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Abstract This short paper gives solution algorithm of obtaining an optimal sequence to give minimum total
elapsed time in a ‘n-job, 2-machine’ flow-shop scheduling problem in which jobs involve Arbitrary Time Lags
(i.e. Start Lags and Stop Lags) and Transportation Times. All the times (Processing Times, Arbitrary Lags, and

Transportation times) are given prior and are of deterministic nature.

1. Introduction

Mitten [3,4]) and Johnson [2] separately gave solution algorithm of obtain-
ing an optimal sequence for a 'n-job, 2-machine' flow-shop scheduling problem
in which each job involves arbitrary time lags (Start-lag, Stop-lag). Further,
very recently Maggu and Das [5] give solution algorithm of obtaining optimal
sequence for a 'm-job, 2-machine' flow-shop scheduling problem wherein each job
involves transportation-time. This paper is designed to study a 'n-job, 2~
machine' flow-shop scheduling problem in which there are considered,

(i) Start-lag and Stop-lag times of jobs

(ii) Transportation times of jobs.

Now we give Key-definitions:

Consider Johnson's [1] 'two-machine (say A,B), n-job' flow-shop scheduling
Problem. Let each job i has a "Start-lag" D, (>0), a "Stop-lag" E; (>0) and
transportation time t; (>0). Thus, as defined by Mitten in [4] (see, page
131), Start-lag (Di) is the minimum time which must elapse between starting
job i on first machine A and Starting it on second machine B, while stop-lag

219



220 P.L. Maggu, M.L. Singhal, N. Mohammad and S.K. Yaday

(Ei) is the minimum time which must elapse between completing job i on machine
A and completing it on second machine B. The lag times may be smaller than
the respective processing tlmes.

Transportatlon time (t ) as defined by Maggu and Das [5] is the minimum
time which must elapse after completion of job i on the first machlne A and
then starting it on the second machine B. The physical situation corresponding
to the problem mathematically can be modelled as follows.:

(i) The manufacturing system i.e. flow-shop consists of two different
machines A and B installed at distant places which are ordered as AB according
to the order of production stage. Let every machine'remain continuously
available with the subject that it can proceéss only one job at a time.

(ii) Every job is completed through the same production stage that A - B.
(iii) Let a; and B, denote processing times of jobs i on machines A and
B, respectively.
(iv) The same job-sequence occurs on each machine, in other words no
passing is allowed in the flow-~shop.
(v) Let D, 2 0 be the start-lag for job i.
(vi) Let E, > 0 be the stop-lag for job 1.
(vii) Let t; > 0 be the transportation time for job i.
The question before us is to find an optimal rule to minimize the per-

formance measure as total elapsed-time for the above stated 'n-job, 2-machine'

flow-shop scheduling problem.

2. The Optimal Algorithm
The optimal algorithm is dec¢omposed into following steps.
Step 1: Let ti denote the effective transportation time, defined by
t; = max (Di—Ai, E;-B,, ti).
Step 2: Let G and H be two fictitious machines having respective processing

times for job i as Gi'and Hi’ where Gi and Hi are defined by

G

R A +t!
1 1 1

Hi = Bi+t£

Step 3: Find optimal sequence by Johnson's [1] procedure for '2-machine, n-job'
problem on the reduced problem in step 2.

Step 4: The optimal sequence obtained in Step 3 gives the optimal sequence for

the original problem.
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3. Particular Studies

For every job i,
(1) If D, =A4. and E, = B,
1 1 1 1
then the algorithm reduces to Maggu and Das [5] problem algorithm.
(2) 1If either t, =0, or D, 2 A, + t,, E, 2 t, + B,, then the algorithm
1 1 1 2 1 1 1
reduces to the Mitten-Johnson's [2] problem.
(3) 1If t, =0, D, =4, E =B, then the algorithm reduces to Bellman's
1
[6] and Johnson's [t] problem.

4, Proof of the Optimal Algorithm

Let Uix and Tix denote Starting and Completion times of any job i on
machine X (X=A,B, i=1,2,3,...,n) respectively in a sequence S. From definition
of Statt-lag Di’ we have

- >
Uip " Uia 2 P

Now

. U, .
1A 1A 1

T, .
UiA ia i
Hence, we have
- ., =4, 2D,
UlB (TlA 1) Dl

i.e.,

- > -
M Ujp = Tia = P; = 2

From definition of Stop-lag E., we have

T, =-T. 2E,.
iB iA i’
Where,
P = + .
TlB UiB Bl

Hence, we have,

+B,-T, 2E,
UiB Bi TlA El

i.e.,

[\"4

(2) Ui = Tija = E; ~ B;

Also, from the definition of transportation time t,, we have
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- >
(3) Ui " Tia 2 &
Let
' = - -
4) t! max {Di a,, E, - B, ti}

From (1), (2) & (3), it is obvious that

) Ui T Tia 2t

Let us form a reduced problem 'two-machine, n-job problem' with transpor-
tation times from our given original problem replacing three times (Start-lag,
Stop-lag, transportation time) by single time t (which has been referred to
here as effective time and is as defined in (4)).

Now in the original problem an optimal ordering of jobs to minimize total

elapsed time is given by the following rule. Job i precedes job i + 1 if

in (¢, + &', t, ,_+ t!
min ( iA tz’ t1+1B t1+1)

(&) Smin (&, % tigs tip * t1),

where t. denotes the processing time of i~th job on machine X.

For this, let S and S' be the sequences of jobs given by

S = (J1, Joseaasdiqs Tio Tiugo Ji+2,...,Jn)
'=
S (J1, Jz,...,Ji_1, Tie1?r Tio Tianoee ,Jn)
I3 ] 3 3 —
Let (Up % Up X) and (Yb x* Yp X) denote the processing times and com

pletion times of any p~th job on machine X in the process of sequences (S, §')
respectively.

Let (Up, Ué) denote the transportation times of job p from machine A to
the machine B in the process of sequences (S, S') respectively, That it is

obvious that

Yy _ = Y oo+ +
&) p g = mAX ( pat Up Yp_1’B) U, 5

Now sequence S is preferable to S' if

Y <y’
®) n B Yn B
that is,
max + U, Y +
(yn A n* “n-1 B) Un B
g ’ + l‘l -+ 14
max (yn ul, Yn_1 B) ul g
n
+ = + t!' =Y! + U’
Now Yha Un f ti A tn Yﬁ a n?’
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and

= ' =
Un B Un B tn B’

Inequality (8) is true, if

< '
Yn—1 B~ Yﬁ-1 B

Continuing in this way, one can easily get:
Yp B < Yé B’ (p = i+2, i+3,...,n)
and

<
(9 Yi+1 B~ Yz"+1 B

from (6) as shown below.

We proceed to calculate values of Yo and Y!

t B i+t B
Now
Yiegp =M% ( ¥y a ¥ Uiy ¥y ) * Vs g
= max YJ.+1 A + U1+1’
max (Y, , + Uy ¥, 4 p) U 5 U,
=max (Y, % Uy * Uiy p
YiatUi* Vgt lin m
i1t Yip* Vi p)
smax (Y, 4 2+ U 2% Vg2t Vg * Ui po
YivatUiat Ut Viptlivgp
Yictp*tViptUisr )
Similarly, we have
Yigpp-max (Yi a0 g+ Ui a2t Uiy ¥ Uiy po
YivatUiat Uit UiptUiyp
Yi18*t Vi p*Uisp)

Now by comparing S and S', we can easily have:

Yicva~Yiqa

Yi—1 B - Y}-] B

Uy x = Vis x = t1 x2 Uy = Ujag = 8
Uier x = Vi x = Fier x0 Vier T U7 T Fia
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Now using the corresponding values in (9), we have

+t,  + t, + t! + t,
max ( ¥Yi1a ia i+l a t1+1 i+1 B’
i + t, + t' + t, + t,
Y1—1 A ia i tl B i+1 B’
+ t + t
Yiaes*ttisttisr )
< + + + t! + t,
max (¥, g a2ttt tiattitt g
. + t, + tf + t, + t,
Y1—1 A i+l A t1+1 t1+1 B tl B’
+ +
Y, et tisypttip)
or, we have in order to yield (9).
max +t,  + v+t
( Yi—1 A tl A ti+1 A * t.1+1 t1+1 B’
. + . + t5 + . + .
Y1—1 A t.l a tl tl B t_7_+1 B )
< , + t, + t, + ! + t,
max ( Y1—1 A t1+1 A t.l A t.‘L tl B?
, + t, + E' .+ t, + t,
Yigattivpattinn T tipttip)
N d , + t, + t, + t! o+ t! + t, + t,
ow deduct Y, , , iattisattittig iB j+1 p from each

term, we have

- I -
i T %41 Tt a

)

max ( - t! - ¢t
i

< - ’ - — L .
Smax (- ti -ty g Tt )

1 r 4+ ' +
oz, min (&1 + €, gy thy ¥ty a)
)

z2min ( t! + t t! + t,
21 1

i+1 i+l B? p:\

Or,
: ' + £! ' +
min (£} 5+ th thy *ti )
)

Smin ( £, + t

' 14 +
i+l A i+1? ti ti

B
5. Numerical Example

Obtain optimal sequence for '5-job, 2-machine' problem given by the fol-

lowing tableau:
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as:

and H, given in the following table for job i.

Job

(1)

[, I N VU )
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Machine A

(Ai)

(%)

Vi N =

Machine B

(Bi)

o= 2N O (SR O A =

Transporta-
tion time

Start-lag Stop-lag
(t)) (,) (£,)
1 7 9
6 3 2
5 8 7
2 1 4
9 7 6

Define effective transportation-time t} as per step 1 of the algorithm

Let G

max(Di—Ai, E;-B,, ti)

max{(7-5, 9-6, 1)
max(2, 3, 1)
3

max(3-1, 2-5, 6)
max (2, =3, 6)
6

max (8~4, 7-2, 5)
max{(4, 5, 5)
5

max(1-6, 4-3, 2)
max (-5, 1, 2)
2

max(7-5, 6-8, 9)
max(2, -2, 9)
9

and H be two fictitious machines introduced as per Step 2, with G,

Job
(1)

—

[V, B N L

Machine G

(¢.)
1

5+3=8
146=7
4+5=9
6+2=8
549=14

Machine H

(Hi)

6+3=9
5+6=11
2+5=7
3+2=5
8+9=17

Now as per Step 3, applying Johnson's procedure for the above reduced

problem, we have
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21534 as the optimal schedule/sequence.

The total elapsed time for the schedule 21534 is given as below:

Job Machine A £ Machine B
(i) in - out 1 in - out
2 o - 1 6 7 - 12
1 1 - 6 3 12 - 18
5 6 - 11 9 20 - 28
3 11 - 15 5 28 - 30
4 15 - 21 2 30 - 32

Here T = total elapsed time = 32 for this optimal sequence 21534.

Here it may be observed as follows:

D1 =7 <12-1 =11 E1 =9 £18-6 =12
D2 =3 7-0 = 7 E2 =2512-1 =11
D3 =8 £ 28-11 = 17 E3 = 7 £ 30-15 = 15
D4 =1 % 30-15 = 15 EA =4 5 32-21 =11
D. =735 20-6 =14 E. =6 5 28-11 = 17
5 5
t1 =15£12-6 = 6
= < - =
t2 6 < 7-1
t3 =5 < 28-15 = 13
t4 =2 £ 30-21 =
= < o =
t5 9 £ 20-1 9
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