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1. Let f(x) be Lebesgue integrable in ( — 1,1).

The Legendre series for this function is

(1.1) 2

= (n+ -|Λj
1

where an = (n+ -|Λj f(x)Pn(x)dx.
-1

n

Let S*(cos 0) = 2 a» Λ(cos (9).
* - 3

Wilson [1] has proved the following theorem:
If k denotes a number between 0 and 1/2 such that the integral

/ /(cos θ) (sin θ)k+1'2 dθ exists and if 0 < α < β ^ TΓ then
o

(1.2) Γ /(cos (9) Pn (cos 0) sin 0 dθ = o (w^1/2)

and

S* (cos (9) = o(?2fc) ) 0 < ^ ^ 1/2,
(1.3)

= o(log n) ] k = 0.

We consider the generalised form of the series (1.1) as given by
Kogbetliantz [2].

Let

(1.4) Ax)~j?a*P*Kx),
71=0

where P^(x) is the Gagenbauer's polynomial and

__(Λ ±λ)Γ(λ)_
n Γ(l

Γ1 __ _ ± _ # ,
Γ(l/2 + λ)Γ(l/2) Γ(« + 2

- 1

The series (1.4) reduces to (1.1) if λ = 1/2 and by putting x= cos0 and
making λ tend to 0, we get the trigonometric series as a limit-case.
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Wilson's theorem will precisely be a particular case of the following
more general theorem:

THEOREM : If 0 <; k <; λ where 0 < λ ^ 2/S and if the integral
It

3—; dx = I /(cos 0) (sin #) λ + fc J0

0

S»(cos0) = 2 '
(1-5) i/βo

= o(log n) ,

for almost all θ in (0, TΓ) excluding the end points.

2. We require the following

LEMMA. If Q<La < β<^π, then,

(2.1) Λcos (9; P™ (cos 0) (sin 0)2λ dθ = of^**-1)-
•/

PROOF. Because

(2.2) P(λV — x) = ( — I)7* Pϊκ\x),

it will be sufficient to prove (2.1) for the interval 0 <; a < β <ς 7r/2. We may

suppose a = 0.

We write I /(cos (9) P^λ)(cos θ) (sin 0)2λ dθ = \ + I

0 0 c/w

= /1 + /a, say.

Now, Szego [3] has derived the following orders for Pf£]

λ being artitrary and real, λ =t= 0, — 1, — 2, c > 0.
Therefore

/

Gin

|/(cos 6>; (sin θ^+* | (sin (9/-fc Oίri2^1) dθ, using (2.3),

0

= O[n'zκ"r)o{nlc-K), using the property of /^-integral,
(2.4) = oCw*^-1.).

It is well known [4] that

(2.5) P5»(ΛΓ) = const. (1 - tf)m'2 Pg%m(x),

where P%(x) is Legendre's associated function of order m, for which Hobson
[5] has shown that, for η <; θ ^ 7r — η,
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From (2.5) and (2.6) we find for the range c/n<^θ<L π/2,

= const, (sin 0)-<*-i/2)(w + λ - l/2)λ-1 '2

λ —l/2)7rsin0! I 4 2

= const, (sin 0)-(*-1/2> (w + \ _ l/2)λ"1/-

'* sin [.(« + λ)0 -f ττλ/2]

(2.7) = 0 (sin 0)-(*-1/2> J ̂ λ-1 (sin0)1/2 sin ωn + 0(wλ~a) I ,

L I )J
where ωw = (n + λ)0 + 7rλ/2.
Henceforward, by A we will denote a constant, not always the same at
each occurrence.
Now,

f r i\
]ι = A I /(cos 0) (sin 0) 2 λ (sin 0)~ λ ( n + λ — — ) λ - 1 sin « w <

c\n

Γ

θ ( « + λ - _ίY"2 Γ /(cos0)(sin 0)3λ (sin θ)-*-1^ dθ
cjn

a,a, say.

Consider / 3 | 1 first.

/(cos 0) (sin 0)λ+fc ( w + λ - y V- 1 sin ωw (sin 0)-fc J0.
c/w

Here, (sin 0)~fc is a monotone decreasing function and so the second mean-
value theorem can be applied to this integral. We get

Λ i = A-Oin*^-1) \ /(cos 0) (sin θ)κ+]c sin ωn dθ where c/n^η^β

C/Λ

= o(wfc+λ"1), by Riemann-Lebesgue theorem.

As regards /2 j a, it is o(f^s+κ'1) for ail k, whether greater than or less
than 1/2.
(2.8) Thus / 2 = oin^-1).

Combining (2.4) and (2.8), the lemma is proved.

3. PROOF OF THE THEOREM. We have



SERIES OF ULTRASPHERICAL FUNCTIONS 45

Sn(x)= 2 β κ i * M ( * ) .
V = {)

The recurrence formula satisfied by the ultraspherical functions is

n Pn

λ\x) = 2(Λ + λ - 1) xPΆ(x) - (n + 2λ - 2) P£?a(*).

Using ChristoffeΓs method, it is easy to show that

£ ; I > - f 2 λ ) ^ KΛJ*V v v - 2Γ(w + 2λ) χ-t

Now

S. (cos θ) = 2 β" ̂ v ) ( c o s )̂

= 2 <" + λ ) rπySSπ/lϊrΛl ) 9^^ f *cos*>^sin*^λPίλ)<cos0>^(cos*>^)
0

We get

2Γ(l/2 + λ)Γ(l/2) S ( θ)

f 7 ( . . o ^ ( . i n ^ PΆ (cos g) P<-> (cos φ) - Pmcos 0) J»» (cos g)
J y v ^ c o s ^ c o s φ ^
f 7 ( ^ (in ^

2λ)J y v ^ cos^-cosφ
o

So,
It

( 3 1 } ^ S ϋ ΐ a ^ Sn(coŝ ) = J f(Cosφ)(sinφy*Fίn,θ,φ)dφ,

0 β-μ θ+μ

(3.2) = / i + 7 J + /s, say.

Write

If O^φ^θ —μ, we have ^(cos φ) (sin φ)λ+fc integrable.

Now,

/i = PΆ (cos 5) I ^ cos φ) (sin φ)2 λ P̂ λ> (cos φ) Jφ
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- P^ (cos 0) J ft(cos φ) P^i (cos φ) (sin φ)*λ dφ

= Pn+i ( c o s 0)Φ*fc+λ""1) - i^ λ ) (cos (9) oCw^*-1) from the lemma.

But for 0 < λ < 1 and 0 ^ 0 ^ TΓ, we have [3, p. 166]

(3.3) (sinΘY\P^ (cosθ)\ < 21"λ{Γ(λ)}-1 n*'1.

Therefore | h ] = 0{n^ (sin (9)-λ}o(nλ+fc-1)

(3.4) = o{n*κ+1c-'2} if (9 is neither 0 nor TΓ.

(3.5) Similarly h = o{waλ+fc-2}.

The theorem will evidently be established if we simply show that
72 = o(w~2+2λlogw) for almost all θ in (0, TΓ).

We have

(3.6) / a = ί F(n, θ, θ + t)f{cos (θ + t)} {sin (θ + t)¥κdt

Further, it can be readily seen by taking /(cos φ) = 1 in (3.1) that

( , 7)

Let ΨOO = {/[cos ((9 + t)] -/(cos (9;} {sin (θ

So, in view of (3.7), we have to prove that

/: = Γ F(n, θ,θ + t)ψ(t)dt = o f—,gϋ 1 almost everywhere.

Suppose θ + μ < 7r/2, which does in no way harm the generality of the proof.

j *)Let /; = (J + J + J jίt», 0,0 -f

= Zι 4- Z2 + Z3, say.

(3.8) μ may be so chosen that θ — 2μ > 0 and 0 + 2//, < TΓ.

Now, in view of (3. 3) and (3.8)

= 2 0(^-^)0(^-1) o^-1)

= O(n).

Therefore,
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|Z2 | = O if ri*-iψ{t)dt\ = O0*aλ-W —
-l/n

(3.9) =o(waλ-a)

almost everywhere.

To evaluate Zi and Z3, we use (2.7) again.
So, for l / » s 1*1 S/*,

• [sin (w + λ + l/2)f cosec (t/2) - cosec((9 + t/2) sin{(2w+2λ+l)(θ + ί/2) -+• λτr>]

= cosec f/2

3 = ί F(w, 6>, (Thus Z 3 = ί F(w, 6>, (9 +

l/n

l^-y- 1 ( / μsin(w +
sin<?)λ (J siτr(sin<?)λ (J sinί/2 * [sin (θ + t)]κ

n m f sin [(2M + 2λ + 1) (0 + ί/2) + 7rλ](3.10) - j _ ^ - . ^

1/

O (w a λ - a

(3.11)

Consider £3,2 first. In this, -y—. r^Λ—τλ r̂  being integrable,
sm(ί + ί/2){sm (ί + £)}λ

Z 3 2 = o(l) by Riemann-Lebesgue theorem.

Now,

«.= f ̂ 1/2;
sin (t/2)

Ijn

where %(ί) = ~ri-~w^--^r i s integrable in (0,u).
{sm (6 + ί)/

Evidently, Z3,i is a Dirichlet's integral and so according to Hardy's
theorem

Z3)1 = o(logw) almost everywhere.

From (3.11) we find that

Zi behaves in the same way as Z3.

From (3.9) and (3.12) we see that the theorem is established.
It can be observed here that it shall be possible to further generalize

the above theorem in the case of series of Jacobi polynomials.
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