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Abstract—Vector Orthogonal Frequency Division Multiplexing
(OFDM) for single transmit antenna systems is a general trans-
mission scheme, where OFDM and Single-Carrier Frequency Do-
main Equalization (SC-FDE) can be treated as two special/extreme
cases. Due to its flexibility, it has drawn more and more attention
recently. So far, all the studies about Vector OFDM assume the
Maximum Likelihood (ML) receiver. In this paper, we investigate
the performance of Vector OFDM with linear receivers, i.e., the
Zero-Forcing (ZF) and Minimum Mean Square Error (MMSE)
receivers. We first show that the detection SNR gap between the
MMSE and ZF receivers increases with both channel SNR and the
vector blocks (VB) size defined in Vector OFDM. Then, it is proved
that for both ZF and MMSE receivers, all the transmitted symbols
have equal performance. This is different from the Vector OFDM
with ML receiver, where different VBs may have different coding
gain, and thus may have different performances. We analyze the
diversity order for Vector OFDM with MMSE receiver, and show
that, regardless of the Vector OFDM symbol length V, the diver-
sity order can be represented as min{| M2~ |, D} + 1, where M
is the VB size, R is the spectrum efficiency in bits/symbol, and D is
the maximum delay of the multipath channel. For Vector OFDM
with ZF receiver, we show that the diversity order equals 1 and the
performance is the same as the conventional OFDM at high SNR.

Index Terms—Diversity order, linear receiver, MMSE, mul-
tipath diversity, OFDM, SC-FDE, signal space diversity, vector
OFDM, ZF.

I. INTRODUCTION

RTHOGONAL FREQUENCY DIVISION MULTI-
PLEXING (OFDM) [1], [2], as a low complexity
transmission scheme in multipath channels, has been widely
adopted in the next generation wireless communication systems
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such as WiMAX [3], LTE [4], and WiFi [5]. Although OFDM
has low complexity, without coding, it cannot exploit the multi-
path diversity, and therefore performs worse than single carrier
transmission with time domain equalizers. Furthermore, OFDM
has very high Peak-to-Average Power Ratio (PAPR), which puts
high requirements on the Power Amplifier (PA) and increases
the transceiver cost [6]. To mitigate PAPR while retaining low
complexity, Single-Carrier Frequency Domain Equalization
(SC-FDE) [7]-[10] was proposed. At the transmitter, SC-FDE
removes the Inverse Fast Fourier Transform (IFFT) block of
OFDM, so the PAPR is reduced. At the receiver, SC-FDE first
does FFT and channel equalization in the frequency domain,
and then does IFFT and demodulation/detection in the time
domain. Compared to OFDM, it can be seen that SC-FDE
has unbalanced transmitter and receiver complexities. It is
further shown that for high order signal constellations, such as
64QAM, SC-FDE suffers performance loss [11]. Therefore, it
is commonly agreed that OFDM is more suitable for high data
rate and high cost transceivers, while SC-FDE is more suitable
for low data rate and low cost transceivers. For example, in LTE
[4], OFDM/OFDMA (Orthogonal Frequency Division Multiple
Access) is used in the downlink, where high data rate is more
important, and SC-FDE/SC-FDMA (Single-Carrier Frequency
Division Multiple Access) is used in the uplink, where low
cost is more important. In the next generation millimeter-wave
based WiFi, i.e., IEEE 802.11ad [5], both OFDM based PHY
(Physical Layer) and SC-FDE based PHY are defined, where
the OFDM based PHY is for high data rate devices, and the used
constellation can be up to 64QAM, while the SC-FDE based
PHY is for low data rate, low cost and low power devices. The
definition of two PHY schemes complicates the system design.

Vector OFDM (V-OFDM), first proposed by Xia [12] to
reduce the cyclic prefix (CP) overhead and the IFFT size of
a single transmit antenna OFDM system, can be treated as a
general transmission scheme, where OFDM and SC-FDE are
just two special/extreme cases. So, V-OFDM bridges the gap
between OFDM and SC-FDE. By adjusting parameters, the
V-OFDM based system can be adapted to cater to different
system design requirements, such as PAPR, transceiver cost,
data rate, performance, etc. Thus, compared with the two
PHY schemes in IEEE 802.11ad [5], V-OFDM is an attractive
alternative. With regard to different system design aspects of
V-OFDM, [13] analyzed the synchronization and guard band
settings, [15] introduced the vector channel allocation, [14]
exploited the turbo principle to do iterative demodulation and
decoding, [16] observed that different vector blocks (VB) may
have different performances when the ML (Maximum Like-
lihood) receiver is used and further proposed a constellation
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rotation scheme to ensure consistent performance for different
VBs, [17] thoroughly investigated the V-OFDM performance
under multipath Rayleigh fading with the ML receiver.

So far, all the discussions about V-OFDM, such as [12]-[17],
are based on the ML receiver, whose complexity increases ex-
ponentially with the size of the VB defined in V-OFDM, though
the performance increases with the size of the VB as well. It
is still unknown how V-OFDM performs with linear receivers,
i.e., the Zero Forcing (ZF) and Minimum Mean Square Error
(MMSE) receivers. As a special/extreme case of V-OFDM,
there are several papers that discussed linear receivers for
SC-FDE, see for example [18], [19] . V-OFDM has a more
general structure, and thereby involves more parameters. Also,
there are several papers that discussed linear receivers for
zero-padded (ZP) or CP block transmissions, see for example
[19]-[23], where it is shown that the ZP-based transmission
can achieve higher diversity gain than the CP-based transmis-
sion. V-OFDM is a kind of CP-based block transmission. For
Multiple-Input Multiple-Output (MIMO) systems, [24]-[32]
discussed the performance of linear receivers. The signal model
of V-OFDM has similar form as MIMO, however, there are
some key differences. One is that V-OFDM is a single transmit
antenna based scheme, the other is that the equivalent channel
matrix for V-OFDM has a very special structure, which is
quite different from that used in the analysis of MIMO. So, the
analysis of the linear receivers for MIMO cannot be applied to
V-OFDM in a straightforward manner.

In this paper, we thoroughly investigate the performance of
V-OFDM with linear receivers. In the following, we call the
V-OFDM with ML, ZF and MMSE receivers ML-V-OFDM,
ZF-V-OFDM and MMSE-V-OFDM, respectively. The contri-
butions of this paper can be summarized as follows.

+ It is shown that both ZF-V-OFDM and MMSE-V-OFDM
do not require explicit matrix inversion and thus have very
low complexity, which, different from ML-V-OFDM, does
not increase with the VB size defined in V-OFDM.

» It is shown that the gap between the detection SNRs of
ZF-V-OFDM and MMSE-V-OFDM increases with both
VB size M and channel SNR p.

+ Different from ML-V-OFDM, where different VBs may
have different performances [16], [17] , we show that for
both ZF-V-OFDM and MMSE-V-OFDM, all the VBs have
equal performance.

* By using the techniques first proposed by Tajer and Nos-
ratinia [18], we analyze the diversity order of MMSE-V-
OFDM and show that, regardless of the V-OFDM symbol
size N, the diversity order, defined as the slope of the SER
(Symbol Error Rate) versus SNR curve in the log-log do-
main, equals min{| M2 2|, D} + 1, where M is the VB
size, R is the spectrum efficiency in bits/symbol, and D is
the maximum delay of the multipath channel.

* We show that ZF-V-OFDM does not have any diversity
gain (i.e., the diversity order equals 1) and its performance
is the same as the conventional OFDM at high SNR.

The remainder of the paper is organized as follows. In
Section II, the system model of V-OFDM is introduced. In
Section III, different detection algorithms are introduced
and the characteristics of the detection SNRs are analyzed.
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In Section IV, the equal performance of different VBs for
MMSE-V-OFDM and ZF-V-OFDM is shown. In Section V,
the diversity orders of MMSE-V-OFDM and ZF-V-OFDM are
analyzed. In Section VI, some numerical results are provided
to validate the theoretical analysis.

II. VECTOR OFDM SYSTEM MODEL

V-OFDM was first proposed in [12] for single transmit an-
tenna systems. It is a generalization of OFDM, and is able to
combat spectrum nulls in the channel and collect multipath di-
versity. In the following we first introduce the received signal
model of V-OFDM, and then show that the conventional OFDM
and SC-FDE are just two special/extreme cases of V-OFDM.

A. The Received Signal Model

Similar to conventional OFDM, in V-OFDM, the modulated
symbols are processed block-by-block. Assume that there are
N = LM modulated symbols in one block, and denote them as
{,})_. Different from conventional OFDM, V-OFDM fur-
ther divides the length NV block into . VBs, where each VB has
size M. Denote the /th VB as

T
X; = [‘/L.lj\/lj‘/l‘.lf\/[—‘rl e ,:L‘ZA,[_Hufl] , { = 0, 1, ey L—1.

We call x; the /th transmit VB. Instead of doing IFFT of size
N as in conventional OFDM, V-OFDM does component-wise
vector IFFT of size L over the VBs, i.e., calculates

1T.x0].

As in conventional OFDM, CP is added to this size-N row
vector. Assuming that the length of CP is P, to avoid the inter-
block-interference, P should satisfy P > D, where D is the
maximum delay of the multipath channel. Without loss of gen-
erality, we assume that P is a multiple of the VB size M, i.e.,
P = KM. Then, after adding CP, the transmitted symbol se-
quence in the time domain can be written as!

S SHETS <10 <IN TRl

s

)

At the receiver, after removing CP, the received signal is
the circular convolution of the transmitted signal and the CIR
(Channel Impulse Response), which can be written as

=T =T
[XLvaXLfK—i—h .

D
Un = Z haTin_gyy +~Wn, n=01,....N—1,
d=0

where {hq}2_, is the CIR, w, ~ CN(0,0?) is the AWGN,
and (n) means 7 mod N. The receiver then divides the length
For large M, the CP length P may be smaller than A7 . In this case, we just

move part of the symbols in the last VB to the front as the CP, and the notation
of the transmitted symbol may be different from the (1).
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N block [Fo,T1....,In—1] into L size M column vectors
{yq}jgol, where ¥, is
Vg = [Ugnr, Ugpag1, - - s Ygrayni— 1]

Taking component-wise vector FFT of size L, we have

L—1
yi=> g, 1=01,...,.L-1.
q=0
Write the length M column vector y; as
T
Yi [Z/l MyYIMA1:-- - sYIM 4 M— 1]
We call y; the [th receive VB.
Denote
D
s 2mkd
Hy=> hee 7%, k=0,1,...,N—1 )
d=0

i.e., the frequency domain channel coefficient at the £th subcar-
rier in conventional OFDM with size N FFT/IFFT. Define the
M x M diagonal matrix H; as

)

Assuming perfect synchronization, with some signal pro-
cessing manipulations [12], [13], the transmit VB x; and the
receive VB y; have the relation

H, = diag {H;, Hysp, ... Hip(u-1yL -

vi = Hixy + wy, “4)

where w; = [wig,wi1,...,w a1 is the noise vector,
whose entries are i.i.d. and CA(0,02) distributed, and the
equivalent channel matrix H; can be expressed as

]T

H; £ UPHU,

where Uy is a unitary matrix, whose entry in the sth row (s =
0,1,....M—1)andmth(m = 0,1,..., M —1) column equals

1 2x(l 4+ sLym
—exp| —j———— .
N N
It is not difficult to verify that U; can be written as a product of
a DFT matrix and a diagonal matrix, i.e.,

Ui, .. =

s,m

U, =FuyA;
where Fj; is the M x M DFT matrix and A; is defined as

A L —joml —j2w2i —j2m{ M —1)
AI :dl&g 17(3 NoLe N Lo.,e o '

)

Assuming that E{ |z, |*} = 1 n=0,1,..., N—1,the transmit
SNR can be defined as p = ﬂl

Note that although the CP overhead of the V-OFDM above is
not changed, the IFFT size is reduced from N to L by M times.
This IFFT size reduction also reduces the PAPR.

B. V-OFDM and Other Modulation Schemes

As introduced before, V-OFDM is a general modulation
scheme, and conventional OFDM and SC-FDE are two spe-
cial/extreme cases of V-OFDM.
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Fig. 1. V-OFDM modulation and mapping.

If we choose parameter M = 1, then L = N and the received

signal model (4) has a simple scalar form
yr = Hyrg + g,

which is exactly conventional OFDM.

If we choose parameter M = N, then . = 1, A; = 1,
and U; = Fy. In this case, in (4), UFHU]; can be treated as
the singular value decomposition of the equivalent channel Hy,
where H; has a circulant structure, which equals

ho 0 -~ hp -+ hy In

hy hg O hp -+ ho
Hi=|: o o o

0 -+ hp -+ hy hy O

0 -+ 0 hp - h holy,n

In this case, the signal model (4) is exactly SC-FDE.

When L # N and M # N, V-OFDM can be treated as an
implementation of signal space diversity (or modulation diver-
sity) [14], [33] [34]. If we write the received signal model (4) as

Uy = HUix; + Uywy,

then the unitary matrix U; can be treated as a rotation matrix,
the same as that defined in the signal space diversity [33], [34]
. Fig. 1 shows the equivalent transmit processing of V-OFDM.
In Fig. 1, the parameters used are: M = 4, L = 8§, and N =
32. After matrix rotation, the rotated symbols are mapped to M
subcarriers that are evenly distributed in the frequency band.

III. DETECTION ALGORITHMS

In this section, we derive different detection algorithms for
V-OFDM, assuming that the channel is perfectly known by the
receiver.

A. ML Detection
Based on (4), the ML detection can be written as

)AqML Hlxl||27

= argmin ||y; —
X
Clearly, complexity of ML-V-OFDM grows exponentially with
the VB size M and the modulation order. In [16], the authors
observed that different VBs may have different performances
and further proposed a constellation rotation scheme to ensure
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consistent performance over different VBs. In[12],[17], the au-
thors analyzed the performance of ML-V-OFDM, and in [17], it
is shown that the majority of the VBs can achieve the maximum
diversity order, which equals min{M, D + 1}.

B. ZF Detection

The equivalent channel matrix H; in (4) is the multiplication
of two unitary matrices and a diagonal matrix, so its inversion
is simple to calculate, which is

c/f 2H, ' =UFfH, 'y,
1 1 1
=U dlag{ e }Ul.
: Hy Hpyp' Hiyor-ne

The signal after the ZF processing is

=C#ly, =x+ C#'w,

~ZF ~ZF
= [.UZM s YiM 41000

Q)

“ZF T
?/1M+M-1}

and the symbol-by-symbol detection is

#ZF = arg min \QTIZF — z,]%,
e

The noise covariance of the signal after ZF processing can be

calculated as

RIY =E[C/ wyw/ (CFF)]
o2 o2
UHdld
g{ L2 i
o2
— U,
|Hiw v -1)n? }
Because U; = F;A;, where Fj; is a DFT matrix and A; is a

diagonal matrix defined in (5), it is not difficult to see that the
diagonal elements in RZ¥" are equal, and can be written as

M-1

RZF] = m=0,1,...,M —1.
[ rn m M ;:O |Hl+nL|2 :

Since the ZF estimation is unbiased, and E[x,,] = 1, forn =

0,1,...,N — 1, we have that the detection SNR for the nth
element in the {th VB x; is
M-1 -1
|E[”Elu+ ] 1 1
in ® mar = | > | ®
[ w ]nz,m k=0 /)| ’+kL|
andPlZ(f = 1)11 == M 1= PZZF'

ZF-V-OFDM has a 51mple matrix inversion and simple
symbol-by-symbol detection. Its complexity does not in-
crease with the VB size M, and is much lower than that of
ML-V-OFDM.

C. MMSE Detection

Assuming that both channel coefficients and noise variance
are known by the receiver, we can use MMSE detection to fur-
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ther improve the performance. The weight matrix of MMSE can
be calculated as

CMMSE & (HAH, + p'T) ' HY
(Hi|2+p7177

H*
— Ui

I+(M—-1)L
2
[Hiy syl +r

where the second equation is also due to the special structure of
H,. Compared with ZF-V-OFDM, it can be seen that MMSE-V-
OFDM does not need explicit matrix inversion as well and its
complexity is the same as that of ZF-V-OFDM, which does not
increase with M. After MMSE filtering, we have

=UH diag{

~MMSE

_ MMSE
Yi =C;

Yi
H;|2
=Udia |— .....
: g{Hl|2+P1’ ’

] }UZX

|Hisar -1y

[Hi -yl + o

+C! MMSE
A [~MMSE ~MMSE ~MMSE 17
[th SYIM 1 s s YIMM— 1] 9
MMSE

and the mth element of §; can be written as

GMMSE = CiaremTingcm + Niarsm,
where
M 0 |]_Il+mL|2 +p1

is the scale factor of the symbol z;ps 4, and

M M-1
*
M Am = § TIM A5 § Ul k,m ULk, G
7=0,3#m k=0
2
|Hiqrrl .
TH o B oot T Wm
|Hiprkp|* +p
is the interference plus noise, where v ; ; = [Uy], ; and Wy, =
[C \IMSEW] ’
Then, the symbol by-symbol detection is
MM 2
xﬁf MSE _ algmm UMMSE ann‘ (10

and the detection SNR or Signal to Interference plus Noise Ratio
(SINR) for the mth element in the /th VB x; is (see Appendix A
for detailed derivations)

M-1 ~1

MMSE A 1 Z 1 1
l. — r=n____ o1 | 35 Ty 5 . 4 -
" Ellmariml?] | M = plHgpol® +1
(1)
A A A
and pWUSE pM MSE _ - plvfz\KSE /;UA\ISE'

Based on these analyses, we have that, for both ZF-V-OFDM
and MMSE-V-OFDM, different elements in the same VB have
the same detection SNR.
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D. The Relationship Between pff and p;*™me

Based on (8) and (11) we have the following theorem.

Theorem 1: Denote the mth column of H; as h; ,,, and the
matrix of H; after deleting the mth column as H; ,,, which is
an M x (M — 1) matrix. When p — oo, the gap between the
detection SNRs of the ZF-V-OFDM and the MMSE-V-OFDM
can be written as

2
lim
p— o0

(p?U\IISE - plZF) = Hh{{Hl,m (Hl{ImHl,m)—lH
(12)

which is independent of m. As p — oo, the ratio between

pMMSE and pZE approaches 1, i.e.,
MMSE
: P
lim “—F—=1.
P> o0 plZF
Proof: See Appendix B ]

Compared with the linear receiver for MIMO, several points

to notice.

e For ZF-V-OFDM and MMSE-V-OFDM, the detection
SNRs p7F and p}MSE are independent of . This is
different from the MIMO with linear receivers, where dif-
ferent MIMO streams may have different detection SNRs.
The left-hand side of (12) is independent of m, which
means that the right hand side of (12) is also independent
of m, which can be, in fact, directly proved by using the
special structure of Hj;.

e In [28] and [30], the authors show that for MIMO, the
gap between the MMSE detection SNR (denoted as
pMMS3EY and the ZF detection SNR (denoted as pZf),
ie, pMMSE _ ,ZF s independent of pZF, where
m means the mth MIMO stream. Further, in [28], ex-
plicit closed-form PDF (Probability Density Function)

of pMMSE _ ,ZF for i.d. MIMO Rayleigh channels is

obtained. In V-OFDM, the channel H; has a special struc-
ture and does not have i.i.d. Rayleigh fading elements,
thus pMMM3E _ pZF is pot independent of pZf anymore.

So, the PDF of pMMSE _ ,ZF ghtained in [28] cannot be

applied here.

* Theorem 1 is concerned with the gap of the detection SNRs
for one channel implementation. This gap cannot be simply
mapped to the SNR gap in SER versus SNR curves, where
the SNR there is the channel SNR p. Thus, Theorem 1 does
not mean that the SER versus SNR curves of MMSE and
ZF only have a constant SNR shift.

e For ML-V-OFDM, it has been shown that the diversity
order increases with the VB size M[12], [16], [17].
For MMSE-V-OFDM and ZF-V-OFDM, when CIR is
fixed, the gap pM*MSE — pZF does not have to increase

with M. However, we can show that, after averaging

over the channel implementations, the SNR gap, i.e., the

Ex, [pMMSE — pZF] increases with M, which means

that the larger the M is, the better the performance of

MMSE-V-OFDM is compared to that of ZF-V-OFDM.

Since the closed-form PDF of pM5E — pZF jg difficult

to obtain for MMSE-V-OFDM, we show this conclusion

by simulations in Section VI.
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IV. THE PERFORMANCE INDEPENDENCE OF VECTOR
BLOCK INDEX /

Since ZF-V-OFDM and MMSE-V-OFDM use scalar detec-
tors as in (7) and (10), their performances depend only on the
distributions of the detection SNRs, i.e., p? T and p}1M5F Ac-
cording to (8) and (11), we can see that the distributions of the
detection SNRs further depend on the joint PDF of the channel
coefficients { Hyy, L}gf;&

Define h é [ho, h,l, ey h,D]T and Fll é
T Based on (2), h; can be

written as

hj=Qh, [=0,1,...,L 1,
where Q; is an M x (D + 1) matrix, whose el-
ement in the snth row and dth column equals

[Ql]m,d = \/% exp (fj27r(l + mL)%), where mm = 0,1,...,
M —1andd =0.1,...,D.

The following lemma shows that the joint PDF of the ele-
ments in h; is independent of /.

Lemma 1: Assume that the elements in h are independent and
zero mean complex Gaussian distributed, h; = Q;h and Q,
is defined as [Q/],, ;, = \/% exp (—j2m(l + mL)<L), where
l=0,1,....L—-1,m=0,1,....M—1landd =0,1,...,D.
Then, the joint PDF of the elements in h; is independent of /.

Proof- Since hy is a linear combination of h and the el-
ements in h are Gaussian distributed, the elements in h; are
also Gaussian distributed and the PDF is fully determined by
the mean and covariance of h;. Because h is zero mean, so is
h;. The covariance of h; can be calculated as

R, 2 Ep [hhf] = QE, [hh7] QF = QRuQ[

where Ry, £ Ej, [diag{|ho|?, |h1]?,. .., [hp|*}]. The matrix
Q; can be written as
Q: = QoA

—j2xl —j2n Dl

where[llédiag{l,e ¥ ,...,e N

}. So, we have
. “H g
Rj, = QoA RuA, Qf .
. . < +H
It is not difficult to see that A;RnA; = Ry, and
Rj, = QoR{ Qff

which means that Ry, is independent of /. Since it is Gaussian
distributed, we have that the PDF of the elements in h; does not
depend on /. [ |

According to (8), (11) and Lemma 1, we have the following
theorem.

Theorem 2: For ZF-V-OFDM and MMSE-V-OFDM, after
averaging over the channel, all the N transmitted symbols
{2} 2 have the same error rate performance.

So, in the following, we focus on the performance analysis of
one VB only, without loss of generality, we assume itis [ = 0,
and the performance result is valid foralll = 0,1,..., L — 1.
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V. DIVERSITY ANALYSIS V-OFDM WITH LINEAR RECEIVERS

In this section, we use the techniques first proposed by
Nosratinia et al. [18], [29] to analyze the diversity order of
V-OFDM with linear receivers. We mainly focus on the dif-
ferences for V-OFDM. When the results in [18], [29] can be
applied to V-OFDM directly, we omit the proofs and refer to
[18], [29] for details. For completeness, we first define the
essentials that are needed for the diversity order analysis.

A. Diversity Analysis

The SER can be calculated as the pair-wise error probability
averaged over the channel and the transmitted symbols, which
can be written as

Pser'(R7 ]\/[/ D7 ]v) é IEHt,éL‘n,yl'm,
X {P (fvn - mm|Hl7 Tn 7& mm)} .

The SER depends on parameters f? (the transmission rate in
bits/symbol, or spectrum efficiency), M (the size of VB), D
(the channel length), and N (the V-OFDM symbol length). The
diversity order is defined as

. log Pser(R,M, D, N)
lim .

(l(]?,,]\LD-,N):_p_>oc log p

Weuse d?¥ (R, M, D, N) and d™M5E (R, M, D, N) to repre-
sent the diversity orders of ZF-V-OFDM and MMSE-V-OFDM,
respectively.

Following the same approach as in [18], [29] , we can define
the effective mutual information between the linear filter output
¥: and the transmitted symbol x; as

M-1
1

I(S’l;xl) = M Z I(@lﬂf—l—m,;mlNI-l—m,)-

m=0

(13)

Due to (8), for ZF-V-OFDM, I(§1as - ; L1211 ) can be written
as

IZF(QUV[-«—m ) fl7lM/+m)
= log(1 + p7'")
M-1

= log 1+<%Z

1
! (14)
= P Hipn

and due to (11), for MMSE-V-OFDM, I(j}li“\/j""f".? .’13m,1+m) can
be written as

MMSE 7 .
I (th-l—m,: -Llﬂl-i-nm)

— log(l—l—piMIHSE)
M-—1

1 1
=—log | — E _ . 15
i (M 2 ol +1> ()
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Because the detection SNRs of all the symbols in one VB are
the same, the mutual information in (13) equals to the mutual
information of each symbol in one VB, i.e.

I?P(31%x))

ZF .
=1 (ylf\qumymlMer)
M-1

-1
1 1
=log |1+ =S —— . (16
5 <M TIZ:O :0|Hl+nL|2) ( )

MMSE (g, .
TR (YIs Xl)
MMSE .
=1 (ylﬂ;ﬂ»m: xlf\ler)
M-—1

1 1
=g —Y —— .
% (M 2 p|Hz+nL|2+1>

n=0

amn

The outage probability is defined as

Pour(R,M,D,N) 2 P[I(31,x;) < R], (18)
which is equal to P[L{§1a14m; Tiar+m) < R] for ZF-V-OFDM
or MMSE-V-OFDM. This means that the above outage proba-
bility of the detection of the vector channel (4) after the ZF or
the MMSE operator/receiver is indeed that of the scalar channel
detection (7) or (10), respectively. Similarly, the outage diver-
sity order is defined as

log Pyt (R, M, D, N)
log p '

dowt (R, M, D, N) = — lim

p— oo

Also, we use dZE (R, M,D,N) and d2M5E (R, M, D, N)
to represent the outage diversity order for ZF-V-OFDM and
MMSE-V-OFDM, respectively.

Similarly as in [18], [29] , we define the exponential equal of

two functions f(p) and g(p), write it as f(p) = g(p), if
lim M = lim

p—oc logp p—roo logp

log g(p)

Compared with the analysis of SC-FDE in [18], there are several
key differences. One is that in [18], the authors analyzed the
diversity order which changes with the spectrum efficiency R,
the channel length 1D and the SC-FDE symbol length N. Here,
for V-OFDM, besides these parameters, we have the parameter
M, i.e., the size of VB. The other is that for SC-FDE, it does
not make sense to assume that N < (D + 1), i.e., the SC-FDE
symbol length is less than the channel length. Therefore, in [18],
the authors only analyzed the case N > (D + 1). Here, for
V-OFDM, N still needs to satisfy2N > (D + 1), however, M
can be a number less than, equal to or greater than the channel
length D + 1.

B. Outage and ser Analysis for MMSE-V-OFDM

The following lemma proved in [ 18] is useful for the diversity
order analysis. For completeness, we state it here again without
proof.

2Compared with both OFDM and SC-FDE, one of the advantages of
V-OFDM is that we can use large symbol length /V, and adjust M for different
requirements, thus the CP overhead can be reduced.
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Lemma 2: Assuming that the elements in h =
T o .

[ho, h1,....hp] are iid. zero mean complex Gaussian

distributed, and a real constant & € (0, D + 1), we have

D
1
P = S| = kD,
LZ_;)l-FPVldP ] g

As stated before, in [18], the authors only considered the case
N > (D + 1). In the following, we firstly consider the case
M > (D + 1), which is similar as the case N > (D + 1) in
[18]. Here, we just state the results for V-OFDM. In the proof,
we briefly transform the problem to be the same as that in [18],
and then apply the results in [18].

Lemma  3: Assume  that the channel CIR
h = [h,g,h,l,...,h,D]T has 1ii.d. zero mean
complex Gaussian distributed elements. Define
h, = [HlyHl+L-,~-~-,Hl+(Mfl)L]T =  Qih, where
M > (D4 1) and Q; is an M x (D 4+ 1) ma-

trix, whose wmth row and dth column is defined as
Qg = \/% exp (—j2n(l+mL)4), where N = ML,
L € N, and N means the set of natural numbers. The
indices m, d, and ! have the range m 0,1,...,.M — 1,
d=0,1,...,D,and! = 0,1,..., L — 1, respectively. Then,

]

for a real constant & € (0, D + 1), we have
(19)

M-1 1
P —_— >
[HZ() 1+p‘Hl+nL|2

D 1
P —_— >k
[Z 1+ plhal|? ” ]

d=0

wherel = 0,1,..., L — 1. B
Proof: Based on Lemma 1 we have that the PDF of h; does
not depend on [, so in the following, without loss of generality,

we assume that | = 0, i.e., we only consider hy with [hg],, =
—j2amd

H?nL and Q[) with [Q()]m,d = \/% exXp ( M

Define the size (D+1) DFT ofhash £ [Hy, Hy, ..., Hp]”.
The elements in h are i.i.d. Gaussian distributed, so are the ele-
ments in h. Thus we have

>k
d=0

D 1
P - -
[Z 14 [)|hd|2

D 1
|;§1+P|Hd|2 ]

fork € (0, D + 1). So, we just need to prove that
> k] |

Following the same approach as in [18], we firstly assume that
M = (D + 1)K, where K € N In this case, hy = Qgh is
just the size-M DFT of h. Whenm = dK (d = 0,1,...,D),
we have Hy,;, = Hyrr = Hy. When m # dK, H,,1 can be
interpolated from { Hy} 7. i.e.

M—-1

1
nz::() 1+ /)lfll—‘,-nl,l2

P[ED: =P

d=0

- >
1+ p|Hg?

D 27 (D—1)
A

- 1—e7 2
Hpp = ZHd T ey

d—=0 1—e 7 i

(20)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 60, NO. 10, OCTOBER 2012

Then, following the same procedure as proving the Lemma 2 in
[18], we can prove that, for both M = (D + 1)K and M #
(D + 1)K, and any value k£ € (0, D 4+ 1), we have (19). =

Because NV is a multiple of M, the assumption M > (D +1)
implies that N > (1) + 1). Based on Lemma 3, we have the fol-
lowing theorem which shows the outage diversity of MMSE-V -
OFDM when M > (D + 1).

Theorem 3: For MMSE-V-OFDM, if M > (D + 1), the
outage diversity X MSF(R M, D, N) equals

‘out

D+1, ifR < log %
[27#M| +1, ifR > log .
2D

out

dMMSE(R M. D,N) = {

Proof: This can be proved the same way as that in Theorem

2 and Corollary 1 in [18]. ]

Since in V-OFDM, the VB size M can be a number smaller

than the channel length, in the following we consider the case

M < (D+1).1tis not a straightforward extension of the results

in [18]. The properties of the matrix Q; needs to be considered
carefully.

Lemma  4: Assume  that the channel CIR
h = [ho, Ry, - .-, h,D]T has 1ii.d. zero mean
complex Gaussian distributed elements. Define
h, = [HI;HI+L:~-~-,Hl+(Mfl)L]T = Qih, where

Q; is defined the same as that in Lemma 3, except that
M < (D 4+ 1). Assume a real constant k& € (0, M), then we
have

El = p*(LkH—l)' (22)

M1 .
P _— >
LZO 14 plHpnr]?

Proof: Similar to Lemma 3, based on Lemma 1, we only
consider [ = 0.

If(D+1)= KM and K € NV, then (D + 1) can be divided
by M and QOQOH = KT1. After the linear transformation, hg
has M i.i.d. zero mean Gaussian distributed elements. Based on
Lemma 2, we have that if & € (0, M), (22) is proven.

If (D +1) KM + S, where K € N, S € N, and
S < (M — 1), then the elements in hy are correlated and the
correlation matrix is

R;, = E [nyhi] = QE [hh?] Q¥ = Q,Qf.

The singular value decomposition of Ry is

R;, = UxU”
where U is a unitary matrix, ¥ = diag {02,0{.....0%,_;}.
and o9 > 01 > --- > oa—1. Because of the special structure
of Qp, it is not difficult to verify that oy = oy = --- = 053
and 05 = 0541 = - = o1, and T = o= T
N N N T _
Define hy = [Ho,Hl....,HAJ,l} = UHho After

the unitary transformation, the elements in flg are inde-
pendent. Because of the special structure of >, we have
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VdI(Ho) = V(n(f{l) = - = var(ﬁg,l) = 0% and
VdI(Hs) = VdI(Hl) .= le(Hw 1) = KI_{HUQ-
Define two sequences { A/ V1Y and { A7} M1 as
. I:IT,,, 0<n<S-1
H, = - ~
" VERH,, S<n<M-1,
and
H—TII/:{ B_HH 0<n<S-1
Hn, S<n<<M-1,
respectively. We can see that the elements in {H’,}M ! and

{H/YM" are i.i.d. Gaussian distributed. Based on Lemma 2,
we have

M—1

1
| = 1+ p|H]|
(M -1 1
SP —— >k
2 L+ plHn? ]
[AM—1 1 1
<p — >k
go Lt plHL 2

o (k4D = p

= p*(LkHl)

which means that

M-1 1
P —_— >
LZ_;) 1+ p|Hp|?

for k € (0, M).
So next we prove that

k] = p=(lkI+D)

M-1 1
k| =P ———= > k.
‘| [Z 1"'p|1:1—nL|2 ]

n=0
(23)

M-1 1
P — >
[Z 1+ p|Hn|?

n=0

First, define

105—‘;|Hk|2

log |H]€L|Q
log p '

and gy, = — log

Because hy = U¥hy, defining u;; = [UH];;, then Hy =
ZMA H d
n=0 UWknilpnr, an

M-1 M-1
|]¥’C|2 Z |’uk‘n‘ |I:InL|2 + Z Z ’Ukﬂlk] lLH
n=0 i=0 j=0,j7#i
2y
(24)
fork =0,1,...,M — 1. Because u;; is a constant, when u;; #
0 we have
. log |ugi|? | Hip|? . log|ugi|® +log | H;|?
lim ——————— = lim
P log p p—r oo log p
— 5 log | H;|*
= lim —————,
p—oo logp
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ie., [Ugn|?|Hnr|? = |Har|? = p~ . Regarding the second
item in the right-hand-side of (24), we define cxy = — leg‘_?‘ .
Then, (24) can be written as
M-1
|Hk|2 —dp - Z p —uy, —aA
n=0
. —in,, o, C 4 A — g (25)
A"

First of all, the A defined in (24) is real. Because the left-hand-
side of (25) is positive, if A < 0, we should have a4 >
miny, «,, which means that the second item of the right-hand
side of (25) diminishes as p — oo compared with the first item.
So, when A < 0, p=% = p~@in % When A > 0, p~ %+ =
pf min,, c,, + /)*0&4 > [)7 min,, o, . So we have

Q. < min ay,.
n

Because U is unitary, we have hy = Uflg. Following the

same procedure as above, we have
g < min Gy,.
n

Then we have

M-1 1
P —— >k

,;0 L+ p|H,|? ]
[AM—1 1

=F — >k
M-1 1

<P — >k

= nz::o 1_|_p17mmi @y ]
[AM—1 1

<P — >k

= nz::o 1 _I_pl—(l,‘,
M-1 1

<P —— >k,

- ;::0 L+ p|Hpr|? ] /

for k € (0, M). Similarly,

M—1 1
P _— >
>

n=0

M—-1 1
k| <P — > k|,
] [Zlﬂlﬂnl‘Z ]

n=0

for k € (0, M). Thus, (23) and the Lemma is proven. [
Based on Lemma 4, we have the following theorem.
Theorem 4: For MMSE-V-OFDM, if M < (D + 1), the

outage diversity order equals

Ay MSE(R, M, D, N) = [M2 %] +1,

out

regardless of the value of V.
Proof: For MMSE-V-OFDM,
P,(R.M,D,N) is
P,u(R,M,D,N)
—pP I:IAIAISE(yy xl) < R]

using (17),

M—1 1
=Pl-log| =S — V<R
g<M nz:;] 1+le+nL|2>
M-1
=P

1
— > M2
,; 1+ plHpnr|? ]
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Since R > 0, M2 F <« ]’\{[, using Lemma 4, we have
Pour(R,M,D,N) = p~(IM2771+1) "and
dMMSE(R M,D,N) = | M2~ 8] +1.

out

We can see that the diversity order is independent of V. [ |
Combining Theorem 3 and Theorem 4, we have the following
corollary.
Corollary 1: For MMSE-V-OFDM, the outage diversity
dMMSE(R M. D, N) equals
dXVSE(R,M,D,N) = min { | M2 "], D} +1,

out

(26)

regardless of the V-OFDM symbol length N .

Proof: If M > (D + 1), Theorem 3 can be rep-
resented in a compact way as d2.MSE(R M, D, N)
min { [M2 7|, D} + 1.

If M < (D + 1), because R > 0, |[M2 %] < D. So,
min {[M2%],D} +1 = [M2 %] + 1, which means (26)
is also valid for M < (D + 1). ]

The above results are for the outage diversity order. For the
diversity order based on the SER, we have the following the-
orem. It is similar to that established in [18].

Theorem 5: For MMSE-V-OFDM,
dMMSE(R M, D, N) equals

the diversity

dMMSE(R M, D,N) =min{[M2 %], D} + 1.

Proof: Using arguments similar to those in
Lemma 3 in [18], we can prove the upper bound, i.e.,
dMMSE(R M, D,N) > dMMSE(R M,D,N). Also using
similar arguments as those in Lemma 4 in [18], and noticing
the special structure of Qg, we can prove the lower bound
dMMSE(R M, D,N) < dMMSE(R M, D, N). Combining
both the upper bound and lower bound, we can prove the
theorem. ]

Compared to the results of the diversity obtained in [18]
for SC-FDE, the above results are their generalizations. For
SC-FDE, the transmission block length L in [18] has to be
more than the channel length D + 1, while the VB size M in

this paper can be smaller than D + 1.

C. Outage and Ser Analysis For ZF-V-OFDM

If ZF receiver is used for V-OFDM, the diversity order only
equals 1. This is summarized in the following theorem.
Theorem 6: For ZF-V-OFDM, the diversity order
d?¥(R,M,D,N) = 1.
Proof: Substituting (14) into P,.,;(R, M, D, N)(18) and
following the same procedure as that used in [18] to prove the
Theorem 4, we can show that d25 (R, M, D, N) = 1. Similarly,

‘out
we can show that dZ¥ (R, M, D, N) = 1. ]

VI. SIMULATION RESULTS

In this section, we do simulations to validate the analysis. In
all the simulations, we assume that the V-OFDM symbol length
N = 1024, the CP length P = 128, and the channel CIR is
a length D + 1 vector which has i.i.d. complex Gaussian dis-
tributed elements. For all the SER plots, the system is uncoded.
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The Increase of the Detection SNR Gap with M at Different D
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Fig. 2. Increase of the detection SNR gap at p — o with M at different D.
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Fig.3. MMSE-V-OFDM SER performance of different VBsat M = 64, D =
2 and 16QAM.

R = 2, 4, and 6 represent QPSK, 16QAM, and 64QAM, re-
spectively.

zf

A. The Increase of the Detection SNR Gap Ew, [p]*"*° — p;’]

With the VB Size m,
MMSE ZF]

In Fig. 2, the value Ey, [p; — p;"] is plotted versus
M at different channel lengths D. From the plot, we can clearly
see that the gain of the MMSE-V-OFDM over the ZF-V-OFDM
increases monotonically with the VB size M. Also, as D in-
creases, the gain increases as well. Please note that this detec-
tion SNR gap cannot be simply mapped to the SNR gap in the
SER versus SNR curves below, where in the SER versus SNR
curves the gap is between the channel SNRs.

B. The Equal Performance of Different VBs

To verify Theorem 2, Fig. 3 plots the SER versus SNR for
different VBs when MMSE-V-OFDM is used. The parameters
assumed in the plots are: (2, M) = (4,64), and D = 2. In

this case, there are totally L = & = 12?14 = 16 VBs. In the

M =
figure, we plot 16 curves. The equal performance can be clearly

seen from the overlaps of the curves for different VBs. Also, it
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MMSE-V-0OFDM OQutage Rate at Different
M and R with D=32
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Fig. 4. MMSE-V-OFDM outage rate at different R and M with D = 32.

100 MMSE-V-OFDM SER at Different M and R with D=32
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Fig. 5. MMSE-V-OFDM SER at different f2 and M with D = 32.

is worth noticing that for ML-V-OFDM, due to the complexity,
it is difficult to run simulation for large M, while for MMSE-V-
OFDM, we can get the simulation results for large M easily. For
ZF-V-OFDM, we have similar results.

C. The MMSE-V-OFDM Diversity Order

Figs. 4 and 5 show the MMSE-V-OFDM outage rate P,,;
and SER at D = 32 for different M and . For all the cases
in Figs. 4 and 5, |[M2~ %] < D. According to Corollary 1 and
Theorem 5, the diversity order equals d2/MSE = gMMSE
|M278| + 1. When (R, M) = (2,4), (R,M) = (4,16),
and (R, M) = (6,64), the diversity orders are the same, i.e.,
dMMSE — gMMSE — 9 This can be clearly seen from the
slopes of the curves for these three cases from Figs. 4 and 5.
Comparing the cases (R, M) = (2,4) and (R, M) = (2,64)
and the cases (R, M) = (4,16) and (R, M) = (4,64) in
both Figs. 4 and 5, we can see the increase of the diversity
order with M. Also, comparing the cases (R, M) = (2,64),
(R, M) = (4,64), and (R, M) = (6,64), we can see the de-
crease of the diversity order with I2.
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MMSE-VY-OFDM Outage Rate at Different D with M=16 and R=4
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Fig. 6. MMSE-V-OFDM outage rate at different  with A = 16 and 2 = 4.
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Fig. 7. MMSE-V-OFDM outage rate at different M with D = 2 and R = 4.

Fig. 6 compares the outage rate at different CIR length D + 1
with (R, M) = (4,16), in this case |M2~#| = 1. From the
plot we can see that, when D) = 0, the diversity order is limited
by the channel, and is only 1. When D is increased from 0 to
1, the slope of the curve changes. When D is greater than 1,
the diversity order is limited by I and M, and we can only see
a small shift of the curve and the slope does not change. This
matches with the theoretical analysis.

Fig. 7 compares the outage rate at different M with R = 4
and D = 2. When M = 1,2,4,8, |[M2~#] = 0 and the
diversity order is limited by M and I2. And the curves show the
same slope for these cases. When M = 16 and 32, |[M2~ | =
1 and 2, respectively. From the curves we can see the increase of
the slope for these two cases. When M = 64, | M2~ | = 4and
the diversity order is limited by D. So, the diversity order still
equals 2. From the curve we can see the same slope of the cases
M = 32 and M = 64. This verifies the theoretical analysis.

Fig. 8 compares the SER of ML-V-OFDM and MMSE-V-
OFDM at different M with @ = 2 and D = 32. For ML-V-
OFDM, when M increases from 1 to 4, the diversity order of
the majority of the VBs increases [12], [16] [17], and the perfor-
mance increase can be seen from Fig. 8. For MMSE-V-OFDM,
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Fig. 8. SER of ML-V-OFDM versus MMSE-V-OFDM at different A with
D =32and R = 2.

ZF-V-0OFDM Outage Rate at Different M with D=32 and R=4
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Fig. 9. ZF-V-OFDM outage rate at different M .

we simulate the cases M = 4 and M = 16. When MMSE-V-
OFDM is at M = 4, the diversity order equals 2. From Fig. 8,
we can see that its performance is more close to the ML-V-
OFDM at M = 2, whose majority of the VBs have diversity
order of 2. When MMSE-V-OFDM is at M = 16, the diversity
order equals 5. From Fig. 8, we can see that when SNR is high,
MMSE-V-OFDM with M = 16 outperforms ML-V-OFDM
with M = 4 whose majority of the VBs have diversity order
of 4. These confirm the theoretical analysis in the paper.

D. The ZF-V-OFDM Diversity Order

Fig. 9 shows the outage rate of ZF-V-OFDM at different M
with D = 32 and @ = 4. We can see that ZF-V-OFDM does
not provide any diversity gain.

Fig. 10 compares the SER performance of conventional
OFDM (i.e., V-OFDM with M = 1) MMSE-V-OFDM and
ZF-V-OFDM at different M, with D 32 and R = 4.
From the plot, we can see that, when M is increasing, the
ZF-V-OFDM does not have any diversity gain, and it is equiv-
alent to the conventional OFDM at high SNR. In comparison,
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SER at Different M with R=4 and D=32
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Fig. 10. SER comparison between conventional OFDM, MMSE-V-OFDM
and ZF-V-OFDM.

for MMSE-V-OFDM, when M = 16 and 64, |[M2 f] =1
and 4, and the diversity order equals 2 and 5, respectively.
From the plot, we can clearly see the better performance of
MMSE-V-OFDM.

VII. CONCLUSIONS

In this paper, we analyzed the performance of V-OFDM
with MMSE and ZF receivers. We showed that for both
ZF-V-OFDM and MMSE-V-OFDM, all the VBs have the
same performance. This is different from ML-V-OFDM. Also,
different from ML-V-OFDM, the complexity of ZF-V-OFDM
and MMSE-V-OFDM does not increase with the size of
VB. With simply more information about the noise variance,
MMSE-V-OFDM has better performance than ZF-V-OFDM
and can provide diversity gain when the VB size increases. We
analyzed the diversity orders for MMSE-V-OFDM. Also, we
showed that ZF-V-OFDM does not provide any diversity gain.
Due to the controllable PAPR and controllable performance,
V-OFDM is a promising practical transmission scheme. From
the analysis of the paper, we can see that MMSE-V-OFDM
could be more promising than ML-V-OFDM and ZF-V-OFDM
in terms of the complexity and performance tradeoff.

APPENDIX A
DERIVATION OF (11)
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APPENDIX B
PROOF OF THEOREM 1

Proof: Using (8), p#¥" can be written as

pit = P
o [arm)

m,m

Since the diagonal elements of (H' H;) ! the right-hand-side
of the above does not depend on 7. Using h; , and H; ,,,, plZ£
can also be written as

pit =p
x (bl by — Bfl, He (B H) B by ] @)

Similarly, Using (11), pj”MS £ can be written as
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Do SVD Ole,NL) i.e., Hl,m = Ul,mAl,mVH

I.m» and substitute
it into the above equation, we have
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So, as p increases, p; [)lZ " also increases, and

: MMSE ZF H —2y1H
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Using the repres%&g&on of (27) and (28), it is not difficult to see
that liHl/] — o  ZF - — 1.

Since the left-hand side of the above equation is independent
of m, the right-hand side is also independent of 2. [ |
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