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Summary
ON NULL-HYPOTHESIS LIMITING DISTRIBUTIONS OF KOLMOGOROV-SMIRNOV TYPE STATISTICS

WITH ESTIMATED LOCATION AND SCALE PARAMETERS

We treat the "goodness of fit'" problem of testing whether the distribution

F of a random sample X e, X.rl belongs to a specified location and scale fawmi-

1)
ly, with the particular values (&,B) of the location and scale parameters not

both specified. A foundation for testing such a composite hypotheis is provided
by an associated "empirical" stochastic process, based upon the sample distribu-

tion function corresponding to X;, ..., X and upon estimates (&n,én) of (a,B).

17
In particular, statistics of Kolmogorov-Smirnov type may be represented as well-
behaved functionals of the empirical process. It follows that the limit distri-
butions of such test statistics are given by applying the corresponding function-
als to the limit in distribution of the empirical process, provided that such a

convergence result holds. We prove such a convergence theorem for the behavior
of the empirical process under the null hypothesis. The result overlaps with
theorems of Durbin (1973) and Neuhaus (1976), but presents conditions which are
more readily verified. Regarding the test statistics, the asymptotic distri-
butions so obtained serve as a basis for Monte Carlo studies for determination
of appropriate critical points. These methods are also used to derive a "large-

sample' test for normality for Completely Randomized Designs.



1. Introduction. Testing "goodness of fit" is a standard statistical

problem having broad application. Here we consider the case of testing whether
the distribution F of a random sample Xl’ cee, Xh belongs to a specified location
and scale family, with the particular values of the location and scale parameters
not both known. More precisely, denoting by G the class of c.d.f.'s G¥ of the

form

6*(x) = o{% f’} %), allx,

where G is a specified continuous c.d.f. and 0 is a specified set of possible

pairs 6 = (a,B), the "null-hypothesis" to be tested is

X -

H: F(x) = G( >, all x, for some (o,B) € © .

It is assumed that ® contains more than one element (a,B), so that HO is a

composite hypothesis.

A foundation for testing H, is provided by an associated "émpirical" sto-
chastic process based upon the sample distribution function corresponding to
X, ***, X and upon estimates (8h,§n) of (a,B). A variety of relevant test
statistics may bé represented as well-behaved functionals of this empirical pro-
cess. In particular, we shall consider statistics of Kolmogorov-Smirnov type.
It will be shown that under HO the empirical process converges in distribution
(in the sense of weak convergence of probability measures on a suitable metric

space of functions) to a certain limit stochastic process, of Gaussian type. It

follows that the asymptotic distributions of the relevant test statistics may be



obtained as the distributions of the corresponding functionals of the 1limit pro-
cess. The actual computation of such limit distributions is another problem, not

dealt with here.

The results just described in connection with the composite hypothesis HO

extend well-known results for the case of Ho simple, i.e., where ® consists of a
single element (&,B). We shall revievw this case as a preliminary to precise

formilation of the extended results.

For HO simple, and thus (a,B) specified, it 1s equivalent to test the

hypothesis that the independent random variables

G[(Xi - a)/a], 1<i<n,

have common uniform (0,1) distribution. The popular Kolmogorov-Smirnov test is

based on the statistic

(1.1) B sup Jo (t) - t,
. ost<1 "
where
n
(1.2) Gn(t) = % ZI(G[(Xi - oc)/B] < t>, 0<ts1,
i=1

and I(E) denotes the indicator of the event E. 1In terms of the "empirical' sto-

chastic process

o

(1.3) W (t) =n

a [Gn(t) -t)], os<+t<1,

the statistic (1.1) is given by the functional supostsllx(t)l applied to

x(+) = Wh(-). Under H. the empirical process Wh(-) satisfies

0]

(1.4) wngw° in D[0,1],
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where D[0,1] denotes the space of functions x(:) on [0,1] which are right-continuous
ol o
and have left-hand limits, — denotes convergence in distribution, and W denotes

the "tied-down Wiener" process on [0,1], namely, the Gaussian process determined by

(1.5) Bw'(t)l] =0, o0=t=s1,
and
(1.6) Elw’(s)W°(t)] = min(s,t) - st, O0S s,t = 1.

(The convergence (1.4) is proved as Theorem 13.1 of Billingsley (1968).)

Returning to the case of HO composite, we consider an analogous approach

based on estimates (&n,§n) for (a,B). Put

and, by analogy with Gn(') and Wh('), define

(1.7) Hn(t) = % 2 I(G(Yni) < t>, 0st=1,
i=1

and

(1.8) v, (t) = n%[Hn(t) -t], o0=ts 1.

We shall generalize (1.4) by proving that under H_. the process v satisfies

0
a o

Vn -V in D[O,l], where V 1is a Gaussian process that depends upon G and upon

properties of the estimates (&n,én). The precise formulation of V° is given in

Section 2, along with assumptions on G and (&h,én), and with a formal theorem

stating this convergence result. The proof of the theorem will be given in

Section 3.



A similar convergence theorem has been established by Durbin (1973), under
narrower restrictions on the parameter set ® and the estimates (&n’én)’ but
allowing parameters other than location and scale, and under local parametric
alternatives to HO as well as under HO. (These results were extended by Neuhaus
(1976) to a wider class of local alternatives.) Such extensions of our results

will be considered elsewhere. In particular, both authors require that an

estimator (8n) of an unknown parameter (8) be of the form

n¥E -0) - n? Y £(x;,6) + o,(1)
i=1

where E[z(x,e)2] < o, In fact, this representation is required to evaluate the
covariance function of the limiting Gaussian process. Even though many estima-
tors can be given such a representation, 4(.,.) is often hard to determine in
practice. 1In order to obtain the limiting Gaussian process we only require
that, jointly with the sample c.d.f., the estimators have an asymptotic normal
distribution, a condition usually known or readily verified; in which case
only the asymptotic covariance matrix need be derived.

More importantly, the class of estimators considered previously exclude
estimators which use auxillary information on the unknown parameters. In partic-
ular, considering the problem of testing for normality in the Completely Random-
ized Design, previous results would not allow mean square for error to be used
as an estimator of experimental error for one particular treatment. An applica-

tion of our results to this problem is given in the last section.



‘ Some statistics of interest in connection with H, are the one-sided Kofmogornov-

Smimov statistics

(1.9) D. = sup V (%)
T octs1
and
(1.10) D = inf VvV (%),
T ost=1
the Kolmogorov-Smirnov statistic
+ -
(1.11) D, = max(Dn,—Dn),
and the Kulpern statistic
(1.12) 0 =p - D
n n n

The corresponding functionals sup x(t), inf x(t), suplx(t)], and sup x(t) - inf x(t)
are continuoud with respect to the Skorokhod metric on P[0,1] (see Billingsley
(1968), Section 18). Hence the limit laws of D:l, D;l, D, and D: under H,, and pro-
vided that G and (&n’é\n) are such that V_ g V°, are given, respectively, by the

laws of the random variables

+ o
(1.13) D = sup V (t),
O=t=1
(1.14%) D = inf V' (%),
0sSt=1



(1.15) D = mx(D',-D7),
and
(1.16) pf=1"-D .

d .,
(These results are consequences of Vn — V Dby the continuous mapping theorem.
See Billingsley (1968), Section 5.) The results provide a basis for Monte Carlo
studies of the null hypothesis asymptotic distributions of the Kolmogorov-Smirnov

. s + - +
type statistics Dn’ Dn’ Dn and Dn'

Monte Carlo similations of these distributions with G = &, the standard
normal distribution function, are given in Section 4. 1In the last section, it is
shown that these distributions also provide appropriater"large-sample" critical

values for testing for normality in Completely Randomized Designs.

2. The convergence theorem. The various conditions to be imposed on G are

given by

ASSUMPTIONS A.

(i) ¢'(x) is continuous in x and positive on the support of G
(ii) =xG'(x) = O as lxl -
(iii) G" is bounded.

~

We shall suppose that under HO the estimates (8h,5n) are asymptotically normal

Jointly with the empirical process Wh, i.e.,

ASSUMPTION B. Under H,, for allk = 1, 2, *** and 0 < t,, *=, t <1, the

0’ 1

vector

(O~ @ - B \
\ > b wn(tl)) .") wn(tk)}
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‘ converges in distribution to multivariate normal with mean O and (k + 2) x (k + 2)
covariance matrix Z(tl, SR tk).
Under H

0 and Assumptions A and B, we may define the stochastic process
o o [/ - - -
ve(t) T w() + a'(a l(t)>Y + G‘<G l(t)>G L)z,

where (Y,Z) are jointly normal with the tied-down Wiener process W° in the sense

of Assumption B. That is, V° is the Gaussian process determined by

(2.1) Elvi(t)J =0, o0<+t=s1,

and, for all O = s,t =1,

B (s)v°(t)] = min(s,t) - st + G'(G’l(s)>G'<G'l(t)>oll

° + G'l(s)G'<G'l(s)>G'l(t)G'(G’l(t)>022

(2.2) + G’(G"l(t)>013 + C-;'(G'l(s))leL

+ G'l(t)G'<G"l(t)>02% + G'l(s)(}’<G'l(s)>024
1o e)e (e e o (et ey ) + e Hwe (e ) e (e7He) Yoy
where [Oij]hxh = 2(s,t).

THEOREM. Assume that G satisfies Assumptions A and that (&n,én) satisfies

Assumption B. Then, under HO,

(2.3) vng'v" in 0[o,1].
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REMARKS. (i) Note that the constants o35 appearing in (2.2) implicitly
depend uvpon sS,t.

(ii) Note that terms of (2.2) drop out if either o or B are known, making

e A
o or B_ degenerate.
n n

(iii) Note that V°, like W', is continuous with probability 1.

3. The proof. Let all random variables Xl, Xe, *++ be defined on a proba-

bility space (Q,A,P).

Note that Hn(') may be written
(3.1) B (v) = ¢ {o[(B /Bl (t) + (6 - a)fel}, o0=tsL,

where G_l(t) = inf{X : G(X) > t} and thus

(3.2) Vh(t) = n%ign<¢n(t)> - t], 0=t =1,
where
(3.3) ¢ () = Gi(gn/B)G'l(t) + (ah - a)/a], 0<t= 1.

Note that ¢n(t) is increasing in t and hence is a "random change of time" in the

sense of Billingsley (1968), p. 1L4lk. With this notation, we have

(3.1) v (e) =28 -90(t), 0=ts1,
where
(3.5) An(t) = n%[Gn(t) - ¢;l(t)], 0< t< 1.

Our plan of attack is to establish, under appropriate conditions, that

(3.6) ¢ ST in D[0,1],
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1l

where I is the identity function I(t) = t on [0,1]; that

* P
(3.7) A - A

o

in D[0,1],

where

N

i B - o -
(3.8) Ai(t) = nz{Gn(t) -t o+ G‘(G'l(t)>[g'l(t)< ntB B) + an a}}, 0< t < 1;

and that

. _v.d. o
(3.9) AT = v® in D[O,1].

n

Given (3.6), (3.7), and (3.9), it follows by Billingsley (1968), Theorem L.k,

that
a .,
3.10) (An,¢n) - (v°,I) in D[O0,1].

Consequently, since P(V° ¢ C[0,1]) = 1, where C[0,1] denotes the space of continuous

functions on [0,1], we have by Section 17.1 of Billingsley (1968) that
d . o
3.11) An © ¢, 2V e I=V in plo,1].

By (3.4), we thus have (2.3).

-

I
LEMMA 1. Undern Assumptions A (ii), (iii), and A nzeln and n

|

(92n - 1) are

both Op(l), n ~ ®, we have

l‘- A ~N A A
(3.12) ngsiplG(ngx + eln) - 6(x) - G'(x)[(e2r1 - 1)x + eln]! = op(l), n - ®,

PROOF. Write

(3.13)  Glax +b) - 6(x) - ¢"(x)[(a - 1)x +b] = A(a,b,x) + B(a,x) + C(a,b,x),

where
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Ala,b,x) = ¢{ax +b) - G(ax) - bG'(ax),

B(a,x) G(ax) - 6(x) - (a - L)xG'(x)

1l

and

c(a,b,x) = bla'(ax) - G'(x)].

Il

First, by Taylor expansion, supXIA(a,b,x)l < b2 supX!G"(x)l. By A (iii) and

AN

since nzeln is Op(l), we thus have

1 ~ A EN
(3.1&) HESEPIA(egnﬁeln)X)l = %ﬂgein S;PIG"(X)I = Op(l): n = e,

Next we ectablish

l N
(3.15) n®sup|B(8, ,x)| = 0,(1), n -
X

Iet 0 < € < 1 be given. Then there exist M€ and N€ such that

1A
(3.16) Pln2l6,, - 1l >M1<e, n>w_.

Also, by A (ii), there exists Mé such that |XG'(X)| < (1 - e)/M€ for |x| > Mé.

Now, for |a - 1| < e and |x| > Mé/(l - ¢g) = M;, and using
IB(a,2)] = (2 - 16" )]+ [(a - 1xe" (),
where x* lies between x and ax, we have M. < (1 - e)lxl < |x*| and‘thus
]B(a,x)l < |a - ll[lX%G'(X*)i/(l - ) + lxe(x)]]
< la - 1lle/u_+ e(1 - e)/u].
Consequently, for n > Né, we have

1 ~
(3.17) P[ sup n?|B(6,. ,x)| > 2¢] < e.

|X|>Mn 2n
€
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. Also, Tor le = Mg we have by Taylor expansion

lB(a,x)l < i(a - l)Z(Mg)z supIG"(x)|,
x

so that, for n sufficiently large, say n 2 Ng 2 Né, we have

1 A~
3.18) Pl sup nle(e ,x)| > 3e] < 2e.
o 2n
lx|;M€

By (3.17) and (3.18), (3.15) follows. In similar fashion we may establish

=

(3.19) ngsiplc(ezn,eln,x)l = op(l), n - ®,

By (3.13), (3.14), (3.15), and (3.19), we have (3.12). []

COROLLARY. Under the conditions of Lemma 1,

1 ~ N
25 - = -+ ®
(3-20) n oiplG(ez x + 8 ) a(x)] 0 (1), =n--e.

PROOF. Clearly we have

..J:. A ~
n=sup G‘(x)fegn - L)x + eln] = Op(l), n - ®,
X

which immediately, via (3.12), yields (3.20). [J

We are now ready to prove (3.6) and (3.7).

1 o 1l A
LEMMA 2. Unden Assumptions A (ii), (iii), and 4§ n®(o - @) and n®(p - B),

B ~ 0, both have nondegenenate Limit Laws, we have (3.6) and (3.7).
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. PROOF. Recalling (3.3) and meking the substitutions Em = (&n - a)/B and
a2n = én/g in the preceding Corollary, we have
1
(3.21) nfsuplg () - T(+)| = 0. (1), n - .
£ n P

Therefore, since convergence in the uniform topology implies convergence in the

Skorokhod topology in D[0,1] (see Billingsley (1968), Section 18), (3.6) follows.

To obtain (3.7), we first consider A;* defined by

1 B -By Q -
(3.22) &%%(t) = n%{en(t) - G‘(G_l(t)\)[G_l(t)( nB \) + O‘nB O’]}, 0<ts 1.

Setting 6, = —(an - a)/Bn and 6, = B/Bn, we have

)

B (s) - aR(s) = n¥{a(By 07 (e) + By ) - 6 - o (eTH0)| (5, - Do) + Sn ] -

*
® )
0<t<1,

and it follows by Lemma 1 that

Ll — - ©
(3-23) OzizllAn (£) - 8,(6) =0 (1), n-e
But
(6. -8)2 (a -a)B, - 8)
sup [0%(t) - 8**(£)| = sup n%G'(x)lx nA S — s |
oSty B n -y <o B B B B
n n
3 (8, - )° i (@ -a)E, - B)
(3.24) < sup n?|xG'(x)] — + sup n2G'(x)] —
x BB x BB

op(l), n- <« [
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We now establish (3.9).

LEMMA 3. UnderAssumptions A (1), (ii) on G and Assumption B on (&n,é\n), we

have (3.9).

PROOF. First we note that the finite-dimensional distributions of Ai converge
to those of V'. This is easily established using (3.24) and the "Cramér-Wold device"

(see Billingsley (1968), Theorem 7.7). We omit the details.

Secondly, we turn to the question of tightness of the process Ai in D[O,l].
By A (ii), we have Aﬁ(o) = 0. Therefore, by Theorem 15.5 of Billingsley (1968), it
suffices to show that, given € ® 0 and N 2 0, there exist a &, 0 < 8 < 1, and an

integer N, such that

0
(3.25) Pl sup |&%(s) - 8*(t)] > el <M, n=2n..
n n o)
s-t <&
To obtain (3.25), we show the existence of 8ys 815 85, W, and N, for which
(3.26) [ sTp lWh(s) - ()l > ¢/31 < W3, nzwg,
ls-t <60
1 (/]\Cn -
(3.27) P[n?| | sTp la(s) - a(e)l > ¢/31<W3, nz2m,
ls—t <&
1
and
1 én - B
(3.28) P[n*| [, s [b(s) - p(8) > ¢/37< W3, n=w,
p 's—t|<62
where

(3.29) a(t) = G'(G'l(t)>, b(t) = G'(G‘l(t)>c’l(t), 0S t=s 1.
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. Tollowing Billingsley (1968), Section 13, we introduce a continuous process
Wﬁ(-) which is the analogue of Wh(') produced by replacing, in the definition

(1.3), the step function Gn(‘) by a continuous version. For this process we have

(3-30) sup [w_(8) - § (6)] = = .
0=t=1 /n

Further, by Billingsley's Theorems 13.1 and 8.2, there exist 0 < 60 < 1 and

integer Ni such that

.31) Pl ) ETES lﬁn(s) - W‘n(t)l > ¢/6] < T/3, ny ZN;(:'
D= O

(

o

By (3.30), for n > (12/€)?, we have

(3.32) swp () - w (6)] = sup [W (s) - F_(0)] + /6.
s-tl<8o

Consequently, (3.26) holds with N, = max{N¥, (12/¢)2}.

1 . 1 :
Since nz(ozn - @) and ng(é\n - B) have limiting distributions, there exist

Ml’ M, and N, = N, such that

2 2 1
. 1 &n -
(3-33) P[nzl——é——l >m1<W3 nzm,
and
1B, -8B
(3.34) P[nZ| | >m]<V3, =n=zu.
B 2 2
\Now let e and e, satisfy e/3€i > M;, i =1, 2. Then, since by A (i) the functions
a(+) and b(-) are uniformly continuous on [0,1], there exist 8, and &, such that
® ;- e la(s) - a(t)] < e

s-t <61
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and
lo(s) - b(t)] <

|s-tl<s, >’

The relations (3.27) and (3.28) now follow easily. U

4. Applications to tests for normality. As an example we consider the

Kolmogorov-Smirnov statistics given in (1.9) - (1.12) for testing normality, i.e.,
G(x) = §<§-é—ﬂ>, - < x <® for some p and ¢ > 0. The unknown parameters, u and o,
will be estimated by the sample mean (ih) and sample standard deviation (Sn), re-
spectively. Monte Carlo methods were used to simulate the distributions of the
limiting r.v.'s given in (1.13) - (1.16). The procedure was to approximate the
Gaussian Process V° = V°(2) by its finite-dimensional distributions, corresponding
to evaluation of the process at 119 equally spaced points in the unit interval.
One thousand multivariate normal random vectors with this covariance structure
were generated using a program from the International Mathematical and Statistical
Library. The empirical distributions for the supremum, the infimum, and the
difference between‘the supremum and the infimum of the resulting multivariate

+ -
normal vectors were then tabulated, thus approximating the limit laws of Dn’ D,

n
+
D, and D .
n n

In particular, since

i

o), Cov[Hn(t), in]

87 (t)

J xd(@(x))

-

1l

-@'<§'l(t)>, 0<t=s1,
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Oy, = Cov<Hn(t), sn>

371 ()

(2)'%L j xzd(é(x)> - t]

14

~E,-1 -1
= -(2) R T (t)e' 67 (4)], o0=< 1t =1,
ond ih and Si are uncorrelated, from (2.2) we have for O < s,t < 1
ELV°(S)V°(t)1 = min(s,t) - st

) [l + %@‘l(s)é—l(t)]@'[é_l(s)]@‘[é-l(t)}’

a result originally derived by Kac, Kiefer, and Wolfowitz (1955). Various sample

quantiles for 1he generated frequency distributions are shown below:

[(INSERT TABLE 4.1]
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. In order to investigate the validity of the above approximations, the
empirical distributions were also generated for multivariate normal vectors corre-
sponding to the finite-dimensional distributions of V' at 20, 30, 40, 60, and 180
equally spaced points. Since the differences in the observed quantiles diminished
rapidly as the number of evaluation point: increased and, in fagt, some reversals
were observed, the approximating procedure was terminated at 120 equally spaced

intervals.

5. Model validation in completely randomized designs. A frequently occurring

problem is that of testing the validity of the generally assumed linear model for

data arising from & completely randomized design, i.e.,

(5.1) Yij =t + €5 J=1, -+, nyand 1 =1, -+, a,
a
. where oy is the non-stochastic effect of the i'" treatment with = n.Q, = 0 and
i=1
€ 5 the experimental error associated with the j'" experimental unit in the i‘®

treatment group, is normally distributed with zero mean and unknown variance oZ.

The relevant departures from these assumptions are (1) a non-additive error
structure resulting in heteroscedasticity of the experimental errors and (ii) non-
normality of the experimental errors. If both (i) and (ii) are of conéern, then
the development in Section 1 suggests basing a test of the hyi)othesis that (5.1)

is the correct model on the combined modified empirical c.d.f.

n,
% -
o (t) = (n_)'l ) I[@L 1 ] < t] <t <1,
1=l J=1 p
a
where n_ = % n, and SS is the usual pooled variance estimator of o2. (We will
i=1

. employ the usual dot notation in the remainder of this paper.) In turn, v,. and
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+ _ !
the statisties D, D, D, and Dz’ can be defined analogously to (1.8) and

(1.13) - (1.16), respectively.

We will now chow that the null hypothesis asymptotic distributions of Dn ,

+

Dn" DA , and D§‘ are identical to the limiting distributions for the analogous

one-sample statistics for testing normality given in Section 4. First define

n.

1

- ~Y - Y.

R s T _

i (®) = mt A e k] osesa a1, e

j=1

5imilarly define Vni and Ani’ i=1, *, a. Then it follows that
a .
_ ‘:( l) < <
H (t) = L& Gni(t), 0=t <=1,
i=1
8 /B 3
= — < + <
0= ), osesy,
i=1
and
a .1
* =N TENE c 4 =
An.(t) = L\& Ani(t), 0=+t = 1.
i=1
For fixed i, i = 1, *++, a, we may apply the results of Section 3. In fact, from

(3.6) and (3.7) it follows that
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sup [AF (t) -V (8)] = sup [8%, (%) - & (g (8))]
O=<t=<l Osts1

< Ossglla*;i(@nm) - ot (1)

+ sup |&_.(t) - &% (%)
oty Di ni

converges to zero in probability as n, — = . From (5.3) and (5.4) it is immedi-

ately obvious that

b

3* = 3 —
(5.5) vV, - 4%, > 0as min (ni)
1<i<a
In particular, for O < t < 1,
{ r -1
a n, ! Y. ({.L +a.) - —;.
& (t) = Z /—}-)/ﬁ;: G () -t + §'<§_l(t)>[ = E3 @‘1(1:)[ P ]‘/
’ = n. I L o o T
i=l | L _*Jl
(Y. -p) s -o_ |
! vrx—L }( i. 1 |
= /TG (t) -t + 8'(87(t) e (]|,
L o g ]
L T
where Gn- is the combined empirical c.d.f. of the standardized i.i.d. r.v.'s
voo-(n+ o)
{ J s J=d, e ., i=1, .-+, g} . We may make similar interpretations
_ ° S -0
of (Y" -u) and.< P ), from which the desired result follows.
g
However, if we are concerned only about the non-normality of the errors,
i.e., we wish to test Ho: {eij: j=1, ---, ni, i=1, ..., a} are independently nor-

mally distributed with zero mean and unknown variance of,against the general

alternative, it is appropriate to base the test on
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B (8) = (n)77 ) hJI}@(————————) <t} 0sts1,

i=1 j=1 L i j
2 . . . .th

where 75 i=1, ---, a, is the sample variance of the i treatment group. Argu-
ments similar to those given above show that the Kolmogorov-Smirnov statistics
based on this modified empirical c.d.f. have the same limiting Ho-distributions

as given before.

Remark. The result given in (5.5) remains valid under HO if ¢ is replaced by any
G satisfying Assumptions A with any consistent estimator of (ai, Bi), i=1, ..., a,

replacing (§i-’ si).

REFERENCES

[1] Billingsley, Patrick (1968). Convergence of Probability Measures. Wiley,

New York. ‘

[2] Durbin, J. (1973). Weak convergence of the sample distribution function

when parameters are estimated. Ann. Statist., 1, 279-290.

[3] Kac, M., Kiefer, J., and Wolfowitz, J. (1955). On tests of normality and

other tests of goodness of fit based on distance methods. Aun. Math. Statist.,

26, 189-211.

[4] Neuhaus, G. (1976). Weak convergence under contiguous alternatives of the

empirical process when parameters are estimated: The DK approach. Lectunre

Notes 4in Mathematics, 566, Springer-Verlag, New York.



TABLE 4.1

SAMPLING DISTRIBUTIONS OF APPROXIMATE KOLMOGOROV-SMIRNOV TYPE STATISTICS
FOR TESTING NORMATLITY WITH MEAN AND VARIANCE ESTIMATED (ih,sg)*

pt® Quantile

) [ m [ | ®
.010 0.249 -0.926 0.327 0.614
.025 0.268 -0.841 0.351 0.670
.050 0.293 -0.768 0.381 0.70k
.100 0.319 -0.693 0.409 0.770
.250 0.383 -0.583 0.469 0.880
.500 0.469 -0.478 0.555 1.033
.750 0.573 -0.39% 0.659 1.221
. 900 0.685 -0.333 0.752 1.434
. 950 0.746 ~0.300 0.835 1.576
.975 0.826 -0.272 0.910 1.698
.990 0.926 -0.237 0.991L 1.853

* x = 100.



