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Abstract. Topological indices are numerical parameters of a graph which characterize its topology
and are usually graph invariant. In QSAR/QSPR study, physico-chemical properties and topolog-
ical indices such as Randi¢, atom-bond connectivity (ABC') and geometric-arithmetic (GA) index
are used to predict the bioactivity of different chemical compounds. Graph theory has found a
considerable use in this area of research.

In this paper, we study the degree based molecular topological indices like ABC4y and GAs for
certain families of dendrimers. We derive the analytical closed formulae for these classes of den-

drimers.

Keywords: Atom-bond connectivity (ABC) index, geometric-arithmetic (GA) index, ABCy index, G As

index, dendrimer
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1 Introduction and preliminary results

Graph theory has provided chemists and pharmaceuticals with a variety of useful tools, such as topological
descriptors. Molecules and molecular compounds are often modeled via a molecular graph. A molecular
graph is just a representation of the structural formula of a chemical compound in terms of graph
theory, whose vertices correspond to the atoms of the compound and edges correspond to chemical bonds
between the atoms. Cheminformatics is relatively a new subject which is a combination of chemistry,
mathematics and information science. It studies Quantitative structure-activity (QSAR) and Quantitave
structure-property (QSPR) relationships that are used to predict the biological activities and properties
of different chemical compounds. In the QSAR/QSPR study, physico-chemical properties and topological
indices such as Wiener index, Szeged index, Randi¢ index, Zagreb indices and ABC index are used to
predict bioactivity of different chemical compounds.

A graph can be recognized by a numeric number, a polynomial, a drawing, a sequence of numbers or
by a matrix. A topological index is a numeric quantity associated with a graph which characterize the
topology of graph and is invariant under graph automorphism. There are some major classes of topological
indices such as distance based topological indices, degree-based topological indices and counting related
polynomials and indices of graphs. Among these classes degree-based topological indices are of great
importance and play a vital role in chemical graph theory and particularly in chemistry. In more precise
way, a topological index Top(G) of a graph G, is a number with the property that for every graph H
isomorphic to G, we have Top(H) = Top(G). The concept of topological indices came from the work
done by Wiener! while he was working on boiling point of paraffin. He named this index as path number.
Later on, the path number was renamed as Wiener indexr? and the whole theory of topological indices
started.

In this article, G is considered to be a molecular network with vertex set V(G) and edge set E(G),
deg(u) is the degree of vertex u € V(G) and S, = > deg(v) where Ng(u) = {v € V(G) | uv €

vENgG(u)

E(G)}. The notations used in this article are mainly taken from the books?*.

Let G be a connected graph. Then the Wiener index of G is defined as
1
wW(E) =+ Y du,v) 1)
(u,v)

where (u,v) is any ordered pair of vertices in G and d(u,v) is u — v geodesic.
The very first and oldest degree-based topological index is Randi¢ index® denoted by R7% (G) and

was introduced by Milan Randi¢ and was defined as follows:

1
iy Vdeglu)deg(v)
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The general Randié index R, (G) is the sum of (deg(u)deg(v))® over all edges e = uv € E(G) defined as

R.(G) = Z (deg(u)deg(v))™ for a:lé’_l,_l 3)

2
weE(G)

An important topological index introduced by Ivan Gutman and Trinajsti¢ is the Zagreb index de-

noted by M;(G) and is defined as

Mi(G)= ) (deg(u)+ deg(v)) (4)

uwweE(G)

One of the well-known degree-based topological index is atom-bond connectivity (ABC') index introduced

by Estrada et al.5 and defined as

deg(u) 4+ deg(v) — 2
ABCE)= 2.\ degtardeats °

Another well-known degree-based connectivity topological descriptor is geometric-arithmetic (GA) index

which was introduced by Vukicevié et al.” and was defined as

deg 2y/deg(u)deg(v)

de deg(u) + deg(v) (6)

weE(G)

The ABC, GA, ABCy and G A5 indices can be computed if we are able to find the suitable edge partition
of these interconnection chemical networks based on sum of the degrees of end vertices of each edge in

these chemical networks. The fourth version of ABC' index was introduced by Ghorbani et al.® and was

ABCy(G) = > ,/S ;“272 (7)

uwveE(G)

defined as

Recently, the fifth version of GA index was proposed by Graovac et al.® and was defined as follows

24/5,S%
GAs(G) = S

weEE(Q)

(8)

Dendrimers are constructed by hyper-branchad macromolecules, with a fully tailored architecture. They
can be arranged, in a composed manner, either by convergent or divergent form. Dendrimers have got
a huge range of applications in all branches of chemistry, especially in host guest reaction and self-
assembly procedures.Their applications in nanoscience, biology and chemistry are infinite. Currently, the
topological indices of some families of dendrimers have been studied'®=23. In this article, we compute

the ABC, and G Ay indices for certain infinite families of dendrimers nanostars.
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2 The ABC,; and GAs; indices of the dendrimer D,[n]

In this section, we consider a molecular graph G(n) = D [n], where n denotes the step of growth in this
type of dendrimer of generation 1—3. The dendrimer of first kind of generation 1—3 with 4 growth stages,
D, [4] is shown in Fig. 1. Note that D [n] is constructed by 2" hexagons at each step. Define s;; to be
the number of edges joining a vertex of degree i with vertex of degree j. Let represent a vertex of degree
i with é-vertex, and an edge relating a j-vertex with k-vertex by (j, k)-edge. By an easy calculation, we

have V(D [n]) = 2""* — 9 and E (D; [n]) = 18 x 2" — 11 see [10].

Fig. 1. The first kind of dendrimer of generation 1 — 3 with 4 growth stages

[(Su, Sy) where wveE(G) [Number of edges|

,3) 1
(6,6) 6x2" -8
(5,5) o7

(4,4) Ax2"—14
(5,4) Ix2"—14
(5,6) 3x2" 14

Table 1. Edge partition of dendrimer D; [n] based on degree sum of neighbors of end vertices of each
edge.

Theorem 2.1 Let n € N, then ABCYy index for Dy [n] is calculated as

ABCy (D; [n]) = (m+¢6+¥+2\@+3\/%)2n—(8+\/6+2\@—4\/%—\/g),

Proof. The graph Dj [n] has the edge partition of the form (5,3), (6,6),(5,5),(4,4),(5,4) and (5,6). We

compute the ABCY index of Dj [n] through the information given in Table 1. Since we have

ABC,(Di[n) = % SufS,2
uwv€E(D1[n])
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This implies that

ABCy (D1 [n]) = (1) /35352 +(6 x 27 — 8) |/ SE824+(27) /322 (A x 27 — 4) /422 + (4 x 2" — 4) /522

+(3x 2 +4) /22

Which can be reduced to

ABCy (Dy [n]) = (M+\/6+¥+2\/§+3\/%>2”—(8+\/6+2 gf4\/%7\/§).
O

In the next theorem, we have computed the fifth version of geometric arithmetic index (GAs;) of the

graph D1[n].

Theorem 2.2 Consider the graph D1 [n], then its GAs indez is calculated as

GAs (D [n]) = (11+%¢5+@)2n—2(3+

oI
£

15 4 2v30
5t T)

Proof. By using edge partition given in Table 1, the GAs index of D; [n] can be computed easily. Since

we have

CaDi ) = Y BEE
wv€E(D1[n])

This implies that

GAs (D1 [n]) = (1) 2253 + (6 x 2" — 8) 200 4 (2n) 2055 4 (4 x 2n — 4) By 4 (4 x 2n — 4) B4

+ (3 x 2" + 4) 22%8,

After an easy simplification, we get the following

GAs (Dy [n]) = (11+ 165 4 8Y30) on 9 (34

<&
+
&
+
H )
B
~——~
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3 The ABC, and GAj indices of dendrimers Dj3[n)|

In this section, we study the molecular topological properties of another type of molecular graph denoted
by G(n) = D3 [n], where n > 1. The third kind of dendrimers denoted by Dj[n] of generation 1 — 3 with
3 growth stages is shown in Fig. 2. It is important to note that the graph of Dj [n] contain 48 x 2" — 24

edges. In the next two theorems we compute the ABC, and GAs indices of the graph Ds [n].

Fig. 2. The third kind of dendrimer D3 [n] of generation 1 — 3 with 3 growth stages

[(Su, Sy) where wveE(G) [Number of Edges|

,3) 3x 2"
(5,5) 1I8x2" —6
(5,7) 18 x 2" — 12
(7,9) 9x 2" — 6

Table 2. Edge partition for the graph of Dj [n] based on degree sum of neighbors of end vertices of each
edge.

Theorem 3.1 Forn > 1, the ABCjy index of D3 [n] is

ABC4(D3[H])=3(\/%+6 2 +3 é—§+%ﬁ)2n—6(2,/%+ L

Proof. For the molecular graph denoted by D3 [n], we have the edges of the form (5,3),(5,5),(5,7) and

2\55)

(7,9). We use the values given in Table 2 to calculate the formula for ABCy (D3 [n]). We have

https://mc06.manuscriptcentral.com/cjc-pubs
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ABCy(D3[n))= % \/@
uv€E(D3[n])

=3x2" /34324 (18 x 2" — 6) /24222 + (18 x 2" — 12) | /34122 4 (9 x 2™ — 6)  / TE252.

After an easy simplification, we have

ABC4(Ds [n (\/:+6\F+3 14+12f)2"— (\/7 %+¥)

Theorem 3.2 Let n > 1. Then GAs index of D3 [n] is computed by the following formula.

G A5 (D3 [n]) =3 (V4% + 248 4 /35 +6) 27 — 6 (245 4 ¥ 4 1),

Proof. By using the edge partition given in Table 2, we calculate the GAj index of dendrimer D3 [n] as

follows

GA5 (Dg [TLD _ 2v/Su Sy
wv€E(D3[n])

=3 x 2" 355 4 (18 x 2" — 6) 255 4 (18 x 2 — 12) 25T 4 (9 x 27 — 6) 2452,

After an easy simplification, we have

GAs (D [n]) =3 (VE + 3488 1 /35+6) 27 — 6 (248 + B 4 1),

4 The ABC, GA, ABC, and G A5 indices of the tetrathiafulvalene
dendrimers

In this section, we compute the ABC, GA, ABC, and G A5 indices of the class of dendrimers known

as tetrathiafulvalene dendrimer [12] with core unit. By construction of dendrimer generations G, has

grown n stages. We denote simply this graph by T'Ds[n]. Fig. 3 shows the generations G5 has grown 2

stages. We shall now determine the ABC and G A indices of the graph of dendrimer denoted by T'Ds [n]

of tetrathiafulvalene dendrimer of generation GG,, with n growth stages. By using the edge partition given

in Table 3, we can compute the ABC and G A indices of tetrahiafulvalene dendrimer.

Theorem 4.1 Let n > 0. Then ABC index of tetrahiafulvalene dendrimer is given by
ABC(TD;[n) = (B + G+ /2 +v2+2) 22 —2 (B 4+ 5 12, /2 4 V3 +43),

https://mc06.manuscriptcentral.com/cjc-pubs
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Fig. 3. Tetrathiafulvalene dendrimer of generations G,, has grown 2 stages; T'Da[n].

[ (du, dy) where uveE (G)|Number of Edges|

(3,3) 122" —1)+3
(2,2) 142" —1) -2
(2,3) 92(2" —1) + 36
(2,1) 4(2m 1)
(1,3) 4(2" —1)

Table 3. Edge partition of the graph T'Ds [n] which depend on the degree of vertices having unit distance
from each edge.

Proof. The graph denoted by T'D5 [n] has the edges of the form (3,3),(2,2),(2,3),(2,1) and (1,3). Since

ABC (TD; [n]) = S =2

wv€E(T D2 [n])

= (92 x 2" — 56) /253224 (28 x 2" — 16) [ 2E22 4 (12 x 2" — 9) | /33224 (8 x 2 — 4) , /14222

+ (4 x2m —4), /322

After an easy simplification, we get

ABC(TDQ[n}):(%—1—%4—\/%4—\/54—2)2”+2—2<%+%+2\/§+\/§+3>.

Theorem 4.2 Consider the tetrahiafulvalene dendrimer T Do [n], then we have

S

GA(TD, [n]) = (23 +4

g

2493 410) 272 — (L2/6 4 5y2 4 145 95),

s ‘
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Proof. By using the edge partition given in Table 3, we have

GA(TDz[n]) = 3~ Zfoe
wv€E(T D2[n])

= (92 x 2" — 56) 2Y2X3 4 (28 x 2" — 16) 2Y2X2 4 (12 x 2" — 9)

2+3 2+2

+(4x2m —4) 23,

After an easy simplification, we get

GA(TD; [n]) = (27\[ L @Jrlo) 2n+27<112\/§+¥+

Now we compute the ABCy and G As indices of tetrahiafulvalene dendrimer, denoted by T'Ds [n].

’(Su, Sy) where uwv € E (G)\Number of Edges‘

(7,7) 8(2" —1) +
(6,7) 32 " —1)+ 8
(5,7) 12(2" —1) +4
(5,5) 28(2" —1) + 12
(5,6) 42" -+ 20
(6,4) 8(2" — 1) +
(2,4) 8(2" —1) +
(3,6) 2x2™ — 2
(6,6) 2x2" — 2

Table 4. Edge partition of the graph T'D5 [n] which depend on the degree sum of vertices having unit

distance from each edge.

Theorem 4.3 Let n € N. Then ABCy index of tetrahiafulvalene dendrimer, T Do [n] is given by

ABCy (D ) = (w10, 6B + g+ 297 4

w\a
%\%

\/*"_

<5f+12./42+4./ + 35+ 82 4 o2y

Proof. The graph T D5 [n] have the edges of the form (7,7),(7,6),(7

(6,6),(3,6). Since we have

ABCy (TD2[n]) = X uvem(rDsfn)) \/ %

3 +V2).

15),(5,6),(5,5),(6,4), (2,4

Page 10 of 14

_ n 772 n 762 n 752 n 5+6—2
= (8x 2" —5) \/TET=24(32 x 27 — 24) |/ THO=2 1 (12 x 27 — 8) \ /72524 (44 x 27 — 24) , /562

https://mc06.manuscriptcentral.com/cjc-pubs



Page 11 of 14 Canadian Journal of Chemistry

On Molecular Topological Properties of Dendrimers 11

+(28 x 2" —16) /2EE2 (8 x 2" —4) | /EEZ L (8 x 2" — 4) | [EA2 4 (2 x 27 - 2)

n 3+6-—2
(2 x 2" —2) | /356=2,

After simplification, we get

ABC4(TD2[n]):(¥+16 U6 /10+ 88 4 2824 34 VT, 2[)2”+2
<5f+12,/42+4\/ + 3+ 82 R ST ﬁ)

Theorem 4.4 Let n € N. Then GAy index of T Dy [n] is given by

GAs (TDs [n]) = (322 + 450 4 58 4 842 1 247 4 /55 4 19) o1

4842 | 835 | 48V30 | 8V6 |, 8V2 | 42
—( 13 T 6 T oar +T+T+?+23)'

Proof. The formula for GAs index of the graph of tetrahiafulvalene dendrimer can be reduced in the

following form

GAs (TDx[n)) = 5 e
uveE(T D2[n])

= (8% 2" — 5) 2YTET 4 (32 x 27 — 24) 2410 4 (12 x 2" — 8) T2 4+ (44 x 2" — 24) Y256

(282" —16) 2 + (8 x 20— 4) BT + (8 20— 4) BT+ 2 x 20 - 2) BT

+ (2 x 2m — 2) 2y2%8,

After simplification, we get

GAs (TDs [n]) = (22 + 44y30 4 88 4 842 4 242 4 /35 4 19) 2!

4842 | 835 | 48V30 | 8V6 | 8V2 | 42
*( 13 T 6 T +T+T+T+23)'

https://mc06.manuscriptcentral.com/cjc-pubs
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5 Conclusion

In this paper, some degree-based topological indices for certain infinite classes of dendrimers were studied
for the first time and analytical closed formulas for these dendrimers were determined which will help the
people working in network science to understand and explore the underlying topologies of these chemical
networks.

In future, we are interested to design some new architectures/networks and then study their topological

indices which will be quite helpful to understand their underlying topologies.
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Figure Captions

Fig. 1. The first kind of dendrimer of generation 1 — 3 with 4 growth stages

Fig. 2. The third kind of dendrimer Dj [n] of generation 1 — 3 with 3 growth stages

Fig. 3. Tetrathiafulvalene dendrimer of generations G,, has grown 2 stages; T Dy[n].
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