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Abstract: In this study, we develop the concept of multivalued Suzuki-type θ-contractions via a gauge

function and established two new related fixed point theorems on metric spaces. We also discuss an

example to validate our results.
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1 Introduction and preliminaries

Let �( )d, be a metric space. For �∈υ and �⊆A , let  ( ) = { ( ) ∈ }d υ A d υ υ υ A, inf , : .1 1 2 2 Denote �( )N ,

�( )CL , �( )CB , and �( )K by the class of all nonempty subsets of � , the class of all nonempty closed subsets

of � , the class of all nonempty bounded closed subsets of � , and the class of all nonempty compact

subsets of � , respectively. The Pompeiu-Hausdorff metric Ĥ induced by d on �( )CL is defined as follows:

 ( ) = ( ) ( )
∈ ∈

H A B d υ B d υ Aˆ , max sup , , sup , ,
υ A υ B

1 2

1 2









for all �∈ ( )A B CL, .

A point �∈υ is said to be a fixed point of  � �→ ( )T CL: , if ∈υ Tυ. If, for �∈υ0 , there exists a

sequence { }υn in � such that ∈ −υ Tυ ,n n 1 then ( ) = { }O T υ υ υ υ, , , , ...0 0 1 2 is said to be an orbit of

 � �→ ( )T CL: . A mapping � �→f : is said to be T -orbitally lower semicontinuous, if { }υn is a sequence in

( )O T υ, 0 and →υ ρn implies ( ) ≤ ( )f ρ f υlim inf .n n

A multivalued mapping  � �→ ( )T CL: is called a Nadler contraction, if there is ∈ ( )γ 0, 1 such that

  �( ) ≤ ( ) ∈H Tυ Tυ γd υ υ υ υˆ , , , for all , .1 2 1 2 1 2
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Nadler [1] acquired the variety of multivalued Banach contraction principle. Let �( )d, be a complete

metric space and  � �→ ( )T CL: be a Nadler contraction. Then, T possesses at least one fixed point.

Thereafter, many researchers worked on existence of fixed point results for multivalued mappings

satisfying different classes of contractive conditions [2–15]. Among them, Vetro [16] recently proved the

following result.

Theorem 1.1. Let �( )d, be a complete metric space and  � �→ ( )T CB: be a multivalued mapping. Suppose

that there exist ∈θ Ξ and ∈ ( )k 0, 1 such that

   �∈ ( ) > ⇒ [ ( )] ≤ [ ( ( ))]υ υ H Tυ Tυ θ H Tυ Tυ θ d υ υ, , ˆ , 0 ˆ , , ,
k

1 2 1 2 1 2 1 2
(1)

where Ξ is the set of functions ( ∞) → ( ∞)θ: 0, 1, satisfying the following conditions:

(θi) θ is nondecreasing and right continuous;

(θii) for every { }sn in ( ∞)0, , ( ) =→∞θ slim 1n n if and only if =→∞slim 0n n ;

(θiii) there exist ∈ ( )r 0, 1 and ℓ ∈ ( +∞]0, such that = ℓ→
( ) −+lims

θ s

s0
1

r .

Then, T possesses at least one fixed point.

Remark 1.2. Let �( )d, be a metric space. If  � �→ ( )T CL: is a multivalued mapping satisfying (1.1), then

  ( ( )) ≤ ( ( )) < ( ( ))θ H Tυ Tυ k θ d υ υ θ d υ υln ˆ , ln , ln , .1 2 1 2 1 2

Since θ is nondecreasing, we obtain

   �( ) < ( ) ∈ ≠H Tυ Tυ d υ υ υ υ Tυ Tυˆ , , , for all , , .1 2 1 2 1 2 1 2

Example 1.3. The following functions ( ∞) → ( ∞)θ θ, : 0, 1,1 2 defined by ( ) =θ r e r
1 and ( ) = +θ r r12 are

in Ξ .

Lemma 1.4. [16]. Let �( )d, be a metric space and A, �∈ ( )B CL with ( ) >H A Bˆ , 0. Then, for every >h 1 and

∈υ A, there exists = ( ) ∈ν ν υ B such that

 ( ) < ( )d υ ν hH A B, ˆ , .

Lemma 1.5. Let �( )d, be a metric space, �∈ ( )B CL and �∈υ . Then, for each >ε 0, there exists ∈ν B

such that

 ( ) ≤ ( ) +d υ ν d υ B ε, , .

In [17], the following family of mappings is considered:

� � �{ }= × → | ( ) ≤ −+ +Φ ψ ψ ψ r r r r: satisfies ,
1

2
.1 2 1 2

The following functions ψ1 and ψ2 are elements of Φ:

(i) � � �× →+ +ψ :1 defined by ( ) = ( ) − ( )ψ r r v r u r, ,1 1 2 1 2 where � �→+ +v u, : are given as ( ) =v r
r

1 2

1 and

( ) =u r r2 2.

(ii) � � �× →+ +ψ :2 defined by ( ) = − ( )( )ψ r r r, ,
r v r r

u r r2 1 2 2

,

, 2
1 1 2

1 2
where � � �× →+ + +v u, : are given as ( ) =v r r r r,1 2 1 2

and ( ) = +u r r r r r,1 2 1 2 2 for all >r r, 01 2 .
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Recently, Khojasteh et al. [18] investigated the notion of a simulation function (see also [19–21]).

Definition 1.6. [18] A mapping � � �× →+ +Γ: is called a simulation function if:

(Γ1) ( ) =Γ 0, 0 0;

(Γ2) ( ) < −Γ r t t r, for all >r t, 0;

(Γ3) if { }rn , { }tn are sequences in ( ∞)0, such that = >→∞ →∞r tlim lim 0n n n n , then

( ) <
→∞

Γ r tlim sup , 0.
n

n n

Due to the self-domain in ( )Γ2 , we have ( ) <Γ r r, 0 for each >r 0. Denote by ∇ the set of all functions

satisfying the conditions ( )Γ1 –( )Γ3 .

Example 1.7. [18–21] For =i 1, 2, let � �→+ +ϑ :i be continuous functions with ( ) =rϑ 0i if and only if

=r 0. The following functions � � �× → ( = … )+ +Γ j: 1, , 6j are in ∇:

(i) ( ) = ( ) − ( )Γ r t t r, ϑ ϑ1 1 2 for all ≥r t, 0, where ( ) ≤ ≤ ( )r r rϑ ϑ1 2 for all >r 0;

(ii) ( ) = − ( )( )Γ r t t r,
l r t

l r t2
,

,

1

2
for all ≥r t, 0, where � �× → ( ∞)+ +l l, : 0,1 2 are continuous functions such that

( ) > ( )l r t l r t, ,1 2 for all >r t, 0;

(iii) ( ) = − ( ) −Γ r t t t r, ϑ3 3 for all ≥r t, 0;

(iv) ( ) = ( ) − ≥Γ r t tφ t r r t, for all , 0,4 where � → ( )+φ: 0, 1 is a function such that ( ) <→ + φ rlim sup 1r s

for all >s 0;

(v) ( ) = ( ) − ≥Γ r t ϕ t r r t, for all , 0,5 where � �→+ +ϕ: is an upper semicontinuous function such that

( ) <ϕ r r for all >r 0 and ( ) =ϕ 0 0;

(vi) ∫( ) = − ( ) ≥Γ r t t ς u u r t, d for all , 0,
r

6
0

where � �→+ +ς: is a function such that ∫ ( )ς u ud
ε

0
exists

and ∫ ( ) >ς u u εd
ε

0
for all >ε 0.

Let �( )d, be a metric space, T be a self-mapping on � , and ∈ ∇Γ . T is said to be a ∇-contraction w.r.t.

Γ, if

   �( ( ) ( )) ≥ ∈Γ d Tυ Tυ d υ υ υ υ, , , 0, for all , .1 2 1 2 1 2

Due to ( )Γ2 , we have   ( ) ≠ ( )d Tυ Tυ d υ υ, ,1 2 1 2 for all distinct points �∈υ υ,1 2 . Thus, T is not an isometry,

whenever T is a ∇-contraction w.r.t. Γ. Conversely, if a ∇-contraction mapping T on a metric space

possesses a fixed point, then it is necessarily unique [18].

Theorem 1.8. [18] Every ∇-contraction T on a metric space possesses a fixed point υ⁎. Also, every Picard

sequence converges to υ⁎.

Samet et al. [22] and then Ali et al. [23] theorized a new type of contractions to integrate several

existing theorems in the literature by classical functions.

Definition 1.9. [23] Let �( )d, be a metric space and Λ be a nonempty subset of � . A map  �→ ( )T Λ CL: is

called α-admissible, if there exists a mapping × → ( ∞)α Λ Λ: 0, such that

( ) ≥ ⇒ ( ) ≥α a b α υ ν, 1 , 1,

for all ∈ ∩υ Ta Λ and ∈ ∩ν Tb Λ.

Throughout this article, E denotes an interval on �+ containing 0, that is, an interval of the form

[ ]R0, , [ )R0, , or [ ∞)0, .
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Lemma 1.10. [24] Given ∈υ Λ0 (Λ is a closed subset of �) such that

 ( ) ∈d υ Tυ E, ,0 0

and ∈υ Λn for some ≥n 0. Then, we have  ( ) ∈d υ Tυ E,n n .

Definition 1.11. [24] Suppose ∈υ Λ0 and  ( ) ∈d υ Tυ E, .0 0 Then, for every iterate ( ≥ )υ n 0n , which belongs

to Λ, we define the closed ball ( )b υ ρ,n with center υn and radius >ρ 0.

Lemma 1.12. [24] If an element ∈υ Λ0 satisfies  ( ) ∈d υ Tυ E,0 0 and ( ) ⊂b υ ρ Λ,n for some ≥n 0, then

∈+υ Λn 1 and ( ) ⊂ ( )+b υ ρ b υ ρ, ,n n1 .

Definition 1.13. [24] Let ≥i 1. A function →ξ E E: is said to be a gauge function of order i on E, if it

satisfies the following conditions:

(i) ( ) < ( )ξ λυ λ ξ υi for all ∈ ( )λ 0, 1 and ∈υ E;

(ii) ( ) <ξ υ υ for all ∈ − { }υ E 0 .

It is easy to see that the first condition of Definition 1.13 is equivalent to the following: ( ) =ξ 0 0 and

( )/ξ υ υi is nondecreasing on − { }E 0 .

Definition 1.14. [24] A gauge function →ξ E E: is said to be a Bianchini-Grandolfi gauge function on E if

∑( ) = ( ) < ∞ ∈
=

∞
σ υ ξ υ υ E, for all .

i

i

0

(2)

Note that a Bianchini-Grandolfi gauge function also satisfies the following functional equation:

( ) = ( ( )) +σ υ σ ξ υ υ. (3)

2 Multivalued Suzuki-type (θ ξ− )-contractions

We start with the following.

Definition 2.1. Let �( )d, be a metric space, Λ be a closed subset of � , and ξ be a Bianchini-Grandolfi

gauge function on an interval E. A mapping  �→ ( )T Λ CL: is said to be a multivalued Suzuki-type

( − )θ ξ -contraction, if there exist ∈ψ Φ and ∈θ Ξ such that for  ∩ ≠ ∅Tυ Λ

 [ ( ∩ ) ( )] <ψ d υ Tυ Λ d υ ν, , , 0,

implies that

 [ ( ∩ ∩ )] ≤ [ ( ( ( )))]θ H Tυ Λ Tν Λ θ ξ d υ νˆ , , ,
k (4)

for all ∈ ∈ ∩υ Λ ν Tυ Λ, with  ( ) ∈d υ ν E, , where < <k0 1.

Our first main result is as follows.
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Theorem 2.2. Let �( )d, be a complete metric space, Λ be a closed subset of � , and  �→ ( )T Λ CB: be a

multivalued Suzuki-type ( − )θ ξ -contraction. In addition, suppose ∈υ Λ0 such that  ( ) ∈d υ c E,0
⁎ for some

∈ ∩c Tυ Λ⁎
0 . Then, the following assertions hold:

(i) there exist an orbit { }υn of T in Λ and ∈a Λ⁎ such that =→∞υ alimn n
⁎;

(ii) a* is a fixed point of T if and only if the function  ( ) ≔ ( ∩ )g υ d υ Tυ Λ, is T -orbitally lower semicontinuous

at a*.

Proof. Choose = ∈ ∩υ c Tυ Λ1
⁎

0 . In the case that  ( ) =d υ υ, 00 1 , then υ0 is a fixed point of T . Thus, we
assume that  ( ) ≠d υ υ, 00 1 . Then,

   

 

 

 

 





[ ( ∩ ) ( )] ≤ ( ∩ ) − ( )

≤ ( ) − ( )

< ( ) − ( )
≤ ( ) − ( )
=

ψ d υ Tυ Λ d υ υ d υ Tυ Λ d υ υ

d υ Tυ d υ υ

d υ Tυ d υ υ

d υ υ d υ υ

, , ,
1

2
, ,

1

2
, ,

, ,

, ,

0.

0 0 0 1 0 0 0 1

0 0 0 1

0 0 0 1

0 1 0 1

(5)

Define = ( ( ))ρ σ d υ υ,0 1 . From (3), we have ( ) ≥σ r r . Hence,  ( ) ≤d υ υ ρ,0 1 and so ∈ ( )υ b υ ρ,1 0 . Since

 ( ) ∈d υ υ E,0 1 , so that from (2.1) and (2.2) it follows that

  [ ( ∩ ∩ )] ≤ [ ( ( ( )))] < [ ( ( ))]θ H Tυ Λ Tυ Λ θ ξ d υ υ θ d υ υˆ , , , .
k k

0 1 0 1 0 1
(6)

By the property of right continuity of θ, there exists a real number >h 11 such that

 [ ( ∩ ∩ )] ≤ [ ( ( ))]θ h H Tυ Λ Tυ Λ θ d υ υˆ , , .
k

1 0 1 0 1
(7)

From

     ( ∩ ) ≤ ( ∩ ∩ ) < ( ∩ ∩ )d υ Tυ Λ H Tυ Λ Tυ Λ h H Tυ Λ Tυ Λ, ˆ , ˆ , ,1 1 0 1 1 0 1

by Lemma 1.4, there exists ∈ ∩υ Tυ Λ2 1 such that   ( ) ≤ ( ∩ ∩ )d υ υ h H Tυ Λ Tυ Λ, ˆ , .1 2 1 0 1 Since θ is

nondecreasing, by (7), this inequality gives that

  ( ( )) ≤ [ ( ∩ ∩ )] ≤ [ ( ( ))]θ d υ υ θ h H Tυ Λ Tυ Λ θ d υ υ, ˆ , , .
k

1 2 1 0 1 0 1
(8)

We assume that  ( ) ≠d υ υ, 01 2 , otherwise υ1 is a fixed point of T . From Remark 1.2, we have

 ( ) < ( )d υ υ d υ υ, ,1 2 0 1 and so  ( ) ∈d υ υ E,1 2 . Next, ∈ ( )υ b υ ρ,2 0 because that

  
 

 



( ) ≤ ( ) + ( )
≤ ( ) + ( ( ))
≤ ( ) + ( ( ( )))
= ( ( )) =

d υ υ d υ υ d υ υ

d υ υ ξ d υ υ

d υ υ σ ξ d υ υ

σ d υ υ ρ

, , ,

, ,

, ,

, .

0 2 0 1 1 2

0 1 0 1

0 1 0 1

0 1

Also, since
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[ ( ∩ ) ( )] ≤ ( ∩ ) − ( )

≤ ( ) − ( )

< ( ) − ( ))
≤ ( ) − ( )
=

ψ d υ Tυ Λ d υ υ d υ Tυ Λ d υ υ

d υ Tυ d υ υ

d υ Tυ d υ υ

d υ υ d υ υ

, , ,
1

2
, ,

1

2
, ,

, ,

, ,

0,

1 1 1 2 1 1 1 2

1 1 1 2

1 1 1 2

1 2 1 2

from (4), we get

  [ ( ∩ ∩ )] ≤ [ ( ( ( )))] < [ ( ( ))]θ H Tυ Λ Tυ Λ θ ξ d υ υ θ d υ υˆ , , , .k k
1 2 1 2 1 2 (9)

Since θ is right continuous, there exists a real number >h 12 such that

 [ ( ∩ ∩ )] ≤ [ ( ( ))]θ h H Tυ Λ Tυ Λ θ d υ υˆ , , .k2 1 2 1 2 (10)

Next, from

     ( ∩ ) ≤ ( ∩ ∩ ) < ( ∩ ∩ )d υ Tυ Λ H Tυ Λ Tυ Λ h H Tυ Λ Tυ Λ, ˆ , ˆ , ,2 2 1 2 2 1 2

by Lemma 1.4, there exists ∈ ∩υ Tυ Λ3 2 such that   ( ) ≤ ( ∩ ∩ )d υ υ h H Tυ Λ Tυ Λ, ˆ , .2 3 2 1 2 By (10), this

inequality gives that

   ( ( )) ≤ [ ( ∩ ∩ )] ≤ [ ( ( ))] ≤ [ ( ( ))]θ d υ υ θ h H Tυ Λ Tυ Λ θ d υ υ θ d υ υ, ˆ , , , .k k
2 3 2 1 2 1 2 0 1

2

We assume that  ( ) ≠d υ υ, 02 3 , otherwise υ2 is a fixed point of T . From Remark 1.2, we have  ( ) <d υ υ,2 3

 ( )d υ υ,1 2 and so  ( ) ∈d υ υ E,2 3 . Also, we have ∈ ( )υ b υ ρ,3 0 , since

   
  





∑

( ) ≤ ( ) + ( ) + ( )
≤ ( ) + ( ( )) + ( ( ))

≤ ( ( ))

= ( ( )) =
=

∞

d υ υ d υ υ d υ υ d υ υ

d υ υ ξ d υ υ ξ d υ υ

ξ d υ υ

σ d υ υ ρ

, , , ,

, , ,

,

, .

i

i

0 3 0 1 1 2 2 3

0 1 0 1
2

0 1

0

0 1

0 1

Continuing in this manner, we build two sequences { } ⊂ ( )υ b υ ρ,n 0 and { } ⊂ ( ∞)h 1,n such that ∈ ∩+υ Tυ Λ,n n1

≠ +υ υn n 1 with  ( ) ∈+d υ υ E,n n 1 and

  < ( ( )) ≤ ( ( ∩ ∩ )) ≤ [ ( ( ))]+ − −θ d υ υ θ h H Tυ Λ Tυ Λ θ d υ υ1 , ˆ , , ,n n n n n n n
k

1 1 1

for all �∈n . Then,

  �< ( ( )) ≤ [ ( ( ))] ∈+θ d υ υ θ d υ υ n1 , , , for all ,n n
k

1 0 1
n

(11)

which gives that

( ( )) =
→∞

+θ d υ υlim , 1,
n

n n 1

and by ( )θii , we have

 ( ) =
→∞

+d υ υlim , 0.
n

n n 1 (12)
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Next, we prove that { }υn is a Cauchy sequence in � . Setting = ( )+δ d υ υ: ,n n n 1 , from ( )θiii , there exist ∈ ( )r 0, 1 and

ℓ ∈ ( ∞]0, such that

( ) −
( )

= ℓ
→∞

θ δ

δ
lim

1
.

n

n

n
r

Take ∈ ( ℓ)λ 0, . From the definition of limit, there exists �∈n0 such that

[ ] ≤ [ ( ) − ] >−δ λ θ δ n n1 , for all .n
r

n
1

0

Using (11) and the above inequality, we deduce

( )[ ] ≤ [ ( )] − >−n δ λ n θ δ n n1 , for all .n
r k1

0 0
n

This implies that

[ ] = [ ( )] =
→∞ →∞

+n δ n d υ υlim lim , 0.
n

n
r

n
n n

r
1

Thence, there exists �∈n1 such that

( ) ≤ >+ /d υ υ
n

n n,
1

, for all .n n r1 1 1 (13)

Let > >p n n1. Then, using the triangular inequality and (13), we get

 ∑ ∑ ∑( ) ≤ ( ) ≤ <
=

−

+
=

−

/
=

∞

/d υ υ d υ υ
j j

, ,
1 1

.n p

j n

p

j j

j n

p

r
j n

r

1

1

1

1 1

Due to the convergence of the series ∑ =
∞

/ ,j n j

1
r1 we deduce that { }υn is a Cauchy sequence in the closed ball

( )b υ ρ,0 . Since ( )b υ ρ,0 is closed in � , there exists an ∈ ( )a b υ ρ,⁎
0 such that →υ an

⁎. Note that ∈a Λ⁎ ,

because ∈ ∩+υ Tυ Λn n1 . Obviously,

   ( ∩ ) < ( ) ≤ ( )+d υ Tυ Λ d υ Tυ d υ υ
1

2
, , , ,n n n n n n 1

which implies that

 [ ( ∩ ) ( )] <+ψ d υ Tυ Λ d υ υ, , , 0.n n n n 1

Also, we know that  ( ) ∈+d υ υ E,n n 1 for all n. Thus, from (4), we have






  ( ( ∩ )) ≤ [ ( ∩ ∩ )]
≤ [ ( ( ( )))]
< [( ( ))]

+ + +

+

+

θ d υ Tυ Λ θ H Tυ Λ Tυ Λ

θ ξ d υ υ

θ d υ υ

, ˆ ,

,

, .

n n n n

n n
k

n n
k

1 1 1

1

1

From Remark 1.2, we deduce that

 ( ∩ ) < ( )+ + +d υ Tυ Λ d υ υ, , .n n n n1 1 1 (14)
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Taking limit → ∞n in (14), we obtain

 ( ∩ ) =
→∞

+ +d υ Tυ Λlim , 0.
n

n n1 1

Since  ( ) = ( ∩ )g υ d υ Tυ Λ, is T -orbitally lower semicontinuous at a*, then

  ( ∩ ) = ( ) ≤ ( ) = ( ∩ ) =+ + +d a Ta Λ g a g υ d υ Tυ Λ, lim inf lim inf , 0.
n

n
n

n n
⁎ ⁎ ⁎

1 1 1

Since Ta⁎ is closed, we have ∈a Ta⁎ ⁎. Conversely, if a* is a fixed point of T , then ( ) = ≤ ( )g a g υ0 lim inf ,n n
⁎

since ∈a Λ⁎ . □

Corollary 2.3. Let �( )d, be a complete metric space, Λ be a closed subset of � , ξ be a Bianchini-Grandolfi

gauge function on an interval E, and  �→ ( )T Λ CL: be a given multivalued mapping. If there exist ∈ψ Φ and

∈ ( )k 0, 1 such that for  ∩ ≠ ∅Tυ Λ

 [ ( ∩ ) ( )] <ψ d υ Tυ Λ d υ ν, , , 0,

implies that

 ( ∩ ∩ ) ≤ ( ( ))H Tυ Λ Tν Λ k ξ d υ νˆ , , ,

for all ∈ ∈ ∩υ Λ, ν Tυ Λ with  ( ) ∈d υ ν E, . In addition, suppose ∈υ Λ0 such that  ( ) ∈d υ c E,0
⁎ for some

∈ ∩c Tυ Λ⁎
0 . Then, the following assertions hold:

(i) there exist an orbit { }υn of T in Λ and ∈a Λ⁎ such that =→∞υ alimn n
⁎;

(ii) a* is a fixed point of T if and only if the function  ( ) ≔ ( ∩ )g υ d υ Tυ Λ, is T -orbitally lower semicontinuous

at a*.

Corollary 2.4. Let �( )d, be a complete metric space, ξ be a Bianchini-Grandolfi gauge function on an

interval E, and  � �→ ( )T CB: be a given multivalued mapping. If there exist ∈ ∈ψ Φ, θ Ξ, and ∈ ( )k 0, 1

such that

    [ ( ) ( )] < ⇒ [ ( )] ≤ [ ( ( ( )))]ψ d υ Tυ d υ ν θ H Tυ Tν θ ξ d υ ν, , , 0 ˆ , , ,k (15)

for all �∈ ∈υ ν Tυ, with  ( ) ∈d υ ν E, . Suppose that �∈υ0 such that  ( ) ∈d υ c E,0
⁎ for some ∈c Tυ⁎

0. Then,

there exists an orbit { }υn of T in � that converges to the fixed point ��∈ = { ∈ ( ) ∈ }a υ d υ a E: ,⁎ ⁎ of T .

Example 2.5. Let � = [− ∞)10, be endowed with the usual metric d and let = [ ∞)E 0, . Consider the

mapping  � �→ ( )T CB: defined by

 ( ) = ∈ [ ]

{ } ∈ [− ) ∪ ( ∞)
T υ

υ
υ

υ υ

0,
8

, 0,4 ,

0, , 10,0 4, .













Let ( ) = −ψ r s s, ,
r

2
if ∈ [ ]r s, 0, 4 and ( ) =ψ r s s, 2 , otherwise. Clearly,  [ ( ) ( )] <ψ d υ Tυ d υ ν, , , 0 if and only

if ∈ [ ]υ ν, 0, 4 . Let =υ 40 , then we have = ∈c Tυ⁎ 1

2 0 such that  ( ) ∈d υ c E,0
⁎ . First, we examine that T

satisfies the inequality (15) with ( ) = ( ) = =θ r e ξ r k, , andre r

2

1

2

r

. For ∈ [ ]υ 0, 4 and ∈ν Tυ, we get
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[ ( )] = | − |

=

≤

=
= [ ( ( ( )))]

| − |

| − |

( ( ))

| − |

| − |

( ( ))

θ H Tυ Tν θ
υ ν

e

e

e

θ ξ d υ ν

ˆ ,
8

, .

υ ν
e

υ ν
e

ξ d υ ν e

k

8

1
2 2

1
2

,

υ ν

υ ν

ξ d υ ν

8

2

,








Consequently, all the conditions of Corollary 2.4 are fulfilled and 0 is a fixed point of T . Next, observe that

for =υ 0 and =ν 5

   [ ( )] = [ ( )] = ( ) > [ ( )] = [ ( ( ))]θ H Tυ Tν θ H T T θ θ θ d υ νˆ , ˆ 0, 5 5 5 , ,k k

for all ∈θ Ξ and ∈ ( )k 0, 1 . Therefore, Theorem 1.1 cannot applied to this example.

3 Multivalued Suzuki-type ( ∇)α − -contractions

Definition 3.1. Let �( )d, be a metric space, Λ be a closed subset of � , and ξ be a Bianchini-Grandolfi

gauge function on an interval E. A mapping  �→ ( )T Λ CL: is said to be a multivalued Suzuki-type

( − ∇)α -contraction, if there exist ∈ψ Φ and ∈ ∇Γ such that for  ∩ ≠ ∅Tυ Λ

 [ ( ∩ ) ( )] <ψ d υ Tυ Λ d υ ν, , , 0,

implies that

 [ ( ) ( ∩ ∩ ) ( ( ))] ≥Γ α υ ν H Tυ Λ Tν Λ ξ d υ ν, ˆ , , , 0, (16)

for all ∈ ∈ ∩υ Λ ν Tυ Λ, with  ( ) ∈d υ ν E, .

The second one of our results is as follows.

Theorem 3.2. Let �( )d, be a complete metric space, Λ be a closed subset of � , and  �→ ( )T Λ CL: be a

multivalued Suzuki-type ( − ∇)α -contraction. Suppose that the following conditions are satisfied:

(i) T is α-admissible;

(ii) there exists ∈υ Λ0 with  ( ) ∈d υ υ E,0 1 for some ∈ ∩υ Tυ Λ1 0 such that ( ) ≥α υ υ, 10 1 .

Then,

(a) there exist an orbit { }υn of T in Λ and ∈a Λ⁎ such that =→∞υ alimn n
⁎;

(b) a* is a fixed point of T if and only if the function  ( ) ≔ ( ∩ )g υ d υ Tυ Λ, is T -orbitally lower semi-

continuous at a*.

Proof. By the hypothesis, there exists ∈υ Λ0 with  ( ) ∈d υ υ E,0 1 for some ∈ ∩υ Tυ Λ1 0 such that

( ) ≥α υ υ, 10 1 . On the other hand, we have
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[ ( ∩ ) ( )] ≤ ( ∩ ) − ( )

≤ ( ) − ( )

< ( ) − ( ))
≤ ( ) − ( )
=

ψ d υ Tυ Λ d υ υ d υ Tυ Λ d υ υ

d υ Tυ d υ υ

d υ Tυ d υ υ

d υ υ d υ υ

, , ,
1

2
, ,

1

2
, ,

, ,

, ,

0.

0 0 0 1 0 0 0 1

0 0 0 1

0 0 0 1

0 1 0 1

(17)

In the case that  ( ) =d υ υ, 00 1 , then υ0 is a fixed point of T . Thus, we assume that  ( ) ≠d υ υ, 00 1 . Define

= ( ( ))ρ σ d υ υ,0 1 . From (3), we have ( ) ≥σ r r. Hence  ( ) ≤d υ υ ρ,0 1 and so ∈ ( )υ b υ ρ,1 0 . Since ( ) ≥α υ υ, 10 1

and  ( ) ∈d υ υ E,0 1 , so that from (3.1) and (3.2) it follows that




 

 
≤ [ ( ) ( ∩ ∩ ) ( ( ))]
< ( ( )) − ( ) ( ∩ ∩ )
Γ α υ υ H Tυ Λ Tυ Λ ξ d υ υ

ξ d υ υ α υ υ H Tυ Λ Tυ Λ

0 , ˆ , , ,

, , ˆ , ,

0 1 0 1 0 1

0 1 0 1 0 1

which implies that

 ( ) ( ∩ ∩ ) < ( ( ))α υ υ H Tυ Λ Tυ Λ ξ d υ υ, ˆ , , .0 1 0 1 0 1

We can choose an >ε 01 such that

 ( ) ( ∩ ∩ ) + ≤ ( ( ))α υ υ H Tυ Λ Tυ Λ ε ξ d υ υ, ˆ , , .0 1 0 1 1 0 1

Thus,





  
 

( ∩ ) + ≤ ( ∩ ∩ ) +
≤ ( ) ( ∩ ∩ ) +
≤ ( ( ))

d υ Tυ Λ ε H Tυ Λ Tυ Λ ε

α υ υ H Tυ Λ Tυ Λ ε

ξ d υ υ

, ˆ ,

, ˆ ,

, .

1 1 1 0 1 1

0 1 0 1 1

0 1

(18)

It follows from Lemma 1.5 that there exists ∈ ∩υ Tυ Λ2 1 such that

  ( ) ≤ ( ∩ ) +d υ υ d υ Tυ Λ ε, , .1 2 1 1 1 (19)

From (18) and (19), we infer

 ( ) ≤ ( ( ))d υ υ ξ d υ υ, , .1 2 0 1 (20)

We assume that  ( ) ≠d υ υ, 01 2 , otherwise υ1 is a fixed point of T . Since   ( ) ≤ ( ( )) < ( )d υ υ ξ d υ υ d υ υ, , ,1 2 0 1 0 1 ,

we deduce that  ( ) ∈d υ υ E,1 2 . Next, ∈ ( )υ b υ ρ,2 0 because that

  
 

 



( ) ≤ ( ) + ( )
≤ ( ) + ( ( ))
≤ ( ) + ( ( ( )))
= ( ( )) =

d υ υ d υ υ d υ υ

d υ υ ξ d υ υ

d υ υ σ ξ d υ υ

σ d υ υ ρ

, , ,

, ,

, ,

, .

0 2 0 1 1 2

0 1 0 1

0 1 0 1

0 1

Since T is α-admissible, ( ) ≥α υ υ, 11 2 . Also, since
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[ ( ∩ ) ( )] ≤ ( ∩ ) − ( )

≤ ( ) − ( )

< ( ) − ( ))
≤ ( ) − ( )
=

ψ d υ Tυ Λ d υ υ d υ Tυ Λ d υ υ

d υ Tυ d υ υ

d υ Tυ d υ υ

d υ υ d υ υ

, , ,
1

2
, ,

1

2
, ,

, ,

, ,

0,

1 1 1 2 1 1 1 2

1 1 1 2

1 1 1 2

1 2 1 2

from (16), we get




 

 
≤ [ ( ) ( ∩ ∩ ) ( ( ))]
< ( ( )) − ( ) ( ∩ ∩ )
Γ α υ υ H Tυ Λ Tυ Λ ξ d υ υ

ξ d υ υ α υ υ H Tυ Λ Tυ Λ

0 , ˆ , , ,

, , ˆ , .

1 2 1 2 1 2

1 2 1 2 1 2

This implies that

 ( ) ( ∩ ∩ ) < ( ( ))α υ υ H Tυ Λ Tυ Λ ξ d υ υ, ˆ , , .1 2 1 2 1 2

Now choose an >ε 02 such that

 ( ) ( ∩ ∩ ) + ≤ ( ( ))α υ υ H Tυ Λ Tυ Λ ε ξ d υ υ, ˆ , , .1 2 1 2 2 1 2

Thus,





  
 

( ∩ ) + ≤ ( ∩ ∩ ) +
≤ ( ) ( ∩ ∩ ) +
≤ ( ( ))

d υ Tυ Λ ε H Tυ Λ Tυ Λ ε

α υ υ H Tυ Λ Tυ Λ ε

ξ d υ υ

, ˆ ,

, ˆ ,

, .

2 2 2 1 2 2

1 2 1 2 2

1 2

(21)

It follows from Lemma 1.5 that there exists ∈ ∩υ Tυ Λ3 2 such that

  ( ) ≤ ( ∩ ) +d υ υ d υ Tυ Λ ε, , .2 3 2 2 2 (22)

From (21) and (22), we obtain

 ( ) ≤ ( ( ))d υ υ ξ d υ υ, , .2 3
2

0 1 (23)

We assume that  ( ) ≠d υ υ, 02 3 , otherwise υ2 is a fixed point of T . From (23), we have  ( ) < ( )d υ υ d υ υ, ,2 3 1 2

and so  ( ) ∈d υ υ E,2 3 . Also, we have ∈ ( )υ b υ ρ,3 0 , since

   
  





∑

( ) ≤ ( ) + ( ) + ( )
≤ ( ) + ( ( )) + ( ( ))

≤ ( ( ))

= ( ( )) =
=

∞

d υ υ d υ υ d υ υ d υ υ

d υ υ ξ d υ υ ξ d υ υ

ξ d υ υ

σ d υ υ ρ

, , , ,

, , ,

,

, .

i

i

0 3 0 1 1 2 2 3

0 1 0 1
2

0 1

0

0 1

0 1

Continuing in this manner, we obtain a sequence { } ⊂ ( )υ b υ ρ,n 0 such that ∈ ∩+υ Tυ Λn n1 , ≠ +υ υn n 1 with

( ) ≥+α υ υ, 1n n 1 and  ( ) ∈+d υ υ E,n n 1 and

  �( ) ≤ ( ( )) ∈+d υ υ ξ d υ υ n, , , for all .n n
n

1 0 1 (24)
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For �∈n m, with >m n, by using the triangular inequality and (24), we get

   
  

∑

( ) ≤ ( ) + ( ) +⋯+ ( )
≤ ( ( )) + ( ( )) +⋯+ ( ( ))

≤ ( ( )) < ∞

+ + + −
+ −

=

∞

d υ υ d υ υ d υ υ d υ υ

ξ d υ υ ξ d υ υ ξ d υ υ

ξ d υ υ

, , , ,

, , ,

, ,

n m n n n n m m

n n m

j n

j

1 1 2 1

0 1
1

0 1
1

0 1

0 1

which shows that { }υn is a Cauchy sequence in the closed ball ( )b υ ρ, .0 Since ( )b υ ρ,0 is closed in � , there

exists an ∈ ( )a b υ ρ,⁎
0 such that →υ an

⁎. Note that ∈a Λ⁎ , because ∈ ∩+υ Tυ Λn n1 . Obviously,

   ( ∩ ) < ( ) ≤ ( )+d υ Tυ Λ d υ Tυ d υ υ
1

2
, , , ,n n n n n n 1

which implies that

 [ ( ∩ ) ( )] <+ψ d υ Tυ Λ d υ υ, , , 0.n n n n 1

Also, we know that ( ) ≥+α υ υ, 1n n 1 and  ( ) ∈+d υ υ E,n n 1 for all n. Thus, from (16), we have




 

 
≤ [ ( ) ( ∩ ∩ ) ( ( ))]
< ( ( )) − ( ) ( ∩ ∩ )

+ + +

+ + +

Γ α υ υ H Tυ Λ Tυ Λ ξ d υ υ

ξ d υ υ α υ υ H Tυ Λ Tυ Λ

0 , ˆ , , ,

, , ˆ , ,

n n n n n n

n n n n n n

1 1 1

1 1 1

which gives that

 ( ) ( ∩ ∩ ) < ( ( ))+ + +α υ υ H Tυ Λ Tυ Λ ξ d υ υ, ˆ , , .n n n n n n1 1 1

Since ∈ ∩+υ Tυ Λ,n n1 from (24), we get






  ( ∩ ) ≤ ( ) ( ∩ ∩ )
< ( ( ))
≤ ( ( ))

+ + + +

+
+

d υ Tυ Λ α υ υ H Tυ Λ Tυ Λ

ξ d υ υ

ξ d υ υ

, , ˆ ,

,

, .

n n n n n n

n n

n

1 1 1 1

1

1
0 1

(25)

Taking limit → ∞n in (25), we obtain

 ( ∩ ) =
→∞

+ +d υ Tυ Λlim , 0.
n

n n1 1

Since  ( ) = ( ∩ )g υ d υ Tυ Λ, is T -orbitally lower semicontinuous at a*, then

  ( ∩ ) = ( ) ≤ ( ) = ( ∩ ) =+ + +d a Ta Λ g a g υ d υ Tυ Λ, lim inf lim inf , 0.
n

n
n

n n
⁎ ⁎ ⁎

1 1 1

Since Ta⁎ is closed, we have ∈a Ta⁎ ⁎. Conversely, if a* is a fixed point of T , then ( ) = ≤ ( )g a g υ0 lim inf ,n n
⁎

since ∈a Λ⁎ . □

Taking ∫( ) = − ( ) ≥Γ r s s ς t t r s, d for all , 0,

r

0

in Theorem 3.2, we get the following result.

Corollary 3.3. Let �( )d, be a complete metric space, Λ be a closed subset of � , ξ be a Bianchini-Grandolfi

gauge function on an interval E, and  �→ ( )T Λ CL: be a given multivalued mapping. If there exists ∈ψ Φ

such that for  ∩ ≠ ∅Tυ Λ

 [ ( ∩ ) ( )] <ψ d υ Tυ Λ d υ ν, , , 0,
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implies that


 

∫ ( ) ≤ ( ( ))
( ) ( ∩ ∩ )

ς t t ξ d υ νd , ,

α υ ν H Tυ Λ Tν Λ

0

, ˆ ,

for all ∈ ∈ ∩υ Λ ν Tυ Λ, with  ( ) ∈d υ ν E, , where � �→+ +ς: is a function such that ∫ ( )ς t td
ε

0
exists and

∫ ( ) >ς t t εd
ε

0
for all >ε 0. Suppose that the following conditions are satisfied:

(i) T is α-admissible;

(ii) there exists ∈υ Λ0 with  ( ) ∈d υ υ E,0 1 for some ∈ ∩υ Tυ Λ1 0 such that ( ) ≥α υ υ, 10 1 .

Then,

(a) there exist an orbit { }υn of T in Λ and ∈a Λ⁎ such that =→∞υ alimn n
⁎;

(b) a* is a fixed point of T if and only if the function  ( ) ≔ ( ∩ )g υ d υ Tυ Λ, is T -orbitally lower semicontinuous

at a*.

Corollary 3.4. Let �( )d, be a complete metric space, ξ be a Bianchini-Grandolfi gauge function on an

interval E, and  � �→ ( )T CL: be a given multivalued mapping. If there exist ∈ψ Φ and ∈ ∇Γ such that

    [ ( ) ( )]< ⇒ [ ( ) ( ) ( ( ))] ≥ψ d υ Tυ d υ ν Γ α υ ν H Tυ Tν ξ d υ ν, , , 0 , ˆ , , , 0, (26)

for all �∈ ∈υ ν Tυ, with  ( ) ∈d υ ν E, . Suppose that the following conditions are satisfied:

(i) T is α-admissible;

(ii) there exists �∈υ0 with  ( ) ∈d υ υ E,0 1 for some ∈υ Tυ1 0 such that ( ) ≥α υ υ, 10 1 .

Then, there exists an orbit { }υn of T in � that converges to the fixed point ��∈ = { ∈ ( ) ∈ }a υ d υ a E: ,⁎ ⁎ of T .

4 Conclusion

The study deals with the achievement of introducing the notion of a wider new class of multivalued

Suzuki-type θ-contractions via a gauge function. Within this framework, we introduced two related fixed

point results in metric spaces. A nontrivial example was constructed to support our main results. Herein,

the presented theorems and corollaries cannot be directly procured from the correlative metric space

version.
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