
J . Math. Kyoto Univ. (JMKYAZ)
13-3 (1973) 595-603

On one-dimensional stochastic
differential equations with non-sticky

boundary conditions

By

Shojiro MANABE and Tokuzo SHIGA

(Communicated by Professor Yoshizawa, January 6, 1973)

1. Consider the following one-dimensional stochastic differential

equation

(1) dXt=a(Xt)dBt.

It is well-known that if a(x) is Holder continuous of order a ( 1/2) the

pathwise uniqueness holds for (1). ( [4] ). But, for example, i f  a(x)

x la, (0< a< 1/2), a) has infinitely many solutions, ([1], [3] ).

In this paper we shall discuss the uniqueness problem for (1 ) by

imposing a non-sticky boundary condition:

(2)
{  X t— X o =  fo t  a(X s )dB s ,

fo
t Zfo1( X 8)ds=0,

where X( 0) (x )= 0  for x*O, X ( 0)  ( 0 ) = 1 .  In the case that a(x) is an odd

function, we shall prove the pathwise uniqueness of the absolute value

of solution of (2) under some regularity conditions. Moreover we shall.

show the pathw ise uniqueness of the following Skorokhod equation

with the reflecting barrier boundary condition, applying the same

method.
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(3 )

Xt— f  a ( X 8)dB 8 -Fp t ,

1.10
1 X(0) (X s )ds=-0,

zYt O, for vt>0,

where fw
fot

t} is an increasing process such that X to, (X8)dsos ----- wt.
Let (S2, 9Ç P; Igt} tao) be a  probability space with an increasing

family of a-fields gt which are sub a-fields of g  and -{B t}  be a
Brownian motion;motion; i.e. {B t}  is a  continuous 9 ' t - m a r t i n g a l e  such that
E[(B t— B 8)2 1g 81=t— s  fo r t >  O.

Theorem 1. Let a(x ) be a b ou n d ed  con tin u ou s  fu n ction  on 121

w h ich  sa t is f i e s  the f o l l o w in g  conditions,

(i) a(x) is an odd function  and con tinuou sly  d ifferen tiab le on R {op

(ii) f: 1/a(x) 2 d x  < + 00 fo r  som e  8>0,

(iii) lim x a'(x )la(x ) ex is ts  and lim  x a'(x )la(x )\  1/2.
xO x to

U n d er  th ese  conditions, i f  tw o  F t-a d a p ted  p r o c e s s e s  { X » , {X }
sa t is fy  the equa tion  (2) f o r  the sam e B row n ian  motion {Be} , th en  w ith
p ro b a b ility  one, I fo r  a ll

Here we give some remarks.

Remark 1. Under the conditions of Theorem 1, there is a diffu-

sion process which satisfies the equation (2). However it is obvious that

the pathwise uniqueness does not hold for the equation (2), because

if Xo=0 and {X t}  is a solution of (2) then { — X t} is, also, a solution

o f (2).

Remark 2. I f  a(x )=Ix 1" s(x ), (where 0<a ( 1/2, and s (x ) is a

slowly varying odd function at the origin) or a(x) is a linear combination

of such functions, a(x ) satisfies the above conditions.
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Remark 3. It is not difficult to check the following facts by ele-

mentary calculations.

(a) Under the condition (ii) i f  lim  x a'(x )la(x ) exists, then lim  xa'(x)I
xto xto

a(x)<112.

(b) lim  xa'(x)1a(x) exists and Jim x a'(x )la(x )<112 if and only if lim
x to x  o x

a'(x ) fo  x lIa(y ) dy exists and lim  a'(x )I 11a(y ) dy <1.

(c) The conditions (ii) and (iii) imply lim  11a(x ) f  11a(y ) dy=0.
oclo

(d) By the conditions (i) and (ii) there exists 8 > 0  such that a(x ) 0

for all xE (0, 8).

2. In  order to prove Theorem 1  it is sufficient to show the

uniqueness of (2) up to the first exist time from a neighborhood of the

origin, because a(x ) is smooth except the origin. Therefore without

loss of generality, we may assume that a(x )>0  for all x > 0  and a' (x)

f o
x  11a(y) dy  is bounded on R 1-.

L e m m a  1 .  U nder the a ssum p tion  o f  T h eo rem  1  the equation
(2) is  tra n s fo rm ed  in to

Yt —  YO =  fot Y8161B8+ f o
t b( Y 8)ds

b y  p u tt in g  g(x)-----  4   (fo
x

 11a(y) dy)
2

 and  Yt=--- g(X t),1 

b ou n d ed  co n tin u ou s  fu n ct io n  and b(0)>0.

(4)

w h e r e  b (x )  i s  a

P r o o f .  First, note that g(x ) is an even function and maps [0, co)

one-to-one onto itself. We show that the Ito formula is applicable to

g ( x ) .  g' (x)=  2 a
1
( x )   f o

x  11a(y)dy  is continuous, (by Remark 3  (c)).

g"(x)—  1
2 )2

 [1— a'(x ) f  x  11a(y )dy] is locally integrable, and con-a(x
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tinuous except at the origin. Therefore we can choose a  sequence

{gn} CC 2 (R 1) such that {g n (x ) }  and {g n' (x)} converge uniformly to
g(x) and g'(x), respectively, and moreover { gn" (x)} converges to g"(x )
for a ll xE R 1/ {0 } and {g (x )a (x )} converges boundedly to g"(x)a(x) 2

XR 1/101(x) for all A p p l y i n g  the Ito formula for g n , we have

i t
g n (Xt)—g n (X 0 )=  f  g (X s)a(X s)dB s +  f  g  ( X  s)a(X 8)2ds.

2  o  n•

As n--).00, we get

g(X t)— g(X0)= f0 g' (X 8)a(X 8)dB 8 + -1  i t  g"(X ,9)a(X s) 2 XR11(0) (X  s)ds.
2  o

So, using non-sticky condition

i t
g(Xt)—g(X0) t.=  fo g '(X 8)a(X8)dB 8+ g"(Xs)a(X8)2ds.

Denote the inverse function of g  by h ,  and put b(x)=-1[1— a'(h(x))

f o htx)
11a(z) dz.]. Then b(0)>0 by Remark 3, (b). Noting that a(— x)

= —a(x), g '(— x )=  — g'(x), g'(x)a(x)=V g(x), g"(h(x))(2 2 (h(x))=b(x)

and X t= h (Y t) sgn (X t), we obtain

Yt —  yo=  fot  1 11781 dB8+ 1: b(Ys)ds.

This lemma implies that in order to prove Theorem 1 it is sufficient

to show the pathwise uniqueness of the solution of (4). Therefore we

shall prove it in more general form as fol lows;

Theorem 2. C onsid er the fo llow in g  eq u a tio n

(5 ) Xt— X0= fo
t a(X8)dB s +  fo

t b(X s)ds.

S uppose th a t a(x), b(x) a re b ound ed  con tin u ou s fu n ction s w h ich  sa tis fy

the f o l l o w in g  con d ition s;
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th ere  ex is ts  a positive in c r ea s in g  fu n c t io n  p(x ) d e f in e d  on (0, co)

su ch  th a t  la(x)— a(y)1<p(lx— y1) f o r  v x , v y E R 1., and

10
8 11p(x)2 d x =+ co for some 8>0,

(ii) a(0)=---0 , a(x) 0 f o r  v x * 0  and b(0) O.

T hen  the pathw ise uniquenss hold s fo r  (5).

The following lemma is essential for the proof of Theorem 2.

Lemma 2. U nder the a ssum p tion  o f  T heorem  2 a n y  solution

{X t}  of the equa tion  (5) sa tis fies

fo
t X (o) (X s)d s =0 , v t 0, w ith  p ro b a b ili ty  one.

P r o o f .  Let r0=1>ri>r2...>rn—>-0 be defined  byf
r ,

 1 / p (x ) 2

r„
d x = n  and choose a  continuous g n (x )  defined on [0, co) such that

g n (x)=between 0 and —
2

p
_ 2

( X )  for every x  of (rn , rn _i) and  vanishes

in the other part, and satisfies f  
r„_,

 gn ( x )  d x =1 . Let f n (x ) be defined
r„

by f n (x )=x —  f  x  dy f  Y g n (z )  d z  and extend on (—co, +00) symme-
o o

trically. Then f n (x ) is twice continuously differentiable and { f n (x)} ,
(x)}  converge boundedly to 0, X (0) (x), respectively. By the Ito

formula

tf

f  . (x t )— f  n (x 0 )=  j  0  f ( x s )a (x  s )d B s + -
1
2
1  jot  f/ (x8 )a (x8 )2 d s

+  fo
tf ( X 8)6(X 8)ds.

So w e get

E lf n (X t)— f n (.2(0)]=  2
1  El f o

t  f '( ilf s)a(X 8)2 ds]

E[ fotA (X 8)b(X ,)ds=11+12.
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Then we have

Ih l< m a x  [g n (x)p 2 (x )]S —
t

—)-0, as n—>00.
2 r1zigr„- 1n

For / 2 ,  by bounded convergence theorem

-12 b(0)E [ 0 X (0) (X 8)d s].

But it is obvious that E [f n (X t)— f n(X0)]-0, as n—>-00 . Hence, noting

b(0) foIX (0) (X 8) ds=0 follows with probability one.

Lemma 3. ( Yamada, T [5 ] ) . C onsid er the fo llow in g  tw o  eq u a -
tion s;

(6) .41)—  X P=  f a (X P )d B s+ f b (i)(.,Ta t ))ds, i=1, 2,

w h e r e  a(x), b(i)(x) are b o u n d ed  co n t in u o u s  fu n c t io n s . Suppose tha t

(i) T h ere  ex is ts  a positive in c r e a s in g  fu n c t io n  p(x) on  (0, co) su ch
th a t  la(x)—a(y)1Sp(lx—y1) fo r  a n y  x ,y  o f RI- and

10
8 11p(x)2 d x = ± 0 0  fo r  som e 8> 0 ,

(ii) b(')(x)<b( 2 )(x) f o r  a n y  x  o f R '.

I f  {X in} , {X i 2 ) }  are solutions of ( 6 )  c o r r e s p o n d in g  t o  [a, b(1 )],

[a, b(2 )], r e s p e c t i v e l y  and X61 ) SX6 2 ) ,  th en  X 1 ) S X i 2 ) f o r  vt 0 w ith
p ro b a b ility  one.

P roo f of Theorem  2. By virtue of Lemma 3 there exist the maximal

solution {.:1Ct } and the minimal solution {X t } of the equation (5). It is

easy to show that the maximal solution and the minimal solution have

the strong M arkov  property because o f their uniqueness. So {Xt}

and {X t} are diffusion processes with the same local generator A = -
1

2
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da2
(X) 

 d 2

2
 +b (x ) and have no stay*) at the origin by Lemma 2.

dX dx
However by Feller's general theory o f o n e  dimensional diffusion

processes, there exists only one diffusion process which possesses A

as its local generator and does not stay at th e  o rig in "). Therefore we

have P  Iift = X t 1= 1  fo r  v t 0. Hence the pathwise uniqueness

follows from this.

Next, we study the Skorokhod equation with the reflecting barrier

condition at the origin.

Theorem 3. Suppose th a t a(x) is  b ou n d ed  con tin u ou s fu n ction
of [0, co) su ch  th a t

(i) a (0 )= (0 ) and co n t in u o u s ly  d i f fe r en t ia b le  on  (0, 00,)

fa  d x  
(ii) a(x)2 

< + 0 0  f o r  s o m e  8>0 ,

(iii) iim  xa '(x)
a(x)

ex is ts  and i i m   x a' (x )1
x to  a (x )  -7 - 2

T hen  the pathwise un iqu en ess ho ld s for the equa tion  (3).

P r o o f .  I f  we extend a(x) on (—co, co) as an odd function, a(x)
satisfies the conditions of Theorem 1. Let g (x ) ,  4 (x )  be the same
functions as in the proof o f Lemma 1. Moreover we may assume
g (0 )= 0  because lim g '(x )= 0  by Remark 3, (c). Applying the Ito

x 0
formula for 4 (x ),

g n (X t ) -4 (X 0 )=  j ot g ( X 8)a (X s)dB s d---32 --- g ' , ; ( X s )a (X 8)2ds

+ 10 4(X8)d998.

Since f X (0) (X8)dso8=pt and g (0 )= 0 ,  the last term of the right hand

side vanishes. So as n-4-00,

*), " )  By this, we mean that, with probability one, the set {t; Xt ---0} has the Lebesgue
measure O.
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g(X t)—  g(X --- f g' (X 8)a(X 8)dB 8 + — f

t 
g" (X 8)a(X s) 2 41, (0) (X 8)ds

2  o

By the same argument of Lemma 1 the equation (3) is transformed into

the equation (4) in Lemma 1. Therefore, since g(x) is a homeomorphism
from [0, co) onto itself, the pathwise uniqueness follows immediately

from Theorem 2.

R e m a rk  4 . The absolute value of solution of the equation (2) is

the unique solution of the equation (3). Now, we prove Yt=-IXt1 is a

solution of the equation (3) for any solution {X t} of the equation (2).
L et {sot} defined by

IXt1-1Xol-1 a(IX.31)d.B.3.

Then it is sufficient to show {sot} is an increasing process such that

fo
t X101 (IXs)dsos=yot. W e  ca n  fin d  a sequence { g n (x)} C 2 (R1) such

that

(i) gn(— x)=gn(x) and { g n (x )} converges uniformly to Ix!,

(ii) 14 (x ) 1,

(iii) supp (4 )c  I- -   2   ,  2  a n d  0  S g ( x )  n.
L n  n

Applying the Ito formula for gn (x) and { Xt} , we have

t 1g n (Xt)—g n (X 0 )  f o g ( X8)a(Xs) dB8+-2- f o g ( X 8)a (X 8) 2ds.

Noting g'.(x)a(x)—›- a(lx I), as n by the bounded convergence

theorem, we have

E {(
1  g ; ( X  8)a(X 8) 2 ds — Tt)2 }—>-0, as n -0.00
2  o

Therefore, sot is an increasing process and

iXti = f  a(1 X SDCIB S - HOt•
0
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Next, applying the Ito formula for g n (x) and IXtl, we have

gn(IXtI) — gn(IXoI)= f o
t g'.(X 8)a(X s )dB8 -1- f o

t gKIX8 1)a(IX 8 1)2 ds

4(1X81)clios.

Repeating the same argument, we see

2
E  { ( / g ',,(1X,I)dsos) as

o

Therefore, by the bounded convergence theorem,

2
E  { V  X (0 ,  ..)(1)(81)dps) }  = 0 .

0

Thus the process lyot} satisfies f  X (0)(1Xs)dsos---- sot.

Finally, we don't know whether the pathwise uniqueness hold in

case that a(x) is an even function. Another important problem is to

formulate the uniqueness problem of (1 ) by imposing an appropriate

random lateral condition different from the non-sticky boundary con-

dition.
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