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In the theory of turning point problems for ordinary linear differential equations of second order necessary
conditions for Ackersera-O'MALLEY resonance are studied by earlier writers. The present paper gives a
sequence of necessary conditions for resonance, which is derived in an iterative way. Special cases are
considered as illustrative examples.
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1. INTRODUCTION
Since 1970, there has been published a large number of papers that consider the singularly perturbed
turning point problem of the form

" + flxe)y’ + glx,ey = 0, (0<ek], —a<x<b) (1.D
y(—a) = a, y(b) = B, 1.2

where a and b are positive numbers and f{0, 0)=0. This problem was studied first by ACKERBERG
and O’MALLEY [1]. They gave the condition under which the boundary value problem

" — px)y’ + glx)y =0 1.3)
y(=a) = a, y(b) = B, (1.4
with p(0)=0, p’(0)>0 exhibits “resonance”. That is, under which condition the limit of its solution

for e—0 is non-trivial. In 1971, WATT [2] showed by an example that the condition given in [1] :

g,ng = N, (N:non-negative integer ) (1.5)
PO
is not sufficient for exhibiting resonance. In 1973, Cook and ECKHAUS [3] gave an improved condition
for resonance of the boundary value problem (1.1) - (1.2), which is

y; (00’ €e) = N +pye (N:non-negative integer),

where p; = —[ g2 + g (N +-;')]. In 1975-1976, MATKOWSKY [4] examined several examples and pro-
posed to analyse the related eigenvalue problem to test the resonance. In 1978, OLVER [5] formulated
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sufficient conditions for testing the resonance. These studies have stimulated the development of a
theory for this kind of turning point problems. We shall point out in this paper that all of these con-
ditions given by former authors, except [5), are only necessary conditions for resonance, we shall show
by examples that they are not sufficient. Moreover, we find that there is a sequence of necessary con-
ditions for resonance which can be derived in an iterative way. As special cases we consider
g(x,©) =0, and f(x,€) = —Ax, g(x,€) = B, where 4, B are constants. It turns out that the first
necessary condition given by ACKERBERG and O’MALLEY [1]

20,00 _ o -
0,0) N, (N:non-negative integer)

implies the whole sequence of necessary conditions for resonance, so it is also sufficient for these
cases.

I1I. EXAMPLE
Consider the turning point problem for the differential equation of the form

" —x(1+x2)y'+Q2+B@E)y = 0, @.n
where

B(e) ~ pret+pre+ - -. 22
Suppose its outer solution has the expansion of the form

¥ ~ o) F 1) +Eyax)+Eysa)t - @y

Substituting (2.3) into (2.1) and equating the terms with identical powers of €, we obtain the recurrent
system of differential equations for y,, (n=0,1,2, - - -)

n
=x(U+x2W + 2 = Y"1 DPYn—i > @4
i=1
with y_,(x) = 0.
From (2.4) with n =0 we have
) = Co2 2.5
.yO(x)_ 01+x2a (.)
where C; is an undetermined constant. Substituting (2.5) into (2.4) with n=1, we have
—x(L+x2)y" 1 +2, = —y"o—p1yo = Go(x). (2.6)
Its solution is
X GQ(S)
=C,I +1 —_— 2.7
y1 = Cilo(x) + Io(x) [ Tt @7
x? .
where Iy(x)= Trx? Since
_ —246x?
Go(x) = WCOIO(X) — p1Colp(x), (2.8)
we have from (2.7)
x| 2—6s2 P
= (I + Col
» 11o(x) olo(x) [ [s3(l+s2)3 sA+5D)
_ Colgy + | SIEEEt o Pry X . 2.9)
x2(1+x?)? 27 142




Because y;(x) should be analytic at x =0, we must have
p1 = 12. (2.10)
Otherwise, it is non-resonant. We should take then Cy=0.
From (2.4) with n=1 we obtain the equation for y,:
—x(1+x)5 + 2y, = =y"1 —pw1 —Pyoe =G 2.11)
where p; =12 . Its solution is -
Gi(s)

—s(1+sH)Io(s) 212)

y2 = Colox) + Io() [~

If we only want to test whether C is equal to zero, the process can be simplified. Let y® denote the
particular solution of (2.4) with only C, as factor. Then from (2.9) we know that

. —1—9x%—6x*
K = Colo(x) LT (2.13)
Since
GO (x) =~y =120 —pyyo (2.14)
2+x2+25x* +24x5 +6x® '
we have from (2.12)
1 44 1
D = 12Cy1 —_—t  ———
’” olo) \ Z Ry T8 qaxdy
3 1 9 1. 5 x? " 3 x4
2 14x2 4 1+x2 A+x3)* 2 a+xH?
9 x2 P2 x2
b+ COIo(x)1n~——1+x2 . (2.15)

It is only when
p2 = —108 (2.16)
that y{ is analytic at x =0. Otherwise, we should take C=0.

EQ. (2.16) is the second condition for the boundary value problem of differential equation (2.1) to
be resonant. Evidently, in the present approach, a sequence of numbers p;, (i=3, 4, - - - ) should be
determined, and it is not sufficient to solve a single related eigenvalue problem as proposed by MAT-
KOWSKY in [4].

1I1. GENERAL CASE
We return to the boundary value problem (1.1)-(1.2), and write it as

" — xA(x,€)y’ + B(x,e)y = 0 (0<ex1, —a<x<b) 3.1
where )

A(x, € ~ Ag(x) + ed(x) + 45(x) + - -+, 32)

B(x, € ~ Bo(x) + eB(x) + €By(x) + -, (3.3)

with 44(0)>0. Suppose that 4,(x), B;(x), (i=0,1,2, - - - ) are analytic in [—a,b].




Let the outer expansion of its solution be

Y ~pox) + @1(x) + ya(x) + - (3.9)

Substituting (3.4) into (2.1), and equating the terms with equal powers of ¢, we obtain the recursive
equations governing y, (n=0,1,2, - - -)

. n n
"on(x)}"n + BO(x)yn == __y”n—-l + sziyln —-i EB:}’n —i - (3'5)
i=1 i=1
withy _; = 0.
From (3.5) (with »=0) we obtain the equation for y, :
—xAo(x)’o + Bo(x)yo =0, (3.6
its solution is
x Bo(s)
= —ds| = . .
yo = Coexp | [ —rds|=Colo(x) 37

Suppose the expansions of 4;(x), B;(x), (i=0,1,2, - - - ) near x =0 are
Ai(x) = A; 0 + Aj1x +A,2x + o,
Bi(x) = ,0+B,1x+B,2x + -,
and the expansions of 4; !(x), 4, *(x), (=0,1,2, - - - ) near x=0 are
A7V (x) = 40 +A,1x +A,2x + e,
’3(x)—A,0 +A,,x +A,2x + -
then Iy(x) has the expansion
Lo(x) = xP* A exp il (éo BoiAon—i Jx"| - - (39)
n=1 i=

In order that yo(x) is analytic at x =0, we must have

By, voo = g%—g)l N (N:non-negative integer), (3.9

which is the condition for resonance given by ACKERBERG and O’MALLEY [1]. We shall show later on
that it is only the first necessary condition in the sequence of necessary conditions for resonance.
From (3.5) with n =1 we obtain the equation for y;:

—xAo(x)'1 + Bolx)y1 = —p"o + xA41y’0 — B1yo = Lolyo),
where L, is the differential operator of the form:

__d d
Lo: dx a2 +xA]'2"‘ -Bl (3.10)
The solution of (3.10) is
x  Lolyo(s)]
= CiIo(x) + Io(x —_— 3.11
»1 Io(x) + Io(x) [ i) o) (3.11)

Since

, _ Box)
Yo = XA o(x)

————Colo(x),




_ xAgB'y—xA'4By —AoBy+ B3

”

Yo

Colo(x),
A2 olo(x)

we have that
~xA B’y +xA'4Bo+AqBy—B}+x%44BoA,

Lo [yox)] = oA — By |Colp(x).
From (3.11) we derive -
x [ sAgBy—sA'qBo—A¢Bo+Bj —s*49ByA, B,

= T -+
y1 = CiIg(x)+Cy o(x)f A3 sA, ds

_ ag,—2 , do,—1 2

= Cllo(x) + CQIo(x) 5 + x +a0’01nx +a0,1x+a0,2x + .-

X

+ By odoplnx +(By Ao +B1140,0)x

+% (ﬁo Bydop—i 2+ - |, (3.12)
where
ap,—2 = "'%’(—Ao,oBo,o'*‘B(z),o)jo,o ,
ap,—1 = — l(— Ao,oBo,o"‘B%,o)jo,l‘*‘("Ao,oBo,l“Ao,lBo,o‘*'Bo,oBo,l+Bo,lBo,o

+ AgoBo1—A0,1Bo0)40,0):
aoo = (— AooBoo+Bbo)Aoz+(—AooBo1—Ao1Boo+BooBo,+Bo1Boo

z 2 2
+ Ao o0Bo1—Ao,1Bo0)o1 +(— NAoiBoa-it+ 2 BoiBoa—i
i=0 i=0
2 2 4
+ N iBoiAoz2—i— D idoiBoa—i —AooBooA4 100400,

i=1 i=1

wee teesstesarsrsrannes vassese sees

1 =
agn = 7 1(— Ao oBoo+Blg)on+2+(—AooBo1—Ao1Boo+BooBo

= n+2
+ Bo,1Boo+A400Bo1—40,1Boo)on+1+ 2 |~ éAO,iBO,p —i
p=2| i=0

+ §B0Boy-i+ SiBoido, i~ SidoBo,-;
! |

i=1 i=1

i=

p—2 | =
- E(éAO,iBO,j—i)Al,p—Z—j Aon+2-pp
j=0i=0

From (3.12) we see that if we wish to have y,(x) analytic at x =0, it is required that
agp + 31,0;40,0 =0. (3.13)

This is the second necessary condition for resonance after (3.9).




Especially, if A(x,€) = 1, B(x,€) = g(x,e), condition (3.13) reduces to
1
£:0,00=— [ g2(0,0) + (N +73)8xx(0,0)] (3.19

N is the non-negative integer that appeared in the first necessary condition (3.9). For the differential
equation

" —x(a + @)y’ + (p + pe + yx + 8x%)y =0 (3.15)
the second necessary condition (3.13) reduces to -
ad + 2p8 + ¥ — paa + pa® =0 (3.16)
since
8 + 208 + v — —
dgo = = p8a372 paa,BLo:p.

They are in agreement with those derived by Cook and ECKHAUS [3]. We remark that the above con-
ditions are not sufficient, which can be shown by the following example:

g — x(1 + dey’ + (1 + 2 =0,
Condition (3.16) is satisfied, and its outer solution is

y =yox) + 1(x) + Eya(x) + -,
where

yo(x) = Coxeb‘,yl(x) = Cyxe* + Coxez"(:f‘ — 8x),

2(x) = Coxe™ — 401xe2"(—1- +2) + 32Co(1 — xlnx + x? + x*)e*
y X

but y,(x) is not analytic at x =0, unless Co=0.
By the same process we can obtain the third necessary condition. From (3.5) with n =2, we obtain
the equation for y,(x):

—XA()(.X)y'z + Bo(x)yz = _)’"1 + x(A 1}"1 + Az}"()) - Bl_yl - BZYO . (3.17)

Owing that we only want to find the necessary condition for resonance, we can just consider the par-
ticular solution corresponding to the terms with C as factor. Let y{ be these terms in y, then

-~

ap,—2 50,—-1 ~ ~ ~
YO = Colo(x) Tt + aoux + dgax? + cv tagux" + - (3.18)
X
~ ~ ~ 18 .
where Qg —2 = 4g,—2, do,—1 = Gp,—1> A0,n = Qon + n EBI,iAO,n—i, (1?1). Consider the solution of

i=0
the following equation

—xAo(x)s + Box)yz = =R + x(ApfY + Ap%) — Byt — Bayo
= Lol/®1 + Lilyol, (3.19)
where L, is the differential operator of the form

d
Li=x4,5-—B,. (3.20)

Since

0 By &= . 1 & .
YO = Colp(x) | —— X aonx" + p > nag,x"

n=-2 n=-2

xAo




XAOB'Q —xA ()Bo “‘AoBo +Bo

o) = Colo(x) 73 2 agnx"
x“Ap n=—2
2B 2 -
+ —7120—— 2 nag,x" + —- 1 > n(n—Dagx"|,
x 0n=-—2 n——2

with aq =0, we have that

Lo[] _ 1
—xAo(x)o(x) | x343

—

(—AopBoo + Bo) + 2 2( AoiBon-i

n=1i=0

+ Bg;Bo,—; + iBgjAon—i — iAo iBon—i)x"

o u 2% o n n
X 2 agnX + 3 .3 2 EAOJ'BQ'".._,'X X
n=—2 x Ao n=0i=0
< 1
~ n—
X 2 nao,,,x - 3 2 2 AI,,»AO,jBo’kx" X
n=-—2 On"‘O i+j+k=n

P an,,x ——X—Aj-—EAI,,x X Znao,,x -1

n=-2 n=-2

+_x70_,,231"x X 2 ap,x" + —— xA 2 n(n-—l)ao,,x

n=~2 Op=-2
and
Lilyol -1 &
g v=Co [—5 Ay AgiBoix"+——> By, x"}].
oA Sl PrER S B L L Aonzo >
The particular solution of (3.19) with C, as factor is
Loy )] + Li[yo)]
O = Colo(x) [ =2 ds
= Gl [ o)
— ai - ay — ay —
= Colo(x) a1’44 + 1'33 + ]’22 -+ L1 + al,olnx 4+ o+ al',,x” + -
X x X
+ (_AO,OBO,OAZ,O"ZO,O + Bz,o;io’o) Inx + blx + -+ b,,x” + .- N (3.21)
where
1 2 ~ 7.
a, -4 = —7% [(“‘5/10,030,0 + Bfo)doo + 6A0.0]ao,—z,
1 =
a,-3= —3 [(—6A0,1Bo,o = 4A40,0Bo1 + 2BgoBo,1)40,0

+ (=5400Bog + Blo)do, + 6Ao,1]ao,_z

+ [(—3/10,030,0 + Bfo)Aoo + 21‘10,()]5(),—! »

Ay n—4 ~

ZaOn—2~, ﬁ > {(2"—ZP‘j—i‘“S)Ao,pBo,j—i~p

j=0 i=0p=0




+ BO,pBO,j—i—p] Ao + (n—2—)) (”_2_1‘1)A0,j]

n=2 _ j =i -
- 2 ao,n—4~j é {2 (éAO,qBO,p—q )Al,j—i—p]Ao,i

j=0 i=0|p=0 ¢=0

n—=2|n—2—j
- 2[ 2 (n 4—j P)aﬂn 4——j—pAlp AO] o
j=0\{ p=0
n =2 1n—2—j
+ 2 aon—a—j—pBip Ao] )
j=0

(n=223,5, ;nskd)

—i ' 4
a = 2402—] [ﬁ > [(3‘2P“j—i)Ao,pBo,j—i—p + BO,pBO,j——i—-p]AO,i
i=0p=0

+@2—)) (l—j»io,,-] ~

2
- 2 %o “Jé ﬁAOqBO»p quj—'—p)AOI

'~0p-o g=0
2—j .
- 2 [21(_] P)ao—j—pALp AOJ + 2 [EI 0,—j—pB1p|do.;
ji=0 |p j=0 1p=0
and
1 n n—j i noo.
b, =— X (3 AopBoi—p Yon—j—i + 2 Ao, jBan-j
B |j=0i=0 p=0 j=0
It is only if
ao =aip + AooBooArodoo + Baodoo =0 (3.22)

that y,(x) is analytic at x =0.
EQ (3.22) is the third necessary condition for the resonance of differential equation (3.1).
For the differential equation (2.1), the third necessary conditon reduces to

pr = —108;

for the special case A(x,e) = 1, B(x,€) = g(x,¢), it reduces to
(3Boo + Bbp + ag; + 2Boy + BooBoi)ag1+ +2(—Boa — 2Bo; — 3Bop
+ BooBos + Bo1Bo2)ag—1 + (—Boa — 3Bos — 5Boz — TBo1 — 9Boo
+ B}z + 2BooBo4 + 2Bo1Bos)ag,—2 + aooBio + @o-1B1,1 t+ ao-2B1;

+ BZ,O =0
9'g(0,0
where Boo=g(0,0), Bo,;= : __g_(Q_Q) , B1,0=g.0,0), B, ;= ,1 gg(l ), .. etc.
! x
By the same process we can ﬁnd the successive necessary condtion for resonance. If we find that
®© :
PO = Colo®) 3, dp ¥’ (323)

where r<N= 50,0

4(0.0) (N: non-negative integer), with a, =0, then we get the equation for y, +, from

&




(3.5)

~xAo(x)'n+1 + BoGxWn+1 = LoDl + Lily21] +
+ -0+ Ln{}’O] = IO(x)Fn(x) N (3-24)
where Lo, L, are defined above by (3.10), (3.20) and L,(i=2,3, - - - n) are defined by

— d
L= xAin5-—Bi . _ (3.25)
We can find that the solution of (3.24) with C, as factor is
F,(s)

O = Colo() [ (3.26)

—sA Q(S) ’
Expanding the integrand in (3.26) into power series of x at x =0, and equating the coeffiecient of x -1
to zero, then we get the next necessary condition for resonance.

From above we see that the resonance cases are exceptional. But if 4 and B are constants, and B/4
is a non-negative integer, or if B(x,e) = 0, then the coefficients @y, 0,(n=0,1,2, - - - ) are all zero, and
the whole sequence of necessary conditions for resonance is satisfied, and the equation exhibits reso-
nance, which is in agreement with our known result.

The construction of the asymptotic solution of boundary value problems for differential equations
of the type

¢ — xA(x,€)y’ + B(x,e)y =0

has been given in the earlier paper [6] of the present author for both the resonant case and the non-
resonant case. The aymptotic correctness of the solution has also been discussed. The problems of
generalizing the method to the case of multiple turning points is still open.
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