampS.e Ln Ehe ease of a $EC wiere i ls the exl.t, p({ti) = 7 and

Theoren ? tesuLts, tn ttre eaee of the sltuetLon oceurfng tn (7.5)r pfurr)

{e g{ven by (?.4}" tJaLng the $.nterpf,et6ti.ou q5f pfttd} one shosld be

abtre to uneovetr fornulas for paremeters p(itd: tahi.ch ere elmpler then

thet gtrven by Cramerts rule cr by gtaph cheoretLc formulaa ([17]'[18]).

B, 9@baptie '{ntawrefa*1on; pf bhe *r'gw:fey ftaftet*ry. If A Ls a

BornpaftilentaL natrL:e then so i.e A(e) * A- atr fcr s > 0 and al"l eompart-

mente of A{a} ara exLts. CLearS.y ffeJ = -a-L (e) exfete. However the

tranafer funetloc Le related tc t$e friKt patefteters eorreepondlng to f{a)

?hus the lnterpref;at{on cf f(e} ehoulcl refl.eef on the stf,uetuf,sl fdentL-

flcetLon probLem"

e." Mean paaewe *44e. Atrother Bet of peremetera thet should be useful-

le the ne&n tf$e of paeeege to partLcul.ar eonpafttnentd { lshen the systen

Le not loeded ln i.
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FTGURE IACSB{FS

Flg. I - Examp].e cf a Ccmpertment*tr $yetem

ftg. 2 - Soue Subeyaterae of FLg" t
Er. Flowa fram J to 3

b, Flowe f.tam E ta 4

Ffg. 3 - UnldLrectfunal Ce.tenaf,y Syetem



g
D

('
t

I*

g
' I

g
r

d

,z



\
tn

e
a
 \ #
H

* ff
i

g
t

r* \/

g
t

il e
r

I

^ E
B

e & + s
r

$
t & \,

r"
.t

|r
"

G
I g E o h
,

E
Z



|{ 1
..

0
q F
l o

ru
h

3
rA

s s
l

il3

! I { rr
o

IF ls
*

m

9
Z



-no o qr rir 
"" 

; 
j g 

i 
g 

: ] 
" 

I 
* 

; f 
o 

o;$* :,f 'rg,;11i1;rffi*' . A" ffi 
] {:i? ;"ruili I

:1-elettlasg Treuaul.raCuroSi 
{"la'}laqig 'tr Pus P.raTtr}il'ag "3 t'loqatrarlsg 'f ttf l

sasds sl'1s aqs e r{roaq;, u*u*ui!*3}",,uff"+.:;9,;tT;-;1"i33%'i3;":;ti{ t6Ti

' ts tgl) v t+t

-tW I S tual&"tnsaai,'1 TBTsoS 'uouoag 'uuy aq& t,oso{'aA;ng leugpnlStuori tCI

gT'{TBlIv ari} uT-"",,u"1-1aa7aa1ap0q?al{ aurog|, ,rraur.ra1ldg "s p118 la8uTs ,a \w3

't9t61, {0;"00r : gg-gt4lg

,fiu3,aaau7bug 'paw7T 
,81,tE&& 

LEE,I 
lr,Uo$?.?und, sanlT TSSJoUqV-TBlsiEo$l 3o

uoTtBnTBAg lraipalq'aqr ul eutrlapog iT+setx*€+s Flts 3uluu*4.*sord .rBauTT

-sobl So aeg,, 'aiuuiifzd 'Y 's plle xsqg 'H '{l 'azTT1'g 'n {'raggeg 'I "g tTTl

'(T96T)

0?T-0gT ; f "7o?g "&osV+ '1" r,,a?elaauc3 TrXuauepun$ Io lsoT1TuT4ag

pua qaeorgav 5*,iap?ue,L y 'I i saTuleudg eaarl*fr*, rtau8Jag 'E 'g *d lorl

, 
tZLgTl ggg*\Tg : frl e 

'aosa?g,
,U+DW.,,;edFlg; sTsl$s3 silna?s{$ T€Sseurartsdurop eeauT? 4aT4}br 'a}Td 'g f6l

,(71,61J tspue;*aq?aN aqJ, .wap*a3surv 
"o3 EutrqaTlqn4 IaTAasTg

*,,au1c7pil^t pu"'{6o1atrg utr aaadlrug T"luaulleduo3n, 'zanbaag 'V 'f tgl

'{896T) 6g-Tg j g

r,?oga?g .Nl+oW r,oaalXautrX Iaa"til lIT 
"Asn3 

?asqaeft aqg,, tuoJBaH '3 'f tti

'TTI,6T) gTE

-T6, : gg t.7a?g 'aoaU4 '4 r,,utsladg rt.reualap padunl aqg, 'ItrI uoT?BTnc

-rTO aqt 
"l 

siieqeadxg :aliir; IoI sTapoll cTlauqcoSg,n 'pladdaqg '11 '3 tg1

'(gs6T)

ZVgt 6tT .a:n1ng t,,rtr?aTuaqioTg uT rtanourf,Ir tro Eu;uee4,, {"raqtra11 ';4 tgl

'(gE6T) tTg

I gtT ta.rnlnil t,rr(lleluaqaoT{I uT rea&ou:n;} Eo Euluaag,, {uoa&814 
'V 'C t?l

.6g6:t tpual8ug *uopuo"1 
'q,J,T 

o"oC plts ua$q1a!^I

r,,aualertg 1rrlEo1o1g roJ ETaPoIAi Ta?&aulradinoalalnp,r 
6sslq?V 'T "C tgl

'ftL67J LL-69: gf "?afo?g 'ry+PW srfuoTXnqTr?eTfr uTBataC a $o

stuauoH aq1 pua-iiniirg lrluarq.eadruog u1 Far*Tr, e?uapr€aE,n 'uo.rpa11 '?, 't tzl

'(616T) EAg-682 t gf e 
'?ano?g 'r1+BW-t,,a$a?edg Taltleutlladuog 3o

BTapolI TaTtua.ragtrTg pu" ayear*laills u"aAtaq d?qalroTaaTaE,r 'plaEuantrg '3 tTI

L7

sgnNEEsdffi



'(6t6T) 86I-18T r gt 8'Vasotg '44DN
.,,Tapo4 Trluast1rrdtnog a Io xTrlall se3isuar;' aql trTIBaTToqurtS SuTeTr$

rli'piql*n V16 r:Blag $TuprllsE 's pug TssnToa 'T 'TTTagoc '3 rtresog 'rE IatI

, gl6t t{ro.l aaag tguelTol{-q3iotl 'o,rt]oaqg, qdarg pa;1ddy,o 'u"t{3 'X '14 tfTl

'laaddu e3 {,6L6T7 t:l*o; neg 'sea{'d oTwapaay

.(.pa) EFq3ue{Turr{ETBT '/t ts3gtrtwlw EY[[}IITI{0!{ {gITddY lt1 ',,eua1e"{g

fufou*ei"i*f 
'fl*d-a18rigg 

r:T uoTAnqTrTsTq a*rnTo^ aq',,, rtloora'u' 'Itr 'g [9Tl

'(696T) 6ZE*9IA, SZ "sag uoT?BT&arTl rn,uoua11 a"T11Y?IEBU fo
qnoqselt fq $ilpnrg uFH uT anBBTs enoauatrn9 u1 aolg PooTSu 

suaasfag '6 tETi

87,


