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On mode matching analysis of fluid-structure coupled wave
scattering between two flexible waveguides
“Sajid Shafique, “Muhammad Afzal, "Rab Nawaz'
*Department of Mathematics, Capital University of Science and Technology, Islamabad,
Pakistan.
PDepartment of Mathematics, COMSATS Institute of Information Technology, Park Road,

Islamabad, Pakistan.

Abstract: A mode-matching analysis articulates the coupled wave scattering in a 2D
waveguide structure. An elastic plate is attached at the upper surface parallel to the axis of
inlet /outlet ducts whereas a flanged junction is introduced between two flexible waveguides.
The main intention is to see that how choice of appropriate edge conditions and the inci-
dent forcing affect the scattered field for both structure-borne and fluid-borne vibrations.
The graphical results illustrate to draw different physical conclusions. Through apposite
numerical results, we observe the power distributions in attenuated regions with abrupt
changes of height. Such configurations are directly relevant to the models of fluid /structural
interactions.

Keywords: Scattering, flexible waveguide, non-Sturm-Liouville, mode-matching.

Subject classification: 02.30.Jr, 03.65.Nk, 42.25.Bs, 42.25.Fx, 43.20.Bi.

1 Introduction

The study of non-uniform obstacles in uniform waveguide structures has received wide at-
tention in the literature. The transmission of elastic and electromagnetic waves, underwater
sound propagation, and sound scattering in ducts or pipes are the major applications to
such studies. The curiosity is to reduce the ducted fan noise emanated from aero engines,
power stations and heating, ventilation, and air conditioning (HVAC) systems. Numerous
investigations have been made to explore reduction of unwanted noise from different types of
obstacles [1-6]. Several mathematical models and techniques exist for computing sound at-
tenuation from different sources; see for example [7-10]. Cummings and Chang [11] imposed

continuity of pressure and velocity over the inlet and outlet planes of the silencer while using
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the eigenmodes in an analytic mode matching scheme. Peat [12], and later by Kirby [13],
proposed more efficient alternative to Cummings and Chang’s method. They established
closed form analytic solutions based on the attenuation of the fundamental mode only. The
methods proposed by Peat and Kirby are, however, precise only over a limited frequency
range for a given waveguide structure. Such restrictions apply also to other methods based
on the fundamental mode, for example methods proposed by Panigrahi and Munjal [14].
Recently Afzal et al [10] and, Nawaz and Lawrie [15], included the second mode forcing term
which aim to carry energy through fluid-borne instead of structure-borne mode. It is thus
established that the numerical results contrast well for both, the fundamental mode and
secondary mode incidents.

Albeit, the main purpose of this article is to examine the wave scattering of two di-
mensional waveguide problems with wave bearing boundaries. Two flexible duct regions
are connected vertically with a rigid flanged junction and a soft back strip. Such type of
configurations are used in modelling of different modified silencers. In recent times, number
of modelling techniques are studied for any shape or size of waveguide structure. These
techniques involved both analytical as well as numerical approaches depending upon the
complexity of model. Finite element method [16-17], boundary element method [18], iter-
ative Newton Raphson scheme, Wiener-Hopf technique [19] and some analytic closed form
solutions [20] are developed to deal with such configurations with their relative merits. The
problem under consideration is solved using mode-matching approach subject to different
set of edge conditions. The article is organized as follows:

The boundary value problem is stated and formulated in section 2. The resulting algebraic
systems formulated in terms of reflected and transmitted coefficients are obtained while using
the well-known semi analytic mode-matching approach. The incident forcing (corresponds
to both structure and fluid borne modes) is considered so that its amplitude is unity. The
solution to the underlying problem is presented in section 3 followed by subsections examining
the dispersion and orthogonality relations, mode-matching and the use of three types of edge
conditions. The distribution of reflected and transmitted powers is examined by testing few

numerical illustrations in section 4 whereas results are concluded in section (5).
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2 Mathematical formulation in 2D Duct

Consider a two-dimensional infinite waveguide containing two semi-infinite duct regions
—00<2<0,0<g<aand0 <7z < oo, hi <7 < b, where overbar shows the di-
mensional setting of Cartesian coordinates. These duct regions are bounded below by an
acoustically rigid surface at § = 0, hy whilst bounded above by an elastic plate at 7§ = a,

—00<Z<0andy=>b0<Zz< oo. Two duct regions are mutually joined by means of two
<

i

vertical strips lying at 7 = 0, 7 < hyand Z =0, a <7 <b. The material properties
on the sides of the vertical strips are assumed to be different. The sides of vertical strips
lying at ¥ = 0~ are acoustically rigid while the sides aliened along Z = 0% are soft. The
interior region of the waveguide is filled with a compressible fluid of density p and sound

speed ¢, whereas, the exterior region is assumed to be in vaccu. The waveguide structure of

the problem is shown in Figure (1).

/? \ y-axis

b

hl

I

____________________________________ >

¥

X —axis

Figure (1): The physical configuration of the waveguide structure.

Assuming the harmonic time dependence as e ™, where w = ck is the angular velocity
and k = 27/ f is the wave number. On non-dimensionalizing the boundary value problem

with respect to the length scale k=1 and the time scale w™! under the transformations z = kZ,
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y = ky and t = wt, the Helmholtz’s equation is governed as
0? 0?
— 4+ —+1 =0. 1
(W top T >¢(x,y) (1)

For the convenience the time independent velocity potential ¢ (dimensionless) for two duct

region is expressed in terms of two different scattered fields as

Pi(z,y), 0<y<a, <0
Y(z,y) = . @)
77Z)2(x7y)7 hl Syﬁb, J}ZO

At y = 0, hy, the rigid horizontal lower boundaries can be defined as

o .
ﬂ =0, x€R, where, j=1,2.
y
The upper surfaces with flexible boundaries are defined by the following fourth order equation
ot 4
(5= ) = 0y 0. 3)

where for j = 1 and j = 2 the condition is applied at y = a, + < 0 and y = b, x > 0,
respectively. Here the non-dimensional parameters p is the in vacuo plate wavenumber and
« a fluid loading parameter defined by

._ 12(1 — v*)c?p, At 12(1 — v?)c?p (4)
k2h?E ’ Eh3E 7

where £ is Young’s modulus, p, is the density of the plate and v is Poisson’s ratio. At
x = 07, the rigid vertical flanged-strip is given by

o,

— h
5r =0 0<y<h (5)

whereas, at © = 0" the soft back of strip is defined as
Yy =0, y€ (hi,h)U(ab). (6)

At the aperture z = 0, hy < y < a, the fluid pressure and the normal component of velocity

are continuous, that is

8¢1_ 0 =0, 0<y<hs ™)
Oz Wa p=0, ha<y<b

and
0 =0, hy <y<hy

Yo=4q v, =0 hg<y<a - (8)
https://mcP6.manugceican&akcant/cjp-pubs
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It is well-studied concept that the mathematical model for structures involving flexible
boundaries is no more well-posed unless some extra conditions are imposed to make it well-
posed. The choice of these conditions depend on the order of flexible boundary, that is, the
number of extra conditions is the half of the order of boundary conditions [21]. Moreover
these conditions are termed as "edge conditions" which ensure that how the flexible bound-
aries are connected vertically. In this paper we will discuss the solution for three set of edge
conditions; i) clamped edge conditions, ii) pin-jointed edge conditions and iii) pivoted edge

conditions.

3 Acquisition of Solution

It is well established that there exist many physical situations that can be modelled in terms
of waveguides with higher order surfaces. The mathematical models for waveguide struc-
tures having plannar boundaries are solvable using the standard Wiener-Hopf technique.
In such cases the eigensystem appeared to be Sturm-Liouville (SL) and therefore separa-
tion of variables yields the simplest form of eigenfunction expansions that are orthogonal
and linearly independent. However, for waveguide structures having geometric disconti-
nuity (abrupt change in height) and comprising of higher order boundaries can be solved
using mode-matching approach. In such situations the eigensystem is non Sturm-Liouville,
obtained eigenfunctions are linearly dependent that do not satisfy the usual orthogonality
relation (OR). In this way the appropriate orthogonality relations are developed by which
the Fourier coefficients of eigenfunction expansions can explicitly be expressed in terms of
known boundary data. Few extra conditions such as edge conditions are also used to ensure
the uniqueness of the mode-matching solution. The choice of these extra conditions certainly
affects the scattered field thereby incorporating the physical behavior of scattering process.
The detail study of edge condition is referred for instance to [21-24]. With this, the solution
to the above stated problem can be achieved while taking the following footsteps; I) to obtain
the eigenfunction expansion of duct modes; II) to obtain the related dispersion relations and
appropriate orthogonality relations, III) to apply mode-matching at vertical interface and,

IV) the implication of appropriate edge conditions.

https://mc06.manuscriptcentral.com/cjp-pubs
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3.1 Eigenfunction Expansion

Consider an incident wave of harmonic time dependence propagating from negative x — axis
towards x = 0. The incident wave is considered with an arbitrary duct mode. At z = 0 it
will scatter into an infinite number of reflected and transmitted modes. With the help of

separation of variables, the eigen expansion of these scattered duct modes are given by

Uy (2, y) = Freosh(rey)e™® + > Ay cosh(rpy)e ™", 9)
n=0
and
Yo, y) =Y By coshly,(y — hy)le’™*, (10)
n=0

where the first term in above (9) denotes the incident field. The forcing F, = \/a/Cys,
(where the quantity Cy will be defined later) is chosen for algebraic convenience and to scale
the incident power at unity as well. The counter ¢ is considered to incorporate two different
incident duct modes, that is, [ = 0 for fundamental mode incident whereas [ = 1 for the
secondary mode incident. The quantities n, = \/ﬂ%ﬁ and s, = m are the wave
numbers of n'” reflected and transmitted modes, respectively. These wave numbers are may

have real or imaginary parts depending upon the values of 7,, and 7,,.

3.2 Dispersion and Orthogonality Relations

It can be seen that condition (3) contains even order derivative which ensures the even
order of corresponding characteristic polynomial [20]. Therefore the eigen values 7, and
Vi (n = 0,1,2...) of the duct eigenfunction satisfy the following complicated dispersion
relations

(72 +1)* — u*) 7, sinh(7,b) — a cosh(,,b) = 0, (11)

and
(v + 1) = i)y, sinhy,, (b — )] — acoshly, (b — h)] = 0. (12)

The equations (11)-(12) can be solved numerically for 7,, v, which in turn, satisfy the
properties mentioned and proved in many articles, for example [9, 15, 25].
For the problems in which waveguide comprises of walls with soft, hard or impedance

type, the separation of variable renders the solution in a simple way. Also the corresponding
eigenfunctions satisfy the h?Féisi:r%%%o%?R%) Os%&}}%)tt\c’ err?tlr%tiiggm /égb_ghtbsthe governing system is

6
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Sturm-Liouville (SL) in nature. But system will be no more SL if waveguide comprises of
flexible boundaries. In such circumstances the eigenfunctions do not satisfy standard orthog-
onality relations. Thus, for such systems we have to explore the related orthogonal properties.
The problem considered herein contain elastic plate bounded duct for x € (—o0,0) U (0, 00)

in which the eigenfunctions satisfy the generalized form of ORs [21, 25] as follows:

a/ cosh(7,,y) cosh(7,y)dy
0

= CrOmn — (Ti + Tfn + 2)7,, sinh(7,,a)7, sinh(7,a), (13)
and
b
o [ cosbl = o) coshiy, (y )y
h1
where
h inh
C, = 00 4 ccosh(maa)sinh(mna) L o2y gy 2o (15)
2 2T,
and
b—h h(~, b)sinh(~, b
D, = A0 2RO 4 502+ 112 sty (0 ). (10

Here 9,,, is the Kronecker’s Delta function. It is important to note that the eigenfunctions
corresponding to the eigenvalues 7, or 7y,;n = 0,1,2, - - -, are linearly dependent but contain
well defined orthogonal properties for elastic plate bounded ducts. Having obtained well
defined orthogonal properties the scattered modes coefficients, (A, B,); n = 0,1,2..., can
be found by using the continuity conditions of pressure and normal velocity at matching
interface along with appropriate edge conditions. This process is illustrated in the subsequent

section.

3.3 Mode-Matching

Mode-matching technique is considered to be the most suitable way of finding the solu-
tion for acoustic structural problems. As mentioned earlier that the underlying system is
non-SL which on using the mode-matching reduces to an infinite system of algebraic equa-
tions which is not well-behaved. The same technique has been utilized by many authors
9,10, 15, 26,27] in number of disciplines to address the complicated discontinuous geomet-

ric structures. Therefore we opt mode-matching across the interface to find the solution of
https://mc06.manuscriptcentral.com/cjp-pubs
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above boundary value problem. On using (9)-(10) into (7), it is straight forward to obtain

Fym, cosh(ty) Z My, cosh(T,y)
n=0
0 0<y<he
= 00 . (17)
> Bpspcosh[y,(y —hy)] ha<y<b

n=0
On multiplying with «cosh(r,,y), integrating from 0 to a and then using orthogonality

relation (13), we get

T sinh(7,a)

Am = Fidme — 0 C {er + (77, (18)
where
e1 = —114y,,(0,a), (19)
= —ith1,(0, @) (20)
and .
Ry = / cosh(Tony) coshly, (b — h1)dy (21)
ha

Similarly the continuity of pressure (8) along with appropriate orthogonality relation (14)

reveals
B — Yom smh[’l}/)n;(b — hy)] {es+ (42 + 2)eq)} + D—{FzRém + nz% bn R }, (22)
where
€5 = 1,30, 1), (23)
and
ex = 11, (0,0). (24)

Here e; — e4 are arbitrary constants that can be determined by using the edge conditions.

Three sets are edge condition are considered here which we discuss in following cases.

3.4 Use of Edge Conditions

As in case of higher order field equation and boundary conditions, the ORs are likely to be
non simple then there is inevitably a question of how to impose the corner conditions at the
junction of discontinuity. Thus, the development of appropriate OR is not sufficient without
a practical and convenient approach of imposing the edge conditions. In order to incorporate
these edge conditions, a siiipke/{ir6e6dnre Us deitrsstpateddlow: bs

8
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3.4.1 Clamped edges (zero displacement and zero slope)

For edges to be clamped, the elastic plate displacement and gradient are assumed as zero.

That is,

TE=0 (e = (0.a) (25)

T 0, ()= (0.0) (20

B0, (o) = (0.0), (21)
and

gig;:o, (z,y) = (0,Db). (28)

From (26)-(27), it is straightforward to write e; = e, = 0. However, to find e3 we multiply
equation (18) by 7, sinh(7,,b), taking sum over m upto oo and then use of edge condition

(25) yields
2E,7, smh (T¢a)

B, $nTm smh (Tmb) Rn
e = oy Mo, (29
m=0 n=0
where
2. [T sinh(7,,a)]?
S = ) 30
P e 0
Similarly from (22) and (28), it is found that
O = Sm7Y,, sinh[y, (b—h N
oy =y Sl O =y S B R, (31)
2 m=0 m n=0
where
o0 2 .12
o SmVm sinh ["Ym(b - hl)]
Sp=)_ D . (32)

m=0
3.4.2 Pin-jointed edges

In this condition we assume the zero displacement and the zero bending moment at the

elastic plate edges. That is

Oy _ _
ay - 07 ('Ta y) - (07 CL), (33)
Fipy _
axzay - 07 (‘Ta y) - (07 CL), (34)
Oy _

https://mc06.manuscriptcentral.com/cjp-pubs
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and

Pipy B
8x282y =0, (x,y)=1(0,0). (36)

Now on using the reflected mode coefficient (18) into (9), differentiating with respect to v,

and then using the edge condition (33), we obtain

) 2 = BuSnTm sinh(7,,0) Rynn,
€151 + €253 = 2Fy1,sinh(7pa) — an;) 2 0. , (37)
where
= (72, 4 2)[7 sinh(7,,a)]?
Sy = m . 38
3 mzjo .o (38)
Similarly with the aid of edge condition (34), we found
) e BSnMTm SInh(7,,0) Ry,
€154 + €355 = 2Fm; 7y sinh(74a) — ozmzzo nZ:O on , (39)
where
B € N, [T sinh(7,0)]?
S4 — ZZO Cm ) (40)
and
N N (T2, 4 2) [T sinh(7,,0)]?

m=0 Om
Thus, it clearly follows that the values of e; — ey and e4 are found to be zero whereas the
value of e3 can be found by imposing the edge condition (36) together with the Green’s

function, which follows

2 2Py, + T, inh y,
er=am 3 Zullm & Ton b sinhly, (b~ )]

Dy,

m=0

o f: i B52 { Pum + Trm Y, sinh [y, (b — hy)]

D, ’
n=0 m=0
where
ha
Prn = /COSh(Tmy) COSh[/yn(b - hl)]dy7 (42)
h1
and
b
Thn = /Cosh(Tmy) cosh[y,, (b — hq)]dy. (43)

https://mc06.manuscriptcentral.com/cjp-pubs
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3.4.3 Pivoted edges

The pivoted edge conditions are usually feasible only when a = b. These can be defined as
0% _
dy
82¢1 ( b) o 82¢2
oxdy" ' Oyox

0, (z,y)=(0,b) j=1,2 (44)

(0,0), (45)

and
33¢1 ( b) o a3¢2
0x20y" " OyOx?

The above conditions can be used to calculate the values of constants e; — e4. For that we

(0,0), (46)

first reconstruct the scattered field potentials (9)-(10) on using (18) and (22). Now by using

the edge condition (44), it is straightforward to write e, = 0 and

N BT sinh(7,0) R
€151 + ¢S5 = 2Fy7ysinh(rpa) — @ Yy o Tm R (Tmb) Ron

4
0. (47)

m=0 n=0

However, the simplification of (45) on using the Green’s function [20] related identities leads

to
2 o= B, 5nTm Sinh(7,,0) Qo
€y — 6352 =« Z Z Cm( )Q
m=0 n=0
- SmVm Slnhh/m(b _ h‘l)] -
F B
+Oén;) Dm { ZRZm + % anm}a
where
ha
Q= [ coshiriug) coshiy, (b~ ho)ldy. (48)

0

Furthermore, equation (46) can be simplified by constructing the Green’s function which

may be expressed as

sinh(7,,0) Ry,
Cm

© e Bn n m
€154 + Ssey + e3 = 2Fym;esinh(r,a) — Z Z e

m=0 n=0

o Z So Yo SIN l[)%n( )] {F, Py, + Z By P}

m=0 n=0

4 Results and Discussion

In this section the obtained solution is truncated first, and then solved numerically for each
set of edge conditions. Inhéhehi/¢AsEGheaivBCIDIR§RIENCITYEI Pablp convergent [7, 15]. Thus
11



Canadian Journal of Physics

we truncate (18) and (22) together with e; — e4 upto m = 0,1,...N — 1 and then solve the
retained system simultaneously. The truncated solution can be used to check the accuracy
of presented algebra and distribution of energy flux. This not only validate the proposed
solution but also provide a useful physical information about the boundary value problem.

The reflected power and transmitted power in duct regions [15] are given by

J1
1 2
P = - g A ) 4
ref §R€ { o ard | n| nnCn} ( 9)
and

Ja
1 2
-Plrans:§R - Bn nDn7 50
= e 135, )

respectively, where J;/.J; be the cut-on reflected/transmitted modes in two duct regions.
Note that the choice of Fy = \/m, (¢ = 0 or 1), certifies that the incident power is
unity. Thus

Pret + Pirans = 1, (51)

which is conserved power identity. While carrying the numerical computation the elastic
plate is chosen of aluminum, of thickness A = 0.0006m and density p, = 2700 kg m=3,
whereas, values of Young’s modulus and Poisson’s ratio are taken to be £ = 7.2 x 101 Nm 2
and v = 0.34. For each case considered here the speed of sound in air ¢ = 343ms~! and
density of air p = 1.2043kgm 2 are taken from Kaye and Laby [28], whereas, the duct heights
are fixed at @ = 0.06m and b = 0.085m.

Now we can discuss the distribution of scattering power against frequency with different
set of edge conditions. On taking ¢ = 0 and ¢ = 1 the fundamental (structure-borne)
and secondary (fluid-borne) mode, respectively, can be used as an incident field. For the
clamped set of edge conditions, reflected power (Pf), transmitted power (P ans) and their
sum (Pt + Pybns) against frequency (Hz) are shown in Figures (2 to 5). These clearly
follow that for structure-borne mode incident maximum of the power goes on reflection with
and without flanged junction (solid curves in Figures (2&4)). Whereas, for the fluid-borne
mode incident which cuts-on at f = 191 H z, the transmitted power increases in the absence
of flanged junction (dashed curves in Figures (3&5)). However, the sum of the reflected
and transmitted powers (dotted lines) is unity that successfully testifies the conserve power

identity (51). For Figures (6-9), the power components are plotted for the pin-jointed set of
edge conditions. The power pgr%%%%téﬁ)gm?gé}%gégg ni%l tc%lﬁ1 /%%BB ggge conditions is largely

12

Page 12 of 25



Page 13 of 25

Canadian Journal of Physics

similar to that of clamped set of edge conditions.

Power

10 1
08 - ]
06"

04

Figure (2): For structure-borne mode incident (¢ = 0),

the P (solid curve), Pans (dashed curve) and

Pret + Pirans (dotted line) are shown against frequency,

Power

where, h; = 0.02m and hy = 0.04m.

08+
06/
04/
02}

00f— — — — — — ' -

200 300 400 500 600 700 800 900

Figure (3): For Fluid-borne mode incident (¢ = 1), the

Pet (solid curve), Pians (dashed curve) and Pref + Pirans

(dotted line) are shown against frequency,, where,

hy = 0.02m and hs = 0.04m.
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10- e 1
08 - 1

06 -

Power

0.4}

Figure (4): For structure-borne mode incident (¢ = 0),
the P (solid curve), Pans (dashed curve) and
Pret + Pirans (dotted line) are shown against frequency,,

where, hy = hy = 0.02m .

08 -

0.6}

Power

04

02}

0.0 1/ _-

200 300 400 500 600 700 800 900

Figure (5): For Fluid-borne mode incident (¢ = 1), the
Pet (solid curve), Pians (dashed curve) and Pret + Pirans
(dotted line) are shown against frequency,, where,

hy = hy = 0.02m

For Figures (6-9) the power components are plotted for the pin-jointed set of edge conditions.
The power propagation behawiortorsthisset obedge sonsitignspisplargely similar to that of

14
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clamped set of edge conditions.

10 1
08 - ]

0.6}

Power

04

Figure (6): For structure-borne mode incident (¢ = 0),
the P (solid curve), Pans (dashed curve) and
Pret + Pirans (dotted line) are shown against frequency,

where, h; = 0.02m and hy = 0.04m.

0.8+ s

06 -

Power

04
02}

00f— — — — — — - -

200 300 400 500 600 700 800 900

Figure (7): For Fluid-borne mode incident (¢ = 1), the
Pet (solid curve), Pians (dashed curve) and Pref + Pirans
(dotted line) are shown against frequency,, where,

hy = 0.02m and hs = 0.04m.
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10- ]
08 - 1

06 -

Power

0.4}

Figure (8): For structure-borne mode incident (¢ = 0),
the P (solid curve), Pans (dashed curve) and
Pret + Pirans (dotted line) are shown against frequency,,

where, hy = hy = 0.02m

08 -

0.6}

Power

04

02}

200 300 400 500 600 700 800 900
!

Figure (9): For Fluid-borne mode incident (¢ = 1), the
Pet (solid curve), Pians (dashed curve) and Pret + Pirans

(dotted line) are shown against frequency,, where,

hy = hy = 0.02m

Figures (10-13) depict the power propagation against frequency with pivoted set of edge
conditions. For the structyrgdorme mede imaidentnangd davtha presence of flanged junction,
16
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the reflected and transmitted powers tend to have identical power scattering in two duct
regions over the variation of frequency (see Fig. 10). However, for the fluid-borne mode
incident the reflected power decreases from the maximum to 80% as frequency varies from
191Hz to 953Hz (see Fig. 11). Whilst in the absence of flange, the power propagation
behavior is quite different (see Figs. 12&13). As for the case of structure-borne mode
incident with 1Hz < f < 191H z, the reflected power decreases steadily upto 70% of incident
power and then goes on to maximum at cut-on frequency f = 191 H z. But once it crosses the
cut-on frequency the reflection decreases upto half of the total power. With this variation of
frequency, the transmitted power behaves symmetrically in opposite direction but, of course,
the sum of the reflected and transmitted power remains unity (see Fig. 12). On contrary
for the fluid-borne mode incident the transmitted power increases from 20% to 80% with

increasing values of frequency from 191H z to 953H z (see Fig. 13).

06 \_

Power
I
|
I
|

0 100 200 300 400 500 600 700

Figure (10): For structure-borne mode incident (¢ = 0),
the P (solid curve), P ans (dashed curve) and
Pret + Pirans (dotted line) are shown against frequency,

where, h; = 0.02m and hy = 0.04m.
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1) E—
08 - 1

06 -

Power

0.4}

— — —

Figure (11): For Fluid-borne mode incident (¢ = 1), the
Pet (solid curve), Pians (dashed curve) and Pief + Pirans
(dotted line) are shown against frequency,, where,

hi = 0.02m and hs = 0.04m.

o
£ - =
i L
04 /
LS
02 / \/
y 'U
0.0~ -
0 100 200 300 400 500 600 700

Figure (12): For structure-borne mode incident (¢ = 0),
the Ps (solid curve), P ans (dashed curve) and
Preg + Pirans (dotted line) are shown against frequency,,

where, hy = hy = 0.02m.
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Power
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Figure (13): For Fluid-borne mode incident (¢ = 1), the
Pet (solid curve), Pians (dashed curve) and Pief + Pirans

(dotted line) are shown against frequency,, where,

FLl = ;lg = 0.02m.

Now we reconstruct the continuity conditions at matching interface (7)-(8) by using the
truncated solution. Figures (14-17) show the real () and imaginary (&) parts of non-
dimensional pressures and normal velocities at matching interface. From these figures it
is evident that the pressures and normal velocities match exactly at z = 0, hy < y < a.
Whereas, R{15(0,y)} and I{1,(0,y)} — 0 fory € (hq, ha)U(a,b) (see Figures (14&15)) and,
R{1,(0,y)} and I{¢,(0,y)} — 0 for y € (0, hy) (see Figures. (16&17)). These are exactly
the conditions given by equations (7) and (8). Though Figures (16&17) contain oscillations
due to Gibbs phenomenon [29] yet these confirm the accuracy of the modal coefficients. In

case this trend increases then we have to cater it by resolving Gibb’s phenomenon using the

https://mc06.manuscriptcentral.com/cjp-pubs
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Lanczos filter [30-31] thereby confirming the accuracy of velocity conditions more clearly.
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Figure (14): The real part of non-dimensional pressures :
j =1 (dashed curve, 0 <y < a ) and j = 2 (solid curve,

hy <y <b) are shown for @ = 0.1m ,b = 0.2m, hy = 0.03m

and hs = 0.07m.
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Figure (15): The imaginary part of non-dimensional pressures
j =1 (dashed curve , 0 <y < a ) and j = 2 (solid curve,
hy <y <b) are shown for @ = 0.1m ,b = 0.2m, hy = 0.03m
and hy = 0.07m.
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Figure (16): The real part of non-dimensional velocities :
j =1 (dashed curve , 0 <y <a ) and j = 2 (solid curve,
hy <y <b) are shown for @ = 0.1m ,b = 0.2m, hy = 0.03m

and hs = 0.07m.
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Figure (17): The imaginary part of non-dimensional velocities
: j =1 (dashed curve , 0 <y < a ) and j = 2 (solid curve,
hy <y <b) are shown for @ = 0.1m ,b = 0.2m, hy = 0.03m

and hy = 0.07m.

https://mc06.manuscriptcentral.com/cjp-pubs

21



Canadian Journal of Physics

5 Conclusion

The coupled wave scattering characteristics of a two dimensional waveguide structure has
been studied using mode-matching approach. The governing problem has been reduced to
that of non-SL. The primary focus was the scattering of the incident mode by the flanged
junction and, in particular, the effect that different edge conditions have on this process. It
is worthwhile to mention that the case of a fully rigid flange is significantly more challenging
requiring, for example,a matrix Weiner-Hopf approach. Despite the use of the zero pressure
condition, it is concluded that current problem offers much information both about scat-
tering at a flange and about mode-matching approaches. It is observed that the choice of
appropriate edge conditions and the incident forcing term expressively affect the scattered
field as well as the transmission through structure-borne as compared to fluid-borne vibra-
tion. It is also revealed that the power distribution is greatly affected by the attenuated
regions and abrupt changes in height of duct. In the end the mode-matching solution is well
supported through number of validation points.

Acknowledgments: Authors are thankful to the reviewers for their painstaking review

and useful suggestion in improving the quality of paper.
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