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ABSTRACT

The unilateral contact approach is used to model the initial debonding and
subsequent delamination of two-layer or multi-layer symmetric laminated
plates under transverse loads. The mathematical formulation of the ap-
proach and associated finite element model are presented. The bond materi-
al (or adherent) is modelled as a continuum that has a uniaxial (in the
transverse direction) elastic response. The flexural behavior of the plate
is modelled by means of the Hencky-Mindlin type shear deformation theory.
Two sample problems are presented. The relationship between the brittle
fracture mechanics approach and the present approach is also discussed.
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INTRODUCTION

pPlates laminated of orthotropic layers are increasingly used in aerospace,
civil, and mechanical engineering structures. This is because by selecting
the lamination scheme the designer can tailor the strength and stiffness of
laminates. If the edges of laminates are not secured properly, delamina-
tion of the layers at the edges can take place during service conditions.
The delamination can occur either due to the presence of transverse normal
tensile stress or due to imperfect bonding between layers. In the latter
case, the delamination propagates under applied loads, especially if these
loads are transverse to the laminate. The present study deals with the
modelling of the delamination growth using the unilateral contact approach
(Signorini, 1933; Fichera, 1972; Duvrant and Lions, 1976; Fremond, 1982;
Toscano and Maceri, 1980; Grimaldi and Reddy, 1982; Ascione and Grimaldi,
1984).
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THEORETICAL MODEL

In the present study we assume that the plate under consideration is lami-
nated of two identical layers or several layers such that the lamination is
symmetric about the midplane of the laminate. Further, we assume that the
initial delamination is at an edge of the midplane. Because of the assumed
symmetry, we can model the delamination of the upper half laminate from the
midplane (see Fig. la).

(a) (b)

Fig. 1. Laminated plate geometry and the load-deflection relations
for the adherent material

LAMINATE THEORY

Consider a plate of uniform thickness h composed of a finite number of or-
thotropic layers with arbitrary orientations with respect to the plate co-
ordinate system. The coordinate system is chosen such that the x-y plane
coincides with midplane, R, and the z-axis is normal to the middle plane.

The displacement field in the shear deformable theory is given by (Whitney
and Pagano, 1970; Reddy, 1980)

u(x,y,2z) = ug(x,y) + zg (x,y)

V(x,¥,2) = vo(x,y) + zgy(x,y) (1)
W= wix,y)

where u, v, and w are the displacements along x, y and z directions respec-

tively, Uy and v, are the in-plane displacements of the middie plane, and

by and 4& are the rotations about the y and x axes, respectively.

The equilibrium equations of the nlate can be obtained using the principle
of virtual displacements (Reddy, 1980)

Np,x * Nﬁ,y =0, Nﬁ,x + Nz,y =D
Qp,x + Q2,y * q =P(w) (2)
Ml,x + Mﬁ,y -4 =0, Mﬁ,x + HE,y - 02 =0

where w,, = aw/dx, etc., q is the distributed transverse load, P is the re-
action of the adherent, and Njs Qi’ and Mf are the stress and moment re-
sultants defined by
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[N-i 9Mi} £ -{h/Z{I’Z) o‘.idZ, {01 'QZ] iy {hjz [szy_Tyz)dz- (3)

1,2,6) denote the in-plane stress components (q = o,, o, =
C‘xy -

Here oy (1
o’y, anal 0’6

i ini i i i f'elastic sym-

ng monoclinic behavior (i.e., ¢x1stence_of one plane of : 1
g;???; gor each layer, the constitutive equations for an arbitrarily lami-
nated plate can be expressed as

Ny Ais Bij | (¢ Q Rss Pgs | § Yxz
= 3 = (a}
M; Bji Diy UKy % Aas Pagd Uy,

where

= 0 = 0 = + v = W +
ef = Uy x> 8 = Vo ys % =Yg,y 0,x* Yxz Jx Tk

(5)
Ky ™ e s Ko ™ dyys Ko ™ Siy* fyee Tyz = Yoyt Yy
The plate stiffnesses A;j, Bjj, and Djj are given by
" Nz, (1,5 = 1,2.6) (6)
= 2 Z,2 Z, I £ 3
(Ayge Bige 035) = 3 035 (1, y
m
Zz
m+1
- (m) = 6-1, B = 6-3, 1.d = 4.5). (7)
Aig= 11 kkgiidz, (= 6-i, 8
m Zm

where Og?) are the material coefficients of the m-th layer in the plate co-

ordinates, z; is the distance from the mid-plane to the lower surface of
the m-th layer, and ki are the shear correction coefficients.

For the symmetrically laminated plates, all Bjj are*zero a?d Mg = :26 =
Dy = Dpg = Ags = 0. Consequently, the QOU‘]THQ_bﬁuweenngué:greanin i
(w,¢x,¢yﬁ (i.e. bending-stretching cogp11ng vanishes. ?r { o
remaining discussion we will not consider the 1np1ang displacements.

the moment and shear force results can be expressed in terms of the gener-
alized displacements as

By 34, o4y o4y
-5 bt 4 . = e 2 8
M =D *Preay M=l *P2w (8)

By aﬁ e . o,
Mo = Dss (5 * 3 » Q1 = Pss (o * W) » O = Mgy Goy* 9y) -
The reaction force P of the bond material, which is treated as an elastic
foundation, can be expressed as
Plw) = K(w) = w (9)

i i j displacement and is
where K(w) is, in general, a nonlinear function of the ]
a property of the bonding material. In the present study we will consider
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cases in whigh K is a'finipe constant. Figure 1b contains two cases of the
19ad-def1ec§10n relationship. 1In the first case, the modulus is bilinear
with K # 0 in compression and K = 0 in tension. 1In the second case, the

modulus is linear but allowed to have only finite tensi i
nite deflection Wy in tension). Y il gl

FINITE-ELEMENT MODEL

The finite-element model of Eqs. (2)-(8) can be derived b i i -
polation of the form (Reddy, 1984) PREG BUEE

n n n
w = 121 Widgs dy = 121 Xidys &y = 121 Y o4 (10)

over an element R®, Substituting E i
: W qg. (10) into the virtual r
associated with the equations, we obtain Gk EheRn

k113 [k12] [K13] {w}l ' {F1}
(k22 (k24 {x} = [F2} (11)
symm. [k33] {Y}j {F3}
where [K11] = [K11] + [K11],
ad.li ol B

= od.
§ U s i i o
Kij IRe(ASS x T P 3y oy Jdxdy K%; = IRE K(w)qﬁqﬁdxdy

a¢1 Db
Kl2 = e 13 = =,
iJ IReAES B G . Kif = L ePag gy 4gdxdy

ami B a¢T B
22 = st RS J
s IRe (11 3 & * D66 vy oyt Assd ¢ Jaxdy
By 045 od; Bds
23 = Eiil S St
Kid IRe (012 5 75 * D ¥y X

aq.i B, a¢i B
K33 = i o S A
i fRe (g6 5 3 * D22 oy 3y ¢ Rag 4 ¢y )dxdy

Jdxdy,

i =
Fi jREq¢dedy + fseqnqﬁds, Q, = Qn, + any
Ff = fsel'“'lnq,.ids, My = Mpny + Mgny
Ff - fse Masdids, Mg = Mgn, + Mpn,. (12)

The element stiffness matrix in (11) is of the order 3n b i
Yy 3n, where n is
the number of nodes per element. For example, when the four-node rectangu-

;ar1§1ement is used, then the element stiffness matrix is of the order 12
? : 2

i

2927

The element equations in (11) can be assembled, boundary conditions can be
imposed, and the equations can be solved in the usual manner (Reddy, 1984).
As is well known among researchers working with the Mindlin plate element,
reduced integration of the shear energy (i.e., coefficients of Ajq and Agg)
is necessary to obtain accurate results. We shall investigate this effect
in the numerical examples to be discussed next.

MUMERICAL EXAMPLES

Here we present several sample problems, including the classical problems
of plates on elastic foundation (called bilateral contact problems) to val-
idate the finite element presented herein. All of the computations were
made in double precision on an IBM 3081 processor. The shear correction
factors are taken to be kf = k22 = 5/6.

1. Two-layer isotropic plate subjected to symmetric distributed line load
at the edge (See Fig. 7]

Because of symmetry about the midplane, only the top layer, along with the
bond material, is modelled using uniform meshes of 1 x 8 four-node elements
and 1 x 4 mesh of nine-node elements. The following parameters were used:

E
%=8.%=16,-k-=102,v=0.1 (13)

Table 1 contains the nondimensionalized deflection versus the distance
along the long side. The analytic solution (from [11]) is compared with
the finite-element solution with full and reduced integrations. Full inte-
gration means the usual integration (2 x 2 for the linear element and 3 x 3
for the quadratic element) and reduced integration means one order less
than the usual. 1In Table 1, R refers to the integration scheme in which
full integration is used to evaluate the bending stiffness and reduced in-
tegration is used to evaluate the shear stiffness, and F refers to the
integration scheme in which full integration is used to evaluate both the
bending and shear stiffnesses. From the results it is clear that, in gen-
eral, reduced integration gives the best results. It is also clear that
refined meshes and higher-order elements are less sensitive to the integra-
tion order than coarse meshes and linear elements. The finite element so-
lution is in good agreement with the analytical solution, which is based on
the classical theory of infinite beams on elastic foundation.

Table 1 Comparison of the dimensionless transverse deflections
w = wD x 103/q_a") for the rectangular plate of Problem 1

X Analytical Finite Element Solution
a solution 4-Node(F)  4-Node(R) 9-Node(F)  9-Node(R)
0.000 20.188 16 .552 19.993 20.154 20.367
0.125 12 .563 11.601 12 .553 12 .650 12.691
0.250 6.500 7.296 6.499 6.635 6.498
0.375 2.375 3.901 2.341 2.440 2.269
0.500 0.001 1.397 0.100 -0.015 -0.043
0.625 -1.075 -0.394 -1.283 -1.218 -1.204
0.750 -1.35 -1.712 -1.704 -1.670 -1.622
0.875 -1.55 -2.786 -1.762 -1.741 -1.719
1.000 -1.54 -3.782 -1.704 -1.713 -1.715

2. One-dimensional delamination of a two-layer isotropic plate subjected
to a distributed 1ine load at the edge (Fig. 3)
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This problem is similar to one considered above except that initi

there is debching_at the edge x = 0 for all y,’and tﬁe strength o?llﬁe
bondwpg material (i.e., adherent) is finite. Let the initial length of the
qelam1nat1oq be %9, and let y be the surface energy per unit area (of open-
ing). _Ne first use the fracture mechanics approach (mode I of fracture) to
determine the load-delamination relationship.

P 2h
~EL 1

— it |
| pa s B ¥
P ¥
X £q I £y-a -
%
Fig. 2. Rectangular plate on Fig. 3. Delami i
A I - aminatio -
elastic foundation - plate N e A
;pgydg?amination propagates when the energy release equals the surface en-
G=+vb (14)
where G is the energy release per unit length of opening, which is given by
2 _an
B R (15)
n]beinshthe total potential energy, and d2 is the infinitesimal length
alon e opening. The total potential ene f i
equal to the work done by the applied 1oad,£gy el D L
2,3 i
1 q223p
n= -+ (force)(displ. = i
= )(displ.) %D (2> 2,) (16)
From Eqs. (14) - (16) we have
= o,
'éu (2> %) (17)

which gives the length 2 of delamination as a f i i i
f : unction of the dis
load g5. The lToad-deflection relation is given by Grimaldi and Rggafft€¥;82)

-EE ; A=, (50 “ R b)
Q= (18)
1
_“_92>1
(]
L=\?§D}/-ﬁ n = 4 N—éi 5
T » qo'f: “ZLsE‘X/L (]_g:]

This completes the derivation of the analytical solution.

1The delaminated i
nat part of the plate is treated as a cantilever of length
flexural rigidity Db, and force gqpb at the free end. ? 4
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In the present (i.e., unilateral contact) approach, the initial delamina-

tion is modeled by setting K = 0 in the elements that are used between x =
0 and x = 2. The new delamination length, %, is determined by checking
the strain energy of the adherent against allowable energy v for the mate-
rial. When the strain energy of the adherent exceeds the allowable value,
then the element is assumed to be delaminated. Of course, for accurate
prediction of the delamination length, the elements in the vicinity of the
opening should be small enough (at least equal to the wave length, At =
4D/K). The energy y can be related to the allowable deflection w, by
using v = strain energy = (1/2)Kw2,

2y
We = B oS (20)

The following iterative scheme is used in the finite element analysis:

(i) Begin with the initial length %5 of the opening, and identify
an interval, f5 < X < %5 + 53, in which the mesh is refined.
(ii) Solve the finite element equations for specified W at the
edge x = 0.
(iii) Check to see if the deflection w at x = &y is greater than
the critical deflection, wy. If no, no delamination oc-

curred.
(iv) If w > wy, delamination occurred. Then the first element in

the interval, %5 < X < % + 5, is assumed to have delamina-
ted, and compute the reaction force Q there. Then, recon-
struct the finite element mesh with the new delamination
Tength 2, (see Fig. 4), and repeat steps (ii) and (iii).

S
S | T

L L J==:F [IRNEEI 1 L I I ] 1 I | I |

p— Lo—= 5 — p— fo—

Fig. 4. Finite element mesh for the delamination problem of Fig. 3

Table 2 contains the results of the finite-element analysis and the an-
alytical solution (18) of the fracture mechanics approach. In Table 2, N
denotes the total number of elements and Ny denotes the number of elements
in the interval of length 5x. The finite element solution based on the
unilateral contact approach is in good agreement with the analytical solu-
tion. A complete agreement cannot be expected because, Eg. (20) is valid

Table 2 Comparison of the finite element solution with the
analytical solution of Problem 2
(ash = 105, a/b = 10, v = 0.3, a/A =2 x 103, g, = 0.78)

Analytical Finite Element
W Eq. (18) Nt = 20, Ng = 15 Np = 40, Np = 30
£ Q £ Q 3 qQ
0.5 0.783 1.04 0.783 0.987 0.783 0.984
1.0 1.000 1.000 0.981 1.087 0.987 0.989
5.0 2.236  0.447 2.218 0.420 2.223 0.419
10.0 3.160 0.316 3.122 0.304 3.153 0.307

AFR VOL &-T
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in the limiting case of K+ =and » > 0.
versus W, and E versus W, as obtained by

1 1
z o Finite element

1. — Analytical £ &
Q 2

D \\
'I_
[
0. oL
0 2 & ® 8 1o 0

W

Fig. 5. Plots of W versus Q and £ for t

Figure 5 contains the plots of @
the two approaches.

he two-layer plate in Prob. 2

3. Two-dimensional delamination of a two-layer square plate

Here we consider a more general (and difficul

above. We assume that the delamination b

t) problem than one considered
egins from a corner of the plate

and propagates in the midplane of the laminate (see Fig. 6a).

We assume that the initial delamination a
shown in Fig. 6b. The mesh in the region
but within five wavelengths distance is r
and finite element mesh are shown in Fig.
ure described earlier to determine Q =P/
results are presented in Table 3.,

Table 3 Finite element so

rea is a square of length 1o, as
beyond the initial square area
efined. The delaminated new area
6c. MWe use the iterative proced-
yL, £ = 2,/L, and n = %y/L. The

lution of Problem 3

a= 5 _§-_= -a_= = = =
F = 1085, x - 10, - =5.22, v=0.3, £ = 0.522, n) =.0.738)
W Q g n
1 0.906 0.522 0.738
2 1.120 1.037 0.915
4 1.270 2.000 1.842
6 1.467 2.640 2.470
I"EO*SJU"_ F_'EK
k3 T
£
£ &
5x
T
(b) (c)

Fig. 6. Geometry and finite element mesh for the delamination of

the square plate in Prob. 3
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CONCLUSIONS

The unilateral contact appro?ch_istgmployﬁdszgarogglosggsnga;;ggeaggegi;
termine the growth of the delamination. j bl

i ini del for symmetrically lam

used to develop a finite element mo r L

;?ates which have defective b02d1n% at thghzz?ElaggaroightZﬁdcgig giegggt

imensional delamination, the fracture me d 3
:;Eﬁoach are related and the results are compared. Application of the ap
proach to laminated composite plates is straight forward.
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