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ON NORMAL DERIVATIONS

JOEL ANDERSON

ABSTRACT. Let A, be the derivation on B(#) defined by
A (X)=TX—XT (T, X € B(')). We prove that if T is an isometry
or a normal operator, then the range of A, is orthogonal to the null
space of A;. Also, we prove that if T is normal with an infinite
number of points in its spectrum then the closed linear span of the
range and the null space of A, is not all of B(s#).

Introduction. If 5 is a Hilbert space and B(H#) is the algebra of all
bounded linear operators on J#°, then for each fixed 7 € B(#) the

operator equation
Ap(X)=TX — XT

defines a bounded linear operator on B(H#’). A, is called a derivation
because, for all X, Y in B(H#),

Ap(XY) = Ap(X)Y + XAL(Y).

When N is a normal operator in B(#°) we will say that Ay is a normal
derivation.

If T € B(s#) has a particular property it is often the case that A, has a
similar property. For example if T is selfadjoint then it is easy to show that
the numerical range of A, is real; i.e., that A, is Hermitian in the sense of
Lumer and Vidav (see [4]). Also, if N is normal then it is shown in [1] that
Ay is a generalized scalar operator. When N is a normal operator in
B(H’) with null space A4"(N) and range R(N) it is elementary that

(i) R(N)LA(N),

(i) RNy ©AN (N)=#.

In this note we study the extent to which Ay shares these properties.
We find that the range R(A ) and the null space A4"(Ay) are “orthogonal”
in a certain sense so that (i) holds, but that (ii) holds if and only if the
spectrum of N contains only a finite number of points. In the last section
we mention some open questions.
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(1.1) NotaTiON. R(Ajy) is the (not necessarily closed) set of operators
in B() of the form A,(X) when X € B(5#). Note that the null space
A (Arp) is just the commutant of 7.

(1.2) DerINITION.  Let C be the complex numbers and let X be a normed
linear space. Let x, y € X. If [ x—Ay| = ||Ay|| for all 2 € C then x is said to
be orthogonal to y. Let 4 and A" be two subspaces in X. If |m+-n| = ||n|
for all m € A and for all n € A" then ./ is said to be orthogonal to A".

(1.3) ReMARK. This definition generalizes the idea of orthogonality in
Hilbert space. (It is not new. See [S] for example.) Note that in general x
orthogonal to y does not imply y orthogonal to x. Also it is easy to show
that if .# and 4" are closed subspaces of X and .# is orthogonal to A~
then the algebraic direct sum 4 +.4" is a closed subspace of X.

(1.4) THEOREM. Let S be an isometry in B(H). Then R(Ag) is orthog-
onal to N (Ag).

PrOOF. From [3, Problem 185] we know

n—1
D S"(SX — XS)S' = S"X — XS".

i=0
Thus if ST=TS,
n—=1
nS"'T = §"X — XS" — > S™"(8X — XS — T)S,

=0

SO
ITI = IS"T| = (1/n) IS”X — XS™|| + [|ISX — XS — T|.

The result now follows by letting n—co.

(1.5) THEOREM. Let A be a selfadjoint operator in B(H). Then R(A 4)
is orthogonal to A" (A ).

ProoF. Let U=(A4 —i)(4+i)™* be the Cayley transform of 4. Then U is
unitary and A=i(14U)(1—-U)1. Now if X € B(H#),
AX)y=(A4—-DX —XA —-i)=UAd+ D)X — X4+ D)HU

= Ay((4 + DX) + A, (XU).
Hence
A4X(1 = U)) = Ay((4 + )X).

Since 1 —U and A+i are both invertible, R(A)=R(Ay). Also it is clear
that AT=TA implies UT=TU so that (1.4) applies and the result follows.

(1.6) LEMMA. Let Py, - - -, P, be orthogonal idempotents (i.e. P,P;=0 if
i#j and P;=P; fori=1,- -+, n). Let{Ay," - -, A} and{my, - - - , p,} be sets
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of nonzero complex numbers such that ;% A; and u7 u; if i#j. Let

n

0, = Z A:P;, Q, = Zﬂipr
i=1 i=1
Then ‘R(AQI)= ‘R(A(h).

PROOF. Let Py=1—>7 P;, {3=p,=0, let X € B(H'). Then a simple
computation shows

Aol(X) = i i (Al - j’j)PiXPj’

i=0 j=0

Ag(X) = é jZO(lui — p)PXP;,

and since 4;%4; and pu,#u, if i#j the assertion is now clear.

(1.7) THEOREM. Let N be a normal in B(3#) with spectral measure
E(-). Then for all X € B(H) and for all T € /" (Ay),

IT — An(OHI Z IT].
That is, R(Ay) is orthogonal to N (Ay).

ProoF. By the spectral theorem it is sufficient to show that

(1) ”T - (2 l,E(é,-))X - X@1 z,.E(a,.))

i=1

z IT|

holds for all X € B(¢), for all T e A (Ay), for every disjoint collection
{d,}7_1 of Borel sets and for every collection {4,}7_; of complex numbers.
Further, we may assume that 4,54, if i#j. Now let

n

0 =D AEG), Q=) iEG).

=1

Then R(A,)=R(Ap,) by (1.6). But Q, is selfadjoint and T € A" (Ay)
implies that 7€ A"(Ag), i=1, 2. (Recall that if 7 commutes with a nor-
mal operator N it commutes with each of the spectral projections as-
sociated with N. This fact will be used in the proof of (2.2) below.)

(2.1) REMARK. In view of the foregoing, one might be led to believe
that when N is normal

RAN)~ + A (Ay) = B(HK)

where R(Ay)~ is the uniform closure. It seems somewhat surprising that
when S is infinite dimensional this occurs only in very special cases.
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(2.2) THEOREM. Let S be an infinite dimensional Hilbert space. Let N
be a normal operator in B(H) with spectral measure E(-). If the spectrum
o(N) of N contains an infinite number of points, then there is an operator
V e B(H) such that R(Ay)~ + A (Ay) is orthogonal to V. If H is separable
or if N has an infinite number of eigenvalues V may be taken to be an isom-
etry.

PrOOF. Suppose first N has a finite number of eigenvalues. Let P, be
the projection onto the span of the eigenvectors of N and consider N'=
(1—P,)N(1—P,). Then o(N’) is infinite so we may choose a Cauchy
sequence of distinct points 4, € o(N’). Let r,=inf,, ., |4,,—A4,|. By passing
to a subsequence if necessary we may assume that 4, ¢ o(PyNP;) and r,>0
for n=1,2,---. Note that r,—0 as n—oo. Let 9, be the open disc of
radius r,/3 about 4,. The 9, are disjoint and E,=E(J,) are orthogonal.
Note that E,# is nonzero because 4, € 4, and the dimension of E,# is
infinite because N’ has no eigenvalues. Now let U, be a norm 1 trans-
formation from E,# into E, ., . Note that if # is separable the
dimension of E,.# is the same as the dimension of E,, ;¢ and U, may be
taken to be unitary. Now define V as follows: Let H#'=H"@H D" - -
where 3¢ ,=E,s# for n=1, 2, - - - and 2 is the orthogonal complement
of S#,®H D+ - - . Let V be identity on 5y and for x € #°,, let Vx=U x.
Clearly if £ is separable ' may be taken to be an isometry. Now from the
choice of E, and the spectral theorem we know

INE, — j'nEn” = "EnN - lnEn" < rn/3'
Now let X € B(#), Te A" (Ay)and let a=|V—A\(X)—T]|. Thus
o= [E il IV = Ax(X) — T| IE, I
x ; I[En+1 VEn - Eni—l(A\'(X))En" (Sil’]CC En+1TEn = En-*.—lEnT = 0)

and

I —o = |E, NXE, — E,.,XNE,| (since [|E,,VE,| =1)
SO

I —a é ”NEn—HXEn - }'n+1En+1XEn“ + "lnEn+lXEn - En+1XEnN"
+ (A1 — A)E XE,|I.
Therefore
2 I —a = (r/3 + rpaf3 + 140 — 4D 1X].

Letting n—co the right-hand side of (1) goes to 0. Hence a=1.
Now suppose N has an infinite number of eigenvalues. Choose {2, }n.1
a Cauchy sequence of distinct eigenvalues of N. Let {x,}7_, be such that
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Nx,=A,x,. Let # ,=span of x, for n=1,2,--- and let .5#, be the or-
thogonal complement of H#,25¢,5---. Let V be the identity on 7,
and let Vx,=x,,, for nZ1. Clearly V is an isometry. From this point on
the proof is the same as before.

(2.3) REMARks. If P=(g ¢) is the projection onto #; with null space
H oy H =H 1 HH 5, then

N (D) = {(g’ ;) W eB(H)), Z e 25(,9%2)}.

Thus in this case
RAN) + A (Ay) = B(H).

Slightly more complicated computations show that if Q=23 , 4,P; where
P, are mutually orthogonal selfadjoint projections then again

R(Ag) + A (Ag) = B(H).

Since a normal operator has a finite number of points in its spectrum if and
only if it is a finite linear combination of orthogonal selfajdoint projections,
we have proved the converse to (2.2) which we record below.

(2.4) THEOREM. Let N be a normal operator in B(H). Then R(Ay)~ +
N (AN)=B(H) if and only if the spectrum of N consists of a finite number

of points. '

(3.1) CoMMENTS AND QUESTIONS. The term “normal derivation” may
be justified as follows. We may define a “quasi-adjoint” to A, by

AZ(X) = (Ap(X*)* = A_7.(X).

Then since A A, —ApA ;=A,p, 1, and 1 is not a commutator AFA =
ApA7Z if and only if T*T=TT*.

We now know that the range of a derivation induced by an isometry or a
normal operator is orthogonal to its null space. Simple 2x2 matrix
examples show that this is not the case for nilpotent operators. (In fact,
if T?=0 there is an X € B(H#') such that A, (X)=T.)

It is known (see [2]) that if NV is normal then 4#"(A ) is complemented in
B(H#). On the other hand by (2.4) it is in general false that R(Ay)~+
AN (AN)=B(H#). Hence, the following questions arise;

(i) Is there a simple property which characterizes those operators in the
span of R(A\)and 4 (Ay)?

(i) What is an orthogonal complement of .4"(Ay)?
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