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I t  has also  been  found  th a t  th e  d is tr ib u tio n  of in te n s i ty  fo u n d  in  c e r ta in  

c e les tia l sp e c tra  can  be a p p ro x im a te ly  rep ro d u c e d  in  th e  la b o ra to ry .

In  a n y  a tte m p t  to  in te rp r e t  th e  p h e n o m e n a  observed  in  c o n n ec tion  w ith  

th e  B a lm e r series of h y d ro g en , i t  is n e ce ssa ry  to  k now  th e  p a r t ic u la r  ty p e  to  

w h ich  th is  se ries belongs. I n  o rd e r  to  decide  th is  p o in t a  s tu d y  has b een  

m ad e  of th e  se p ara tio n s of th e  co m p o ne n ts of lin e s  of th e  B a lm e r series of 

hyd rogen , a n d  th e  m ean  v a lu es  of th e  se p a ra t io n s  of th e  d o u b le ts  c o n s t itu t in g  

th e  lines H a a n d  Hp h ave  been  fo u n d  to  be  re sp ec tiv e ly  0*132 A .U . a n d  

0*033 A .U . T hese  v a lu es  a re  c o n s is te n t  w ith  th e  se p a ra tio n s  a p p ro p ria te  to  a 

P r in c ip a l series, a nd  th e  f irst is in  p rec ise  a g re e m e n t w ith  th e  v a lu e  deduced  

by  B uisson  a n d  F a b ry .

T hese re s u lts  h a ve  been  o b ta in e d  by  cro ssing  a  L u m m e r G e h rc k e  p la te  w ith  

th e  n e u tr a l  w edge, a n d  su b m itt in g  th e  c o n to u rs  o b ta in e d  to  m a th e m a tic a l 

analysis, b y  m eans of w h ich  th e  d is tr ib u tio n  of in te n s i ty  in  th e  in d iv id u a l 

com ponen ts, an d  th e  se p ara tio n  of th e  co m p o n en ts , can  be d e te rm in e d .

P ro f . W . H . Y o u n g .

On M u ltip le  In teg ra ls .

B y P rof . W . H . Yo ung , Sc.D., F.R .S .

(Received Ju ly  16, 1916.)

§ 1. I n  th e  m o d ern  th e o ry  of a b so lu te ly  c o n v e rg e n t in te g ra ls , as d is t in c t  

from  th e  o ld e r  R ie m a n n  th e o ry , th e  d ifference  b e tw ee n  m u ltip le  a n d  

rep e a te d  in te g ra tio n  fa lls  to  th e  g ro u n d . E v e ry  m u ltip le  in te g ra l  is e q u a l 

to  th e  c o rre sp o n d in g  re p e a te d  in te g ra ls , a n d  th e  form ulae in v o lv in g  such  

m u ltip le  in te g ra ls , ev en  w h e n  e x p re sse d  w ith o u t th e  re p e a te d  in te g ra l  

n o ta tio n , can  be o b ta in ed  by  m e an s  of th e  re p e a te d  in te g ra t io n  process. 

To re a lly  g rasp  th e  d is tin c t io n *  b e tw ee n  m u ltip le  a n d  re p e a te d  in te g ra ls  

we have  to  ta k e  as in d e p e n d e n t  v a ria b le s  fu n c tio n s of b o u n d e d  v a r ia t io n ; 

m ore  p rec ise ly , w e h a ve  to  rep la ce  th e  en sem b le  of v a ria b le s  {x, , . . . )  b y  a

sing le  fu n c tio n  of b o u n d e d  v a ria tio n , w h ich , indeed , ta k e s  th e  p lace  of th e  

p ro d u c t of th e  v a ria b le s  x y z . . . ,  th e  m o re  g e n e ra l in te g ra ti

o rd in a ry  w hen  th is  p ro d u c t  rep la ce s th e  fu n c tio n  in  q u e stio n .

I  h a ve  a lre a d y  h a d  occasion  e lsew h e re  to  e x p la in  w h a t is m e a n t by  a 

fu n c tio n  of bounded  v a ria tio n  of a n y  n u m b e r of v a riab les, a n d  to  define

*  In  th e  F ren ch  la n g u a g e  th er e  is  sa id  to  b e , a s  y e t ,  n o  w o rd  ex p r e s s in g  th is  

d is t in c t io n .
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in te g ra tio n  of a n y  bou n d ed  fu n c tio n , a n d  a b so lu te ly  c o n v e rg e n t in te g ra t io n  

of unb o u n d ed  fu n c tio n s, w ith  re g a rd  to  such  fu n c tio n s  of b o u n d e d  v a ria tio n  

I t  w ill be sufficien t h ere  to  ca ll specia l a t te n t io n  to  th e  fa c t  t h a t  a  fu n c tio n  

of bounded  v a ria tio n , fo r s im p lic ity , l e t  u s say, of tw o  v aria b les , a n d  y, is 

expressib le , to  a  va lu e  of th e  fu n c tio n  p r ts ,  a s  th e  d ifference  of tw o  fu n c tio n s , 

w hich  a re  m ono tone  in c re as in g  in  x , in  y, a n d  in  y), re p re se n tin g  th e  

positive a n d  n e g a tiv e  v a ria tio n s  in  th e  p lan e , in c re ase d  b y  th e  d ifferences 

of th e  v a ria tio n s  a long  th e  ax is  of x  a n d  a lo n g  th e  a x is  of y  resp e c tiv e ly . 

T here  is, in  consequence  of th e  defin ition , a  u n iq u e  l im it  a t  each  p o in t fo r 

each  of th e  fou r s ta n d a rd  m odes of app roach , th ese  fou r  lim its  co inc id ing , 

e x ce p t a t  p o in ts  ly in g  on a c o u n ta b le  se t of lin e s p a ra lle l to  th e  a xes  a t  m ost. 

T he m odes of a p p ro a ch  h e re  considered  c o rre sp on d  to  th e  fo u r  q u a d ra n ts  

w hen  th e  p o in t is th e  o rig in , th e  lin e s  c o rre sp o n d in g  a n d  p a ra l le l  to  th e  

axes being  excluded . T he lim its  a lo n g  th ese  e x c lu d e d  lin e s  m ay  be d iffe re n t 

from  one a n o th e r  a n d  from  th e  o th e r  four.*

S uch  functions, th e n , c a n n o t in  g e n e ra l be doub le  in te g ra ls  o f o rd in a ry  

fun c tio n s of tw o  variab les, even  if th e y  a re  co n tin u o u s. T he  s im p le s t case, 

one w h ich  c o n s ta n tly  occurs in  p rac tic e , is th a t  in  w h ich  th e  fu n c tio n s a re  

n o t in teg ra ls, solely  because th e y  a re  n o t con tinu o u s. T h is  is th e  case, fo r 

instance, w ith  th e  su m -fu n c tio n  of th e  doub le  F o u rie r  se r ies  w hose g e n e ra l 

te rm  is sin  m x  s in  n y /m n ,  w h ich  is d isc on tin u o u s a t  th e  o rig in  a n d  a long  th e  

axes, an d  is th e  s im p lest ty p e  of double  in te g ra l  e lsew here .

T he s tep  ta k e n  in  e x te n d in g  th e  th e o ry  of in te g ra tio n  to  th a t  in  w h ich  th e  

o rd in ary  v a ria b les  a re  rep laced  by one or m ore  fu n c tio n s of bounded  

v a ria tio n , is for th is  v e ry  reason  a  m a t te r  to  w h ich  no one w ho h a s occasion 

to  use m a th em a tica l a na lysis can be in d iffe ren t, th o u g h  h e  m ay  be q u ite  

unaw are  of th e  ex isten ce  of c o n tin u o u s fu n c tio n s of bou n d ed  v a ria tio n  

w hich a re  n o t in teg ra ls .

T he o rig ina l idea of in tro d u c in g  in te g ra t io n  w ith  resp ec t to  a  m ono tone  

function  of a single in d e p e n d e n t v a riab le  is due to  S tie ltje s, and  w as em ployed  

by him  exclusively  in  th e  case of c o n tinu o u s in te g ran d s . Ind ee d , h is defin ition  

fails in  gen eral w ith  a less re s tr ic te d  hypo thesis . O n th e  o th e r  hand , L ebesgue 

has given a  defin ition ,j- depend ing  on change of th e  in d e p e n d e n t variab le , for 

in teg ratio n  of any  bounded  fun c tio n  w ith  resp ec t to a  c on tinu o u s fun c tio n  of 

bounded varia tion . In  m y ow n theory , in  w h ich  th e  tre a tm e n t ru n s  p rec ise ly  

pa ra lle l to th a t  I  have em ployed w hen  th e  v a riab le  itse lf  is th e  in te g ra to r  

( th a t  is, the  function  w ith  respec t to  w h ich  we in te g ra te ) , th e  in te g ra n d  

and  in te g ra to r  are b o th  p e rfec tly  general, th e  la t te r  be ing  an y  fu n c tio n  of

* T h is  cou ld  on ly  be a t  th e  ex cep tio n a l  p o in ts  a lr ead y  m en tion ed .

t  L eb esgu e ’s m e thod  fa i ls  w h en  th ere  are  m ore in d ep en d en t va r iab les  th an  one.

On Multiple Integrals.
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30 P ro f .  W .  H .  Y o u n g .

bounded  v a ria tio n , n o t n e c e ssa rily  c o n tin u o u s , a n d  th e  fo rm e r a n y  b o u n d ed  

o r  u n b ou nd ed  fu n c tio n  to  w h ich  th e  p ro ce ss  is a p p licab le . I n  th e  case in  

w h ich  th e  in te g ra to r  is a n  a b so lu te ly  c o n v e rg e n t  in te g ra l , w e o b ta in  

o rd in a ry  L ebesgue in teg ra ls , a n d  I  h a ve  u ti l ise d  th is  fa c t  on  m o re  th a n  one 

occasion to  o b ta in  new  th eo rem s  in  o rd in a ry  in te g ra tio n .

In  a  re c e n t p ap er , I  h ave  th u s  o b ta in e d  th e  g e n e ra lisa tio n  fo r a n y  n u m b e r  

of v a ria b les  of th e  second th e o re m  of th e  m e a n  in  B o n n e t’s a n d  o th e r  form s, 

as w ell as th e  fo rm u la  fo r in te g ra tio n  by  p a r ts  in  i ts  m o st g e n e ra l form .

I n  such  a p p lica tio n s, c e r ta in  fu n d a m e n ta l  th e o re m s  c o n n ec tin g  o rd in a ry  

in te g ra t io n  w ith  th e  m ore  g e n e ra l  ty p e  I  h a ve  h e re  in  m in d , a re  necessa ry . 

M oreover, in  th e  d e v e lo pm e n t of th e  n ew  th e o ry  itse lf , a  n ew  ty p e  of 

th e o re m  is re q u ired . W h e re a s  a b so lu te ly  c o n v e rg e n t  m u lt ip le  in te g ra t io n  

w ith  re sp e c t to  th e  p ro d u c t  xyz...is  a lw ay s e x p re ss ib le  

re p e a te d  in te g ra l , th is  ceases in  g e n e ra l to  be th e  case w h e n  th e  in te g ra to r  is  

no  lo n g er  e x p re ss ib le  as th e  p ro d u c t of fac to rs, e a c h  in v o lv in g  a  sing le  

v a ria b le  only . I t  becom es im p o r ta n t , th e re fo re , to  fo rm u la te  to le ra b ly  w ide  

c o n d itio n s u n d e r  w h ich  su ch  a  re d u c tio n  of d iff icu lty  is possib le .

I n  th e  p re s e n t  c o m m u n ica tio n  to  th e  S ociety , I  p ropose  to  g ive  a  b rie f  

a c c o u n t of som e of th e  form ulae, w h ich , fro m  th e s e  tw o  d ifferen t, b u t  c lo se ly  

a llied  p o in ts  of v iew , a re  fu n d a m e n ta l .

I  beg in  by  e x p lic itly  s ta t in g  c e r ta in  u n d e rly in g  fa c ts  on w h ich  th e  th e o ry  

of in te g ra tio n  w ith  re sp e c t to  a  fu n c tio n  of b o u n de d  v a ria tio n  in  tw o  or m ore  

v a ria b les  is based.

I  h a v e  n o t in tro d u c e d  a n y  d iscussion  of in te g ra tio n  w ith  re sp e c t to  a 

c o n tin u ou s fu n c tio n  w h ich  is n o t of b o u n de d  v a ria tio n . M a n y  of th e  

form ulae m ig h t be deduced  from  tho se  o f th e  p re s e n t p a p e r  in  th e  case 

w h en  th e  in te g ra n d  is a fu n c tio n  of b o u n de d  v a ria tio n , b u t  i t  seem s 

a d v isab le  to  re se rv e  th e  d iscussion  of th is  su b je c t  fo r  a  se p a ra te  com 

m u n ic a tio n .

I  have  also  th o u g h t i t  u n n e ce ssa ry  to  g ive  th e  form ulae for fu n c tio n s  of 

m ore  va riab les  th a n  tw o.

§ 2 . T he fu n c tio n  g (x , y )  w ith  re sp e c t to  w h ich  w e in te g ra te  i

an y  fu n c tio n  of bounded  v a ria tio n  w ith  re sp e c t to  ( , y). E v e ry  such  fu n c tio n  

is, how ever, ex p ressib le  in  th e  fo rm

9 (x > V) =  9 ( 0 , 0 ) +  7T 

w here  t t {x , y )is th e  sum  of th e  p o sitiv e  v a ria tio n s  of y)  w ith  re sp e c

(x, y),to  x  a n d  to  y  resp ec tiv e ly , each  ta k e n  in  th e  re c ta n g le  ( 0 , 0 ; x, y), th e

la s t tw o v a ria tio n s  b e in g  ta k e n  a lo n g  th e  axes of x  a n d  y, a n d  v ( , y )  being  

s im ila rly  defined for th e  n e g a tiv e  v a ria tion s.

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0
2
2
 



On Multiple Integrals. 31

F rom  th e  d e fin ition  i t  fo llow s a t  once th a t  o n ly  a n d  N  y),

th e  positive  v a ria tio n  a n d  n e g a tiv e  v a ria tio n , ta k e n  p o s itiv e ly , w ith  re sp e c t 

to  (x, y), c o n tr ib u te  a n y th in g  to  th e  doub le  in te g ra l  w ith  re sp e c t  to  g (x, y), so 

th a t  g (x, y )  is v ir tu a lly  ex p re ss ib le  as th e  d ifference  of P ( « ,  y )  a n d  N  (x, y ), 

th a t  is th e  d ifference of tw o fun c tio n s, each  of w h ich  is m o n o to n e  in c re a s in g  

w ith  resp ec t to  (x, y), to  x  a n d  to  y.

I t  w ill be c o n v en ien t, th ere fo re , to  avo id  re p e t itio n , to  suppose  th a t  in  th e  

e n u n c ia tio n  of our th eo rem s  g (x, y ),the fu n c tio n  w ith  re sp e c t 

in te g ra te  ( in te g ra to r )  is  its e lf  such  a  fu n c tio n  (m o n o to n e ly  m o n o to n e  

increasing  func tion ). I t  is c le ar  from  w h a t h a s been  sa id  t h a t  th e re  w ill be 

no loss of g e n e ra lity  in  a d o p tin g  su ch  a  course, e x c e p t in  cases w h ere  som e 

a d d itio n a l specia l h y p o th es is  is m ad e  w ith  re sp e c t  to  th e  in te g ra to r , w h ich  

does n o t ipso fa cto  ho ld  for th e  fu n c tio n s of w hich  g {x , y )  is in  g e n e ra l th e  

difference.

T he  co n d itio n  th a t  g (x, y )  is m o no tone ly  in c re as in g  w ith  re sp e c t to  (x, y )  is 

expressed  as fo llo w s :—

an d  m ay be expressed  in  w ords by  sa y in g  th a t  th e  p lan e  in c re m e n t ro u n d  a n y  

rec tan g le  w hose sides a re  p a ra lle l to  th e  axes is positive , o r m ore  p rec ise ly  by 

say ing  th a t  the monotone increase w ith  respect to either o f  the variables has an  

increasing rate as the other variable increases.

F rom  th ese  p ro p e rtie s  i t  follow s th a t  g (x , y )  h a s a u n iq u e  l im it  as w e  

approach  a n y  p a rtic u la r  p o in t from  one side o r th e  o th e r  a long  th e  axes, or 

in  any  m a n n e r in  each  of th e  c o m p lete ly  open q u a d ra n ts . D e n o tin g  th e  

fo rm er four lim its  by  V\, v2, vs> v^, b e g inn ing  w ith  th e  h o rizo n ta l 

axis, and  proceed ing  ro u n d  clockw ise, and  th e  l a t te r  fou r  by  

beg inn ing  w ith  th e  first, or ( + ,  +  ) -q u a d ra n t a n d  p roceed ing  clockw ise, we 

have th e  in eq u a litie s

H ence also, rem em b erin g  th a t  g (x, y )  lies be tw een  an d  4 o r v\ a n d  vs> we 

can show th a t  g(x> f )  continuous w ith  respect to ( , y), except possibly at po ints

lying  on a countable set o f  parallels to the axes o f  x  and y.

§ 3. The las t re su lt enab les us to prove, as in  th e  th e o ry  of fu n ctio n s of a  

single rea l variable,*  m utatis m utandis, th a t  an y  sim ple  l or w -function of 

(x, y )  can be expressed  as th e  lim it of a  m onotone sequence of sim ple  l o r

* W . H . Y ou n g , “ In te g r a tio n  w ith  R e sp ec t  to  a  F u n c tio n  o f  B ound ed  V a r ia t io n ,” 

‘ L ond. M ath . Soc. P roc .,’ Ser. 2, vo l. 13, p. 139 (1913).

=  g ( x  +  h t y  +  k ) - g ( x , y  + k ) - g ( x  +  h, y ) + g ( x ,  0

( 1 )

u s v2s u 2 ^ v i ^ u i ;  u<t u\.
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32 P ro f . W . H .  Y o u n g .

w -functions*  none of w hose d isc o n tin u itie s  co inc ide  w ith  d isc o n tin u itie s  of 

g  ( x ,y). W e have  accord ing ly , as in  th e  o rig in a l th e o ry , th re e  m eth o d s of 

s t a r t i n g :—

(1) B y  defining the integral o f  a general sim ple l or y ). T h is

w ill n o t  be used  in  th e  p re s e n t  no te.

(2 ) B y  defining the integrals o f  special sim ple l a n d  u - f  unctions, vjhose d is

continuities are not d iscontinuities o f  g (x, The fo

ra ,b ,  r m

\ f ( x , y ) d g ( x , y )  =
J 0,0 J i :

*m—1, n —\

2  % J i , j  yg {x , y )
i ,  ■■

Ci fi,

Ciy k j

th a t  is

/•a, b m —1 n — 1

I f y )  d g ( x ,  y )  —  2  2,/*■> 
J 0, 0 i = 1 j = 1

w h ere  th e  fu n d a m e n ta l  re c ta n g le  ( 0 , 0 ; a, b) is su p p o sed  d iv id e d  u p  by  lin e s  

p a ra lle l to th e  axes, th e  fe e t of w h ic h  on th e  a?-axis h a v e  abscissae 

c\ — 0 , C2 , c3, . . . ,  cm =  a, a n d  on  th e  ^/-axis th e  o rd in a te s  hi =  0 , k%,

in  a n y  c o n v e n ie n t w ay  su ch  th a t  a ll th e  d isc o n tin u itie s  of g (x, y )  lie  on th e  

d iv id in g  lines, none  of w h ich  co incide  w ith  a n y  of th e  c o u n ta b le  se t of lin e s  

p a ra lle l to  th e  axes on w h ich  th e  d is c o n tin u itie s  of g  ( , y )  l i e ; /* ,  j  th e n  

deno tes th e  c o n s ta n t  v a lu e  of f i x ,  y )  in  th e  in te r io r  o f th e  re c ta n g le  w hose 

le f t-h a n d  b o tto m  c o rn e r  is (c{, kj), a n d  gj is th

(3) B y  defining the integrals o f  continuous fu n c tio n s. T he fo rm u la  is

ra , b m—1 n —1

f i x ,  y ) clg (x, y )  =  L t  2  2  / ( P i ,  (gi, - g i ,  j + g i+1, i+1), ( 3 )

Jo, 0 i =

w here  P i ,;- is an y  c o n v e n ie n t p o in t in  th e  re c ta n g le  w hose le f t-h a n d  b o tto m  

c o rn e r is (ci, k f),and th e  re s t  of th e  n o ta tio n  h a s been  a lre a d y  e xp la ine

I t  m ay  be  show n th a t  th e  in te g ra ls  we o b ta in  a re  th e  sam e, w h ich ev e r of 

th e  th re e  m eth o d s w e adop t. T he  d efin ition  of th e  in te g ra l  of a  fu n c tio n  

w hich  is th e  lim it of a  m ono tone  sequence  of fu n c tio n s  w hose in te g ra ls  h a v e  

been  p rev io us ly  defined  is th a t  i t  is th e  l im it  of th e  in te g ra ls  of th e  fu n c tio n s 

c o n s titu t in g  th e  sequence. ThQ v a lid ity  of su ch  a  d e fin itio n  follow s as in  

one d im ension , a n d  we have, as in  o n e -d im en s io n a l th eo ry , th e  th e o re m  th a t  

th e  in te g ra l  of f ( x , y )  is a t  th e  sam e tim e  th e  low er b o u n d  of th e  in te g ra ls  of 

/- fu n c tio n s g re a te r  th a n  f ( x ,  y )and th e  u p p e r b o

u-iu nc tion s less th a n  f i x ,  y).

§ 4. W e  can  now  prove c e rta in  form ulae fo r o u r  doub le  in te g ra ls  w ith  

re sp e c t to  g(x,y). T he  m etho d  of p roo f w ill in  g e n era l consist in  p ro v in g  th e

*  S uch  fu n c tio n s  are c on s ta n t in  th e  in te r io r  o f  a  f in ite  n um b er  o f  r e c tan g le s  in to  

w h ich  th e  r e g ion  o f in te g r a t io n  is  d iv id ed  b y  l in e s  p a ra lle l  to  th e  a x is .

I
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33On Multiple Integrals.

form ulae from  firs t p rin c ip le s  fo r one or o th e r  o f o u r  tw o  s ta n d a rd  fo rm s ( 2 ) 

and  ( 3 ) of th e  p rec ed in g  a r tic le , an d  th e n  d e d u c in g  th e  re s u l t  by  th e  m eth o d  

of m onotone sequences, e i th e r  by  u s in g  g e n e ra lise d  in d u c tio n , o r  by  ded u cing  

th e  t r u th  of th e  fo rm u la  fo r l- a n d  ^ -fu n c tio n s  a n d  a p p ly in g  th e  th eo rem  

m en tio n ed  a t  th e  conclusion  of th e  p rec ed in g  a rtic le .

W e  beg in  b y  e s ta b lish in g  th e  fo llow ing  e x tre m e ly  im p o r ta n t  r e s u l t :—  

Theo r em.—  I f  g{x,y)is an  absolutely convergent integral w ith  respect to y)

then
ra ,b ra,b

f i x ,  y )  dg (x, y )  =  y )  <f>(x, y )  d  (xy ), (4 )
J o .o  J o ,o

where cf>(x, y ) is a n y  fu n c tio n  o f  which g (x , y )  is the fo r  example* the

fu n c tio n  equal to the repeated d ifferen tia l coefficient o f  g y), wherever th is  

differential coefficient exists, and. equal to zero elsewhere.

S ince th e  re c ta n g le  ( 0 ,0 ;  x hy)is th e  su m  of th e  re c ta n g

an d  (X, /z.; 0 ,0 )  m in us  th e  sum  of th e  re c ta n g le s  (X, ; 0, a n d  (X, ; x, 0),

i t  fo llow s th a t

•a, b "I

( f> (x, y ) dxd y  
o, o

r  r*,y r q«, 6
0  (%,V) d xd y  = z \g { x ,y )  .

L J a, J 0, o L J o ,  o

I f  th en  f ( x ,  y)is a  c o n s ta n t, say  c, th e  le f t-h a n d  side of (4 ) is by  defin ition

r  l a ,  b *

equal to  c \g  (x,y) , w h ile  th e  r ig h t-h a n d  side, be ing  c (f> y )  dxdy, h a s
L' J  o, o J  o, o

as has ju s t  been  p o in ted  ou t, th e  sam e value. T hus th e  fo rm u la  is t ru e  w hen  

/  is a co n stan t.

A gain , if /  (x, y )  is a sim ple  l or it- fu n c tio n  of th e  special ty p e , i ts  in te g ra l  

w ith  resp ec t to  g (x, y) is th e  sum  of th e  fin ite  n u m b e r  of te rm s, b y  th e  

fo rm u la  ( 2 ), each  of w h ich  is th e  in te g ra l  of a  c o n s ta n t, a n d  th e refo re , by  

w h a t has been proved , is e qu a l to  th e  o rd in a ry  doub le  in te g ra l of th a t  

co nstan t m u ltip lie d  by  <£ ( x , y) over th e  co rresp o n d ing  rec tan

all these  term s, th e  e q u a tio n  (4) follow s in  th is  case.

B u t if th e  equation  (4 ) ho lds fo r each of th e  m em bers f  \ ( , y), f 2 ( , y ) , . .. 

of a m onotone sequence, i t  ho lds for th e ir  lim itin g  fu n c tio n  f  {x, y), since
ra , 6 p a , b

by definition /  {x,y) dg (x, y )  is th e  lim it of f n (x, y ) dg (x, y), 
J o, 0 J 0, 0

& ra , b

\ f ( x > y)<b{x > y)dxdyis th e  lim it of 1 f n (x, y ) (b(x, y ) d x d y  by  a  know n  
J o. o J 0, 0

theorem .

I t  follows, there fo re , th a t  th e  th eo rem  is tru e  fo r g e nera l sim ple l an d  

u -lunc tions, as th e  lim its  of m onotone sequences of these  special functions,

*  S ee  a fo r th com in g  paper b y  th e  au tho r.
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34 P ro f . W . H . Y o u n g .

a n d  is th ere fo re  t ru e  fo r g e n era l l a n d  ^ - fu n c tio n s , as th e  l im its  of m ono tone  

sequences of s im p le  l a n d  ^ -fu n c tio n s .

H e n c e  by  g en era lise d  in d u c tio n  th e  th e o re m  is t ru e  fo r a ll fu n c tio n s  w h ich  

can  be o b ta in ed  as th e  lim its  of m o n o ton e  se q u en ces of fu n c tio n s , s ta r t in g  

w ith  s im p le  l a n d  ^ -fu n c tio n s . T h is p ro v es th e  t r u th  of th e  fo rm u la  (4). 

S im ila rly  w e m ay  p ro v e  th e  m ore  g e n e ra l th e o r e m :

Theo r em.— I f  G {x, y ) is the in tegra l 

where s (x, y )  is  a fu n c tio n  o f  {x, y )  o f  hou

pa, b ra, b

f { x ,  y ) dG  (X, y )  =  f i x ,  y ) r  (x, y )  ds (x, y). (5 )
J  0 , 0  J  0 , 0

W e h av e  in  fac t o n ly  to  s t a r t  f ro m  th e  id e n t i ty

*a, b

JO, 0
r ( x ,  y ) ds (xy)

a, b

L J A, /a
r  (x, y )  ds (x, y )

a, b 

0, 0
G ix,y)

" a, b

- 0 ,  o’

an d  th e  a rg u m e n t is o th e rw ise  th e  sam e as before.

T his g e n era l theo rem , w h ich  I  h av e  n o t h i th e r to  s ta te d , e v e n  fo r  fu n c tio n s  

of a  s ing le  v a ria b le , is o f v e ry  g re a t  u se  in  p ra c t ic e , as i t  e n ab le s  u s  to  

m ak e  in  a  v ery  sim p le  m a n n e r  c e r ta in  tr a n s fo rm a tio n s  in  o u r  integrals>  

w h ich  w ould  o th e rw ise  sc arce ly  occu r to  th e  w o rk e r.

§ 5. Theo r em.— I f  the in tegran d is independent o f  one o f  the , the

integration reduces to integration  w ith  respect to a fu n c tio n  o f  the other 

variable, in  accordance w ith  the fo r m u la

p a, b p a  [“* b pa

f { x )  dg ix, y ) — f  d g \  — / (x) d  (g (pc, b ) - g  ix , 0
J 0 , 0  J o L  -Jy =  0 J o

To p rov e  th is , le t  f ( x )be a  c o n tin u o u s  fu n c tio n . W e  th e n  have ,

>a, b m—1 n — I

f  (x) dg (x, 7/) L t  X S  f  (pi) {ffiy j  7 + 1 gi+h j  gi+1, j  + l)
0, 0 i' = 1 j = ]

rn—1 pa

=  L t 2) f i d )  (gi, i — g%,2—gi, » +g%+ ») =  /  (x) {dg {x
t = i  J o

T h u s th e  fo rm u la  is verified  in  th e  case considered . S ince, th ere fo re , th e  

le f t-h a n d  a n d  r ig h t-h a n d  sides c o n tin u a lly  re p ro d u c e  th em se lv e s, w h en  we 

le t  /  (a?) describe  m ono tone  sequences, f irst of c o n tin u o u s  fu n c tio n s , th e n  of 

l a n d  M -functions, w h ich  a re  th e  lim its  of su ch  sequences, a n d  so on, i t  fo llow s 

th a t  th e  fo rm u la  ho lds fo r a ll  fu n c tio n s f  {x) m a th e m a tic a l ly  definable .

T h is p roves th e  fo rm u la , u sin g  ge nera lise d  in d u c tio n .

If , how ever, w e p re fe r  to  use th e  th e o re m  a llu d e d  to  a t  th e  end  of §3, we 

on ly  use th e  above m etho d  to  p rove  th e  fo rm u la  fo r l a n d  ^ -fu n c tio n s , a n d

|*ai b
th e n  rem a rk  th a t  /  (x) dg {x, y )  is th e  u p p e r b o und  of th e  in te g ra ls  of a ll

Jo,o
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On M u lt ip le  Integrals. 35

^ -fu n c tio n s a (x) less th a n  f ( x ) ,  a n d  

in te g ra l of /  (x)  w ith  resp e c t to  g  (x, b )—g  0 ), is th e  

in teg ra ls  of th e  fu n c tio n s a (x) w ith  resp e c t to  th e  sam e f u n c

fo rm u la  (4 ) ho lds for a (x)in  p lace  o f /  i t  th e re fo re  ho lds as i t  s ta n d

T his p roves th e  fo rm u la  also. T hus by  e ith e r  m eth o d  th e  fo rm u la  is  

verified  by m o n o to n e  sequences.

§ 6. Theo r em.— I f  the integrator g (x, y ) a p aram eter  t, the result o j

integration w ith  respect to th is param eter is given by the fo llo w in g  :—

rc ra, b \

d t f ( x ,  y ) dg (x, y, t)  — y ) d [ \  (x, 
Jo Jo,o Jo, 0 \ J o

provided only g ( x , y ,  t) possesses an  absolutely convergent integral 

to t.

Suppose firs t t h a t  f i x ,  y )  is* a sim p le  l or ^ -fu n c tio n  of th e  spec ia l ty p e , 

whose d isc o n tin u itie s a re  d iffe ren t from  a n y  of those  of g y. t). T h en ,

d en o tin g  J g(x,y, t) by G (x , y),we h a v e  by  ( 2 ),

rc fa, It pc m—1 ft—1

t) =  I d t % 2 /», j  0%, j —ffi, j+ i—gi+i, j  +  'A +n j+ i)
J 0 J 0, 0 J 0 i = 1 j == 1

7)1 — 1 ft —1
=  X 2  fi,j ( G  *, j — Gf, G ;+ 1

i = 1 j  = 1

(•«, l>
=  f ( x > y) dG

Jo,0

since G ( x , y)  is easily  seen to  be a  s im p le  fu n c tio n  of th e  sam e specia l ty p e  

as g(x,y). T h is p roves th e  fo rm u la  in  th is  case.

B u t i f / i  (x, y ) , f 2 (x,y),..., a re  fu n c tio n s fo rm in g  a m ono to n e  sequence  w ith  

if (x > y)  as lim it, w e m ay  in teg ra te  th is  sequence te rm -b y -te rm  w ith  resp ec t to

the  func tion  j  g (x, y, t) dt,so th a t

I /  (x > y ) dG  (x, y )  — L t f n y ) dG
J o, 0 • ft -► GO J o, 0

A nd also sim ilarly

fai  ̂ pa, b
\ f ( x > y) dg (x, y, t) =  L t f n (x, y ) dg (x, y, t).
0, 0 n oo J 0, 0

D enoting  th e  fu n c tio n  of t re p re se n te d  by  e ith e r  side of th e  la s t eq u atio n  

by ? (0 > and the  function  w hose lim it  is ta k e n  on th e  r ig h t  by  qn (t), qn (t)

* I t  is  con v en ien t h ere  as e lsew here  to  suppose f  p o s it iv e  in  th e  proof. T h is  is  no  

l  e str ict io n , as w e m ay  a lw ay s  b reak  up  f  in to  th e  d iffer en ce  o f  tw o  su ch  fu n c tion s .
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36 P ro f . W . H . Y o u n g .

in c reases  o r decreases w ith  n, acc o rd in g  as ) doe

describes a  m o no tone  seq u en ce  w ith  q as lim it.  T h ere fo re , as before, w e 

m ay  in te g ra te  te rm -b y - te rm  a n d  w r ite

[ 9. ( 0  d t — L t  | qn 
Jo n -> CO J 0

N ow , supposing  th e  e q u a tio n  (5 ) to  h o ld  fo r each  of th e  fu n c tio n s  f n y), 

we have, w ith  ou r p re s e n t n o ta tio n ,

rc ra , b

I Qyi ( 0  tit =  I f n (X, ?/) (x , y ).
Jo J 0,0

P roceed ing  to  th e  l im it  w ith  n , a n d  u s in g  th e  re s u lts  j u s t  o b ta in ed , w e g e t 

th ere fo re

w h ich  is id e n tic a l w ith  (5).

I f  th e re fo re  th e  e q u a tio n  (5 )  h o ld s  fo r  a ll th e  m e m b e rs  of a n y  m o n o to n e  

sequence  of fu n c tio n s , i t  h o ld s  fo r  th e  l im it in g  fu n c tio n . T hus, as before, th e  

th e o re m  is tru e , since  i t  h a s been  sh o w n  to  h o ld  fo r  s im p le  l- a n d  ^ - fu n c tio n s  

of special ty p e .

Theo r em.— I f  the in tegrand  contains a 'parameter t, we m a y  integrate w ith  

respect to t inside the integral, tha t is

T he proof of th is  th eo re m  is m u ta tis  m u ta n d is  th e  sam e as th a t  in  th e  

o rd in ary  th eo ry  of a b so lu te ly  c o n v e rg e n t  in te g ra ls .

§ 7. W e  h av e  a lre a d y  g iv en  in  § 5 th e  s im p le s t case in  w h ich  in te g ra t io n  

w ith  re sp e c t to  a  fu n c tio n  of b ounded  v a ria tio n  red u c es to  o rd in a ry  in te g ra 

tion . W e  now  p rov e  th e  fo llow ing  fu r th e r  th e o r e m s :—

Th e o r e m.— I f  F  (x, y ) is a n  in teg ra l* w ith  respect 

w here  cIF/ d x  is a n y  one of th e  d e riv a te s  of F  (x, y )  w ith  re sp e c t to  x. I n  

fact, d e n o tin g  by  f { x ,  y )  th e  fu n c tio n  w h ic h  is e qu a l to  th e  d iffe ren tia l 

coefficient w ith  resp e c t to  xof F  ( 

is zero, or has an y  o th e r  c o n v e n ie n t va lues, a t  th e  re m a in in g  se t of va lues of 

x  of c o n te n t  zero, w e h av e

F  (x, y ) dg (x,y) =  i F  (x, y ) dg (x, y )

*  A b s o lu t e ly  con v er g en t, or L eb esg u e , in teg ra l.
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On Multiple Integrals. 37

N ow  by th e  fo rm u la  (4),

COL l) »
F  (0, y )d g ( x ,  y )  =  F  (0, y ){d g {a ,  0,

Jo,o JO

fa  fa  b fb

and \ d t \ '  f{t, y) dg ( x ,y ) = \d t \  y ) (dg (a, 
J o  J t ,  0 J O  J * /  =  0

J
B u t change  of o rder of in te g ra t io n  is a llo w a b le  on each  side of th e  la s t  

e q u a tio n * ; th u s

ra, b rxfb f a

d g (x , y )  f i t ,  y ) d t  — d g ( a ,y )  f ( t ,  y )  d t -  d t  
J o ,  0  J o  J y  =  o  J O  J 0  J  =  0

w hich m ay  be w r it te n

r * ( F ( a , y ) - F ( 0 ,  y ) ) d g ( x , y )

fb fa  fb

=  {F  {a, y)-F  (0, y )  } dg (a, y ) -  d x  f ( x ,  y ) dg
Jo J 0 Jy = 0

U sing  th e  expression  a lre ad y  g iven  for th e  in te g ra l  of F  (0, y), th is  g ives

(•a,6
¥ ( x ,  y ) dg (x, y )

J o , o

rb ra fb

={ (F  (a,y) dg (a, y )-F ( 0 , y)  ( 0 , -  d x  
Jo Jo Jo

w hich  is id en tica l w ith  th e  fo rm u la  to  be proved .

In  th e  theo rem  ju s t  p roved  th e  in te g ra t io n  is red u ced  to  re p e a te d  in te g ra 

tio n  firs t w ith  resp ec t to  a fu n c tio n  of b ounded  v a ria tio n  of one v a riab le , and  

th e n  w ith  respec t to  th e  o th e r  v ariab le . F ro m  w h ich  w e g e t

Theo r em.— I f  F  (x,y) is an  integral w ith  respect to x, and  G (x, y ) is 

integral w ith  respect to y, and  a fu n c tio n  o f  bounded varia tion  w ith  respect to 

{x, y), then

£ > ’ y ) d G ( x ’ =  J I F  I ' M ? * !  f  ‘S

H e re  we have been  able to  go s ti ll  f a r th e r ; a ll th e  in teg ra tio n s  em ployed  

are ordinary.

A gain, w ithou t any  assum ption  as to  th e  in te g ra to r , we can  reduce to  

o rd inary  in te g ra tio n  w hen  th e  in te g ra n d  is a double  in teg ra l. T he theorem , 

w hich  is an  im m edia te  consequence of (4 ) w hen  th e  fo rm u la  for in te g ra tio n  

by p a rts  for m u ltip le  in teg ra ls  is em ployed, is as follow s :—

*  “ In te g r a t io n  w ith  r espect to  a F u n c tio n  o f  B ound ed  V a r ia t io n ,” § 32, p. 148.
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3 8 P ro f . W . H . Y o u n g .

Theo r em.—  I f  f i x ,  y ) is a double integral w ith

■a, b

f ( x ,  y ) dg {x, y)
0 ,  0

= 0*—

d f
d y  +

ra, b d 2 f

J o, o d x  d y
g d x d y . ( 8 )

T his th eo re m  also  follow s from  ( 6 ) b y  th e  fo rm u la  fo r in te g ra tio n  b y  p a r ts  

for in te g ra tio n  of fu n c tio n s of a  s ing le  v a riab le .

§ 8 . W e  sh a ll now  find i t  c o n v e n ie n t to  p rov e  th e  fo llow ing  p ro p e r ty  of o u r  

in te g ra to r  g (x  , y). T h is  is t h a t  the derivates o f  g  (x, y )  w ith  respect to either 

variable are monotone ascending fu n c tio n s  o f  the other variable.

I n  fa c t th e  re la tio n  (1 ) g ives

 (x  +  h, y  +  k )  — g  ( x  +  h, y )  ^  g  (x, y  +  — g  y )  

k  ’

L e t  k  d escribe  su ch  a  seq u en ce  of p o sitiv e  v a lu e s  w ith  zero  as l im it  t h a t  th e  

r ig h t-h a n d  side ap p ro a ch e s i ts  u p p e r  l im it,  th e  u p p e r  r ig h t-h a n d  d e riv a te  of 

g (x, y )  w ith  resp ec t to  y, say  g ^ f  (x,y). T h e n  th

som e l im it  o r lim its  w h ich  a re  n o t  g re a te r  th a n  y). T h u s

9(j/)+ (x +  K  y )  >  giyf  (x, y).

S im ila rly , choosing  th e  seq u en ce  of v a lu e s of k  so th a t  th e  le f t-h a n d  side 

app roaches i ts  low er l im it  g + ^ i x  +  h, y), th e  low er r ig h t-h a n d  d e riv a te  of g  

w ith  re sp e c t to  y, w e g e t

g +(y) 0  +  h, y )  >  (x, y).

T his show s th a t  b o th  th e  r ig h t-h a n d  d e riv a te s  of g  ( , y )  w ith  re sp e c t to  y  a re  

m ono tone a sce nd in g  fu n c tio n s  of x. S im ila r ly , ta k in g  h  p o sitiv e  a n d  k  

n ega tive , in  w h ich  case th e  sym bo l 2= in  ( 1 ) m u st, of course, be ch an ge d  to  

in  o rd er  th a t  th e  p lan e  in c re m e n t m ay  beg in  w ith  th e  r ig h t-h a n d  top  co rner , 

a n d  p roceed  clockw ise, w e find  th a t  b o th  th e  le f t-h a n d  d e riv a te s  of g (x, y )  

w ith  resp e c t to  y  a re  m ono tone  a sce nd in g  fu n c tio n s  of x.

B y  sy m m etry  th e  sam e re s u l t  ho lds w h e n  a n d  y  a re  in te rc h a n g e d . T h is , 

th e re fo re , p roves th e  re q u ire d  re s u lt.

§ 9. I f  g ( x , y), in  a d d itio n  to  h a v in g  th e  p ro p e r ty  of b e in g  w h a

c alled  a monotone!y monotone fu n c tio n  o f  (x, y), (§ 2 ), is an  in te g ra l  w ith  re sp e c t 

to  x, i t  is th e  in te g ra l  of a n y  one of i ts  d e riv a te s  w ith  re sp e c t to  x. T hese 

d e riv a te s  ag ree  a n d  a re  fin ite  e x c e p t a t  a  se t of c o n te n t  zero  of v a lu e s of x  

f o r  each fixed  value o f  y  and , th e re fo re , ag ree  a n d  a re  f in ite  e x c e p t a t  a  se t of 

v a lu es  of (x.y) of p lan e  c o n te n t zero. H e n ce  th e y  ag ree  a n d  a re  fin ite  ex c

a t  a  se t of c o n te n t zero of v a lu es  of y  fo r  each fixed  value o f  x  n o t be long ing  to  

a  c e rta in  se t of c o n te n t zero  of v a lu es  of x. P u t t in g  aside  th is  e x cep tion a l
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se t of v a lu es  of x, th ere fo re , i t  fo llow s from  §8 th a t ,  x  b e in g  c o n s ta n t, 

e x is ts  and  is fin ite  e x c ep t a t  a  se t o f c o n te n t  zero  of v a lu e s of a n d  the 

values at the exceptional p o in ts m a y  be so assigned th a t d g /d x  becomes a  

monotone ascending fu n c tio n  o f  y , defined fo r  a ll values o f  ^V ith  th is

u n d e rs ta n d in g  th e refo re  we m ay , w h en  g {x , is a n  in te g ra l  w ith  re s p e c t 

to  x, n o t on ly  w rite  g (x, y )  =  J (d g /d x )  dx,b u t 

fu n c tio n  w ith  re sp e c t to  d g /d x , x  be ing  c o n s tan t, a n d  th e n  in te g ra te  th e  

re s u lt w ith  re sp e c t to  x,th e  e x c ep tio n a l se t of c o n te n t  zero of v a lu e

a t  w h ich  th e  inside  in te g ra l  is u n d e fin e d  n o t a ffec ting  th e  second  in te g ra tio n .

W ith  th is  u n d e rs ta n d in g , we h a v e  th e  fo llow ing  th e o re m  on th e  re d u c tio n  

to  a rep e a te d  i n te g r a l :—

Theo r em.— I f  g (x, y ) is a monotonely monotone ascending fu n c tio n  o f  (x, y )  

and a n integral w ith  respect to x , an d  therefore a n  integral w ith  respect to x  

o f a monotone increasing fu n c tio n  o f  y, we m a y  w rite

ra , b ra rb

f ( x ,  y ) dg (x, y ) = \ d x \ f  (x, y ) d  (d g /d x).  (7 )
J 0, 0 J o J 0

I i f ( x ,  y )  is a  c o n stan t, say  c, th e  th e o re m  is a t  once seen  to  be tru e , for, 

by  defin ition , th e  le f t -h a n d  side of th e  e q u a tio n  is

c (g (a , b )—g(a,0 ) —g (0 ,  0 ) ) ,

and  th e  r ig h t-h a n d  side is the  sam e, since, p e rfo rm in g  th e  in sid e  in te g ra tio n , 

we get, w ritin g  g ' (x, y )  fo r dgjdx ,

( c (; g '(x, b )—g' ( , 0 ) )
Jo *

H ence, by  th e  fo rm u la  (2), th e  th e o re m  ho lds w hen  f ( x ,  y )  is a s im p le  

l- or ^ -fu n c tio n  of th e  specia l ty p e , fo r th e  in te g ra l is th e n  a doub le  

sum m ation  of a  fin ite  n u m b e r of such  in te g ra ls  w ith  c o n s ta n t in te g ran d s .

B u t any  sim ple  l- or u-iun c tio n s  can  be ex p ressed  as th e  

m onotone sequence of sim p le  fu n c tio n  of th e  specia l ty p e s ju s t  con

tem p lated , say,

fx  (x, y )< /2 (x, y) s ........ ............ -> /(« , y)

and  we m ay in te g ra te  th is  sequence te rm -b y -te rm  e ith e r  w ith  resp ec t to  

9 (x > y \  or firs t w ith  resp ec t to  g' {x, y), x  being  c o n s tan t, a n d  th e n  w ith  

respect to x.
ra , b r a , b

Thus /  (x, y ) dg (x, y)  =  L t f n y) dg (x,
J 0, 0 n 0 0  J 0, 0

and  also ( dx  ( / (x, y ) dg' (x, y )  = L t  f dx  f f n dg
JO J0 n-^oojo  jo

*  T h is  m ode of r eg a rd in g  th e  m a tte r  is  su ffic ien t fo r  th e  p urpose  o f  ju s t i f y in g  th e  

n o ta tion  d g f d x  in  eq u a tion  (7). F o r  fu lle r  in fo rm a tion  w ith  regard  to  th e  d e r iv a te s  

and  rep eated  d er iv a te s  o f  fu n c t io n s  o f b ou nded  v a r ia tio n , see  th e  fo r th com in g  paper  

referred  to  in  §4.

On Multiple Integrals. 39
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40 P ro f . W . H .  Y o u n g .

B ut, by  w h a t w e have  a lre a d y  p ro ved ,

ret b Ca

j ’ fn(x, y ) dg (x, 

F ro m  th ese  th re e  re la tio n s  th e  re q u ire d  re la tio n  im m e d ia te ly  follow s.

S im ila rly , i t  now  follow s g e n e ra l ly  for a n y  l- a n d  ^ - fu n c tio n s , th e se  be in g  

th e  lim its  of m o n o to n e  sequences of s im p le  a n d  fu n c tion s.

B u t th is  p roves th e  th eo re m  g e n e ra lly  b y  g e n e ra lise d  in d u c tio n , o r, if

we p refer , as fo llow s r th e  le f t-h a n d  side  o f (7 )  is th e  u p p e r  b o u n d  of

f  <f> (x > V) dg{x,y), w here  (f>(x,y) is a n y  u n c tio n  less th a n
J 0, 0

r ig h t-h a n d  side of (7 ) is th e  in te g ra l  w ith  re sp e c t to  x  of th e  u p p e r

b o und  of f ^  (x, y ) dg' (x, y ),which is th e  sam e as th e  u p p e r b o u nd  of
Jo

f  d x  f  <f>(x, y ) dg' (x, y).
Jo Jo

F o r  ( <f)dg' < [ f d g ' , so th a t  in te g ra tin g , w ith  re sp e c t  to  a n d  
Jo ' Jo

ra rb ra rb

u p p e r bound, th e  u p p e r  b o u n d  of \ d x \^ l f d g
Jo Jo ' Jo Jo

a <f> for w h ich  |  (j>dg' differs by  as l i t t l e  as w e p lease  from  j  f d g ' ,  so th a t  

in te g ra t in g  w ith  re sp e c t to  x  a n d  ta k in g  th e  u p p e r  b o u n d , we see th a t  th e

ra rb ra rb

u p p er b ou n d  of i d x  I <$>dg' > \ d x \  f  dw h ere  e i
Jo Jo 1 Jo Jo

please. F ro m  th is  th e  t r u th  o f th e  s ta te m e n t  m ade a t  once follow s.

B u t by  w h a t has been  p ro v ed

f a ,  b +a rb

4> (x >y) d9 (x, y) =  d x  0  (x, y )  dg' y),
J 0, 0 J 0 J 0

as we

so th a t  th e  u p p e r  bounds of th e  tw o  sides of th is  e q u a tio n  a re  a lso  equal. 

T h is  g ives u s th e  e q u a tio n  (7), a n d  p rov es th e  th eo rem .

§ 10. F rom  th e  th eo rem  of th e  p reced ing  a rtic le , w e a t  once deduce th e  

fo llo w in g :—

Theo r em.—  I f  g(x,y) is a monotonely monotone ascending fu n c tio n  

a nd  an integral w ith  respect to x, a nd  therefore an  integral w ith  respect to x  o f  a 

monotone increasing fu n c tio n  o f  y, we have

^ J ( U, v ) d g ( u , v )  =  ^ f x , v ) d i f ^ ) (8 )

provided the r igh t-han d side is a, continuous fu n c tio n
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41On Multiple Integrals.

§ 11. W h e n  th e  in te g ra to r , in s te a d  of th e  in te g ra n d , d escrib es  a  sequence, 

th e  m ere m ono tony  of th e  seq u en ce  is n o t  en o u g h  to  e n su re  th a t  th e  

lim itin g  process is a llow able , th a t  is, th a t  th e  in te g ra l  w ith  resp e c t to  th e  

lim it  is th e  sam e as th e  l im it  of th e  in te g ra l.

I n  th is  co n n ec tion  th e  fo llow ing  th e o re m  is of im p o rta n c e  :—

Theo r em.— I f  g {x, y, z) is a fu n c tio n  o f  (x, 

w ith  respect to x, to y , a nd  to (x, y), a nd  has its  

sam.c sign, while i t  is monotone w ith  respect to z, then

ra, b  b

L t /  (x, y ) dg (x, y, z) =  I y )  dg (x, c +  0). (9 )
.7-vc+O J 0, 0 Jo, 0

F ro m  th e  h y p o thes is  in  th e  e n u n c ia tio n  i t  follow s th a t  

g 0 ‘, y ,c  +  Jr) —g (x, y ,c  +  0), (0  <  Jr),

is m o no tone ly  m o n o ton e  in c re as in g  w ith  resp e c t to  y), su p p o sin g  th e  

tr ip le  in c re m e n t of g to  be positive . F o r th e  fu n c tio n  h e re  c o n sidered  is 

th e  lim it, as e-+ 0  th ro u g h  positive  va lues, of

g (x , y ,c  +  Jr) - g  (x, c +  e), <  Jr),

w hich is m ono tonely  m ono tone inc reas in g  w ith  re sp e c t to  (x, y).

H ence  if f ( x ,  y)  is a  b ounded  fun c tio n  of {x, y), a n d  is n u m e r ic a lly  <  M ,

ra , b

f i x , y ) d (y (x > y>c +& ) — 9(x > 
Jo,0

9  (x > y , c + k)  - 9  (.x > y> c + ° )

a , b

0, 0

and  hence has th e  un iqu e  lim it  zero as Jr -> 0. T h is p roves th e  th eo rem  w hen 

f i x ,  y )  is bounded.

W h en  f { x ,  y )  is n o t bounded , we d en o te  by f m (x, y )  th e  fu n c tio n  w h ich  is 

eq u al t o / ,  w here  th is  is less th a n  m , a n d  is e lsew here  e q u a l to  m  ( / b e i n g  as 

usua l ta k e n  to  be positive). M a k in g  th e n  -» oo , we see, by  m ono tone 

sequences, th a t  th e  th eo rem  is tru e .

As a  p a rtic u la r  case of th e  theo rem  ju s t  proved , we have  th e  fo l lo w in g :—

Theor em.— I f  gn {x,y) is a monotonely monotone increasing fu n c tio n  y), 

and has, asn-> oo ,gix, y ) as lim it, and  generates such a monotone increasing o

decreasing sequence that its double increment always increases, or always  

decreases, w ith  n, then

ra, b ra, b

L t  f ( x > y ) d9n{x, y)  =  ) .*  ( 1 0 )
n-*■<*>JO, 0 J 0, 0

* T h is  theorem  m ay  be u tilised , am on g  o th er  w ays , in  e x te n d in g  th e  th eo rem  o f  

In teg r a tion  b y  P ar ts .
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