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Abstract. We study arithmetic varieties V attached to certain inner forms of Q-rank
one of the split symplectic Q-group of degree two. These naturally arise as unitary groups of a
2-dimensional non-degenerate Hermitian space over an indefinite rational quaternion division
algebra. First, we analyze the canonical mixed Hodge structure on the cohomology of these
quasi-projective varieties and determine the successive quotients of the corresponding weight
filtration. Second, by interpreting the cohomology groups within the framework of the theory
of automorphic forms, we determine the internal structure of the cohomology “at infinity” of
V , that is, the part which is spanned by regular values of suitable Eisenstein series or residues
of such. In conclusion, we discuss some relations between the mixed Hodge structure and the
so called Eisenstein cohomology. For example, we show that the Eisenstein cohomology in
degree two consists of algebraic cycles.
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Introduction. LetD be quaternion division algebra over Q, endowed with its standard
involution τc. Suppose that D is indefinite. Let V be a 2-dimensional vector space over D,
and let f be a non-degenerate Hermitian form on V . The special unitary group

G := SU(f,D, τc)
of isometries of f with respect to τc is an absolutely simple algebraic group defined over Q.
It is an inner form of Q-rank 1 of the split symplectic Q-group Sp2; the latter group is of
Q-rank 2.

The indefinite quaternion algebra D splits over some real quadratic field extension of
Q. Thus, the group G(R) of real points of G may be identified with the real symplectic
Lie group Sp2(R). Fix a maximal compact subgroup K0 of G(R); the associated symmetric
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space G(R)/K0 is denoted by X. Let Γ be a torsion free arithmetic subgroup of G(Q). The
group Γ acts properly discontinuously and freely on the Hermitian symmetric space X. The
quotient Γ \X is a non compact Riemannian manifold of dimension 6. It admits the structure
of a quasi-projective algebraic variety of dimension 3 over C.

In this paper, on the one hand, we analyze the canonical mixed Hodge structure on the
cohomology of these arithmetic varieties and determine the successive quotients of the weight
filtration of H ∗(Γ \X,C). On the other hand, these cohomology groups can be interpreted in
terms of the automorphic spectrum of Γ . One has a decomposition

H ∗(Γ \X,C) = H ∗cusp(Γ \X,C)⊕H ∗Eis(Γ \X,C)

into the subspace of classes represented by cuspidal automorphic forms for G with respect
to Γ and the Eisenstein cohomology constructed as the cohomological space of appropriate
residues or derivatives of the Eisenstein series attached to automorphic forms on the Levi
components of proper parabolic Q-subgroups of G. Note that there is exactly one G(Q)-
conjugacy class P of proper parabolic Q-subgroups of G in this case.

In Section 1, we review the structure theory of the split symplectic Q-group Sp2 of Q-
rank two and its inner formsG = SU(f,D, τc) that are determined by a 2-dimensional non-
degenerate Hermitian space (V , f ) over an indefinite quaternion division algebra D over Q.
We then describe the modular varieties and their cohomology groups H ∗(Γ \X,E) attached
to arithmetically defined subgroups of these groups G and a finite dimensional irreducible
representation (τ,E) ofG. In particular, we recall the description of these cohomology groups
in terms of automorphic representations for the underlying groupG. We then summarize some
general results regarding H ∗(Γ \X,E) that rely on the classification of irreducible unitary
representations of the real Lie group G(R) with non-vanishing cohomology.

In Section 2, the focus is on various compactifications of the quasi-projective algebraic
variety V = Γ \X. First, by attaching a finite number of points, to be called cusps, there is the
Satake-Baily-Borel compactification V ∗ of V . It is a normal algebraic variety containing V as
a Zariski open subset. Second, we construct the smooth toroidal compactifications Ṽ which
give a natural resolution of the singularities along the cusps so that the divisor at infinity
D = Ṽ \V is the union of smooth codimension one submanifolds of Ṽ with normal crossings.

In Section 3, we briefly recall some facts concerning Deligne’s construction [8], [9]
of the mixed Hodge structure on the cohomology of a smooth complex algebraic variety.
In particular, we discuss the weight filtration W∗ which is already defined over Q on the
cohomology in question.

By analyzing the Leray spectral sequence associated to the open immersion j : V → Ṽ ,
we obtain in Section 4 various results pertaining to the weight filtration of the mixed Hodge
structure on H ∗(V ,Q). In particular, we have Hi(V,Q) = WiH

i(V,Q) for i = 1, 2,
and that W3H

3(V ,Q) coincides with the image H 3
! (V ,Q) of the cohomology with compact

supports.
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In Section 5, we study the Leray spectral sequence associated to the open immersion k :
V → V ∗. This provides useful information on the mixed Hodge structure on H 0(C,R3

k∗Q)
where C = V ∗\V is the union of a finite number of points corresponding to the cusps of V .

Section 6 contains a structural description of the individual constituents of the Eisenstein
cohomologyH ∗Eis(Γ \X,E). We describe the Eisenstein series and its residues which give rise
to non-trivial cohomology classes and the cuspidal automorphic forms for P to which these
classes are attached. The most interesting case is the one with a trivial coefficient systemE =
C. As pointed out in 1.6, the cohomology Hq(Γ \X,C) vanishes in degrees q �= 2, 3, 4, 5.
In degree 5, the cohomology

H 5(Γ \X,C) = H 5
Eis(Γ \X,C)

consists entirely of regular Eisenstein cohomology classes, and it restricts onto a subspace of
codimension one under the restriction map

rq : Hq(Γ \X,C) = Hq(Γ \X̄,C)→ Hq(∂(Γ \X̄),C)
of the cohomology of the Borel-Serre compactification onto the cohomology of its bound-
ary. In degrees 4 and 3, the cohomology spaces Hq

Eis(Γ \X,C), q = 4, 3, consist of regular
Eisenstein cohomology classes as well. The restriction map r4 is surjective whereas r3 is not
surjective. Finally, we show that the classes missing in the image of r3 are accounted for by
residual Eisenstein cohomology classes that span the subspace

H 2
res(Γ \X,C) ⊂ H 2(Γ \X,C) .

This subspace is complementary to the interior cohomology H 2
! (Γ \X,C) which is, by def-

inition, the image of the cohomology with compact supports and coincides with ker r2. In
particular, dim Im r2 + dim Im r3 = dimH 3(∂(Γ \X̄),C).

In Section 7, we conclude by investigating more closely the Hodge structure on the space
H 2

res(Γ \X,C). We show that it is of (1, 1)-type and, thus, consists entirely out of algebraic
cycles.

1. Varieties attached to Q-rank one forms of Sp2.
1.1. The symplectic group of degree two. Let H be the Q-split algebraic Q-group

Sp2/Q, i.e. the symplectic group of degree two. The group H may even be viewed as the
Chevalley group scheme over Z of all symplectic transformations on the symplectic space Z4

with its standard alternating form. For any commutative ring R with identity, one has

(1) H(R) =

h =

(
A B

C D

) ∣∣∣∣∣∣
A ·tB − B ·tA = C ·tD −D ·tC = 0

A ·tD − B ·tC = I2
A,B,C,D ∈ M2(R)




for the group of R-points of H . We let T0 ⊂ H be the maximal torus of diagonal matrices

(2) T0 = {g = diag(a1, a2, t1, t2) ∈ H | a1t1 = a2t2 = 1} ,
and we let B = Q0 be the Borel subgroup of matrices in H with entries A,B,O,D in block
form as above where A (resp. D) is an upper triangular (resp. lower-triangular) matrix. We
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have Q0 = T0U0 as a semi-direct product of T0 and the unipotent radical U0 of Q0. We let
Ψ = Ψ (hC , t0C) be the set of roots of hC with respect to t0C . Its elements will also be viewed
as roots ofHC with respect to T0. SinceH is split over Q, we may identifyΨ with the set RΨ

of R-roots. An ordering on Ψ is fixed by requiring that the set of positive roots Ψ+ coincides
with the set Φ(Q0, T0) of roots of Q0 with respect to T0. Thinking of the entries ai, ti as
characters of T0, we define

(3) β1 = a1a
−1
2 , β2 = a2 · t−1

2 ,

and ∆H = {β1, β2} is the set of simple roots with respect to the chosen ordering. The Weyl
group of G with respect to T0 is then generated by the simple reflections si associated to
βi, i = 1, 2.

The set of parabolic Q-subgroups ofH will be denoted by PH . The conjugacy classes of
elements in PH are parametrized by the subsets J of ∆H . A minimal parabolic Q-subgroup
of H is conjugate to the standard one Q∅ = Q0. If Q is a maximal parabolic Q-subgroup of
H , then it is conjugate to the standard one

(4) Qi = Q∆H−{βi} = Z(T0,∆H−{βi }) · Ui ⊃ Q0

given as the semi-direct product of the unipotent radical Ui by the centralizer of T0,∆H−{βi}
where we denote T0,J = (

⋂
α∈J ker α)0 for a subset J of ∆H . The set ∆i of simple roots

of the Levi component Li = Z(T0,∆H−{βi }) is {β2} if i = 1 and {β1} if i = 2. We have
L1 ∼= SL2 × Gm and L2 ∼= GL2. We observe that the unipotent radical U1 is non-abelian,
and U2 is abelian.

1.2. A Q-rank one form. Let D be a quaternion division algebra with center Q, i.e.
D is a central simple division algebra of dimension 4 over Q. One can representD as a cyclic
(crossed product) algebra over Q. More precisely, there exist a separable maximal subfield k
of D, necessarily of degree [k : Q] = 2, and an element v ∈ D such that

D = k + vk
as a k-vector space, v2 = q ∈ Q∗ and vx = σ(x)v for all x ∈ k, where σ denotes the
non-trivial Q-automorphism of k. Note that D does not uniquely determine the pair (k, q).

In general, given a central simple algebra A over the field Q of rational numbers, the
reduced trace and the reduced norm of an element a ∈ A is denoted by TrdA(a) and NrdA(a)
respectively .

Extending the non-trivial Q-automorphism σ of k, there is the k-endomorphism d 
→ d∗
of D, defined by v∗ = −v, i.e., one has x1 + vx2 
→ σ(x1) − vx2 for x1, x2 ∈ k. The Q-
endomorphism ∗ is an involutive automorphism of D.

The choice of the basis 1, v for D over k gives an identification M2(k) = EndkD, and
the natural embedding D→ EndkD is given by x1 + vx2 
→

(
x1 qσ(x2)
x2 σ(x1)

)
in this setting.

Suppose that the quaternion algebra D with center Q is indefinite. Let V be a vector
space of dimension 2 over D, and let f be a non-degnerate hermitian sesquilinear form over
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V defined with respect to the conjugation ∗. Then the special unitary group

(1) SU(f ) =: G
of f is a simple algebraic group defined over Q. The following realization of G is useful.
Let G′ be the algebraic Q-group whose group of rational points coincides with the group of
(2× 2)-matrices over D whose reduced norm is one, i.e.

(2) G′(Q) = {M ∈ M2(D) | NrdM2(D)(M) = 1} .
The choice of a basis of V over D with respect to which f takes the form J = (0 1

1 0

)
provides

an embedding j : G → G′ so that the image of G(A), for any commutative Q-algebra A
with identity, is given by

(3) G(A) = {g ∈ G′(A) | g∗J g = J }
where

g∗ =
(
a∗c∗

b∗d∗

)
for g =

(
ab

cd

)
∈ M2(D ⊗Q A)

with ∗ : D ⊗Q A→ D ⊗Q A defined by d ⊗ a 
→ d∗ ⊗ a.
Recall that a field extension L of Q is called a splitting field of a given simple algebra

A over Q of dimension n2 if A ⊗Q L ∼= Mn(L). A maximal subfield F of the indefinite
quaternion algebraD over Q is a splitting field of D, and, thus, F is a quadratic extension of
Q. In turn, a quadratic splitting field of D is isomorphic to a maximal subfield of D. Note
that there exists a real quadratic splitting field of D.

Given a maximal subfield F of D there is an identification µ : D ⊗Q F
∼→ M2(F ) of

F -algebras (use M2(F ) = EndFD above). Then the image ofG×Q F under the composite

(4) G×Q F
jF→ G′ ×Q F → GL4 ×Q F

of jF and the natural morphism induced by the identification µ alluded to is conjugate [via

g 
→ C−1gC with C =
(
I2 −1 0

0 1

)
] to the symplectic group Sp2×Q F naturally embedded into

GL4 ×Q F. Thus there is a natural isomorphism

γ : G×Q F→̃ Sp2 ×Q F

of F -algebraic groups. A maximal F -split torus of G ×Q F is G(F)-conjugate (under this
identification) to the maximal torus T0 × F of diagonal matrices in Sp2 ×Q F .

The absolutely simple Q-groupG is an inner form of Sp2/Q. There is (up to conjugacy)
a unique maximal Q-split torus S in G, given (as a subgroup of G′ as above) as

(5) S(Q) =
{(
t 0
0 t−1

)
∈ G(Q)

∣∣∣∣ t ∈Q∗
}
.

Let P be the parabolic Q-subgroup of G, defined by

(6) P (Q) =
{(
a b

0 d

)
∈ G(Q)

}
.
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One has P = ZG(S). N as a semi-direct product (defined over Q) of ZG(S) and the
unipotent radical N of P . Note that

(7) N(Q) =
{(

1 b

0 1

)
∈ G(Q)

∣∣∣∣ b ∈ D, b = −b∗
}

and

(8) ZG(S)(Q) =
{(
d 0
0 (d∗)−1

)
∈ G(Q)

∣∣∣∣ d ∈ D∗
}
.

Let Φ(gQ, sQ) be the set of roots of gQ with respect to sQ. Its elements will also be
viewed as roots of G(Q) with respect to S(Q). Fix an ordering on Φ(gQ, sQ) by requiring
that the set of positive roots coincides with the set Φ(P, S) of roots of P with respect to
S. The group X(ZG(S))Q of Q-rational characters of ZG(S) is generated by the character
χ : ZG(S) → Gm defined by

(
d 0
0 (d∗)−1

) 
→ Nrd(d). Thinking of the entry s of S as a

character of S we define α = s2. One sees α = χ|S and ∆ = {α} is the set of simple roots
with respect to the chosen ordering. Note that the algebraic Q-group G has Q-rank one. A
proper parabolic Q-subgroup of G is conjugate to P .

Given the standard (minimal) parabolic Q-subgroup P of G with Levi Q-subgroup
M = ZG(S) and split component AP , let h be a Cartan subalgebra of g containing aP .
The canonical choice for h is to take the Lie algebra associated to the maximal R-split torus
ofG×Q R corresponding to T0×Q R in Sp2×Q R. LetΦC = Φ(gC, hC) be the set of roots
of gC with respect to hC , and let ΦR be the set of R-roots. Its elements will also be viewed
as roots of GC with respect to ZG(C)(h) and AP (R), respectively. Choose an ordering on the
real roots ΦR given by the initial choice of P .

Let αi, i = 1, 2, denote the simple root corresponding to βi (in the notation of 1.1) under
the identification γ : G ×Q F

∼→ Sp2 ×Q F of F -algebraic groups alluded to above. Then
S×QF = (kerα1)

0, and the group P(F) of F -points of P is conjugate to the F -points of the
maximal parabolic Q-subgroupQ2 of the symplectic group Sp2 for any real splitting field F
of D.

Let W = W(gC, hC) be the Weyl group of gC with respect to hC , and similarly WP =
W(mP,C, hC). As usual, the length l(w) of w is meant with respect to the set of simple
reflections wi = sαi ∈ W .

1.3. Modular varieties and their cohomology groups. The indefinite quaternion al-
gebra D splits over some real quadratic extension of Q, thus, in view of 1.2, there is an
identificationD ⊗Q R =M2(R). The group G(R) = SU(f )(R) of real points ofG may be
identified with the symplectic group Sp2(R). Fix a maximal compact subgroup K0 of G(R);
the associated symmetric spaceG(R)/K0 is denoted by X. Let Γ be a torsion free arithmetic
subgroup of G(Q). The group Γ acts properly discontinuously and freely on the associated
hermitian symmetric space X, and the quotient Γ \X is a non-compact complete Riemannian
manifold of real dimension 6. It admits the structure of a quasi-projective algebraic variety of
dimension 3 over C.
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It is useful to interprete these varieties in an adelic framework. Given an open compact
subgroup K of G(Af ), there is the double coset space

(1) SK(C) = G(Q)\X ×G(Af )/K

where g(x, xf )k = (gx, gxf k) for g ∈ G(Q), x ∈ X, xf ∈ G(Af ) and k ∈ K . Endowed
with the quotient topology, this is a Hausdorff space. As an absolutely simple and simply
connected algebraic group,G has the strong approximation property, that is, in particular, the
algebraic groupG(Q) is dense in G(Af ). This gives rise to an identification

(2) Γ \X = SK(C) = G(Q)\X ×G(Af )/K

where Γ = G(Q) ∩ G(R)K is the arithmetic subgroup that is determined by the choice of
K .

Associated to a given absolutely irreducible rational representation τ : G ×Q Q̄ →
GL(E), where E denotes a finite dimensional Q̄-vector space, there is a sheaf Ẽ on SK(C)
constructed in the usual way. We are interested in the cohomology groups H ∗(SK(C), Ẽ).
Given another open compact subgroupL ⊂ K ofG(Af ) the finite covering SL → SK induces
an inclusion H ∗(SK(C), Ẽ) → H ∗(SL(C), Ẽ). This is a directed system of cohomology
groups, and we may consider the inductive limit lim−→KH

∗(SK(C), Ẽ). Since this limit is also
given as the cohomology of S(C) := lim←−KSK(C) (cf. [28]), we can write

(3) H ∗(S(C), Ẽ) = lim−→
K

H ∗(SK(C), Ẽ) .

The natural map SK(C) → Sg−1Kg (C) given by right translation with g ∈ G(Af )

extends to a map between the sheaves on both sides. This induces an action of G(Af ) on
the directed system of cohomology groups and gives rise to a G(Af )-module structure on
H ∗(S(C), Ẽ). For a given open compact subgroup L of G(Af ), we may recover the coho-
mology of SL(C) by taking L invariants, i.e., if Γ = G(Q) ∩G(R)L, then

(4) H ∗(Γ \X,E) = H ∗(S(C), Ẽ)L .
1.4. The quotient Γ \X = SK(C) may be identified with the interior of a compact

manifold S̄K(C) = Γ \X̄ with corners [7]; the inclusion j is a homotopy equivalence. The
boundary of the Borel-Serre compactification Γ \X̄ is a disjoint union of a finite number of
faces e′(Q) which correspond bijectively to the Γ -conjugacy classes of proper parabolic Q-
subgroups of G. In the adelic setting, the boundary ∂SK(C) is (up to homotopy equivalence)
described as

∂SK(C) = P(Q)\G(A)/K0 ·K
where P denotes the standard minimal parabolic Q-subgroup of G.

The interior cohomology H ∗! (SK(C), Ẽ) is, by definition, the image of the natural map
j∗K : H ∗c (SK(C), Ẽ) → H ∗(SK(C), Ẽ) of the cohomology with compact supports to the
cohomology of SK(C). The long exact cohomology sequence of the pair (S̄K (C), ∂SK(C))
gives rise to

· · · → H ∗c (SK(C), Ẽ)→ H ∗(SK(C), Ẽ) = H ∗(S̄K(C), Ẽ)→ H ∗(∂SK(C), Ẽ)→ · · · .
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Thus the interior cohomology coincides with the kernel of the natural restriction map

r∗ : H ∗(SK(C), Ẽ)→ H ∗(∂SK(C), Ẽ) .

1.5. Automorphic cohomology. By the work of Franke [10], the cohomology of S(C)
and SK(C) can be interpreted respectively in terms of relative Lie algebra cohomology with
respect to the automorphic spectrum of the arithmetic groups involved. There is a sum de-
composition.

(1) H ∗(S(C), E) = H ∗cusp(S(C), E)⊕H ∗Eis(S(C), E)

into the subspace of classes represented by cuspidal automorphic forms for G and the Eisen-
stein cohomology constructed as the cohomological space of appropriate residues or deriva-
tives of Eisenstein series attached to cuspidal automorphic forms on the Levi component of
the proper parabolic Q-subgroup P . This simple description is due to the fact that the un-
derlying Q-group G has Q-rank one, hence there is exactly one class of associated proper
parabolic Q-subgroups of G. It is the class {P } represented by the standard minimal para-
bolic Q-subgroup of G. Thus, the Eisenstein cohomology H ∗Eis(S(C), Ẽ) is the relative Lie
algebra cohomology

(2) H ∗Eis(S(C), Ẽ) := H ∗(gC,K0 ;AE,{P } ⊗ E)
in the notation of Franke-Schwermer [11] (see also [20, Section 2]).

Following [11, Theorem 2.3], the Eisenstein cohomology classes can be arranged ac-
cording to the cuspidal support of the Eisenstein series involved. This internal structure of the
Eisenstein cohomology will be discussed in detail in Section 6.

The following proposition summarizes some general results regarding H ∗(S(C), Ẽ). In
particular, we give a vanishing result for the cuspidal cohomology H ∗cusp(S(C), Ẽ). The re-
sults are valid with regard to S(C) as well as SK(C).

PROPOSITION 1.6
(1) One has Hq(S(C), Ẽ) = 0 for q �= 0, 2, 3, 4, 5.
(2) Let H ∗(2)(S(C), Ẽ) be the subspace of square integrable cohomology classes in

H ∗(S(C), Ẽ). One has the natural inclusions

H ∗cusp(S(C), Ẽ) ⊂ H ∗! (S(C), Ẽ) ⊂ H ∗(2)(S(C), Ẽ) .
(3) The space Hq

(2)(S(C), Ẽ) vanishes in degrees q �= 2, 3, 4; it coincides with the

cuspidal cohomologyH 3
cusp(S(C), Ẽ) in degree 3.

PROOF. ad (1): By Corollary 11.4.3 in [7], the virtual cohomological dimension of
an arithmetic subgroup of G is equal dimS(C) − rankQG = 6 − 1 = 5. Thus, one has the
vanishing result for q > 5. The corresponding result in degree 1 is a consequence of the
congruence subgroup property forG.

ad (2): These inclusions are a consequence of the results in [5, Section 5], in particular
[5, Corollary 5.5].
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ad (3): The cohomology H ∗(2)(S(C), Ẽ), interpreted in terms of relative Lie algebra
cohomology, decomposes as a finite algebraic sum⊕[H ∗(gC,K0;Hπ∞ ⊗Hπf ]m(π)
where the sum ranges over all automorphic representations occurring in the square inte-
grable spectrum of G(A) for which the infinitesimal character of its archimedean component
matches the one of the representation E∗ contragredient to E. Thus, one is led to deter-
mine (up to equivalence) all irreducible unitary representations of G(R) = Sp2(R) with
non-vanishing cohomology. In this specific case, as a consequence of the general classifica-
tion in [39], the resulting finite list is given in [26, Section 2.4]. This implies the vanishing
result in degrees q �= 0, 2, 3, 4. Only the trivial representation contributes to the cohomology
in degree 0. In degree 3, the irreducible unitary representations with non-zero cohomology
are discrete series representations of G(R). These are tempered representations, hence, by
[40], the last assertion in (3).

REMARK 1.7. In the case of the trivial coefficient system E = C, there are (up to
equivalence) exactly four discrete series representations (σ,Hσ ) of the groupG(R) with non-
vanishing cohomology H ∗(gC,K0;Hσ ⊗ E). Beside the holomorphic and antiholomorphic
discrete series representations D(3,0) and D(0,3), there are two non-holomorphic discrete se-
ries representations, to be denoted D(2,1) and D(1,2), respectively. The upper index (i, j) de-
notes the unique bidegree in which the corresponding relative Lie algebra cohomology does
not vanish. These non-holomorphic representations occur as subrepresentations of a principal
series representation of G(R). More precisely, we have the sequence

0→ D(2,1) ⊕D(1,2)→ IndGQ2
(D2 ⊗ 1N)→ J (1,1) → 0 ,

where the middle term denotes the induced representation determined by the discrete series
representation D2 on 0L2 and the character (1/3)ρQ2 . This representation is reducible and
has a unique Langlands quotient, to be denoted J (1,1). The latter representation is unitary as
well and has non-vanishing cohomology exactly in the bidegrees (1, 1) and (2, 2).

There are two other irreducible unitary representations of G(R) with non-vanishing co-
homology which are given as Langlands quotients of an induced representation attached to
data on the other maximal parabolic subgroup Q1(R) of Sp2(R) = G(R). These two repre-
sentations will be denoted by J (2,0) and J (0,2). The first one has non-vanishing cohomology
in bidegrees (2, 0) and (3, 1), the second one in bidegrees (0, 2) and (1, 3).

Finally, the trivial representation has non-vanishing cohomology in bidegrees (i, i) for
i = 1, 2, 3, 4.

2. Toroidal compactifications. In this section, we describe various compactifications
of the quasi-projective algebraic variety V = Γ \X for a given arithmetic group. Attaching a
finite number of points corresponding to cusps to the variety V , we have a compact normal
algebraic variety V ∗ which contains V as a Zariski open subset. We refer to this compacifi-
cation as the Satake-Baily-Borel compactification, or simply as the minimal compactification
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of V . The toroidal compactifications give a natural resolution of singularities along cusps, see
e.g. [1], [16].

2.1. Basic Notations. Since the group G is of Q-rank 1, the rational boundary com-
ponents attached to X with respect to Γ are of dimension 0. Choose a rational boundary
component p, and fix it once for all. Let P = Pp be the stabilizer of p in G, and let N be the
unipotent radical of P .

The intersection NΓ := N(Q) ∩ Γ is a free Z-module of rank 3, which is a lattice in
NR := N(R) ∼= R⊕3. We can consider a realization ofX as a Siegel domain of the third kind.
In our caseN is abelian, henceX is realized as a subdomain inN(C) ∼= C⊕3 byNR+

√−1Ω .
Hence Ω is a convex cone in N , which is isomorphic to {(y1, y2, y3) ∈ R3 | y1 > 0, y3 >

0, y1y3 − y2
2 > 0}.

Let us denote by M the Levi component of P . Then ΓM acts on NΓ by the adjoint
action. The group PΓ = P(Q)∩Γ acts onNR+

√−1Ω as a group of affine transformations.
Especially the subgroup NΓ acts via translations in the real direction in NR +

√−1Ω .
Put R+ = {r ∈ R | r > 0}, and consider the scalar action of R+ on NR . Then Ω is

stable under the action of R+, and the action of ΓM and R+ are compatible. Let Ω̄ be the
quotient Ω/R+. Then Ω̄ is isomorphic to a 2-dimensional hyperbolic space. If Γ is small
enough, the induced action of ΓM on Ω̄ is properly discontinuous and free.

From now on we assume this.
2.2. A triangulation of Ω̄ . We refer to [23] for the basic terminology concerning ra-

tional partial polyhedral decompositions (an r.p.p. decomposition, for short).
Recall that there exists a rational partial polyhedral decompositionΣ of N such that
(1)

⋃
σ∈Σ\{0}(σ\{0}) = Ω ;

(2) for any compact subset F of Ω , the cardinality #{σ ∈ Σ | σ ∩ F = ∅} is finite;
(3) Σ is ΓM -invariant;
(4) the action of ΓM on Σ\{0} is free; and
(5) the quotient (Σ\{0})/ΓM is finite.

Here 0 is the cone {0}.
Moreover, by taking a ΓM -invariant subdivision of Σ , if necessary, we may assume that
(6) for any σ, τ ∈ Σ , the cardinality #{ γ ∈ ΓM | γ (σ) ∩ τ �= {0}} is at most one; and
(7) every σ ∈ Σ is a nonsingular cone, i.e., σ is spanned by a part of a Z-basis of NΓ .
Let us recall the triangulation of Ω̄ described in [16], [36]. Denote by Σk the set of

k-dimensional cones in Σ . For each one-dimensional cone σ ∈ Σ1, we denote by v(σ )
the primitive element of N with R0v(σ ) = σ , where R0 = {c ∈ R | c ≥ 0}. Since each
element of Σ is nonsingular, we get a (k − 1)-dimensional simplex σ̄ in NR spanned by
{v(τ ) | τ ∈ Σ1, τ ≺ σ } for each σ ∈ Σk (k = 1, 2, 3). If we put

K̃ = {σ̄ | σ ∈ Σ\{0}} ,
then we know that the geometric realization |K̃| of the simplicial complex K̃ is isomorphic to
Ω̄ through the canonical projection Ω → Ω̄ = Ω/R+, and K̃ gives rise to a triangulation of
Ω̄ , equivariant under the action of ΓM .
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Let K be the quotient Γ \K̃ . Then, by the condition (vi) of the previous subsection, we
know that K is a triangulation of the two-dimensional topological manifold ΓM\Ω̄ into a
finite simplicial complex. We denote by K0 the set of 0-simplices, i.e. the set of vertices of
K .

2.3. Torus embeddings. Let Tp be the algebraic torus NΓ ⊗ C∗. By the assump-
tion that Σ is nonsingular, the associated Tp-embedding Zp is nonsingular. Since Σ is ΓM -
invariant, the group ΓM acts on Zp. Let ord: Tp = NΓ ⊗ C∗ → NR = NΓ ⊗ R be the
homomorphism 1NΓ ⊗(−log| |). Then the union W̄ = ord−1(Ω)∪(Zp\Tp) is a ΓM -invariant
open set of Zp in the classical topology. The action of ΓM on W̄ is free and properly discon-
tinous, and the reduced analytic subspace D̃p = Zp\Tp ⊂ W̃ is invariant under this action.
We denote by W the quotient analytic manifold ΓM\W̃ , and we denote Dp = ΓM\D̃p. By
construction, the pair (W,Dp) has the following properties:

(1) Dp is the union of #{K0} many compact irreducible analytic subspaces Dp,v asso-
ciated to v ∈ K0.

(2) For any subset I of K0, the intersection Dp,I = ⋂
v∈I Dp,v is non-empty if and

only if I ∈ K .
(3) For each I ∈ K , the analytic space Dp,I is isomorphic to a nonsingular torus

embedding of dimension n− #I .
In particular, Dp is a simple normal crossing divisor on W .

2.4. Toroidal compactification. Now we piece together the quotientV and the toroidal
embedding discussed in the previous section. With respect to the rational boundary compo-
nent p, we have a realization of X as a Siegel domain of the third kind: X = NR +

√−1Ω .
Then if we consider a subdomain

XR = NR +
√−1ΩR

with ΩR = {(y1, y2, y3) ∈ Ω | y1y3 − y2
2 > R} for a sufficiently large real number R, then

γ ∈ PΓ if and only if XR ∩ γXR is non-empty.
Let C → C∗ be the exponential map z 
→ exp(2πz), which induces a map NC =

NΓ ⊗C → Tp = NΓ ⊗Z C∗ with kernelNΓ . Especially,NΓ \XR is mapped injectively to Tp
as an open subset. The composition with 1NΓ ⊗(−log| |)mapsNΓ \XR to 2πΩR = Ω(2π)2R .

We put W̃R = ord−1(Ω(2π)2R)∪Zp\Tp. ThenNΓ \XR = ord−1(Ω(2π)2R) is an open analytic

submanifold of W̃R . Passing to the quotients with respect to PΓ , we get

PΓ \XR → ΓM\W̃R = WR .

Patching V = Γ \X and WR with respect to PΓ \XR , we have a local toroidal com-
pactification along the cusp p. Using similar constructions along other cusps, we obtain a
compactification Ṽ of V = Γ \X, which is a smooth projective algebraic variety of dimen-
sion 3. Put D = Ṽ − V . Then D is a divisor with normal crossings, and D = ⋃

p∈C Dp.
Here C = V ∗ − V ∼= P/Γ is the set of Γ -equivalence classes of cusps for Γ .

GivenD=∑
Di (i = 1, . . . , #C)we put for an index set I = {i1, · · · , ik}⊂{1, . . . , #C},

|I | = k,DI = Di1 ∩ · · · ∩ Dik , and we define D[k] as the disjoint union of the DI where I
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runs through the index sets of cardinality k. One obtains D[1] = ∐
Di, and Di is a rational

surface. By the above, D[2] is a disjoint union of projective lines P1C, and D[3] is a finite set
of points.

3. Mixed Hodge structures. We briefly recall some facts pertaining to Deligne’s
construction [8], [9] of a mixed Hodge structure on the cohomology of a smooth complex
algebraic variety. This is mainly done to fix the notation.

3.1. The canonical mixed Hodge structure. Consider a smooth (connected) algebraic
variety V over C, and let Ṽ be a smooth compactification of V such that the divisor at in-
finity D = Ṽ \V is a union of smooth codimension one submanifolds of Ṽ with normal
crossings. This assumption on D means that, in suitable local coordinates z1, . . . , zn on Ṽ ,
the divisor is given by an equation z1 · · · zk = 0 for some k ≤ n. Let j : V → Ṽ denote
the natural inclusion. Then the holomorphic differential forms on V with logarithmic poles
along D are the sections of a subcomplex Ω∗

Ṽ
(logD) of j∗Ω∗

Ṽ
. In local terms, the sections

dz1/z1, . . . , dzk/zk, dzk+1, . . . , dzn generate Ω1
Ṽ
(logD) as a free OṼ -module, and one has

Ω
p

Ṽ
(logD) = ∧p

O
Ṽ
Ω1
Ṽ
(logD). This leads to an interpretation of the cohomology groups of

V in terms of sheaf cohomology of Ṽ . The inclusion of complexes Ω∗
Ṽ
(logD)→ j∗Ω∗

Ṽ
is a

quasiisomorphism. Thus one has

(1) H ∗(V ,C) = H ∗(Ṽ , Rj∗CV ) = H ∗(Ṽ , j∗Ω∗V ) = H ∗(Ṽ ,Ω∗
Ṽ
(logD))

where H ∗ denotes the hyper-cohomology groups of sheaf complexes on Ṽ .
For any complex C in an abelian category, one has a filtration σ≥ of C defined in the

following way: The subcomplex σ≥pC of C is given by (σ≥pC)i = Ci if i ≥ p and (σ≥p)i =
0 if i < p. Applying this construction to the log-complexΩ∗

Ṽ
(logD), one writes

FpΩ∗
Ṽ
(logD) := σ≥pΩ∗Ṽ (logD) .

The inclusion σ≥pΩ∗
Ṽ
(logD)→ Ω∗

Ṽ
(logD) induces a map

(2) αp : H k(Ṽ , FpΩ∗
Ṽ
(logD))→ H k(Ṽ ,Ω∗

Ṽ
(logD)) = Hk(V,C) .

By FpHk(V,C) := ( image of αp), a decreasing filtration on Hk(V,C) is defined for any k.
This filtration is called the Hodge filtration.

On the other hand, there is the weight filtration W on H ∗(V ,C). It is obtained by defin-
ing a filtration W on Ω∗

Ṽ
(logD):

WmΩ
p

Ṽ
(logD) =




0 for m < 0
Ω
p

Ṽ
(logD) for m > p

Ω
p−m
Ṽ
∧Ωm

Ṽ
(logD) for 0 ≤ m ≤ p .

If the map induced by the natural inclusion of complexes is denoted by

(3) βm : H k(Ṽ ,Wm−kΩ∗Ṽ (logD))→ H k(Ṽ ,Ω∗
Ṽ
(logD)) = Hk(V,C)
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the weight filtration is defined by

WmH
k(V,C) = image of βm .

This increasing filtration W of Hk(V,C) for any k is already defined over Q. The two filtra-
tions F andW define a mixed Hodge structure on Hk(V,Z), k ∈ N , and this is the canonical
functorial mixed Hodge structure on the cohomology groups of V as constructed by Deligne
[9]. It is independent of the choice of the smooth compactification Ṽ of V .

3.2. The Poincaré residue map. LetD1, . . . ,Dn be the irreducible components of the
divisor at infinity D = Ṽ \V . A component Di is smooth and projective by assumption
on Ṽ . Given D = ∑

Di(i = 1, . . . , n) we put DI = Di1 ∩ · · · ∩ Dim for an index set
I = {i1, . . . , im} ⊆ {1, . . . , n}, |I | = m, and we define D[m] as the disjoint union of the DI ’s
where I runs through the index sets of cardinality m. It is a complex manifold of dimension
dim(Ṽ )−m. One defines D[0] := Ṽ for m = 0. If am : D[m] → Ṽ denotes the natural map,
there is the residue map

(1) Resm : WmΩ
∗
Ṽ
(logD)→ (am)∗Ω∗D[m] ;

it is defined in local coordinates on Ṽ by

(2) Resm

[
dzi1

zi1
∧ · · · ∧ dzim

zim
∧w

]
= [restriction of w to zi1 = · · · = zim = 0]

where w is holomorphic and the order of the components of D given by zij , j = 1, . . . ,m, is
increasing. This Poincaré residue map Resk commutes with d, ∂, ∂̄; it is surjective and trivial
on Wk−1Ω

∗
Ṽ
(logD). It induces an isomorphism

(3) GrWmΩ
∗
Ṽ
(logD)→ (am)∗Ω∗D[m] [−m] .

As noted above, the weight filtration W of Hk(V,C) is already defined over Q, i.e. W is a
finite increasing filtration on Hk(V,Q) for any k. One has

(4) WmH
k(V,Q) = 0 for m < k

(5) WkH
k(V,Q) = Image of Hk(Ṽ ,Q)→ Hk(V,Q) .

The Poincaré residue map induces a map in cohomology to be denoted

(6) Res[i] : Wk+iH k(V,C)→ Hk−i(D[i],C) .

The kernel of Res[i] is given as Wk+i−1H
k(V,C).

4. Some simple facts concerning the weight filtration. Let j : V → Ṽ be the open
immersion of V = Γ \X into a smooth toroidal compactification. The E2-terms of the Leray
spectral sequence associated to j are given as

E
p,q
2 = Hp(Ṽ , Rqj∗Q)⇒ Hp+q(V,Q)

abutting to the cohomology of V . This spectral sequence degenerates atE3 ([8, 3.2.13]). Since
this spectral sequence is up to some renumbering nothing else than the spectral sequence



96 T. ODA AND J. SCHWERMER

defining the weight filtration on H ∗(V ,Q) (cf. [8, 3.2.4]), our study leads to some facts
concerning the weight filtration of the mixed Hodge structure on H ∗(V ,Q).

We freely use some facts concerning Deligne’s construction of a mixed Hodge structure
on the cohomology of a smooth complex algebraic variety [8], [9] as, for example, recalled in
Section 3.

4.1. The complex S∗. One sees that j∗Q = Q holds; thus R∗j∗Q is identified with
the constant sheaf Q on D[k] if 1 ≤ k ≤ 3 and Rkj∗Q = {0} if k ≥ 4. Now we consider the
following complex S∗ defined by

Sk = E2k,3−k
2 = H 2k(Ṽ , R3−kj∗Q) = H 2k(D[3−k],Q(−3− k)) (k = 0, 1, 2, 3) ,

and the coboundary map Sk → Sk+1 is given by the transgression d2k,3−k
2 : E2k,3−k

2 →
E

2k+2,3−k−1
2 of the spectral sequence.

We immediately see, that except for S3 = H 6(Ṽ ,Q), Sk (k = 0, 1, 2) are defined by
data on the boundary components of Ṽ . Then for each cusp p, we denote by D[i]p the subset
of D[i] consisting of irreducible components contained in π−1(p). Here π : Ṽ → V ∗ is
the resolution map. Put S(p)k = H 2k(D

[3−k]
p ,Q(−3 − k)). Then {S(p)k}(k=0,1,2) defines a

subcomplex of {Sk}(k=0,1,2,3), and {Sk}(k=0,1,2) is a direct sum {⊕p∈V ∗−V S(p)k}(k=0,1,2).
Now we want to compute the cohomology of {S(p)k}(k=0,1,2) for each p.

PROPOSITION 4.2. Let K be the finite simplicial complex defined in 2.2 for a fixed
rational boundary component p. There is a canonical isomorphism of complexes:

C2(K) → C1(K) → C0(K)

↓∼ ↓∼ ↓∼
S(p)0 → S(p)1 → S(p)2.

Especially, we have isomorphisms Hi(K,Q) = Hi(ΓM\Ω̄,Q) = H 2−i (S(p)∗) (i =
0, 1, 2) .

PROOF. With each simplex I of dimension k of K (k = 0, 1, 2), we can associate
a stratum Dp,I of dimension 2 − k of Dp. Since Dp is a simple normal crossing divi-

sor, Dp,I naturally defines an irreducible component of D[k+1]
p . The fundamental class of

H 4−2k(Dp,I ,Q(−k − 1)) defines an element cI of H 4−2k(D
[k+1]
p ,Q(−k − 1)). We extend

the map I → cI linearly to obtain a Q-linear map Ck(K) → S(p)k−2. The compatibility
with the boundary maps is clear from their construction.

Concerning certain successive quotients of the weight filtration of H ∗(V ,Q) we get
as a

COROLLARY 4.3. We have the following isomorphisms

W6H
3(V ,Q)/W5H

3(V ,Q) = E0,3
3 =

⊕
p∈C

H 0(S(p)∗) ∼= H2(ΓM\Ω̄,Q)

W6H
4(V ,Q)/W5H

4(V ,Q) = E2,2
3 =

⊕
p∈C

H 1(S(p)∗) ∼= H1(ΓM\Ω̄,Q)
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W6H
5(V ,Q)/W5H

5(V ,Q) = E4,1
3 = Ker

{ ⊕
p∈C

H 2(S(p)∗)→ H 6(Ṽ ,Q)

}

∼= Ker

{ ⊕
p∈C

H0(ΓM\Ω̄,Q)→ H 6(Ṽ ,Q)

}
.

Now we want to see that the weight filtrations ofH 1 andH 2 are trivial, i.e. both are pure
Hodge structures of weight 1 and 2, respectively.

PROPOSITION 4.4. Let j : V → Ṽ be the open immersion of V = Γ \X into a smooth
toroidal compactification Ṽ . Then the restriction map Hi(Ṽ ,Q)→ Hi(V,Q) (i = 1, 2) is
surjective. Especially Hi(V,Q) = WiH

i(V,Q) (i = 1, 2), i.e., the weight filtration is
trivial.

PROOF. Let V ∗ be the minimal compactification of V . Then C = V ∗ − V consists of
a finite number of points, hence C is of codimenion 3 in the total space V ∗.

Let IH 2(V ∗,Q) be the intersection cohomology group of degree 2 of V ∗ with middle
perversity which we can compute using the stratification V ∗ ⊃ C. If k : V → V ∗ denotes
the open immersion, the intermediate extension k!∗Q to V ∗ of QV is the truncation τ≤3 of
Rk∗Q. This does not affect the computation of H 1 and H 2 of Rk∗Q. Thus we have

IH i(V ∗,Q) = Hi(V ∗, Rk∗Q) = Hi(V,Q) for i = 1, 2 .

From the diagram V → Ṽ → V ∗, we have H i (V ∗,Q) → Hi(Ṽ ,Q) → Hi(V,Q)

(i = 1, 2). Since the composition of the above maps is an isomorphism, the restriction map
Hi(Ṽ ,Q)→ Hi(V,Q) is surjective.

4.5. The complex T∗. For later use we introduce the complex T0→ T1→ T2 defined
by E0,2

2 → E
2,1
2 → E

4,0
2 or written as

H 0(D[2],Q(−2))→ H 2(D[1],Q(−1))→ H 4(Ṽ ,Q)

with the obvious maps given by the transgression map of the Leray spectral sequence. Since
E

0,2
3 = Ker(T0→ T1) is W4H

2(V ,Q)/W3H
2(V ,Q) = {0}, the map T0→ T1 is injective.

REMARK. The term E
2,1
3 = H 1(T0 → T1 → T2) = W4H

3(V ,Q)/W3H
3(V ,Q) is

difficult to control. This delicate problem is described by Eisenstein cohomology classes (see
7.3).

Now we identify the interior cohomology group of degree 3 with the homogeneous part
of weight 3 of the third cohomology group.

PROPOSITION 4.6. Let Ṽ be a smooth toroidal compactification of V . Then the image
H 3
! (V ,Q) of the cohomology with compact support under the natural map coincides with

W3H
3(V ,Q), i.e. one has

H 3
! (V ,Q) = W3H

3(V ,Q) ∼= image of H 3(Ṽ ,Q) in H 3(V ,Q) .
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PROOF. By the surjectivity of the map H 2(Ṽ ,Q)→ H 2(V ,Q), we have E1,1
3 = {0}

in the Leray spectral sequence. This, in turn, implies that the sequence

{0} → H 1(D[1],Q)(−1)
i∗→ H 3(Ṽ ,Q)→ H 3(V ,Q)

is exact where i∗ denotes the Gysin homomorphism. In our case D[1] is a disjoint union of
rational surfaces, hence H 1(D[1],Q) = {0}. Thus H 3(Ṽ ,Q) is a subspace ofH 3(V ,Q). By
Poincaré duality, this implies the surjectivity ofH 3

c (V ,Q)→ H 3(Ṽ ,Q). By a general result
of Deligne, W3H

3(V ,Q) = is equal to the image of (H 3(Ṽ ,Q)→ H 3(V ,Q)). Hence the
proposition follows from the commutative diagram:

H 3(Ṽ ,Q)

↑ ↘
H 3
c (V ,Q) = H 3(V ∗,Q) → H 3(V ,Q) .

5. Mixed Hodge structures on the cohomology of the boundary. As a prerequisite
in dealing with the cohomology H 2(V ,Q) in degree 2, it is useful to consider the long exact
cohomology sequence

→ Hn
c (V,Q)→ Hn(V,Q)→ Hn(∂V,Q)→ 0

for the pair (V̄ , ∂V̄ ) via the Leray spectral sequence associated to the open immersion k of
V = Γ \X into the minimal compactification V ∗. As before, C = V ∗ − V, which is a union
of a finite number of points corresponding to the equivalence classes of cusps.

5.1. Given the open immersion k : V → V ∗ let k!Q be the extension of the constant
sheaf QV by zero to V ∗. Since QV ∗/k!Q is equal to QC , we have that H 1

c (V ,Q) →
H 1(V ∗,Q) is surjective, and that Hn

c (V,Q)
∼= Hn(V ∗,Q) for n ≥ 2. Now we analyze the

Leray spectral sequence associated to k. The E2-terms are given as

E
p,q

2 = Hp(V ∗, Rqk∗Q)⇒ Hp+q(V,Q)

abutting to the cohomology of V . Observing k∗Q = Q and that Rqk∗Q has support only on
the finite set C for q > 0, one sees that E p,q

2 = {0} if p > 0 and q > 0. One obtains a long
exact sequenc

0→ E
1,0
2 → H 1(V ,Q)→ E

0,1
2

d2→→E2,0
2 → H 2(V ,Q)→

→ E
3,0
2 → H 3(V ,Q)→ E

0,3
2

d3→→E4,0
2 → H 4(V ,Q)→ · · · .

This gives the long exact sequence

0→ H 1(V ∗,Q)→ H 1(V ,Q)→ H 0(C,R1k∗Q)→ H 2
c (V ,C)→

→ H 2(V ,Q)→ H 0(C,R2k∗Q)→ H 3
c (V ,Q)→ H 3(V ,Q)→ · · · .

There is an analoguous sequence by using local cohomology, given as

→ Hn(V ∗,Q)→ Hn(V,Q)→ Hn+1
c (V ∗,Q)→ .
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Thus we have a canonical isomorphism H 0(C,Rnk∗Q) = Hn+1
c (V ∗,Q) for n ≥ 0 and both

groups are isomorphic to Hn(∂V̄ ,Q) for n > 0.
5.2. Let Ṽ be a smooth toroidal compactification of V , and let π : Ṽ → V ∗ be the

resolution map. We may write the open immersion k : V → V ∗ as a composite k = π ◦ j
with the open immersion j : V → Ṽ .

We are going to determine H 0(C,R3k∗Q). Having the spectral sequence Ep,q2 =
Rpπ∗Rqj∗Q ⇒ R

p+q
k∗ Q we consider the stalk {Rpπ∗Rqj∗Q}p for p ∈ C, p + q = 3.

Since π is a proper map one has

{Ep,q
2 }p := {Rpπ∗Rqj∗Q}p = Hp(π−1(p), Rqj∗Q) = Hp(Dp,R

qj∗Q) .

Recall that Dp is of complex dimension two. This enables us to prove the following

PROPOSITION 5.3. The natural mixed Hodge structure on H 3(∂V̄ ,Q) =
H 0(C,R3k∗Q) has the following weight filtration:

(1) W6H
3(∂V,Q) = H 3(∂V,Q),

W5H
3(∂V,Q) = W4H

3(∂V,Q),

W3H
3(∂V,Q) = {0}.

(2) The quotient W2iH
3(∂V,Q)/W2i−1H

3(∂V,Q), i = 2, 3, is a direct sum of the
Tate Hodge structures Q(−i) of weight 2i.

PROOF. Denote by σ : D[3] → Ṽ the composite of the normalization and the closed
immersion; then R3j∗Q is isomorphic to σ∗Q(−3). Thus {E0,3

2 }p = H 0(D
[3]
p ,Q)(−3) is a

direct sum of the Tate Hodge structures Q(−3) of weight 6.
For q = 2, R2j∗Q is isomorphic to δ∗Q(−2) where δ : D[2] → Ṽ again denotes the

natural map. Then {E1,2
2 }p = H 1(D

[2]
p ,Q)(−2) = {0} because each connected component

of D[2] is a rational surface, hence its irregularity is zero.
For q = 1, R1j∗Q is isomorphic to τ∗Q(−1) where τ : D[1] → Ṽ is the compos-

ite of the normalization D[1] → D and the closed immersion. Hence, one has {E 2,1
2 }p =⊕

H 2(Di,Q)(−1) where the sum ranges over all components Di ⊂ Dp ; but this is homo-
geneous of weight 4. Now, each Di is a rational surface, birational to P 2C, thus H 2(Di,Q)

is generated by algebraic cycles. This implies that {E 2,1
2 }p is a direct sum of Q(−2).

For q = 0, one has R0j∗Q = j∗Q = Q, and thus E3,0
2 = R3π∗Q. Since π|V is

an isomorphism R3π∗Q has only support over C. For each p ∈ C, one has {E3,0
2 }p =

H 3(Dp,Q). For an irreducible componentDi ofDp,H 3(Di,Q) = {0} holds becauseDi is a
rational surface. A fortiori,H 3(Dp,Q) = {0} holds by a Mayer-Vietoris sequence argument,
because the intersection of two irreducible components is of complex dimension one. This
implies E3,0

2 = {0}.
Therefore only the terms E0,3

2 and E2,1
2 contribute to R3k∗Q. This proves our claim.

6. Eisenstein cohomology. In this section we describe the internal structure of the
Eisenstein cohomology H ∗Eis(S(C), E) in some more detail.
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We have to assume familiarity with the construction of Eisenstein cohomology classes
([30], [13]). The general case of groups of Q-rank 1 is dealt with (up to the actual existence
of poles for the Eisenstein series to be considered) in Harder [13]. The unpublished thesis
of D. Osenberg [27] treats the case we are interested in. This thesis was written under the
supervision of the second-named author in 1993. However, the exposition given here relies on
some subsequent general results as, for example, contained in [11]. We suppose that E = C

is the trivial coefficient system. The general case of an arbitrary coefficient system E can be
dealt with in the same way. If the highest weight of the representation (τ,E) is regular the
final result that describes the Eisenstein cohomology is much easier to obtain. We refer to
[33], [20].

6.1. There are some simple observations regarding the cohomology of the arithmetic
varieties SK(C) , their Borel-Serre compactification S̄K (C) and its boundary ∂SK(C) one
should keep in mind. Let

r∗ : H ∗(S̄K(C))→ H ∗(∂SK(C))

be the natural restriction map. We denote the image of rq by Iq for q ≥ 0. There exists a
pairing on H ∗(∂SK(C)) such that, if s = dim ∂SK(C), I s−q is the orthogonal complement to
Iq for q = 0, . . . , 5 with respect to this pairing ([33, Section 5]). In fact, it is a consequence
of a general result using duality for compact manifolds with boundary.

Within the long exact cohomology sequence of the pair (S̄K(C), ∂SK(C)) the term
H 6(S̄K (C), ∂SK(C)) equals C, and H 6(S̄K(C)) vanishes. Thus, one obtains

dimI 5 = dimH 5(∂SK(C),C)− 1 .

In turn, H 0(SK(C),C) = C, and the map r0 is injective. As noted in 1.6., the coho-
mology H 1(SK(C),C) in degree one vanishes, therefore, the map r4 is surjective. The most
interesting case is the one of the cohomology in degree 2 and 3. This will be the main focus
in the subsequent paragraphs.

However, with regard to the Eisenstein cohomology an analysis similiar to the one in
[31], [34] leads to the following results (we refer to [30], [33] for unexplained notations and
notions).

6.2. Following [11, Theorem 2.3], the Eisenstein cohomology can be decomposed ac-
cording to the cuspidal support for the Eisenstein series involved. This leads to a decomposi-
tion

H ∗Eis(S(C), E) =
⊕

ϕ∈ΦE,{P }
H ∗(gC,K0;AE,{P },ϕ ⊗ E)

where the sum ranges over the set ΦE,{P } of classes ϕ = (ϕQ)Q∈{P } of associate irreducible
cuspidal automorphic representations of the Levi components of elements of {P }, subject to
certain compatibility conditions given in [11, 1.2]. By definition, given ϕ ∈ ΦE,{P }, the space
AE,{P },ϕ is the span of all possible residues and derivatives with respect to the parameter Λ
of Eisenstein series E(ψ,Λ) starting from cuspidal automorphic forms ψ of type ϕ at values
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in the positive Weyl chamber defined by Q for which the infinitesimal character of E∗ is
matched.

Recall that the quotient of P by its unipotent radical N is a reductive algebraic Q-group
P/N = M . The Q-rank of the derived group of M is zero. Note that the group of points
of M over some splitting field F of D is isomorphic to GL2(F ). The canonical projection
κ : P → M induces a fibration

P(Q)\P(A)/KP
0 K

P → M(Q)\M(A)/KM
0 K

M

with fiber FNK := N(Q)\N(A)/KN whereKN := K ∩N(Af ), KM := κ(KP ) and KM
0 :=

κ(KP
0 ). This fibration gives rise to a spectral sequence in cohomology which degenerates at

E2 [30, 2.7], i.e., the cohomology of ∂S(C) is given as a G(Af )-module by

H ∗(∂S(C), π∗pE) = Ind
G(Af )

P (Af )
[H ∗(SM(C),H ∗(n, E))]

where SM(C) denotes the limit lim←−KM(Q)\M(A)KM
0 K

M . The coefficient sheaf is deter-

mined by the Lie algebra cohomology H ∗(n, E) endowed with the natural M ×Q Q̄-module
structure.

6.3. A decomposition of H ∗(n, E). Next we are going to describe the M ×Q Q̄-
module structure ofH ∗(n, E). We have to recall a result due to Kostant ([18, 5.13]). Let WP

be the set of minimal coset representatives for the right cosets of WP in the Weyl group W
(see e.g. [33, Section 4]). In this special case, one has, using the notation of 1.2 for the simple
reflections in W ,

(1) WP = {1, w2, w2 ·w1, w2 · w1 ·w2} .

Given the irreducible representation (τ,Eλ) ofG×QQ̄ of the highest weight λ ∈ h∗, the Lie
algebra cohomology H ∗(n, Eλ) decomposes as an M ×Q Q̄-module

(2) H ∗(n, Eλ) =
⊕

w∈WP ,l(w)=q
Fµw,λ

into irreducibleM×QQ̄-modules Fµw,λ with highest weight µw,λ = w(λ+ρ)−ρ. The sum
ranges over all w ∈ WP with l(w) = q . The weights µw,λ are all dominant and distinct as w
ranges through the set WP . By [33, 4.9], if the highest weight λ is regular, then the highest
weight µw,λ is regular.

For later use, it is helpful to carry out the following calculations. Let λj ∈ h∗, for j =
1, 2 be the fundamental dominant weights; one has λ1 = α1 + (1/2)α2, λ2 = α1 + α2.
Let the highest weight λ of (τ,Eλ) be given by λ = c1λ1 + c2λ2 with non-negative integers
cj for j = 1, 2. Then one can verify the following facts concerning the weights µw,λ and
the parameter Λw := −w(λ + ρ)|aP . The latter one plays a role in constructing Eisenstein
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cohomology classes; it is given in the formΛw =?ρP , ρP = (2/3)α2:

l(w) µw,λ Λw =?ρP

0 λ −( 1
3c1 + 2

3c2
)− 1

1 (c1 + c2)α1 +
( 1

2c1 − 1
)
α2 − 1

3 (c1 + 1)

2 (c2 − 1)α1 +
(− 1

2c1 − 2
)
α2

1
3 (c1 + 1)

3 (−c2 − 3)α1 +
(− 1

2c1 − c2 − 3
)
α2

( 1
3c1 + 2

3c2
)+ 1

It is immediate from the first column that Fµw,λ is trivial (asMder ×QQ̄-module) if and
only if c1 = 0 and l(w) = 0 or 3.

6.4. As a consequence of the preceding discussion, there are two parameters in the
description of H ∗(∂S(C), E) which matter in the construction of Eisenstein cohomology
classes. First, we have the elements w ∈ WP and the associated module Fµw,λ ⊂ H ∗(n, E).
Second, we have all irreducible automorphic representations (π, Vπ) of M(A) with non-
trivial cohomology with respect to a fixed module Fµw,λ ⊂ H ∗(n, E), i.e., Hπ occurs as
an M(A)-submodule with multiplicity m(π) in the space L2(M(Q)AP \M(A)), and
H ∗(0m,KM

0 , π∞ ⊗ Fµw,λ ) ⊗ πf does not vanish. Note that M(Q)AP \M(A) is compact,
hence H ∗(SM(C),H ∗(n, E)) coincides with the subspace of square integrable cohomology
classes. A cohomology class in H ∗(SM(C),H ∗(n, E)) is said to be of type (π,w) if it
is an element of the summand H ∗(0m,KM

0 ;π∞ ⊗ Fµw,λ ) ⊗ πf in the underlying decom-
position of H ∗(SM(C),H ∗(n, E)).

6.5. We recall the actual contribution of cohomology classes inH ∗(gC,K0;AE,{P },ϕ⊗
E). We consider an Eisenstein series EQ(ψ,Λ) attached to a non-trivial cohomology classes
of type (π,w) for π ∈ ϕQ and w ∈ WQ. As shown in [30, 3.4 and 4.3], the analytic
behaviour of EQ(ψ,Λ) at the point

Λw = −w(λ+ ρ)|aQ
is decisive in constructing a class in H ∗Eis(S(C), E). The element Λw is real and uniquely
determined by (π,w). One has

THEOREM 6.6 ([30, 4.11]). If the Eisenstein series EQ(ψ,Λ) attached to a class
of type (π,w) for π ∈ ϕ and w ∈ WQ is regular at the point Λw, then the Eisenstein
series evaluated at Λw gives rise to a non-trivial cohomology class [EQ(ψ, Λw)] in
H ∗(gC, K0;AE,{P },ϕ). Its degree is the degree of the class started with.

Note that the pointsΛw are determined in 6.2. Such a class is called a regular Eisenstein
cohomology class.

This result is supplemented by

THEOREM 6.7. If the Eisenstein series EQ(ψ, Λ) attached to a class of type (π,w)
for π ∈ ϕ and w ∈ WQ has a pole at Λw then the residue ResΛ=Λw(EQ(ϕ,Λ)) gives rise
to a non-trivial cohomology class [ResΛ=ΛwEQ(ϕ, Λ)] in H ∗(gC, K0;AE,{P },ϕ).
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6.8. We have to determine the actual summand H ∗(0m,KM
0 , π∞ ⊗ Fµw,λ ) ⊗ πf in

the decomposition of the cohomology H ∗(SM(C),H ∗(n, E)), i.e., we have to describe the
possible types (π,w) occuring in the sense of 6.4. Recall that the groupM(F) of points ofM
over some splitting field F of D is isomorphic to GL2(F ). Note that there ia s real splitting
field of D. One has 0M(R) ∼= SL±2 (R), resp. 0M(C) ∼= SL2(C) for the Lie groups in
question.

First, given a non-negative integer m ∈ Z and ε ∈ 0, 1, let V (m, ε) denote the finite
dimensional space of homogeneous ploynomials q ∈ C[X,Y ] of degreem. It can be endowed
with the structure of an (0M ×Q C)-module in the way((

a b

a d

)
, q(X, Y )

)

→ det

(
a b

c d

)ε
q(aX+ cY, bX + dY ) .

Then the family V (m, ε) parametrized by m ∈ Z with m ≥ 0 and ε ∈ {0, 1} exhausts (up to
isomorphism) the irreducible finite dimensional (0M ×Q C)-modules.

Secondly, consider a fixed (0M ×Q C)-module V (m, ε). Let Dn be the irreducible
unitary (0m, KM

0 )-module determined by the discrete series representation of 0M(R) with
lowest KM

0 -type (n + 2). Then an irreducible unitary (0m, KM
0 )-module Hσ with the non-

zero cohomology space

H ∗(0m, KM
0 ; Hσ ⊗ V (m, ε))

is given by

Hσ ∼=Dn if n > 0 .

Hσ ∼=D0 , V (0, 0) or V (0, 1) if n = 0

up to equivalence. Note that V (0, 0) ∼= C is the trivial module. Both assertions are a con-
sequence of Frobenius reciprocity and the corresponding statements in the SL2(R)-situation
(see e.g. [30]). In each case, the cohomology is computable as

Hq(0m, KM
0 ; Dn ⊗ V (n, ε)) =

{
C q = 1 ,
0 otherwise ,

and

Hq(0m, KM
0 ; V (0, ε)⊗ C) =




C ε = 0 , q = 0, 2 ,
C ε = 1 , q = 2 ,
0 otherwise .

6.9. Suppose that the given irreducible representation (τ,E) of G ×Q Q̄ is the trivial
one. In this case, the summands Fµw,λ for w ∈ WP occuring in the decomposition 6.3 of
H ∗(n,C) as an (0M×C)-module, are made precise in the following list, based on the results
in 6.3.
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H 0(n, C)∼= V (0, 0) , w = 1 .

H 1(n, C)∼= V (2, 0) , w = w2 .

H 2(n, C)∼= V (2, 1) , w = w2 ◦ w1 .

H 3(n, C)∼= V (0, 1) , w = w2 ◦ w1 ◦ w2 .

As a consequence of 6.5, given w ∈ WP , one can now determine the list of irreducible unitary
(0m, KM

0 )-modules Hσ with non-zero cohomologyH ∗(0m,KM
0 ,Hσ ⊗ Fµw,λ ).

If w ∈ WP is the longest element, i.e., l(w) = 3, the modules D0, V (0, 0) and V (0, 1)
exhaust this list up to equivalence. One determines the corresponding cohomology spaces by
6.5 and obtains

Hq(0m, KM
0 ;D0 ⊗ V (0, 1)) =

{
C q = 1 ,
0 otherwise ,

Hq(0m, KM
0 ;V (0, 0)⊗ V (0, 1)) =

{
C q = 2 ,
0 otherwise ,

Hq(0m, KM
0 ;V (0, 1)⊗ V (0, 1)) =

{
C q = 0 ,
0 otherwise .

If w = w2 ◦w1 is in the element of length 2 inWP , the moduleD2 is (up to equivalence)
the only irreducible unitary (0m, KM

0 )-module with non-zero cohomology with respect to the
coefficients system Fµw,0

∼= V (2, 1). One has

Hq(0m, KM
0 ;D2 ⊗ V (2, 1)) =

{
C q = 1 ,
0 otherwise

in this case.
These results allow us to conclude the discussion in Sections 6.3 and 6.4. As already

noted, the boundary ∂S(C) of the Borel-Serre compactification S̄(C) has dimension 5. Thus
its cohomology Hq(∂S(C), E) vanishes in degrees q > 5. We enumerate the possibe types
(π, ω) (in the sense of the definition given after 6.3.(3)) of virtual non-trivial cohomology
classes in Hq(∂S(C), E) for the relevant other degrees. We confine our discussion to the
case when (τ,E) equals to the trivial coefficient system.

In degree q = 5, the cohomology H 5(∂S(C),C) is built up by cohomology classes of
type (π,w) with l(w) = 3 and π∞ the trivial (0m, KM

0 )-module.
In degree q = 4, the only possible types are of the form (π,w) with l(w) = 2 and

π∞ ∼= D0, the discrete series representation of loweset KM
0 -type 2.

In degree q = 3, there are two possible types of classes, to be distinguished by the
length l(w) of the element w ∈ WP . First, if l(w) = 3, then a possible type (π,w) has to
satisfy the requirement π∞ ∼= V (0, 1). Second, if l(w) = 2, then the only corresponding
type has the form (π,w) with π∞ ∼= D2, the discrete series representation of lowestKM

0 -type
4. Accordingly, there is a decomposition of H 3(∂SK(C)) into the corresponding subspaces
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determined by the type, that is,

H 3(∂SK(C)) =
[ ⊕
l(w)=3,π∞=det

A(π,w)

]
⊕

[ ⊕
l(w)=2,π∞=D2

A(π,w)

]
.

With this framework in place one obtains the following structural description of the
Eisenstein cohomology. Its structure is related to the analytic properties of certain Euler prod-
ucts attached to cuspidal automorphic representations of GL2 or inner forms thereof. These
automorphic L-functions naturally appear in the constant terms of the Eisenstein series under
consideration.

THEOREM 6.10. For q = 4, 5, the Eisenstein cohomology Hq

Eis(SK(C),C) is built
up by regular Eisenstein cohomology classes. It restricts isomorphically onto the image
Iq of the restriction map rq : Hq(SK(C)) → Hq(∂SK(C)). Note that H 5(SK(C),C) ∼=
H 5

Eis(SK(C),C), and codim I 5 = 1. The map r4 is surjective, that is, one obtains

H 4
Eis(SK(C),C)

∼→ I 4 = H 4(∂SK(C),C).

PROOF. In degree 5, the Eisenstein series to be considered is attached to a class of
type (π,w), w ∈ WQ, Q ∈ {P }, l(w) = 3 and π an automorphic representation with π∞
= trivial representation. The point of evaluation is, by 6.3., Λw = ρQ. If π is not trivial the
Eisenstein series is holomorphic at this point, and the result follows from 6.5. If π is trivial,
the associated Eisenstein series has a pole at Λw and [ResΛ=ΛwEQ(ϕ, Λ)] is a residual class
in H 0(S(C),C).

In degree 4, the Eisenstein series are attached to classes of type (π,w) for w ∈ WQ and
l(w) = 3, and π an automorphic representation of MQ with π∞ = D0.

THEOREM 6.11. The Eisenstein cohomology in degree 3 decomposes into two sub-
spaces

H 3
Eis(SK(C),C) = Eis3[det] ⊕ Eis3[D2] ;

it consists of regular Eisenstein cohomology classes. The first summand is built up by Eisen-
stein series attached to classes in A(π,w), l(w) = 3, π∞ = det, and restricts isomorphically
under the restriction map r3 onto the first summand in the decomposition of H 3(∂SK(C))

given at the end of Section 6.9. The second summand contains all (regular) Eisenstein coho-
mology classes attached to classes in A(π,w) with l(w) = 2 and π∞ = D2 which satisfy one
of the following conditions.

(1) The central character χπ of π is non-trivial.
(2) If χπ is trivial, the partial LanglandsL-functionLS(π, r, s) attached to π (compare

[19]) for S large enough vanishes at s = 1/2.

PROOF. One proves the assertion regarding the first summand as the analogous state-
ment in degree 4 in Theorem 6.10. With regard to the second summand we have to study the
analytic behaviour of the Eisenstein series EQ(ϕ,Λ) attached to a class of type (π,w) with
l(w) = 2 and π∞ = D2 at the point Λw = (1/3)ρQ. An analysis of the global intertwining
operator occurring in the constant Fourier coefficient of this Eisenstein series shows that, if
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one of the conditions (1) or (2) is satisfied, the Eisenstein series is holomorphic at this point.
This argument runs parallel to the one in [34, Section 3].

REMARK 6.12. (1) Suppose that π is an automorphic representation of M/Q with
π∞ = D2 and trivial central character χπ . Via the Jacquet-Langlands correspondence [17],
there exists a cuspidal automorphic representation Π of Gl2(Q) so that locally πv = Πv

for all finite places outside the ramifications sets of D and π , and Π∞ = π∞ = D2.
The representation Π is uniquely determined up to equivalence. Then for S large enough,
that is, S ⊃ V∞ ∪ Ram(D) ∪ Ram(π), the partial L-function attached to π coincides with
LS(Π, ρ2, s) where ρ2 denotes the standard representation ofGL2(C).

(2) Note that the conditions χπ trivial and LS(Π, ρ2, s) does not vanish at s = 1/2
are not sufficient to ensure that the Eisenstein series in question does have a pole at the cor-
responding value Λw. Thus, also classes of this type might contribute to Eis3[D2]. This can
happen if the pole of the ratio of partial L-functions occurring in the relevant global inter-
twining operator is compensated for by a zero of one of the local intertwining operators at the
places v ∈ S. However, if there is a pole for the Eisenstein series, then the residue gives rise
to a non-trivial class in H 2(S(C),C). We have the following

THEOREM 6.13. These residual Eisenstein cohomology classes [ResΛ=ΛwE(π,w)],
attached to a class of type (π,w) with l(w) = 2, π∞ = D2, χπ trivial and LS(Π, ρ2, s)

does not vanish at s = 1/2, are square-integrable and make up a subspace H 2
res(S(C),C) in

H 2(S(C),C) that is complementary to the interior cohomologyH 2
! (S(C),C).

7. Residual Eisenstein cohomology classes in the degree 2. In this section we in-
vestigate more closely the Hodge structure on H 2

res(Γ \X,C), that is, on the space of residual
Eisenstein cohomology classes of degree two. Recall that the cohomology H 2(Γ \X,C) is
spanned by square integrable classes and decomposes

H 2(Γ \X,C) = H 2
! (Γ \X,C)⊕H 2

res(Γ \X,C)
into the interior cohomology and the space of residual Eisenstein cohomology classes. First
we prove the following

PROPOSITION 7.1. Let κ be the descent of the G(R)-invariant Kähler form on X
to its quotient Γ \X. Then κ represents a cohomology class in the interior cohomology
H 2
! (Γ \X,Q), that is, it is an element of the kernel of the restriction map r2 : H 2(Γ \X,C)→

H 2(∂(Γ \X),C).
PROOF. The G(R)-invariant Kähler form κX on X is the Chern form of the G(R)-

linearized line bundle LX on X corresponding to the automophy factor which is given by

j (g, Z) = det(CZ +D)
(
g =

(
A B

C D

)
, Z ∈ X

)
.

Let L be the descent of LX to Γ \X. Then κ is the Chern form of L. Here we recall the
following fact.
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LEMMA 7.2. The line bundle L is extendable to a line bundle L̃ on a smooth toroidal
compactification Ṽ = Γ \X̃ of V = Γ \X which is trivial on a neighbourhood of the boundary
divisors Dp in Γ \X̃ associated with each cusp p.

PROOF OF LEMMA. We have a neighbourhood ofU ofDp in Γ \X̃ such thatU−Dp ∼=
π(U)−{p} is isomorphic to the quotient (Pp∩Γ )\(X)p,d . Here (X)p,d is the neighbourhood
of the cusp p with ‘distance’ in X. Since the automorphy factor j is trivial on the unipotent
radical Np of the parabolic subgroup Pp , the restriction of L to U − Dp , which is also the
descent of LX on (X)p,d with trivial Np-linearization, is a trivial line bundle. Hence it is
extendable to U , trivial on each Dp. This amounts to say that the first Chern class κ =
c1(L) ∈ H 2(Γ \X,C) is mapped to zero by the restrction map r in the exact sequence

→ H 2(Γ \X̃ modDp,C)→ H 2(Γ \X̃,C) r→⊕
pH

2(Dp,C)→ · · · .
Therefore L comes from

H 2(Γ \X̃ mod Dp,C) ∼= H 2(Γ \X∗ mod {p},C) ∼= H 2
c (Γ \X,C) .

This proves our claim. �

PROPOSITION 7.3. The subspace H 2
res(Γ \X,C) in H 2(Γ \X,C), spanned by resid-

ual Eisenstein cohomology classes, is a rational sub-Hodge structure of H 2(Γ \X,Q) ⊗ C,
consisting only of type (1, 1) elements. Thus, by the Lefschetz (1, 1)-type criterion, H 2

res(Γ \
X,C) consists entirely of algebraic cycles.

PROOF. In general the interior cohomology

H 2
! (Γ \X,Q) := Image{H 2

c (Γ \X,Q)→ H 2(Γ \X,Q)}
is a pure Hodge structure of weight 2 (cf. [8, Section 3]), which is a rational sub-Hodge
structure of H 2(Γ \X̃,Q). For cohomology groups with complex coefficients, we have a
natural decompostion

H 2(Γ \X,C) = H 2
! (Γ \X,C)⊕H 2

res(Γ \X,C) .
The point is to define a sub-Hodge structureH 2

comp in H 2(Γ \X,Q) which is complementary

to H 2
! (Γ \X,Q).
Let H 2

prim(Γ \X̃,Q) be the primitive part of the second cohomology group with some

choice of polarization λ of Γ \X̃. By the semisimplicity of the polarized Hodge structure,

H 2
!, prim(Γ \X,Q) := H 2

! (Γ \X,Q) ∩H 2
prim(Γ \X̃,Q)

is also a polarized Hodge structure. As an ample class λ we may take a sum aκ̃ − b∑
p Dp

with a, b integers large enough where κ̃ denotes the Chern class of the extension L̃ of the line
bundle L introduced in the lemma above. Then [29, Theorem 8.4] shows that this is an ample
class.

Then κ is not contained in the orthogonal complement H 2
prim(Γ \X̃,Q), a fortiori not in

H 2
!, prim(Γ \X,Q). ThenH 2

!, prim(Γ \X̃,Q)⊕Qκ is canonically isomorphic toH 2
! (Γ \X,Q)
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as a rational Hodge structure and we can equip a new intersection form with sign change on
Qκ . Then it is a polarized rational sub-Hodge structure of

H 2
prim(Γ \X,Q)⊕Qλ ∼= H 2(Γ \X̃,Q)

similarly defined. Thus we can define the complement rational Hodge structure as the or-
thogonal complement of H 2

! (Γ \X,Q) in H 2(Γ \X̃,Q) with respect this new intersection
form. The extension of coefficients from Q to C of this space is canonically isomorphic to
H 2

res(Γ \X,C), as desired.
Now we have to show the second part of our proposition. Recall that any non-trivial

residual Eisenstein cohomology class ω in H 2
res is cohomologically generated by construction

out of the contribution of the (g,K)-module J (1,1) which is given as the Langlands quotient
in the following sequence of (g,K)-modules

0→ D(2,1) ⊕D(1,2)→ IndGQ2
(D2 ⊗ 1N)→ J (1,1)→ 0 .

The (g,K)-moduleD(2,1)⊕D(1,2) denotes the sum of the two discrete series representations
of G(R) that are non-holomorphic. The first one has only cohomology in bidegree (2, 1),
the latter one in bidegree (1, 2). Since this cohomological representation J (1,1) has only non-
vanishing relative Lie algebra cohomologyH(i,j)(g,K; J (1,1)) in bidgree (i, i) with i = 1, 2,
the Hodge type of ω in H 2

res(Γ \X,C) should be of (1, 1)-type in the theory of harmonic
integrals.

But for the case of isolated singularities, the combination of Saper [29] and Zucker [38]
confirms that the Hodge type via transcendental theory and the one via algebraic theory co-
incide. Hence H 2

res(Γ \X,Q) is of (1, 1)-type as the sub-Hodge structure of H 2(Γ \X̃,Q).
Thus we can apply the (1, 1)-type criterion of Lefschetz to conclude that this space is gener-
ated by algebraic cycles.

7.4. The dimension of the second residual cohomology group. As shown in 4.6, the
interior cohomology in degree 3 coincides with the space W3H

3(Γ \X,C). It follows from
the very construction of the residual Eisenstein cohomology classes in H 2

res(Γ \X,C) that the
dimension of this space can be extracted from the sum

dimH 2
res(Γ \X,C)+ dimC W4H

3(Γ \X,C)/W3H
3(Γ \X,C) ,

which is equal the number of equivalence classes of cusps with respect to Γ . Recall that the
second summand

W4H
3(Γ \X,C)/W3H

3(Γ \X,C) ,
is defined (see 4.5) as the first cohomology group of a complex of Gysin homomorphisms

Hi(D[k],C)→ Hi+2(D[k−1],C)→ Hi+4(D[k−2],C)

for i = 0 and k = 2 within the context of the Leray spectral sequence associated to the open
immersion j : V → V ∗. More precisely, it is the term E

2,1
3 .
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This provides a geometric interpretation of the dimension of H 2
res(Γ \X,C). The latter

entity is related to the vanishing or non-vanishing of certain special values of automorphic
L-functions on Shimura curves as explained in 6.11–6.13.

7.5. A conjecture on the second cuspidal cohomology group. In this section we for-
mulate a conjecture regarding the Hodge type of the cuspidal partH 2

! (Γ \X,Q), namely, that
it consists of algebraic cycles. In doing so, we have to discuss some technical prerequisites.

First we recall the construction of an infinite number of modular surfaces in Γ \X, to be
called Humbert surfaces because these surfaces originate in the classical work of G. Humbert.
For this purpose, we have to realize the adjoint group of our group G/Q as an orthogonal
group of 5 variables over Q.

We consider the Q-vector space of quaternionic Hermitian forms of two variables given
as {

M =
(
a β
ιβ c

) ∣∣∣∣ a ∈Q, β ∈ D, c ∈Q

}
.

Then the given groupG acts on this space by the adjoint action defined by g ◦M := g ·M · ιg .
Since g ∈ G stabilizes the form

( 0 1
1 0

)
, it also stabilizes the 5 dimensional Q-vector

space

T =
{
M =

(
a β
ιβ c

) ∣∣∣∣ tr

{(
0 1
1 0

) (
a β
ιβ c

) }
= 0

}

=
{
M =

(
a β
ιβ c

) ∣∣∣∣β ∈ D pure quaternion

}
.

The group G stabilizes the bilinear form T × T →Q defined by the assignment

(M1,M2) 
→ tr(M1 · t ιM2) , M1,M2 ∈ T .
This is a quadratic form of signature (2+, 3−).

Choose any M ∈ T such that tr(M · t ιM) < 0. Then the stabilizer S(M) of M in
GQ,ad is an algebraic Q-group whose group of real points is an orthogonal group of signature
(2+, 2−) over the real number field. Take a maximal compact subgroup K ⊂ G(R) so
that K ∩ S(M)(R) is also a maximal compact subgroup in S(M)(R). Then we have an
holomorphic embedding

SM := Γ ∩ S(M)\S(M)(R)/K ∩ S(M)(R) jM→ Γ \X .
Similarly, as in our former paper [24], the union of subdomains

⋃
M

S(M)(R)/S(M)(R) ∩K

defines a dense subset in X. We have the following stability argument.

LEMMA 7.6. Let Γ!(Γ \X,Ω2) be the (2, 0)-part of the Hodge structure H 2
! (Γ \X,

Q)⊗Q C. Then there exists a finite number of surfaces SMi , 1 ≤ i ≤ m, such that the sum of
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pull-back maps j∗Mi
:

m⊕
i=1

j∗Mi
: Γ!(Γ \X,Ω2)→

m⊕
i=1

Γ (SMi , Ω
2
Mi
)

is injective.

PROOF. Firstly we see that
⋃
M SM withM ∈ T satisfying tr(M ·t ιM) < 0 is dense in a

very strong sense in Γ \X. Suppose thatMi, i ∈ I := {1, 2, 3}, are three linearly independent
elements in T . Then the intersection SM1 ∩ SM2 ∩ SM3 is a non-empty finite set consisting
of special points, i.e., CM points in the theory of complex multiplication. The union of these
intersections is a dense subset in Γ \X in the classical topology. Let p be a point in SM1 ∩
SM2 ∩ SM3 . Then each intersection SMi ∩ SMj , i, j ∈ I, i �= j defines a curve along p. Let
zk , k ∈ I, k �= i, j , be the local coordinate at p tangential to this curve at p. Then any
holomorphic 2-form ω is locally written in the form

ω = f3(z)dz1 ∧ dz2 + f2(z)dz1 ∧ dz3 + f1(z)dz2 ∧ dz3 .

If the restriction of ω to any SMi is zero then the fi(z), i ∈ I , are all zero locally around p.
Therefore a holomorpic 2-form ω in the kernel of the pull-back map

⊕
all M

j∗M : Γ!(Γ \X,Ω2)→
∏

all M

Γ (SM, Ω
2
Mi
)

has to vanish identically. Moreover the space on the left hand side of the arrow is of finite
dimension. Hence it is enough to take into account only a finite number of M’s to assure the
injectivity of the map.

An immediate consequence of the lemma is the following

PROPOSITION 7.7. The kernel of the sum of the pull-back homomorphism of pure
Hodge structures of weight 2

m⊕
i=1

j∗Mi
: H 2
! (Γ \X,Q)→

m⊕
i=1

W2H
2(SMi ,Q)

is generated by algebraic cycles.

PROOF. The kernel is a rational sub-Hodge structure of H 2
! (Γ \X,Q) without (2, 0)-

type component by the lemma above. By Hodge symmetry the (0, 2)-type component is zero
as well. Hence it is a rational Hodge structure purely of (1, 1)-type. By applying the Lefschetz
(1, 1)-criterion, we obtain the assertion.

Let H 2
ker denote the kernel of the homomorphism

m⊕
i=1

j∗Mi
: H 2
! (Γ \X,Q)→

m⊕
i=1

W2H
2(SMi ,Q) .
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Since the restriction of the Kähler form κ on Γ \X to each surface SM defines a Kähler
form on SM the space H 2

ker does not contain κ . With regard to the structure of the quotient
H 2
! (Γ \X,Q)/H 2

ker there is evidence for the following conjecture.

CONJECTURE 7.8. The rational Hodge structure H 2
! (Γ \X,Q) is purely of (1, 1)-

type, i.e., it consists of algebraic cycles.

We give some heuristic justification. It is enough to show that the image or coimage of
the morphism

m⊕
i=1

j∗Mi
: H 2
!, prim(Γ \X,Q)→

⊕
M

{W2H
2(SM,Q)}prim

is purely of (1, 1)-type. We can delete any finite number of M’s by the density argument
used above. The primitive part {W2H

2(SM,Q)}prim of the pure Hodge structure of the Hum-
bert surfaces SM corresponds to a direct sum associated with cusp forms and one component
Q(−1) (see [25, Theorem 1.12]).

Here we may pass from Hodge structures to the corresponding Galois representations
on the l-adic cohomology groups of the Shimura varieties corresponding to Γ \X and the
Humbert surfaces SM . Then we can consider the analogous Galois version of the morphism
in question with the set of M’s replaced by a smaller one whose discriminant (i.e., the set of
bad primes) is supported by a finite set S1. Then the image space of the Galois representations
is ramified only over S1 ∪ Supp(n), where n is a natural number such that Γ (n) ⊂ Γ . We
can replace S1 by another set S2 which is disjoint to S1. Then the image is ramified only over
Supp(n). Thus we might apply an argument of Abrashkin-Fontaine type to assure that the
image is a multiple of the cyclotomic character χ−1 of weight 2.
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