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ON MODULES INDUCED OR COINDUCED FROM HOPF
SUBALGEBRAS

K.-H. ULBRICH

Let A be a Hopf algebra over a commutative ring k, B = A a Hopf subalgebra,
and W a left A-module. Koppinen and Neuvonen [2] showed that W is induced
from B, thatis W =~ 4 ®p V for a left B-module V,if and only if Wadmits a system
of imprimitivity based on B; their result assumes however that the antipode of
Ais bijective and that 4 as a right B-module is a finitely generated and projective
generator. Essentially the same result holds for coinduced modules, i.e. modules
of the form W =~ Homyg (A4, V). The rather strong assumptions in [2] were made
in order to apply the Morita theorems, and Koppinen and Neuvonen asked
whether these assumptions can be weakened ([2], Remark). The present paper
gives proofs for the above results which do not use Morita theory, and which only
assume A to be finitely generated and projective over B. In the induced case
a more general result is given which only needs 4 to be flat over B; this is closely
related to [1] and [4].

In the following 4 denotes a Hopf algebra over a commutative ring k, and
B = A a Hopf subalgebra. The antipode and counit are denoted by 4 and e,
respectively, and the coproduct by . “A-module” will mean left 4-module.

1. Induced Modules.

Let F denote the k-algebra considered in [2]; as a k-module F consists of all
right B-linear maps f: 4 — k,i.e. f(ab) = f(a)e(b)for ae 4, b e B, and the product
is given by

(f )@ =3 fla@)f'(@w), ff€F.

F is an A-module with (af)(@') = f(A(a)a’) for a,a’e A. By definition, an
A-module W admits a system of imprimitivity based on B if it is a left F-module
satisfying

(1) a(fw) = Y (@ f)azw), aecA,feF,weW.
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In the following let C = 4 ®g k. This is naturally an A-module coalgebra with
coproduct C->C®C, a® 1Y (a1, ® 1) ® (a ® 1), ac A. (We note that
C = A/AB" in the notation of [4], and that C represents the kernel of Sp (4) —
Sp(B) if A is commutative, [5], p. 14). Let {9 be the category of A-modules
W which are supplied with a left C-coaction a: W — C ® W such that

) a(aw) = d(a)a(w), aeA,weW.
A morphism in {9 is a map which is both A-linear and C-colinear.

LEMMA 1.1. Assume Ay is finitely generated and projective. Then an A-module
W admits a system of imprimitivity based on B if and only if W is an object of $I.

Proor. First note that F is essentially the opposite of the dual algebra C* of C.
For

{:Hom(C,k) > F,  {(g)(a) = g(a® 1),

is an anti-isomorphism of k-algebras with { “!(f)(a ® 1) = f(a); { is an algebra
antimorphism since the product of F is defined by the transpose coproduct of A.
Since Ap is finitely generated and projective, C = A ®pk is so over k. Therefore,
W is a left F-module if and only if W is a left C-comodule, the actions being
determined by each other through the formula

fw= Z(C“l(f),w(_l)>w(o), feF,weW.
Since C ® W =~ Hom, (F, W), one sees that (1) is equivalent to
3) (1 ® a)a(w) = Y (Aay) @ Da(azyw), aecAd weW.
The latter is evidently satisfied if (2) holds. Conversely, applying (3) with a re-

placed by a;, one obtains d(a)a(w) = Y (a¢1)A(az)) ® 1)a(agyw) = a(aw). Hence
(2) is equivalent to (1), and this completes the proof.

For any left B-module ¥, W = A ®; V is naturally an object of {9 with
coaction W - C Q@ W,a® v (a4 ® 1) ® (a(z) ® v). Conversely, we want to
show that any W e (M is induced from B if Ay is flat. This s closely related to [1],
Thm. 2.11, and [4], Thm. 2, and essentially the same proof as in [1] can be
employed. It is based on the following lemma.

LEMMA 1.2. For any A-module X the map
MA@ X->CRX, a®x—Y (a3)®1)® ay)x,
is an isomorphism.

ProoF. For beB we have nx(ab® x) =) (ay) ® (b)) ® (az)b2)%) =
nx(a ® bx); hence ny is well-defined, and (a ® 1) @ x— Y. a1, ® A(az)x gives
a (well-defined) inverse.
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THEOREM 1.3. Let A be a Hopf k-algebra, B = A a Hopf subalgebra, and C =
A ®pk. Assume A is flat as a right B-module. Then an A-module W is induced from
B if and only if W is an object of G (i.. a left C-comodule satisfying (2)).

PROOF. Let a: W — C ® W be the coaction of W. Regard C® W as an
A-module by a-(c ® w) = é(a)(c ® w). Then both « and i: W—->CQ W, w—
(1 ® 1) ® w, are B-linear. Set W, = {we W|a(w) = i(w)}. Since A is B-flat, the
sequence

1®a
(4) ARgWo > AR W -—————-)A®B(C®W)
1®i

is exact. Consider uy: 4 ® Wy - W, a ® w— aw, which is a morphism in . It
is easy to see that (uw, 7w, Ncew) transforms (4) into the sequence
o 1®a
W — COW T3 CRCRW
I®1

But this sequence is exact for any comodule. Hence Lemma 1.2 implies that uy is
an isomorphism.

Let 39 denote the category of left B-modules.

COROLLARY 1.4. (cf. [4], Thm. 2). Assume Apg is faithfully flat. Then the functor
M - M, Vs ARV, is an equivalence.

Proor. For Ve g consider the B-linear map v: V = (4 @5 V), v—1 @ 0.
Since u(1 ® v): A ®p V — A ®; V is the identity, we have that 1 ® v, hence v, is an
isomorphism. It follows that W W, is a quasi-inverse for Vi— 4 ®; V.

REMARK 1.5. For B = k theorem 1¢3 gives the descent theorem for Hopf
modules [3], Thm. 4.1.1. It should be noted however that the proof given in [3]
works also for 4 not k-flat (and k not a field).

2. Coinduced Modules.

In the following we work with the k-algebra E = Homp(4, k) of all left B-linear
maps f: 4 — k. The product is defined by

(f @) =Y f@w)f @a), ff'€E.

E is an A-module algebra with (af )(a’) = f(a’a). We shall consider the category
AM; of left A-modules and right E-modules W satisfying

©) awf) = Y (aywlae f), acA,weW, feE.
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ExaMPLE. Let W = Homg(A4, V) for a left B-module V. For ge W and feE
define gfe W by (gf )(a) = Z g(ay) f(azy), a€ A. Then W is an object of ,M; with
natural A-action (ag)(a’) = g(a'a).

REMARK 2.1. The condition for an A-module W to be an object of MM is
slightly different from that of admitting a system of imprimitivity. There is no
difference if 4 is cocommutative, for then E is commutative and f+ f4 gives an
algebraisomorphism F = E. There appears however to be a gap at the end of the
proof in [2] for the coinduced case. The proof provides an action on W by the
right B-endomorphisms of 4, but for W =~ Homg (4, V) a(right) action by the left
B-endomorphisms of 4 is needed.

Let We ;M. We define a left B-module W, by the exact sequence

m
(©) WE —— w —2 5w,

m

where m(w ® f) = wf,and m'(w ® f) = wf(1). Note that m and m’ are B-linear if
we regard W ® E as a B-module by b-(w ® f) = é(b)(w ® f). We want to show
that the left A- and right E-linear map

(7) Hw: W HomB(A’ l‘/V())’ “W(W)(a) = p(aw),

is an isomorphism if gA is finitely generated and projective. The proof is in some
sense dual to that in section 1, and uses the following lemma (cf. the lemma in [2]).

LEMMA 2.2. Let X be an A-module, and suppose gA is finitely generated and
projective. Then

9% X ® E—- Homg(4,X), (x® f)a)= Za(l)f(a(Z))x9
is an isomorphism.
ProOF. Let X = X with left B-action b x = &(b)x. Then
p: Homg (4,°X) » Homp(4, X),  B(e)a) = ¥ a1y 9(az)),
is an isomorphism with g~ '(¥)(a) = Z Magy)¥(az) for ¥ e Homg(4, X). Set
t3 = B~19. Then for feE,ac A, and xe X
9(x ® f)@) = Y, Man)(x ® f)az) = Y. Man)an f(am)x = f(a)x.

Now choose a projective coordinate system f;e Homg(4,B), a;e A, 1 Si<n;
then Homg(4,°X) > X ® E, = Y. ¢(a;) ® £0 f;, is an inverse for °3 as follows
from Y fi(a)a; = afor ae A.

THEOREM 2.3. Let A be a Hopf k-algebra, B = A a Hopf subalgebra, E =
Homg (A, k), and assume that A is finitely generated and projective as a left
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B-module. Then an A-module W is coinduced from B if and only if W is an object of
A (i.e. aright E-module satisfying (5)).

Proor. For any right E-module W there is a canonical exact sequence
) WRER®ES3 WRE—->W

defined by the action of E on W. Suppose W e R and consider W ® E as a left
A-module by a-(w ® f) = d(a)(w @ f). Then Swer, w, uw), with uy defined in
(7), transforms (8) into the exact sequence obtained from (6) by applying
Homp(A4,-). Observe that

IwerwW @ f® f)a) =Y a0, f"(az)w® f) =Y. f"(az)anw ® a)f),

and p(wf) = p(wf(1)). In particular, (uym)(w ® f)(@) = p(a(wf)) = p(}.(aq)w)
(ax ) = pQ.agywf(awy) = pSw(w @ f)(a). It follows therefore from lemma 2.2
that uy is an isomorphism.

COROLLARY 2.4. Suppose gA is finitely generated and projective. Then the
functor Mg — M, W — W, is an equivalence if and only if B = Ais aleft B-direct
summand of A.

ProoF. First observe that Vi— Homg(A4, V) is a right adjoint for W+ W, the
adjunction morphisms being u, and v: Homg(A4, V), — V,p(g) — g(1), for
geHomyg (4, V). Furthermore, the composite

Homg (4, V) —*— Homj(4, Homy(4, V),) —omid)

Homg(A, V)

is the identity, since p(ag) = (ag)(1) = g(a) for ae A. Hence Hom (A4, v)is bijective.
Now, if A = B@® X, we may conclude that v is bijective by decomposing
Hom (A4, v) = Hom (B, v) ® Hom (X, v). Conversely, suppose that vis bijective for
V =B. Then there exists geHomg(4,B) with g(1) =1, and therefore
A=B®Ker(g). O

REMARK 2.5. B < Ais aleft B-direct summand of A iff A is a left B-generator;
for suppose there exists a B-epimorphism A — B. Pick ue A” such that ur— 1.
Then g: A—> Au— B is a B-epimorphism with g(1) =1, and hence with
A = B® Ker(g).

REMARK 2.6. For B = k the assumption of thm. 2.3 can not be omitted. This
can be seen as follows. Let X be an A-module. Then W = X ® E is naturally
a right E-module and an object of ,9MM; with A4-action defined by 4. It is not
difficult to see that

m
WRQE — w —25 X

’

m

is exact where p(x ® f) = f(1)x for x€ X, and f € E. Hence in this case Wp = X.
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Furthermore, for py: X ® E -+ Homg (4, X) we obtain

Hw(x ® f)@) = pla-(x ® f)) = p(3(@)(x ® f)) = Y au)f(az)x.

Thus uy = 9x. Suppose now that uy is bijective for X = 4. Thenalso®3 = '3
is an isomorphism, and in case B = k this means that A is finitely generated and
projective over k.
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