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In the present article, we understand by a ring a commutative ring with
identity; any local or semi-local rings are assumed to be noetherian. A ring is
called q u a s i-n o rm a l' if it is integrally closed in its total quotient ring. If such
a ring has no nilpotent elements (except zero), then it is the direct sum of some
normal domains under certain finiteness condition, and several results are
known in such a case.

Our main result is a characterization of a quasi-normal noetherian ring,
which asserts as follows :2 )

A noetherian ring R  is quasi-normal if and only if the following two con-
ditions are satisfied :

(1) If P  is a prime ideal of height one in R , and if P  contains a non-zero-
divisor, then R , is a discrete valuation ring.

(2) If a non-unit a of R  is not a zero-divisor, then a R  has no imbedded
prime divisor.

As for normal rings (under any one of the definitions in foot-note 1), the
normality is carried over to its rings of quotients. But quasi-normality may
not be carried over to rings of quotients. The present article deals also with
some topics related to this fact.

For a ring R , Q (R ) denotes the total quotient ring of R.

1. Rings of quotients w ith  respect to  prim e ideals.

It is well known that if R  is a local quasi-normal ring, then either R= Q(R)
or R  has no nilpotent elements (except zero). M o re  generally we have:

Proposition 1.1. Let P  be a prime id ea l o f a  qua si-n orm a l n o eth er ia n
r in g  R. I f  P  c o n ta in s  a  non -z ero -d iv iso r p ,  t h e n  R ,  h a s  n o  n ilp o ten t
e lem en ts . 3 )

P roo f. L e t  0: R—>-R, be the natural homomorphism. If a ir (a , rE R ;

1) As far as the writers know, there are two definitions of normality. In one definition, a normal
ring means a normal domain (and this is rather common). In the other definition, a normal ring is the
direct sum of a finite number of normal domains.

2) This result was announced in [6] as an exercise (without proof).
3) This result was obtained while the writers made discussion with Professor Satoshi Suzuki.
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rIEEP) is  a nilpotent element o f R p , then Oa is nilpotent and se ' -=0 with a
natural number m  and s Er P (s E  R ). Then sa  is nilpotent and sa/p ( E  Q(R))
is integral over R  for any natural number n. By the quasi-normality, we have
stzE p n R . Thus Oa E  (-1 (cf)p)n R p=0 Q . E . D .

It is obvious that the direct sum of rings R1, •-•, R „ is quasi-normal if and
only if every R i is quasi-norm al. This fact and Proposition 1.1 give us:

C o ro lla ry  1.2. A ny  q u a s i-n o rm a l noetherian r i n g  R  is  t h e  d i r e c t  sum
o f a  f inite num ber o f q u a s i-n o rm a l noetherian r in g s  R i  so that each R i  h as  no
proper idem potent elem ents. Each R t is  e ither a n  in tegral dom ain o r  a  r in g
in  w hich every  m ax im al p r im e  div isor o f z ero  is a m ax im al ideal. 4 )

Proof . T h e  first assertion is obvious, and we assume . that R = R i has no
proper idempotent elements and 'that R  is not an integral dom ain . Let P  be
a maximal prime divisor of zero and let M  be a maximal ideal containing P.
If M  I  P, then M  contains a non-zero-divisor and RAI has no nilpotent elements.
Thus P  must be a primary component of the zero id e a l .  Let I  be the intersec-
tion o f other primary components o f z e ro . Since P  is  a primary component
of zero, it follows that I P. S in c e  P  is  a maximal prime divisor of zero,
there are elements p , q of P; I , respectively, such that fi--[-q is not a zero-divisor.
Then e =1 /(p +q )  is a proper idcmpotent element of Q(R); e is obviously integral
over R , a contradiction. Q .E.D .

C o ro lla ry  1.3. L et R  be a  r in g  in  w hich ev ery  m ax im al ideal contains
som e non-z ero-div isors. I f  t h e  integral closure o f  R  i n  Q (R ) is noetherian,
then R  has n o  nilpotent elements (except zero).

C o ro lla ry  1.4. L et R  be a  M a ca u la y  r in g  ( in  th e  sense o f  [5]) o f  K ru ll
d im e n s i o n  > 1 .  T h en , e ith e r R  h as  n o  nilpotent elem ents o r  t h e  integral
closure o f  R  in  Q(R ) is not noetherian.

2. K ey  lem m ata.
L em m a 2 . 1 .  L et P  be a  p r im e  ideal o f  height o n e  in  a  q u a s i -n o rm a l

r in g  R  such that th e  s e t o f zero-div isors is a f in ite  u n io n  o f  p r im e  ideals. I f
P  contains a  non-zero-divisor p ,  then R  p is also quasi-norm al. T herefore., i f
f urtherm ore R  is noetherian, then R  p is a  discrete v aluation r in g .

R e m a r k .  For our main result (Theorem 3.1), we need noetherian case
only, which follows from (12.5) in [5]. 5 )

Proof . C onsidering R s  with the set S  o f non-zero-divisors not contained
in P , we may assume that P  is the unique prime ideal containing non-zero-

4) This result was announced in [5] as an exercise, but there was an error so that a kind of con-
verse was claimed (which is false as is easily seen by our example in §4 below).

5) This was announced in [6] as an exercise, where the condition that h t  P = 1  is missing by an
error.
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divisors. T h e n  Q (R ) coincides with R [p - 1 1. L e t  N  be the kernel of the
natural homomorphism R--)-R , and set R *  = R IN .  Let x *  be an element of
Q(R*) (= Q(I? p)) integral over R .  Then  there are a natural number ni and
an element c of R — P such that ex* is integral over R * and pmcx* is in R * .

Let b be a representative of pnicx* in R .  We want to show that h i p '  is in R.
Since cx* is integral over 

R * ,
 there is an element c' of R — P such that bc'Ipm

is integral over R .  This implies that bc' Ipm is in R .  Suppose that blpm is not
in R .  Then c' Epm .R :b=P, which is a contradiction. Thus N IS ' is con-
tained in R, and therefore cx* is in

 R * .
 S in c e  c is not in P , it follows that x*

is in R .  Q . E . D .

The proof above can be adapted to the following case:
P  is a prime ideal of a quasi-normal ring R  and p  a non-zero-divisor. S

is the set of non-zero-divisors not contained in P .  ch is the natural homomor-
phism R 5 —›-R p. R* =gb(R s ). We extend t o  a  homomorphism of Q (R )
into Q(Rp).

Lem m a 2.2. U nder the c ir cu m s ta n c e s ,  i f xEQ (R ) and i f  cbx i s  in t e g ra l
o v e r  

R * ,
 th en  x E R s and cbxER*

In particular, we have:

Lem m a 2.3. W ith R, p ,  S, R* as a b o v e , i f y* i s  an e l em e n t  o f  Q(R*)
in te g ra l o v e r  R* and if t h e r e  i s  a n a tu r a l  n u m b e r  n  s o  t h a t  pn y* E  R *  th en ,
y* E  R*

3 .  T h e  m a in  theorem.

Theorem  3 .1 . A  noetherian ring R  i s  quasi-normal i f  and o n l y  i f  the
f o l l o w in g  tw o  conditions are sa t is f ied ;

(1) I f  P  i s  a prim e i d e a l  o f h e i g h t  one and i f  P  c o n ta in s  a n on -z ero -
d iv is o r , th en  Rp is  a d is c r e t e  v a lu a t io n  ring.

(2) If a non-unit a o f  R  i s  n o t  a z e r o -d iv is o r , th en  aR h a s  no im b ed d ed
p r im e  d iv is o r .

P ro o f. A ssu m e that R  is quasi-normal. Lemma 2.1 shows the validity
o f (1). As for (2), we assume that Q is an imbedded prime divisor o f aR.
Then QR Q  is  an imbedded prime divisor o f aRQ . It follows that there is a
proper integral extension of R Q  having QRQ as a conductor (see [51); a con-
tradiction by Lemma 2.3. Thus (2) holds good. Conversely, assume that (1)
and (2) hold. Assume that alb (a, bE R; b non-zero-divisor) is integral over R.
Consider the shortest representation of bR as an intersection of primary ideals:
bR=Qi, r l  •  •  •  r )  Q3 . Condition (2) implies that are of height one, and
hence R p , are  discrete valuation rings (b y  (1)). Consider th e  natural
homomorphism ck i  : p i .  cbi (alb) is integral over Oi R gR p, and çbi (alb)ERp,.
Thus cbi aEbRp, and a  ci)i - 1 -((ki R n Qi Rp ; ) = Q i  f o r  every i. Therefore aE
n Qi =b R  and alb E  R. Q.E.D.
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4. Additional remarks.

We first consider the polynomial ring F  in variables X , Y ,  Z  over an
arbitrary field K .  Set M = X F ± Y F + Z F  and I = X Y Z M .  Consider the
ring R = F I I .  Let ?,4 be the natural homomorphism of F onto R  and set x= OX ,
y =lk Y  , z =iliZ . We want to show:

Proposition  4 .1 . R  i s  a quasi-norm al noetherian ring, in w h i c h  P* =
xRH-yR-F(1— z)R  is a  p rim e id ea l of h e igh t tw o  and co n ta in s  a n on -z ero -d iv iso r .
B ut Rp* is  n o t an in t e g r a l dom ain, and c o n s eq u en t ly  Rp* i s  n o t  quasi-norm al.

P r o o f .  By our construction, prime divisors of zero in R  are x R , y R , z R
and M IL (=x R - P y R - P z R ) .  W e show first the validity o f (1) and (2) in
Theorem 3.1. Assume that P  is a prime ideal of height one containing a non-
zero-divisor. P = 0 - 1 (P ) is a prime ideal of F  containing X Y Z M , and there-
fore P  contains one of X , Y , Z .  Because of symmetry, we may assume that P
contains X .  Since P  contains a  non-zero-divisor, P contains a polynomial
f ( X ,  Y, Z ) such that f(0 , 0 , 0 )#0. Set j = x F + 1 F .  Since ht P=2, P  must
be a minimal prime divisor of f .  S in ce j  contains X F  and since F IX F  is a
U FD , we see that P = X F ± g F  with a polynomial g such that g(0, 0, 0) 0.
Now, (because Y, Z  are not in P and therefore /Ff ,=X FI,)  and
R p  is a discrete valuation r in g .  Thus (1) is proved. Let a  be a non-zero-
divisor as in (2). Take hE  F such that O h =  a . Then h(0, 0,0)  /0. Consider
r = h F ± X Y Z M .  j '  is not contained in M  and therefore j '= h F ± X Y Z F .
j x '= h F ± X F ,  j y '= h F ± Y F ,  j z i= h F + Z F  are intersections of primary
ideals o f height 2 containing X ,Y ,Z ,  respectively. j ' = j x ' n n  i z ' and
therefore J '  has no imbedded prime divisor. Thus (2) holds good and R  is
quasi-normal by Theorem 3.1. Now we consider 

P * .
 S e t  P * =0 - 1 (P*).

Then P*=X F-1-Y FH -(1— Z )F and we see that P*  is a prime ideal of height
2. a n d and therefore R p. is not an integral domain.

Q.E.D.
In  closing this article, we add the following remarks.

Proposition  4 .2 . L e t  R  b e  a q u asi-n o rm al n o e th erian  rin g . If  z e ro
h a s no im b ed d ed  p r im e  d iv is o r , th en  R  i s  the direct su m  of  a  fin ite  n u m b er  of
quasi-norm al noetherian rings R i s o  th a t  e a ch  R i i s  e i t h e r  a n o rm al d om a in
o r  an  A rtin  lo ca l  ring.

Proof is easy because idempotent elements of IV ? )  are integral over R.

Note also that if R  is a quasi-normal ring (not necessary to be noetherian)
in which zero has no imbedded prime divisor, then any ring of quotients of R
is quasi-normal. In the noetherian case, we have furthermore:

Corollary 4 .3 . For a noetherian ring R  su ch  th a t zero h a s  no im b ed d ed
prim e d iv i s o r ,  R  i s  quasi-norm al if  and o n ly  if  R m  i s  q u a s i-n o rm a l fo r  e v e r y
m ax im al id ea l M.

KYOTO UNIVERSITY
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