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ABSTRACT. In this paper, we introduce a partitioning subsemimodule of a semimodule
over a semiring which is useful to develop the quotient structure of semimodule. Indeed
we prove : 1) T he quotient semimodule M/N(q) is essentially independent of choice of Q.

2)If f: M — M’ is a maximal R-semimodule homomorphism, then M /ker f(q) = M. 3)
Every partitioning subsemimodule is subtractive. 4) Let N be a Q-subsemimodule of an
R-semimodule M. Then A is a subtractive subsemimodule of M with N C A if and only
if A/Ngna)y = {g+ N :q € QnN A} is a subtractive subsemimodule of M/N(q).

1. Introduction

For the definitions of monoid and semiring we refer [ 5 |. All semirings in this
paper are commutative with identity element. ZS‘ will denote the set of all non-
negative integers. An element a of a monoid (M, %) is called idempotent if axa = a.
An ideal I of a semiring R is called a subtractive ideal (k-ideal) if a, a+b € I, b € R,
then b € I. An ideal I of a semiring R is called a partitioning ideal (=Q-ideal) if
there exist a subset @ of R such that:

1) R=U{g+1:q€Q}.

2) fq1,q2€Q, then (1 + 1) N (g2 + 1) #0 & ¢1 = qo.
Definition 1.1. Let R be a semiring. A left R-semimodule is a commutative
monoid (M, +) with additive identity 0p, for which we have a function Rx M — M,

defined by (r,z) — rz called scalar multiplication, which satisfies the following
conditions for all elements r and r of R and all elements x and y of M:

1) (rr,)x = r(r/x);

2) r(z+y) =rz+ry;
3) (r—i—r)x—rw—i—rm
4) le
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5) TOM = OM = ORCE.

A nonempty subset N of a left R-semimodule M is called subsemimodule of M if
N is closed under addition and closed under scalar multiplication.

Throughout this paper by an R-semimodule we mean a left semimodule over a

semiring R. Every semiring R is (Z{, +, -)-semimodule ([5], P.151).

Definition 1.2. If R is a semiring and M and M’ are R-semimodules, then a
function f from M to M is an R-semimodule homomorphism if and only if the
following conditions are satisfied:

1) flze+y) = flx)+ fly) for all z,y € M;
2) f(rz) =rf(z) for all z € M and r € R.

An R-semimodule homomorphism f from an R-semimodule M to an R-semimodule
M is called isomorphism if f is one to one and onto.

The following lemma which is similar to lemma([6], Lemma 1) is easy to prove.

Lemma 1.3. Let N be a subsemimodule of an R-semimodule M and x, y € M
such thatx + N Cy + N. Thenz +z + N Cy + 2z + N andre + N Cry +
N forallz € M, r € R.

2. Partitioning Subsemimodules

In this section we extend some definitions and results of Allen [1], [2] and Atani
[3] to semimodules over semirings.

Definition 2.1. A subsemimodule N of an R-semimodule M will be called a
partitioning subsemimodule (= @Q-subsemimodule) if there exists a subset @ of M
such that

1) M=U{¢g+N:qe@}.
2) if g1, g2 €Q,then (g1 + N)N(g2+ N) # D= q1 = go.

Clearly, every semiring is semimodule over itself. Hence every partitioning ideal
of a semiring R is partitioning subsemimodule of an R-semimodule R.

Lemma 2.2. Let N be a partitioning subsemimodule of an R-semimodule M. If
x € M, then there exists a unique q € Q such that t+ N C g+ N. Hencex = q +
a for some a € N.

Proof. Trivial. O

Now we extend a result of P. J. Allen ([2], Lemma 36) for semirings to semi-
modules over semirings.

Lemma 2.3. If N is a partitioning subsemimodule of an R-semimodule M, then
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there exists a unique qo € Q such that N = qo + N.

Proof. Since N is a partitioning subsemimodule, by Lemma 2.2, there exists a
unique gy € @ such that 0 = g9 + ag for some ag € N. If b € N, then by Lemma
2.2, there exists a unique g € ) such that b = ¢ + a for some a € N. Therefore, ¢
+a—b—b+0—b+qo+a06q0—|—N HenceNCqO+N Again by Lemma
2.2, there exists a unique q € Q such that gq +q=q +c for some ¢ € N. Now
Go=qo+0=qo+do+ao=q +c+ag€q + N. Alsoqy € go+ N. Hence (¢
+N)N(g+N)#0andsoqy=¢q. Thus,go+ N =¢ +c+a9+ N =qo+c
+a9g+ N=c+qg+a+N=c+NCN. Now N = gy + N where ¢op € Q is a
unique element. O

Let N be a partitioning subsemimodule of an R-semimodule M. Then M/N ¢
={q+ N : g € Q} forms an R-semimodule under the following addition “®”and
scalar multiplication “®@”, (g1 + N) @ (g2 + N) = ¢3 + N where g3 € Q is a unique
element such that g1 + g2 + N C g3 + N and r ® (¢1 + N) = g4 + N where g4 €
Q is a unique element such that r¢; + N C g4 + N. This R-semimodule M/Nq)
will be called a quotient semimodule of M by N and denoted by (M/N(g) , ® , ©)
or just M/Ng). By Lemma 2.3, there exists a unique qo € Q such that ¢o + N
= N. This go + N is the zero element of M/N). If N is a subsemimodule of an
R-semimodule M, then it is possible that N can be considered to be a partitioning
subsemimodule with respet to many different subsets @ of M. However, the next
theorem proves that the structure (M/N(g) , © , ©) is essentially independent of

Q.

Theorem 2.4. If N is a partitioning subsemimodule with respect to two subsets Q1
and Q2 of an R-semimodule M, then M /N,y = M/Nq,).

Proof. Define f: M/N,) = M/Nq,) by f(g1 +N) = g2 + N where g2 € Q2 is a
unique such that ¢ + N C g2 + N. Clearly, f is well defined.
1) Let ¢ + N, ¢ + N € M/Nq,) and r € R. Therefore,

(i) fla+N @@ +N)=fla  +N)=g+N

where q1” € Q1 is a unique such that ¢; + ql/ + N C q1” + N and ¢ € 2 is a
unique such that ¢ + N C g9 + N. Also

(i) f(q1 +N)@f(@ +N)=(¢2 +N)@ (g2 +N)=¢s +N

where qg ) qg € Q2 are unique such that a1+ N C qgl + N and qll + N C q2” +
N and g2 € ()2 is a unique such that ¢o + q2 + N Cq + N. Now

(iii) Gi+a €q+a FNCq +NCg+N.
Also by Lemma 1.3,
Q1+N§q2/+Ncmd qll+N§q/2/+N:>Q1+Q1/+N§CI2/+(]1/+N
Cg +q +N
Caq +N.
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Therefore,
(iv) ata €a+a +NCq +N.

From (iii) and (iv), ¢z = ¢2 . Hence by (i) and (i), f((n+N) & (¢ + N))
= flg + N)® f(¢' + N). Similarly, it can be shown that f(ro (@ +N)) =
r® flg+N).

2) Let g + N € M/N(q,). Since g2 € M, there exists a unique ¢; € Q; such that
g2 + N C g1 + N. But then there exists a unique qzl € (Y2 such that g; + N C
q2' + N. Now g3 = qzl implies g2 + N = qQ, + N and hence f(q1 +N) = g2 + N.
So f is onto.

3) Suppose that f(g1 + N) = f(qll + N) = g2 + N say, where g € @2 is a unique
such that ¢ + N C ¢o + N and qll 4+ N C g2 + N. Choose t; € @1 such
that g0 + N C t; + N. But then ¢4 = t; = ql/. Soqi +N = ql, + N. Thus
f:M/N,) = M/N¢,) is an isomorphism. O

Theorem 2.5. If N is a partitioning subsemimodule with respect to two subsets Q1
and Q2 of an R-semimodule M, then M/Nq,) and M/N,) are equal as sets.

Proof. Let ¢ + N € M/Nq,). Then ¢; € @1 € M and hence by Lemma 2.2, there
exists a unique g2 € Q2 such that ¢ + N C g2 + N. Again there exists a unique
g3 € Qi such that go + N C g3+ N. Nowqy + N =q3 + N =q2 + N € M/N(q,).
So M/N(Ql) - M/N(Qz)- Similarly, M/N(Qg) - M/N(Q1)~ O

Example 2.6. The monoid M = (Zg,+¢) is semimodule over (ZI,+,-), ([5],
P.151). Then clearly N = {0,2,4} is a partitioning subsemimodule of M with
respect to three sets Q1 = {0,1}, Q2 = {0,3}, Q3 = {0,5} where M/N(Q1 = {0+
N, 14+ N} ={{0,2,4},{1,3,5}}, M/Ng,) = {0+ N,3+ N} = {{0,2,4},{1,3,5}}
and M/N(Q3) = {O+N 5+N} = {{0 2 4} {1 3, 5}} Here M/N(Ql)v M/N(Q2)
and M /N, are equal as sets. But M/N,), M/Ng,) and M/Nqg,) considered
as (Zg ,+,-)-semimodules are not equal because 1+ N € M/Nqg,) but T+ N ¢

M/Ng,) and 1+ N ¢ M/N(g,) as 1 ¢ Q2 and 1 ¢ Qs.

Definition 2.7. An onto R-semimodule homomorphism f : M — M " will be called
maximal if for each a € M’ there exists a unique ¢, € f~*({a}) such that = + kerf
C qq + kerf, for each z € f~1({a}) where kerf = {z € M : f(z) =0, }.

Clearly every R-module homomorphism is a maximal R-semimodule homomor-
phism.
P. J. Allen ([1], Lemma 14, Lemma 15 and Theorem 16) has proved the results for
semirings. However, we extend the following Lemma 2.8, Lemma 2.11 and Theorem
2.12 for semimodules over semirings.

Lemma 2.8. If f: M — M’ is a mazimal R-semimodule homomorphism, then
kerf is a partitioning subsemimodule of M.

Proof. Since f is maximal, for each a € M  there exists a unique ¢, € f~*({a})
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such that = + kerf C q, + kerf for all z € f~*({a}). Take Q = {qo : a € M'}.
Clearly U{q, + kerf 1 q¢q € QY € M. On the other hand, if m € M, then f(m) €
M'. Now m € f~Y({f(m)}) implies m € m + kerf C qf(m) + kerf. Hence M C
U{qa+kerf:q, € Q}. Now for qq, @ € Q, suppose that (g, +kerf) N (qp + ker f)
# . Let Qo + k= w+k for some k, E € kerf. Now a = f(qa)+ f(k) = f(qa+k)
= flgp+ k) = f(g) + f(K') = b. Hence qu = q». Thus, kerf is a partitioning
subsemimodule of M. o

The converse of Lemma 2.8 is not true.

Example 2.9. Let M = (Zo", max), M" = ({0,1}, max) and R = (Z{, +,-). Then
M, M are R-semimodules. Define f: M — M by

0 ifz<5sh
f(x)_{1 ifz>5

Clearly, f is an onto R-semimodule homomorphism. Also kerf = {0,1,2,3,4,5} is
a partitioning subsemimodule of M with @ = {0,6,7,...}. For 1 € M’ there cannot
exists any ¢; € f~1({1}) such that @ + kerf C q1 + kerf for all x € f~*({1}). So
f is not a maximal R-semimodule homomorphism.

Example 2.10. Let M = (Z$,+), M' = (Z¢,+¢) and R = (ZJ,+,-). Then M,
M’ are R-semimodules. Define f : M — M by f(z) = 7 where = r (mod
6), 0 < r < 5. Clearly, f is onto R-semimodule homomorphism. Also kerf =
{0,6,12,18,...}. Forany@ € M there exists a unique g, = a € f~'({a@}) such that
x + kerf C g, + kerf for all z € f~1({a}). Hence f is a maximal R-semimodule
homomorphism.

Lemma 2.11. Let M, Ml, f and Q be as stated in Lemma 2.8. Let qq4, @b, qc € @
and r € R, then

(1) If qo +qv + kerf C qc + kerf, then a+b=c.
(ii) Ifrqe + kerf C rq. + kerf, then ra = rc.

Proof. (i) Since qo + q» € qo + q» + kerf C q. + kerf, go + @ = q. + k for some

k€ kerf. Now a + b= f(qa) + f(a) = f(qa+a) = flge+F) = flqe) + f(k) =
(ii) Since rq, € rqq + kerf C rq. + kerf, rq, = rq. + k' for some k' € kerf. Now

a_""f(qa)*f(rqa)*f(""chrk) frae) + f(k )*Tf(QC)*TC o

Theorem 2.12. If f: M — M’ is a mazimal R-semimodule homomorphism, then
M/kerfigy =2 M where Q is as stated in Lemma 2.8.

Proof. By Lemma 2.8, kerf is a partitioning subsemimodule of M. Define f :
M/ker fq) — M by f(qa+kerf) = f(q.) = a for each q, € Q. If q, + kerf, q, +
kerf € M/kerf), then f(qa +kerf) = flgp +kerf) ©a=bs q, + kerf = q
+ kerf. Hence f is well defined and one-one. Since f is maximal, f is onto. For ¢,
+ kerf, g + kerf € M/kerfq), v € R, consider (i) f((qa + kerf) ® (q» + kerf))
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= f(qe + kerf) = ¢ where g, is a unique element in @ such that g, + q, + kerf C
gc + kerf. By Lemma 2.11, a + b = c¢. Now f(qq + kerf) + f(q, + kerf) = a +
b=c= f((ga+kerf) ®(a+kerf)). (i) f(r© (qu +kerf)) = flga+kerf) =d
where gg is a unique element in @ such that rq, + kerf C qq + kerf. By Lemma
2.11, ra = d. Therefore, 7f(qq + kerf) = ra =d = f(r ® (qa + kerf)). Hence f is

an R-semimodule isomorphism. Thus, M/ker f(g) = M . O

3. Subtractive subsemimodules

In this section we extend some results of S. E. Atani [4] to semimodules over
semirings.

Definition 3.1. A subsemimodule N of an R-semimodule M is called a subtractive
subsemimodule (= k-subsemimodule) if z, z + y € N, y € M then y € N.

Theorem 3.2. FEwvery partitioning subsemimodule N of an R-semimodule M is
subtractive.

Proof. Since N is a partitioning subsemimodule, by Lemma 2.3, N = gy + N for
some qg € Q. Let x, x + y € N where y € M. Therefore xt = q9g + o, x + y = qo +
[ for some «, f € N. By Lemma 2.2, there exists a unique q/ € @ such that y = ql
+ X for some A € N. Nowar:c:q, +)\+x€q/ + Nandx+ye N=qy+ N.
Hence (qo—i—N)O(q/ +N)7é®andsoq0:q/. Thus,y=¢ + A€qd + N =q
+ N =N. O

If (M,+) is an idempotent commutative monoid, then M is (ZI, +, -)-
semimodule with scalar multiplication defined by rm = 0 if r = 0 and rm = m
if r >0 for all r € Z§ and m € M ([5] , P.151). In a semiring R = (Z{, ged, lem),
the ideal 2Z7 = {0,2,4,6,...} of R is subtractive but not partitioning ([7]).

The converse of Theorem 3.2 is not true.

Example 3.3. Let M = (Z& , ged) and R = (Z§ ,+ , -). Clearly, M is a
commutative monoid in which every element is idempotent. Hence M is an R-
semimodule in which N = {0,2,4,6,...} is a subtractive subsemimodule of M but
not a partitioning subsemimodule.

S. E. Atani ([4], Lemma 2.1, Proposition 2.2 and Theorem 2.3) has proved the
results for semirings. However, we extend the following Lemma 3.4, Theorem 3.5
and Theorem 3.6 for semimodules over semirings.

Lemma 3.4. Let N be a Q-subsemimodule of an R-semimodule M. If A is a
subtractive subsemimodule of M such that N C A, then N is a QN A-subsemimodule
of A.

Proof. Tt is sufficient to show that A = U{g+ N : ¢ € @ N A}. Clearly, U{¢ + N :
g € QN A} C A. On the other hand, let € A. Since N is a Q-subsemimodule, by
Lemma 2.2, x = g+ a for some ¢ € Q, a € N C A. Then ¢ € Q N A, since A is a
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subtractive subsemimodule. So we have an equality. O

Theorem 3.5. Let N be a Q-subsemimodule, A be a subtractive subsemimodule of
an R-semimodule M with N C A. Then A/Ngnay ={q¢+ N :q € QN A} isa
subtractive subsemimodule of M/N(q).

Proof. By Lemma 2.3, let ¢y € @ be unique such that gy + N is the zero element
of M/N(qg). First, we show that g0 + N € A/Ngna). Let a + N € A/Nona)
C M/N(gy where a € QN A.Then (a + N) @ (g0 + N) = a+ N where a € Q is a
unique such that a+qo+N C a+N. Soa+qy = a+b for some b € N C A. Since A
is a subtractive subsemimodule, gg € A. Thus, q¢o + N € A/N(QQA). Next suppose
that g1 + N, g2+ N € A/N(gna) where g1, g2 € QN A. Then (g1 +N) © (g2 +N) =
g3+ N where g3 € @ is a unique such that ¢ +g2+N C g3+ N. So g1 +q2 = g3 +c for
some ¢ € N C A. Hence g3 € Q N A, since A is a subtractive subsemimodule. Now
(1+N) @ (q2+N) = g3+N € A/Nonay. Nowletr € R, g+N € A/Ngna). Thenr
® (¢+N) = g4+N where ¢4 € Q is a unique such that r¢g+N C ¢4+ N. Sorqg= qu+d
for some d € N C A. Hence ¢4 € @ N A, since A is a subtractive subsemimodule.
Thus, r © (¢+ N) = g4 + N € A/Ngna). Thus A/N(gna) is a subsemimodule of
M/N(q). Finally, assume that 2 +N, (x+N)® (y+N) = 2+ N € A/Ngna) where
r,z€ QNA,ye Qand x+y+ N C z+ N. Then x+y = z+e¢ for some e € N C A.
Now y € @ N A, since A is a subtractive subsemimodule. Thus y + N € A/N(ona)
as needed. O

Theorem 3.6. Let N be a Q-subsemimodule of an R-semimodule M and L be a
subtractive subsemimodule of M/N(qy. Then L = P/Nonp) for some subtractive
subsemimodule P of M with N C P.

Proof. By Lemma 2.2, let go + N = N be the zero element of M /Ny where g € Q.
Denote P = {x € M : there exists a wunique ¢q € Q such that z+ N C
g+ N € L}. We show that P is a subtractive subsemimodule of M with N C P
and L = P/N(Qmp).

(1) Let x € N. Thenz + N C N =gy + N € L,sox € P. Thus, N C P.

(2) Let @, y € P. Then there are unique elements qi1, g2 € @ such that z + N C
g+NeLandy+ NCqp+NeL Now (@1 +N)®(qu+N)=¢gs+ N €
L where g3 € @ is a unique such that ¢ + g2 + N C g3 + N. By Lemma 1.3, z +
NCqg+Nandy+ NCqg+Nimpliese+y+NCqa+y+NCqg+g+N
C g3+ N € L. Hence z +y € P. Similarly, if r € R,z € P then ro € P. Thus, P
is a subsemimodule of M.

(3) Let o, z +y € P where y € M. Then there are unique elements ¢, 2, g3 € @
such that 1+ N C 1 +N € L, v 4+y+N Cq+Nec L, y+ N C g3+ N € M/Ng.
Since g1 + N, g3 + N € M/N(q), there exists a unique element g4 € @Q such that
(1 +N)®(g3s+N) =qs+ N where g1 + g3+ N C g4+ N. By Lemma 1.3, 2+ N C
¢1+Nand y+ N Cgs+ N impliesz+y+NCqg+y+NCq+qgs+N Cqs+N.
Hence x+y € (g2+N)N(ga+N). Soqgs+ N = g2+ N € L. Since L is a subtractive
subsemimodule, g3 + N € L. Nowy+ N C g3+ N € L. Soy € P. Hence P is a
subtractive subsemimodule of M.



336 Jaiprakash Ninu Chaudhari and Dipak Ravindra Bonde

(4) By Lemma 3.4, N is a @ N P-subsemimodule of P. If ¢ + N € L where q € Q
then ¢ € P. So ¢ € QN P, hence ¢ + N € P/Ngnpy. Thus, L € P/Ngnp). On
the other hand, if ¢ + N € P/Ngnp), then g € QNP C P. Soqg+ N C ¢ +NelL
for some unique ¢ € Q. Therefore, g+ N = ¢ + N € L. Thus, P/Ngnpy € L O

The authors are thankful to the referee for his helpful suggestions.
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