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On Performance Analysis for Signaling on Correlated Fading Channels

Venugopal V. Veeravalli

Abstract—A general approach is presented for analyzing the the joint distribution of the envelopes at the various channels and
performance of digital signaling with multichannel reception on  to use this model for analysis. While the Nakagaminodel is
correlated fading channels. The approach is based on: i) exploiting e || justified for describing the first order statistics of the fading

the complex Gaussian model for the joint distribution of the fading _y LT . . )
on the multiple channels; and ii) applying recent results on the uni- envelopes, the joint distribution (correlation) model is not easily

fied performance analysis of digital signaling on fading channels justified and is generally quite complicated.
using alternative representations of theQ(-) and related functions. In this letter, we present a general approach to computing the
Numerical results that illustrate the effect of correlation on the di-  performance for digital signaling on complex Gaussian fading
versity gain from multichannel reception are also presented. channels with correlated diversity. Our approach makes use of
Index Terms—Correlation, diversity methods, fading channels, alternative representations of tii& . ) and related functions
multichannel reception. function as integrals with finite limits, and with the argument of
the function contained in the integrand. These alternative repre-
I. INTRODUCTION sentations have_b_een used re_cently in s_everal papers to compute
) ) _ error rates for digital modulation on fading channels (see, e.g.,
I N THE performance analysis of diversity schemes for muf71_111] and[12]). In particular, this approach has been used to
tipath fading channels, itis typically assumed that the fadinghify nerformance results for a wide variety of digital signaling
?s independent across tr_]e multiple divers_ity channels. While tQ&ﬁemes with possible multichannel reception in [10], [11]. We
independence assumption is usually valid, there are several giiraplish that these unified performance analyzes can easily be
uations where the fading is correlated among the channels. EQfended to include correlated diversity for a general complex
example, in multiple antenna systems, physical constraints mgyyssian fading channel model. As in these papers, the exact ex-
not allow the use of antenna spacing that is required for indgressions are in the form of a single finite-range integral, with
pendent fading across antennas. In time diversity schemes, & .integrand that is a ratio of polynomials of trigonometric func-
coding with interleaving, if the interleaver is not long enoughjons, which can hence be easily evaluated numerically. In some

the code symbols undergo correlated fading. _special cases, the integral simplifies to a closed form.
It is well known that correlation in fading across multiple di-

versity channels results in a degradation of the diversity gain
obtained. Initial work on analysis of diversity with correlated
fading channels was done by Pierce and Stein in [1], wherelLet the instantaneous bit signal-to—noise ratio (SNR) on the
they studied the special case of Rayleigh fading. Expressiditg channel{ =1, ..., L, be denoted by,. Then for a general
for the error probability for making hard decisions were decomplex Gaussian fading channel we can write

rived for the two special cases of binary phase shift keying

(BPSK) with maximal-ratio combining, and binary frequency ve = Yo = Yé?l + YZQ @)
shift keying (BFSK) with equal-gain combining. Extending the ) )

analysis of [1] to correlated Rician fading is in general diffiVN€reéYe = Y¢ 1 +jY¢ ¢ is a nonzero mean proper cgmplex
cult. In some special cases, such as BFSK with equal-gain coffgussian (PCG) random variable ard= [Y; Yz --- Yz]" is

bining, we may use the Laplace transform results of [2] to ob.CC random vector. (See [13] for a summary of the properties

tain closed-form expression for hard-decision error probabfif Proper complex vectors and processes.) Skice a PCG
ities. The results in [2] can also be used to obtain CherndffCtor: its joint pdf can be written compactly as

boundson error probabilities for coding with imperfect inter-

leaving on Rician fading channels [3], [4] (also see related work py(y) =pvive(yr yo)

in [5]). 1 B

Other work on extending the work in [1] has focused on the T i de(®) exp[—(y —m)'E7H(y —m)] (2)
Nakagamim fading model for analysis (see, e.g., [6]-[8]). The

approach taken in much of this work is to develop a model favheret denotes the Hermitian operatien, = E[Y], and

Il. BPSK WITH MAXIMAL RATIO COMBINING

S =E[(Y —m)(Y —m)].
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The envelope on thé&h channelY;| has a Rician distribution No further simplification is possible in the general case when

[14] with Rice factors, that depends on the meaty. m # 0. However, since (6) is a single finite-range integral,

For BPSK with maximal ratio combining (MRC), it is well with an integrand that is a ratio of polynomials of trigonometric

known [14] that the average bit error rate (BER) is given by functions, it can easily be evaluated numerically for any given
m and3.

L . . . .
P, = / 0 22“ () ds 3) A. Special Case: Rayleigh Fading
x =1 In the special case whefa = 0, i.e., the enveloped’| are

Rayleigh distributed, (6) simplifies to
where p.(z) is the joint pdf of the SNR vectory = P .
[v1 72 - el P, :l/w det z I do 7
To compute the integral in (3), the approach taken in previous P 0 ¢ sin? + ) "
papers has been to use the pdf for the sur >, v, (see, e.g.,
[1]). For the Nakagamin fading model, the pdf of, is obtained Now supposeZ has distinct eigenvalues, ..., Az, then
by first modelingp(-) in a complicated and somewhead hoc

manner (see, e.g., [6], [7]). b -k, -1

Our approach is to rewrite the integral in (3) in terms of the [det <m + I)} = H <m + 1)
complex envelope vectdr’, whose joint distribution is com- =1
pletely characterized by and X as in (2). This allows us to L A -1
arrive at performance results for a general complex Gaussian = sz <—29 + 1) (8)
probability model for the fading on thiechannels. Specifically, =1 St

wherepy is thefth residue in the partial-fraction expansion, i.e.,

Py, = / Q( ZyTy) ry(y) dy. 4) X
Yy )\i -
We now use the alternative expression for &) function de- il ¢
scribed in [9]
Thus (7) can be written as
o= [Ty le®
T)=— exp |———=— 5 . Lo p=/2 -1
7 Jo 2sin? 6 szzp[—/ < _)\é —|—1> do. 9)
= 7 Jo sin“ 6

to rewrite (4) as
To evaluate the integral in (9), we use the following result from

v 1 /w/2/ [ yly } 1 [11, Appendix B]J:
= — exp | —
PTxle LT sin?e) 7l des(D) B o
_ 1 /" i )
exp[~(y — m)' S (y — m)] dy db. no=1 [T (50) W
T Jo sin“ 6+ ¢
Completing squares inside the exponential, exploiting the fact 14k ‘
that=f = 3, and using fact that a PCG joint pdf integrates to =[PEI">, < I )[1 - P(o)]*  (10)
1, we get k=0
B 1 /2 1 with P(c) = (1/2)[1 — /¢/(1 +¢)].
P, = _/ SR — If we use (10) withn, = 1 in (9), we get the expression for
mJo o det(E:X) the BER given in [1, eq. (52)], i.e.,
cexp[-m/(Z7 - TS m] de
1& )
5 £
where Pyn=3 ;pz [1 Vit (11)
3 = _I + 327t . . .
sinZ @ If 32 has repeated eigenvalues, then the partial fraction expan-

Now, a straightforward application of the matrix inversion 0" " (8) involves terms of the form
Ae o
—— +1
<81112 0 )

lemma [15, pg. 19] yields
. 1 77/2 -1
PbI—/ [det( o +I>:|
T Jo sin” 0 for n > 1, and the BER can still be obtained in closed form
-exp[-m'(Z +sin? 6I)"'m] df. (6) using (10).
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Ill. EXTENSIONS TOMORE GENERAL MODULATION SCHEMES there are several correlated diversity scenarios of interest (the

The results obtained for BPSK with MRC in the previous Seg_iversity could be across space, time, frequency or a combina-
jon thereof), they translate simply into an appropriate choice of

tions can easily be extended to a general class of linear moﬁy ’ .
. : . . e mean vectom and the covariance matriX for Y in our
lation schemes with coherent reception and MRC. This class

. . . : model.

mcl(;JdIe?M-arerl\lAase Zh]g[t keylngZ\({d-PtSK),M-aP{ a;mplltuddel For modelingm, in the context of correlated fading, it is rea-
modulation (/-AM) and M-ary quadrature amplitude modula-g o t assume that the Rice factor is the same fdr ai
tion (M-QAM). In all these cases, recent work by Aloudtial.

ity paths: x; = v, £ =1, ..., L, and thefth t
(see, e.g., [7], [11]), has shown that the probability of symbé sty pa ne=n an componen

mis

errorPg, conditioned ony, can be written as a linear combina-

i f f the form: ¥,

tion of terms of the form mp = K, (12)
. Kk+1
*U2

g7 .
F(A, 61,62, 9) = A/e exp [_sin;e} deé where¥, = E[v/] is the average SNR on tiénh channel. Note

1

thatm, may in general be complex, but the marginal distribution

L . of v, is unaffected by the phase of,.

wherey, = > ,_, 7. For example, foll/-PSK, there is only  Neyt we consider modeling. When the diffuse component
one tgran withd = 1/m, 6y = 0,6, = (M — 1)m/M, and s¢the fading process is isotropic, the correlation across space (or
g = sin”(n/M) (see [7, eq. (31)]). Applying the approach usegme) follows a Bessel function [16]. (For illustration, we focus

in deriving (4), itis easy to see thA, can be written as alinear oy gpatial diversity in the remainder of the letter.) Specifically,

combination of terms of the form the in-phase and quadrature components are uncorrelated and
0 the elements of the resulting real covariance matrix are given
_ 2 i 1
FA(-)ggIA exXp —gyy by
T o, Jy sin? @ | 7L det(%)

rexpl(y —m)'Z 7 (y — m)] dy db.

(k, £) = 28 (k, £) = (Ijﬁé) 7y <27r du) 13)

The above integral can be written in closed form in some spe-
cial cases when the fading is Rayleigh, but in general it can béere
reduced to a single finite-range integral, with an integrand thatdz¢  distance between thigh and/th antennas;
is a ratio of polynomials of trigonometric functions. Ac  carrier wavelength;
Extensions to differentially encoded and nonlinear modula- Jo(-) zeroth-order Bessel function of the first kind.

tion, with differentially coherent and noncoherent multichannel We also consider the exponential model suggested in [1]. This
reception (respectively), is also possible. In this case we can ugtdel could be representative of the case where the diffuse com-
ally assume that postdetection equal gain combining (EGC)Agnent of the fading is not isotropic, and the diversity has an un-
performed. Then, based on work by Simon and Alouini [10fl€rlying equispaced nature. In this case, the elements arfe
it can be shown for a wide class of problems that the bit err§fVe€n by
probability (conditioned ory) can be written in the form

B ) ( Wi’;é) e otidlk—td 1<y
n / f(L; B, n;0) Sk, 0) = K (14)

2r(14+nm)2l—t J_ 1+ 283sin6 + 32 VrYe c—(@=iI=td f s g

Pb(L’ Vi @, ba 77) =

b2’7t . 2
- exp —T(1+2[351n9+[3) dé

wherea and/3 are (measured) parameters, ahdescribes the
whereq, b, 1, and the functiorf are as defined in [10, eq. (62)], equi-spacing in the model. Note that it is possible to obtain the
with 2 = a/b € (0, 1). Here again it is clear that the steps usegligenvalues ok in closed form with this model [1].
in simplifying (4) can be applied to obtain an easily computable The results with these models are shown in the following fig-
expression fotP,. ures. In all cases, it is assumed that the average bit SNR on each

In the special case of binary FSK with noncoherent recepti@hthe L paths is the samey, =5, £ =1, ..., L.

and EGC, we can use the expression for the BER, conditioned™irst, we consider Rayleigh fading with the Bessel correla-
on+, givenin [1, eq. (55a)], to get a closed-form expression féon model and = 3. The antennas are assumed to be spaced
P, in the general case of Rician fading. (Recall from Section @aually? so thatdy, = |di — d¢| = |k —£|d. A carrier frequency

thatP,, cannot be obtained in closed-form for BPSK with MR®f 900 MHz is assumed, and the correspondiag= 1/3 m.
when the fading is Rician.) Fig. 1 shows the variation df;, with average bit SNR per path

1For receive antenna diversity in particular, correlated fading arises when the
IV. EXAMPLE AND NUMERICAL RESULTS antennas are not sufficiently far apart, and hence, all the antennas can be as-
. . . sumed see a specular component of approximately the same strength.
In this section, we numerically evaluate the results of Secy (13) the first zero off,(27(dus /) occurs atd, & 0.383A.. If the

tion 1l for a BPSK signal subject to correlated fading. Whilentenna spacing is0.383 ., the fading is correlated.
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Fig. 1. Rayleigh fading with Bessel correlation model. Fig. 3. Rayleigh fading with exponential correlation model.
107 _— 107 S —
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Fig. 2. Ricean Fading with Bessel correlation modek: 6. Fig. 4. Comparison of cases wilh= 2 andL = 3.

7 for different values of the spacing paramete€learly, aslin-  Fig. 4. Now, if we place a third antenna between the two an-
creases, we have greater diversity gain and the curves apprd&etias (thereby introducing correlation in the fading), the max-
that corresponding to independent fading. It is worth noting thiggum improvementin performance (obtained Wi = da3 =
correlation can result in as much as 4 dB loss at a BERof.  0.383A./2) is as shown in Fig. 4. Clearly, the performance is
The same set of curves is shown in Fig. 2 for Ricean fading witiorse than that obtained with = 3 and independent fading,

x = 6. Along with an expected improvement in overall perforbut on the other hand, a performance improvement with respect
mance, the loss due to the correlation is reduced due to the pf@sv = 2 is obtained without an increase in the overall dimen-

ence of the specular component: the loss in SNR at a BER$?" of the array. The system designer could tradeoff this im-
10— reduces to about 1 dB. provement with the cost of adding the third antenna.

Next, we consider the exponential correlation model with
Rayleigh fading. To allow comparison with the Bessel model,
the parametes is set tor /., andc is taken to be 1.5. The re-  Recent work (primarily by Simon and Alouini) has shown
sults shown in Fig. 3 are similar to those in Fig. 1. Clearly, what it is possible to obtain unified performance results for a wide
may expect a similar comparison to hold with Ricean fading aariety of digital signaling schemes on fading channels. We have
well. established in this letter that this unified performance analysis

Finally, we consider a more direct application of the anatan be extended to include multichannel reception with corre-
ysis in the letter. Assume we have two antennas spaced to yikdtbd diversity for a general complex Gaussian fading channel
independent diversity under the Bessel correlation model (swdel. We have also presented examples that illustrate the use-
di2 = 0.383X.). The performance of this system is shown ifiulness of our results in the context of antenna diversity.

V. CONCLUSION
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