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ON NORMAL ALMOST PARACONTACT METRIC MANIFOLDS OF
DIMENSION 3

I. Küpeli Erken

Abstract. In this study, we make the first contribution to investigating conditions under
which normal almost paracontact metric manifold of dimension 3 has cyclic parallel Ricci
tensor, η-parallel Ricci tensor, Ricci-semisymmetry and locally ϕ̃-symmetry. In the end an
example of a 3-dimensional normal almost paracontact metric manifold which is locally
ϕ̃-symmetric and has cyclic parallel Ricci tensor is presented.
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1. Introduction

Paracontact metric structures were introduced in [13], as a natural odd-dimensional
counterpart to paraHermitian structures, and like contact metric structures corre-
spond to the Hermitian ones. Paracontact metric manifolds (M2n+1, ϕ̃, ξ, η, �̃) have
been studied by many authors in the recent years, particularly since the appear-
ance of [22]. The curvature identities for different classes of almost paracontact
metric manifolds were obtained e.g. in [8], [21], [22]. The importance of paracon-
tact geometry, and in particular of para-Sasakian geometry, has been pointed out
especially in the last years by several papers highlighting the interplays with the
theory of para-Kähler manifolds and its role in pseudo-Riemannian geometry and
mathematical physics (cf. e.g. [1],[2],[5],[6],[7],[14]).

Z. Olszak studied (M, ϕ, ξ, η, �) normal almost contact metric manifolds of di-
mension 3 [17]. He derives certain necessary and sufficient conditions for an
almost contact metric structure on manifold to be normal and curvature properties
of such structures and normal almost contact metric structures on a manifold of
constant curvature are studied. Recently, J. Welyczko studied curvature and tor-
sion of Frenet Legendre curves in 3-dimensional normal almost paracontact metric
manifolds [20]. 3-dimensional normal almost contact metric manifolds which are
satisfying certain curvature conditions were studied in [9], [10]. Later, C. L. Bejan
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and M. Crasmareanu considered second order parallel tensors and Ricci solitons
in 3-dimensional normal paracontact geometry [3].

To our knowledge, no effort has been made to investigate conditions under

which normal almost paracontact metric manifolds of dimension 3 have cyclic
parallel Ricci tensor, η-parallel Ricci tensor, Ricci-semisymmetry and locally ϕ̃-
symmetry. In the present work we aim to investigate these curvature conditions
for 3-dimensional normal almost paracontact metric manifolds.

Our work is organized as follows: Section 1 is the introductory section. Section
2 and Section 3, respectively, contain some basic and preliminary results related
to the almost paracontact metric manifold and 3-dimensional normal almost para-
contact manifolds. Section 4 is devoted to Ricci-semisymmetry in 3-dimensional
normal almost paracontact manifolds and we give some equivalent conditions. In
Section 5, we prove that 3-dimensional normal almost paracontact metric mani-
fold which is not β-para-Sasakian manifold satisfying cyclic parallel Ricci tensor
is a manifold of negative constant scalar curvature. In Section 6, we show that a
3-dimensional normal almost paracontact metric manifold is locally ϕ̃-symmetric
if and only if the scalar curvature is constant along leaves of the canonical foliation.
In Section 7, we obtain that a 3-dimensional normal almost paracontact metric
manifold with η-parallel Ricci tensor is locally ϕ̃-symmetric. In the last section, we
construct an example to illustrate the results obtained in previous sections.

2. Preliminaries

In this section we collect the formulas and results we need on paracontact metric
manifolds. All manifolds in this note are assumed to be connected and smooth. We
may refer to [13], [22] and references therein for more information about paracontact
metric geometry.

An (2n+1)-dimensional smooth manifold M is said to have an almost paracontact
structure if it admits a (1, 1)-tensor field ϕ̃, a vector field ξ and a 1-form η satisfying
the following conditions:

(i) η(ξ) = 1, ϕ̃2 = I − η ⊗ ξ,
(ii) the tensor field ϕ̃ induces an almost paracomplex structure on each fibre of
D = ker(η), i.e. the ±1-eigendistributions, D± := Dϕ̃(±1) of ϕ̃ have equal
dimension n.

From the definition it follows that ϕ̃ξ = 0, η ◦ ϕ̃ = 0 and the endomorphism ϕ̃
has rank 2n. When the tensor field Nϕ̃ := [ϕ̃, ϕ̃] − 2dη ⊗ ξ vanishes identically the
almost paracontact manifold is said to be normal. If an almost paracontact manifold
admits a pseudo-Riemannian metric �̃ such that

(2.1) �̃(ϕ̃X, ϕ̃Y) = −�̃(X,Y) + η(X)η(Y),
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for all X,Y ∈ Γ(TM), then we say that (M, ϕ̃, ξ, η, �̃) is an almost paracontact metric
manifold. Notice that any such a pseudo-Riemannian metric is necessarily of signa-
ture (n + 1, n). For an almost paracontact metric manifold, there always exists an
orthogonal basis {X1, . . . ,Xn,Y1, . . . ,Yn, ξ} such that �̃(Xi,Xj) = δi j, �̃(Yi,Yj) = −δi j

and Yi = ϕ̃Xi, for any i, j ∈ {1, . . . , n}. Such a basis is called a ϕ̃-basis.

If in addition F(X,Y) = dη(X,Y) = �̃(X, ϕ̃Y) for all vector fields X,Y on M,
(M, ϕ̃, ξ, η, �̃) is said to be a paracontact metric manifold where F is the fundamental
form. In a paracontact metric manifold one defines a symmetric, trace-free operator
h̃ := 1

2Lξϕ̃. It is known [22] that h̃ anti-commutes with ϕ̃ and satisfies h̃ξ = 0,
trh̃ =trh̃ϕ̃ = 0 and

(2.2) ∇̃ξ = −ϕ̃ + ϕ̃h̃,

where ∇̃ is the Levi-Civita connection of the pseudo-Riemannian manifold (M, �̃).

Moreover h̃ ≡ 0 if and only if ξ is a Killing vector field and in this case
(M, ϕ̃, ξ, η, �̃) is said to be a K-paracontact manifold. A normal paracontact metric
manifold is called a para-Sasakian manifold. Also in this context the para-Sasakian
condition implies the K-paracontact condition and the converse holds only in di-
mension 3. We also recall that any para-Sasakian manifold satisfies

(2.3) R̃(X,Y)ξ = −(η(Y)X − η(X)Y).

Similarly to the class of almost contact metric manifolds [4], a normal al-
most paracontact metric manifold will be called para-Sasakian if F = dη [11] and
quasi-para-Sasakian if dF = 0. Obviously, the class of para-Sasakian manifolds is
contained in the class of quasi-para-Sasakian manifolds. The converse does not
hold in general. A paracontact metric manifold will be called paracosymplectic if
dF = 0, dη = 0 [8].

3. Normal almost paracontact metric manifolds

Proposition 3.1. [20] A (2n + 1)-dimensional almost paracontact metric manifold is
normal if and only if

(3.1) ϕ̃(∇̃Xϕ̃)Y − (∇̃ϕ̃Xϕ̃)Y + (∇̃Xη)(Y)ξ = 0,

∇̃ being the Levi-Civita connection.

Proposition 3.2. [20] For a 3-dimensional almost paracontact metric manifold M it holds

(3.2) (∇̃Xϕ̃)Y = �̃(ϕ̃∇̃Xξ,Y)ξ − η(Y)ϕ̃∇̃Xξ.

Proposition 3.3. [20] For a 3-dimensional almost paracontact metric manifold M the
following three conditions are mutually equivalent
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(a) M is normal,
(b) there exist functions α, β on M such that

(3.3) (∇̃Xϕ̃)Y = β(�̃(X,Y)ξ − η(Y)X) + α(�̃(ϕ̃X,Y)ξ − η(Y)ϕ̃X),

(c) there exist functions α, β on M such that

(3.4) ∇̃Xξ = α(X − η(X)ξ) + βϕ̃X.

Corollary 3.1. [20] The functions α, β realizing (3.3) as well as (3.4) are given by

(3.5) 2α = Trace
{
X −→ ∇̃Xξ

}
, 2β = Trace

{
X −→ ϕ̃∇̃Xξ

}
.

Proposition 3.4. [20] For a 3-dimensional almost paracontact metric manifold M, the
following three conditions are mutually equivalent

(a) M is quasi-para-Sasakian,
(b)there exists a function β on M such that

(3.6) (∇̃Xϕ̃)Y = β(�̃(X,Y)ξ − η(Y)X),

(c)there exists a function β on M such that

(3.7) ∇̃Xξ = βϕ̃X.

A 3-dimensional normal almost paracontact metric manifold is said to be
• paracosymplectic if α = β = 0 [8],
• quasi-para-Sasakian if and only if α = 0 and β � 0 [11], [20],
• β-para-Sasakian if and only if α = 0 and β � 0 and β is constant, in particular,

para-Sasakian if β = −1 [20], [22],
• α-para-Kenmotsu if α � 0 and α is constant and β = 0.
Now, after differentiating (3.4) covariantly and using (3.3) we find

∇̃X∇̃Yξ = α(∇̃XY − η(∇̃XY)ξ) + (α2 − β2)�̃(ϕ̃X, ϕ̃Y)ξ + βϕ̃∇̃XY + X(α)ϕ̃2Y

+X(β)ϕ̃Y − (α2 + β2)η(Y)ϕ̃2X − 2αβη(Y)ϕ̃X.

Therefore, for the curvature transformation RXY = [∇X,∇Y] − ∇[X,Y] we obtain

R̃(X,Y)ξ = −
{
Y(α) + (α2 + β2)η(Y)

}
ϕ̃2X +

{
X(α) + (α2 + β2)η(X)

}
ϕ̃2Y

− {Y(β) + 2αβη(Y)
}
ϕ̃X +

{
X(β) + 2αβη(X)

}
ϕ̃Y.(3.8)

and

(3.9) S̃(Y, ξ) = −Y(α) + ϕ̃Y(β) −
{
ξ(α) + 2(α2 + β2)

}
η(Y),
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where R̃ denotes the curvature tensor and S̃ is the Ricci tensor.
From (3.8), we obtain

R̃(ξ,Y,Z, ξ) = (ξ(α) + α2 + β2)�̃(ϕ̃Y, ϕ̃Z) − (ξ(β) + 2αβ)�̃(ϕ̃Y,Z),

where R̃(X,Y,Z,W) = �̃(R̃(X,Y)Z,W). By Bianchi identity the last equation follows
that

R̃(ξ,Y,Z, ξ) = (ξ(α) + α2 + β2)�̃(ϕ̃Y, ϕ̃Z),(3.10)
ξ(β) + 2αβ = 0.(3.11)

Next, we recall that the curvature tensor of a 3-dimensional pseudo-Riemannian
manifold satisfies

R̃(X,Y,Z,W) = �̃(X,W)S̃(Y,Z) − �̃(X,Z)S̃(Y,W) + �̃(Y,Z)S̃(X,W)

−�̃(Y,W)S̃(X,Z) − 1
2
τ
{
�̃(X,W)�̃(Y,Z) − �̃(X,Z)�̃(Y,W)

}
,(3.12)

where τ is the scalar curvature.
In order to compute S̃(Y,Z) we will use (3.9), (3.10) and (3.12).

S̃(Y,Z) = −(ξ(α) + α2 + β2 +
1
2
τ)�̃(ϕ̃Y, ϕ̃Z) + η(Z)(ϕ̃Y(β) − Y(α))

+η(Y)
(
ϕ̃Z(β) − Z(α)

) − 2(α2 + β2)η(Y)η(Z).(3.13)

Combining the above formula with (3.12), we obtain

R̃(X,Y)Z = (2(α2 + β2) +
1
2
τ)(�̃(Y,Z)X − �̃(X,Z)Y)

−(3(α2 + β2) +
1
2
τ)(�̃(Y,Z)η(X)ξ− �̃(X,Z)η(Y)ξ

+η(Y)η(Z)X − η(X)η(Z)Y),(3.14)

for α =constant and β =constant.
From (3.14), we can give following:

Theorem 3.1. Let (M, ϕ̃, ξ, η, �̃) be a 3-dimensional normal almost paracontact metric
manifold of constant curvature τ then τ = −6(α2 + β2).

From now on, we accept α, β as constants.

4. Ricci-semisymmetry in 3-dimensional normal almost paracontact manifolds

A semi-Riemannian manifold (M, �̃), n ≥ 3, is said to be Ricci-semisymmetric if on M
we have

(4.1) R̃(X,Y).S̃ = 0,
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for any X,Y ∈ χ(M), R̃ denotes the curvature tensor and S̃ is the Ricci tensor of type
(0, 2) of the manifold.

From (4.1) we get

S̃(R̃(X,Y)U,V)+ S̃(U, R̃(X,Y)V) = 0.

Replacing X and U by ξ in the last equation, we obtain

(4.2) S̃(R̃(ξ,Y)ξ,V) + S̃(ξ, R̃(ξ,Y)V) = 0.

By virtue of (3.8) and (3.9), we have

(4.3) S̃(ξ, R̃(ξ,Y)V) = 2(α2 + β2)((α2 + β2)�̃(ϕ̃2Y,V) + 2αβ�̃(ϕ̃Y,V).

Using (3.13), one can compute

S̃(R̃(ξ,Y)ξ,V) = (α2 + β2)(−(α2 + β2 +
τ

2
)�̃(ϕ̃Y, ϕ̃V))(4.4)

+2αβ(−(α2 + β2 +
τ
2

)�̃(Y, ϕ̃V)).

Applying these equations in (4.2), we get

(4.5) (3(α2 + β2) +
τ
2

)(−(α2 + β2)�̃(ϕ̃Y, ϕ̃V) + 2αβ�̃(ϕ̃Y,V)) = 0.

Let us assume that M is non-paracosymplectic. From (4.5), precisely following
cases occurs.

Case 1: (3(α2 + β2) + τ2 ) = 0,

Case 2: (−(α2 + β2)�̃(ϕ̃Y, ϕ̃V) + 2αβ�̃(ϕ̃Y,V)) = 0,

Case 3: (3(α2 + β2) + τ2 ) = 0 and (−(α2 + β2)�̃(ϕ̃Y, ϕ̃V) + 2αβ�̃(ϕ̃Y,V)) = 0.

We now check, case by case. From Case 1, we get τ = −6(α2 + β2). Using (2.1)
and (3.13), we obtain S̃(Y,Z) = −2(α2+β2)�̃(Y,Z) which implies that M is an Einstein
manifold with constant negative curvature −6(α2 + β2). Case 2 and Case 3 hold if
and only if α = β = 0. But this contradicts with the type of manifold. So we omit
Case 2 and Case 3.

Hence we can give the following theorem.

Theorem 4.1. Let M be a 3-dimensional non-paracosymplectic normal almost paracontact
metric manifold. Then the following conditions are equivalent.

(i) M is an Einstein manifold,

(ii) The Ricci tensor S̃ of M is parallel, i.e.,∇̃S̃ = 0

(iii) M is Ricci-semisymmetric.
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5. Cyclic parallel Ricci tensors in 3-dimensional normal almost paracontact
manifolds

The Ricci tensor S̃ of a semi-Riemannian manifold M is said to has cyclic-parallel
Ricci tensor if C∇̃S̃ = 0, namely

(5.1) (∇̃XS̃)(Y,Z) + (∇̃YS̃)(Z,X) + (∇̃ZS̃)(X,Y) = 0,

for all vector fields X,Y,Z [12].

From (5.1), we get τ is constant. By (2.1) and (3.13), we get

(5.2) (∇̃XS̃)(Y,Z) = −(3(α2 + β2) +
1
2
τ)(η(Y)(∇̃Xη)Z + η(Z)(∇̃Xη)Y).

Combining (5.1) and (5.2), it follows that

(5.3) − (3(α2 + β2) +
1
2
τ)

⎛⎜⎜⎜⎜⎜⎜⎝
η(Y)(∇̃Xη)Z + η(Z)(∇̃Xη)Y
+η(Z)(∇̃Yη)X + η(X)(∇̃Yη)Z
+η(X)(∇̃Zη)Y + η(Y)(∇̃Zη)X

⎞⎟⎟⎟⎟⎟⎟⎠ = 0.

We take into account ϕ̃-basis and put Y = Z = ei in (5.3) and by the help of (3.4), we
obtain

(3(α2 + β2) +
1
2
τ)αη(X) = 0.

Then the following cases occurs:

(i) M is β-para-Sasakian if α = 0. In particular, for β = −1 the manifold is
para-Sasakian.

(ii) M has negative scalar curvature (−6(α2 + β2)) if
(
3(α2 + β2) + 1

2τ
)
η(X) = 0.

Conversely, if τ = −6(α2 + β2), by virtue of (5.2) we obtain (∇̃XS̃)(Y,Z) = 0,
namely M has cyclic-parallel Ricci tensor.

So, we can give the following lemma:

Lemma 5.1. A 3-dimensional normal almost paracontact metric manifold which is not a
β-para-Sasakian satisfies cyclic parallel Ricci tensor if and only if τ = −6(α2 + β2).

From (3.14), we have

Theorem 5.1. If a 3-dimensional normal almost paracontact metric manifold which is not
a β-para-Sasakian satisfying cyclic parallel Ricci tensor, then the manifold is a manifold of
constant curvature τ = −6(α2 + β2).
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6. Locally ϕ̃-symmetry in 3-dimensional normal almost paracontact manifolds

In K-contact and Sasakian geometry, local symmetry is a very strong condition: a
locally symmetric K-contact manifold necessarily has a constant curvature equal
to ([16], [19]). In [18], Takahashi introduced a weaker condition for a Sasakian
manifold. He calls a Sasakian space locally ϕ̃-symmetric if its Riemannian curvature
tensor R̃ satisfies the condition

ϕ2 ((∇XR)(Y,Z,W)) = 0,

for all vector fields X,Y,Z and W orthogonal to the characteristic vector field ξ,
where ∇ denotes the Levi-Civita connection.

The definition of locally ϕ̃-symmetry can be adapted to the definition given [18]
for almost paracontact metric manifolds.

Theorem 6.1. A 3-dimensional normal almost paracontact metric manifold is locally ϕ̃-
symmetric if and only if scalar curvature τ is constant along the leaves of the canonical
foliation.

Proof. Let us consider a 3-dimensional normal almost paracontact metric manifold.
If we differentiate (3.14) covariantly with respect to W, we obtain

(6.1)

(∇̃WR̃)(X,Y)Z =
dτ(W)

2
(�̃(Y,Z)X − �̃(X,Z)Y)

+ �̃(X,Z)
[
dτ(W)

2
η(Y)ξ + (3(α2 + β2) +

1
2
τ)((∇̃Wη)(Y)ξ + η(Y)∇̃Wξ)

]

− �̃(Y,Z)
[
dτ(W)

2
η(X)ξ + (3(α2 + β2) +

1
2
τ)((∇̃Wη)(X)ξ + η(X)∇̃Wξ)

]

−
[ dτ(W)

2 η(Y)η(Z)X +
(
3(α2 + β2) + 1

2τ
)
((∇̃Wη)(Y)η(Z)X

+η(Y)(∇̃Wη)(Z)X + η(Y)η(Z)∇̃WX)

]

+

[ dτ(W)
2 η(X)η(Z)Y +

(
3(α2 + β2) + 1

2τ
)
((∇̃Wη)(X)η(Z)Y

+η(X)(∇̃Wη)(Z)Y + η(X)η(Z)∇̃WY)

]
.

For the locally ϕ̃-symmetry condition, we take X,Y,Z and W orthogonal to ξ. Then
(6.1) returns to

(6.2) ϕ̃2((∇̃WR̃)(X,Y)Z) =
dτ(W)

2
(�̃(Y,Z)X − �̃(X,Z)Y).

So, (6.2) completes the proof.

Theorem 6.1 leads to following corollary:

Corollary 6.1. A 3-dimensional para-Sasakian, para-Kenmotsu or paracosymplectic man-
ifold is locally ϕ̃-symmetric if and only if scalar curvature τ is constant along leaves of the
canonical foliation.
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7. η-parallel Ricci tensors in 3-dimensional normal almost paracontact
manifolds

The Ricci tensor S̃ of an almost paracontact metric manifold is said to have η-parallel
Ricci tensor if

(7.1) (∇̃XS̃)(ϕ̃Y, ϕ̃Z) = 0,

for all vector fields X,Y,Z [15].

Theorem 7.1. A 3-dimensional normal almost paracontact metric manifold with η-
parallel Ricci tensor has constant scalar curvature.

Proof. Let us consider a 3-dimensional normal almost paracontact metric manifold. If we
put Y = ϕ̃Y, Z = ϕ̃Z in (3.13), we obtain

(7.2) S̃(ϕ̃Y, ϕ̃Z) = −(α2 + β2 +
1
2
τ)(�̃(Y,Z) − η(Y)η(Z)).

After differentiating (7.2) covariantly, we get

(∇̃XS̃)(ϕ̃Y, ϕ̃Z) = −dτ(X)
2

(�̃(Y,Z) − η(Y)η(Z))

+(α2 + β2 +
1
2
τ)((∇̃Xη)(Y)η(Z) + η(Y)(∇̃Xη)(Z)).

If the Ricci tensor is η-parallel, from the above equation we have

(7.3) − dτ(X)
2

(�̃(Y,Z) − η(Y)η(Z)) + (α2 + β2 +
1
2
τ)((∇̃Xη)(Y)η(Z) + η(Y)(∇̃Xη)(Z))

We take into account ϕ̃-basis and put Y = Z = ei in (7.3), we obtain

(7.4) − dτ(X) + 2(α2 + β2 +
1
2
τ)(∇̃Xη)(ξ) = 0.

Using (3.4) it can be easily seen that (∇̃Xη)(ξ) = 0. Hence (7.4) implies that

dτ(X) = 0.

Thus the proof of the theorem is completed.

The following result is a consequence from Theorem 6.1 and Theorem 7.1.

Corollary 7.1. A 3-dimensional normal almost paracontact metric manifold with η-
parallel Ricci tensor is locally ϕ̃-symmetric.
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8. Example

Now, we give an example of a 3-dimensional normal almost paracontact metric
manifold.

Example 8.1. We consider the 3-dimensional manifold

M = {(x, y, z) ∈ R3, z � 0}
and the vector fields

X =
∂

∂x
, ϕ̃X =

∂

∂y
, ξ = (x + 2y)

∂

∂x
+ (2x + y)

∂

∂y
+
∂

∂z
.

The 1-form η = dz defines an almost paracontact structure on M with characteristic vector
field ξ = (x + 2y) ∂∂x + (2x + y) ∂∂y +

∂
∂z . Let �̃, ϕ̃ be the pseudo-Riemannian metric and the

(1, 1)-tensor field given by

�̃ =

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 − 1

2 (x + 2y)
0 −1 1

2 (2x + y)
− 1

2 (x + 2y) 1
2 (2x + y) 1 − (2x + y)2 + (x + 2y)2

⎞⎟⎟⎟⎟⎟⎟⎠ ,

ϕ̃ =

⎛⎜⎜⎜⎜⎜⎜⎝
0 1 −(2x + y)
1 0 −(x + 2y)
0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

with respect to the basis ∂
∂x ,

∂
∂y ,

∂
∂z .

Using (3.4) we have

∇̃XX = −ξ, ∇̃ϕ̃XX = 0, ∇̃ξX = −2ϕ̃X,
∇̃Xϕ̃X = 0, ∇̃ϕ̃Xϕ̃X = ξ, ∇̃ξϕ̃X = −2X,
∇̃Xξ = X, ∇̃ϕ̃Xξ = ϕ̃X, ∇̃ξξ = 0.

for α = 1 and β = 0. Hence the manifold is a para-Kenmotsu manifold. One can
easily compute,

(8.1)
R̃(X, ϕ̃X)ξ = 0, R̃(ϕ̃X, ξ)ξ = −ϕ̃X, R̃(X, ξ)ξ = −X,

R̃(X, ϕ̃X)ϕ̃X = X, R̃(ϕ̃X, ξ)ϕ̃X = −ξ, R̃(X, ξ)ϕ̃X = 0,
R̃(X, ϕ̃X)X = ϕ̃X, R̃(ϕ̃X, ξ)X = 0, R̃(X, ξ)X = ξ.

We have the constant scalar curvature as follows,

τ = S(X,X) − S(ϕ̃X, ϕ̃X) + S(ξ, ξ) = −6.

Hence, M satisfies cyclic parallel Ricci tensor. The manifold is not a β-para-Sasakian
manifold because of α � 0. Namely, Lemma 5.1 holds for α = 1, β = 0 (τ = −6 =
−6(α2 + β2)). By Theorem 6.1, M is also locally ϕ̃-symmetric.
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