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ABSTRACT. In this paper we prove that a ¢-recurrent N (k)-contact met-
ric manifold is an n-Einstein manifold with constant coefficients. Next,
we prove that a 3-dimensional ¢-recurrent N (k)-contact metric manifold
is of constant curvature. The existence of a ¢-recurrent N (k)-contact
metric manifold is also proved.

1. Introduction

The notion of local symmetry of a Riemannian manifold has been weakend
by many authors in several ways to a different extent. As a weaker version of
local symmetry, T.Takahashi [1] introduced the notion of local ¢-symmetry
on a Sasakian manifold. Generalizing the notion of local ¢-symmetry, one of
the authors, De, [2] introduced the notion of ¢-recurrent Sasakian manifold.
In the context of contact geometry the notion of ¢-symmetry is introduced
and studied by Boeckx, Bueken and Vanhecke [3] with several examples.

In the present paper we study ¢-recurrent N (k)-contact metric manifold

which generalizes the result of De, Shaikh and Biswas [2]. The paper is
organized as follows:
Section 2 contains necessary details about contact metric manifolds, some
preliminaries and a brief account of (k, ) manifolds and the basic results.
In Section 3, it is proved that a ¢-recurrent N (k)-contact metric manifold
is a special type of n-Einstein manifold. Also it is shown that the charac-
teristic vector field of the NV (k)-contact metric manifold and the vector field
associated to the 1-form of recurrence are co-directional. In Section 4, it
is also proved that a 3-dimensional ¢-recurrent N (k)-contact metric mani-
fold is of constant curvature. The last section provides the existence of the
¢-recurrent N (k)-contact metric manifold by an example which is neither
symmetric nor locally ¢-symmetric.
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2. Contact Metric Manifolds

A (2n+1)-dimensional manifold M2 is said to admit an almost contact
structure if it admits a tensor field ¢ of type (1,1), a vector field £ and a
1-form n satisfying
(2.1)

(a) ¢*=-T+n®& (b) ) =1 () ¢£=0, (d nop=0.

An almost contact metric structure is said to be normal if the induced
almost complex structure J on the product manifold M 2"+ x R defined by

d

T F5) = (6X — fen(X) %)

is integrable, where X is tangent to M, t is the coordinate of R and f is a
smooth function on M x R. Let g be a compatible Riemannian metric with
almost contact structure (¢,&,n), that is,

(2.2) 9(@X,0Y) = g(X,Y) —n(X)n(Y).

Then M becomes an almost contact metric manifold equipped with an al-
most contact metric structure (¢,&,n,g). From (2.1) it can be easily seen
that

(2.3) (a)g(X,9Y) = —g(¢X,Y), (b)g(X, ) = n(X),

for all vector fields X, Y. An almost contact metric structure becomes a
contact metric structure if

(2.4) 9(X,9Y) = dn(X,Y),

for all vector fields X, Y. The 1-form 7 is then a contact form and £ is its
characterstic vector field. We define a (1,1) tensor field h by h = %f ¢®,
where £ denotes the Lie-differentiation. Then h is symmetric and satisfies
h¢ = —ph. We have Tr.h = Tr.¢oh = 0 and hé = 0. Also,

(2.5) Vxé = —¢X — ¢hX,

holds in a contact metric manifold. A normal contact metric manifold is a
Sasakian manifold. An almost contact metric manifold is Sasakian if and
only if

(2.6) (Vxo)(YV) =g(X,Y)E —n(Y)X, XY cTM,

where V is the Levi-Civita connection of the Riemannian metric g. A contact
metric manifold M?2" (¢, £, 7, g) for which € is a Killing vector is said to be
a K-contact manifold. A Sasakian manifold is K-contact but not conversely.
However a 3-dimensional K-contact manifold is Sasakian [4]. It is well known
that the tangent sphere bundle of a flat Riemannian manifold admits a
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contact metric structure satisfying R(X,Y )¢ = 0 ([5]). On the other hand,
on a Sasakian manifold the following holds:

(2.7) R(X,Y)E = n(Y)X = n(X)Y.

As a generalization of both R(X,Y )¢ = 0 and the Sasakian case; D. Blair,
T. Koufogiorgos and B. J. Papantoniou [6] considered the (k, u)-nullity con-
dition on a contact metric manifold and gave several reasons for studying it.
The (k, p)-nullity distribution N (k, u) ([6], [7]) of a contact metric manifold
M is defined by

N(k,p) : p — Nyp(k, p)
— (W € T,M : R(X,Y)W = (kI + uh)(g(Y, W)X — g(X,W)Y)},

for all X,Y € TM, where (k,1) € R?. A contact metric manifold M?7+!
with ¢ € N(k,p) is called a (k,p)-manifold. In particular on a (k,p)-
manifold, we have

(2.8) R(X,Y)E = kn(Y)X = n(X)Y] + p[n(Y)hX —n(X)hY].

On a (k,p)-manifold £ < 1. If k = 1, the structure is Sasakian (h = 0
and p is indeterminant) and if k£ < 1, the (k, u)-nullity condition determines
the curvature of M?"*! completely [6]. Infact, for a (k,u)-manifold, the
condition of being a Sasakian manifold, a K-contact manifold, £k = 1 and
h = 0 are all equivalent.

In a (k, p)-manifold the following relations hold ([6], [8]):

(2.9) h? = (k—1)¢? k<1,

(2.10) (Vx@)(Y) = g(X +hX,Y)§ —n(Y)(X + hX),

(211)  R(&X)Y =k[g(X,Y)§ —n(Y)X] + plg(hX,Y)E — n(Y)hX],
(2.12) S(X, &) = 2nkn(X),

(2.13) S(X,Y)=2(n—1) —nulg(X,Y) +[2(n — 1) + p]g(hX,Y)
+[2(1 = n) + 02k + w)n(X)n(Y), n=>1,

(2.14) r=2n(2n—2+k—np),

(2.15)  S(¢X,0Y) = S(X,Y) — 2nkn(X)n(Y) — 2(2n — 2+ p)g(hX,Y),

where S is the Ricci tensor of type (0,2), @ is the Ricci-operator, that is,
9(QX,Y) = S(X,Y) and r is the scalar curvature of the manifold. From
(2.5), it follows that

(2.16) (Vxn)(Y) = g(X + hX,¢Y).
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Also in a (k, p)-manifold

(217)  n(R(X,Y)Z) = k[g(Y,Z)n(X) —g(X, Z)n(Y)]
+ulg(hY, Z)n(X) — g(hX, Z)n(Y)]

holds.
The k-nullity distribution N (k) of a Riemannian manifold M [9] is defined
by

N(k):p— Ny(k) ={Z € T,M : R(X,Y)Z = g(Y, Z2)X — g(X, Z)Y},

k being a constant. If the characterstic vector field £ € N(k), then we call
a contact metric manifold an N (k)-contact metric manifold [10]. If £ = 1,
then N (k)-contact metric manifold is Sasakian and if & = 0, then N(k)-
contact metric manifold is locally isometric to the product E™*1 x S"(4) for
n > 1 and flat for n = 1. If k < 1, the scalar curvature is r = 2n(2n —2+k).
If u = 0, then a (k, u)-contact metric manifold reduces to a N (k)-contact
metric manifold.

In [11], N(k)-contact metric manifold were studied in some detail. For
more details we reffer to [12] [13].

In N (k)-contact metric manifold the following relations hold:

(2.18) h? = (k—1)¢*, k<1,

(2.19) (Vx¢)(V) = g(X +hX,Y)E —n(Y)(X + hX),
(2.20) R(&, X)Y = k[g(X,Y )¢ —n(Y)X],

(2.21) S(X,€) = 2nkn(X),

(2.22) S(X,Y) =2(n—1)g(X,Y) +2(n— 1)g(hX,Y)
(2.23) + 201 —n) + 20kIn(X)n(Y), n>1,
(2.24) r=2n(2n —2+k),

(225)  S(6X,0Y) = S(X,Y) — 2nkn(X)n(Y) — 4(n — 1)g(hX,Y),
(2.26) (Vxn)(Y) = g(X + hX, ¢Y),
(2.27) R(X,Y){ = k[n(Y)X — n(X)Y],

(2.28) n(R(X,Y)Z) = klg(Y, Z2)n(X) — g(X, Z)n(Y)].
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3. ¢-recurrent N (k)-contact metric manifolds

Definition 1. ([1]) A Sasakian manifold is said to be locally ¢-symmetric
if the relation

¢*(VwR)(X,Y)Z) =0
holds for all vector fields X, Y, Z, W orthogonal to &.

Definition 2. ([2]) A N(k)-contact metric manifold is said to be ¢-recurrent
if and only if there exists a non-zero 1-form A such that

(3.1) #*(VwR)(X,Y)Z) = AW)R(X,Y)Z,

for all vector fields X, Y, Z, W. Here X, Y, Z, W are arbitary vector fields
which are not necessarily orthogonal to &.

If the 1-form A vanishes identically, then the manifold is said to be a
locally ¢-symmetric manifold.

Definition 3. ([6]) A contact manifold is said to be n-Einstein if the Ricci
tensor S of type (0,2) satisfies the condition

(3.2) S(X,Y) =ag(X,Y) + bn(X)n(Y),
where a and b are smooth funtions on M?2"+1,

Now we prove the main theorem of the paper.

Theorem 3.1. A ¢-recurrent N (k)-contact metric manifold is an n-FEinstein
manifold with constant coefficients.

Proof. By virtue of (2.1)(a) and (3.1) we have
33) —(VwR)(X,Y)Z +n(VwR)(X,Y)Z){ = A(W)R(X,Y)Z,
from which it follows that
(3.4) —9(VwR)(X,Y)Z,U) + n((Vw R)(X,Y)Z)n(U)
= AW)g(R(X,Y)Z,U).

Let {e;}, 1 = 1,2,3,...... ,2n + 1, be an orthonormal basis of the tangent
space at any point of the manifold. Putting X = U = {e;} in (3.4) and
taking summation over 7, 1 <17 < 2n + 1, we get

2n+1

(35)  —(VwS)(Y.2)+ Y n(VwR)(ei,Y)Z)n(e) = AW)S(Y, Z).
i=1

The second term of (3.5) by putting Z = ¢ takes the form

g((VwR)(e;, Y)E,€)g(e;, &), which is denoted by E. In this case F vanishes.
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Namely we have
at p € M. Using (2.3)(b) and (2.27) we obtain
g(R(ei, VwY)E, ) = gk[n(VwY)e; —nle;) VY], §)
= kln(VwY)n(e) —n(e)n(VwY)] = 0.
Thus we obtain
9(VwR)(e;,Y)E, &) = g(Vw R(ei, Y)E, &) — g(R(e;, Y)VwéE, €).
In virtue of g(R(e;, Y)E, &) = g(R(§,€)ei, Y) = 0, we have
g<vWR(€Za Y)E? 5) + g(R(ela Y)ga vW&) = 07 since (ng) = 07
which implies
Using (2.5) and applying skew-symmetry of R we get
9(Vw R)(ei, Y)§, )
= g(R(ei, Y)S, oW + ohW) + g(R(es, Y) (oW + ohW), &)
= g(R(oW + ohW, &)Y, €;) + g(R(§, oW + 9hW)Y ;).

Hence we obtain
2n+1

P=) [gm(cﬁw RO, ei)g(Erer)

+ g(R(&, oW + 9hW)Y, €;)g(&, €;)

—g(ROW + ShW, €)Y, €) + g(R(E, oW + hW)Y, €) = 0.
Replacing Z by £ in (3.5) and using (2.21) we have
(3.6) —(VwS)(Y,§) = 2nkA(W)n(Y).
Now we have

(VwS)(Y,§) = VwS(Y,§) — S(VwY,§) — S(Y, Vwé).
Using (2.21) and (2.5) in the above relation, it follows that
(3.7) (VwS)(Y,€) =2nk(Vwn)(Y) + S(Y, oW + ohW).
In virtue of (3.7), (2.26) and (2.3)(a) we get
(3.8) (Vi S)(Y, &) = —2nkg(e¢W + ¢hW,Y) + S(Y, oW + ¢ohW).



ON ®-RECURRENT N (k)-CONTACT METRIC MANIFOLDS 107

By (3.6) and (3.8) we have
(3.9)  2nkg(¢W + ShW.,Y) — S(Y, oW + phW) = 20k A(W)y(Y).
Replacing Y by ¢Y in (3.9) and using (2.1)(d), (2.2), (2.25) we get
2nkg(oW + ¢hW , YY) — S(¢Y, oW + ¢hW) =0
or,
2nklg(W + AW,Y) —n(W + hW)n(Y)] — S(Y,W + hWW)
+2nkn(W + hW)n(Y) + 4(n — Dg(hY,W + hW) =0
or,
2nkg(Y, W) + 2nkg(Y,hW) — S(Y,W) — S(Y,hW)
+4(n — Dg(Y,hW) +4(n — 1)g(Y,R*W) =0
since, g(X,hY) = g(hX,Y). Now by (2.23), (2.18) and (2.1)(a) this implies
S(Y, W)+ S(Y,hW) = 2nkg(Y,W)+ 2nk + 4(n — 1)]g(Y, hIV)
+4(n =1k = Dg(Y, =W +n(W)¢)
or,

SY,W)+2(n—1)g(Y,hW) —2(n —1)(k — 1)g(Y, W)
+2(n — 1)(k = L)n(Y)n(W) = [2nk — 4(n — 1)(k — 1)]g(Y, W)
+[2nk +4(n — 1)]g(Y,hW) +4(n — 1)(k — D)n(Y )n(W),

which implies,

SY,W)=2n+k—-1)g(Y,W)
+2(nk+n—1)g(Y,hW) +2(n — 1)(k — D)n(Y)n(W).

Replacing W by hW and using (2.23), (2.18) and (2.1)(a) we get from (3.10)
—2kg(Y,hW) = =2nk(k — 1)g(Y, W) + 2nk(k — 1)n(Y )n(W).
Since we may assume that k # 0, this implies
(A1) g(V,hW) = n(k — Dg(Y, W) — n(k — Dn(¥ )n(W).
From (3.10) and (3.11) we get
SY,W) = 2[(n+k—1)4+nk—1)(nk+n-—1)g(Y,W)
+ 2[(n—1)(k—1)—nk—1)(nk+n—1)n¥Y)n(W)

(3.10)

(3.12) SY, W) =ag(Y, W)+ bn(Y )n(W),
where a =2[(n+k—1)+n(k—1)(nk+n—-1),b=2[(n—1)(k—1) —n(k—

1)(nk+mn—1)] are constant. So, the manifold is an n-Einstein manifold with
constant coefficients. Hence the theorem is proved. [
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Now, from (3.3) we have
(3.13) (VwR)(X,Y)Z = n(VwR)(X,Y)Z)é — AW)R(X,Y)Z.
From (3.13) and the second Bianchi identity we get
(3.14) AW)nN(R(X,Y)Z)+ AX)n(R(Y,W)Z) + AY )n(R(W,X)Z) = 0.
Using (2.28), we get from (3.14)
(3.15)  HAW)(g(Y, Z)n(X) — (X, Z)1(¥)) + ACX)(g(W, Z)n(Y)
—9(Y, Z)n(W)) + A(Y)(9(X; Z)n(W) = g(W, Z)n(X))] = 0.

Putting Y = Z = {e;} in (3.15) and taking summation over i, 1 <i < 2n-+1,
we get

k(2n — DIAW)n(X) — A(X)n(W)] = 0,
which implies that

(3.16) AW)n(X) = A(X)(W).
Replacing X by £ in (3.16), it follows that
(3.17) AW) = n(p)n(W),

for any vector field W, where A(§) = g(§, p) = n(p), p being the vector field
associated to the 1-form A, that is, g(X,p) = A(X). Hence we can state
the following theorem:

Theorem 3.2. In a ¢-recurrent N (k)-contact metric manifold (M?*"+1, g),
n > 1, the charaterstic vector field & and the vector field p associated to the
1-form A are co-directional and the 1-form A is given by (3.17).
4. 3-dimensional ¢-recurrent N (k)-contact metric manifolds
In a 3-dimensional Riemannian manifold we have
r
where @ is the Ricci-operator, that is, g(QX,Y) = S(X,Y) and r is the

scalar curvature of the manifold. Now putting Z = £ in (4.1) and using
(2.3)(b) and (2.21), we get

(42) RX,Y)¢ = n)QX —n(X)QY
F2K[(Y)X (O] + SIn(X)Y = n(Y)X].
Using (2.27) in (4.2), we have

(4.3) (k= 5)I(Y)X = n(X)Y] = n(X)QY — n(Y)QX.
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Puting Y = ¢ in (4.3) and using (2.21), we get
(4.4) QX = (5 — )X + (3k = S)n(X)e.
Therefore, it follows from (4.4) that
(4.5) S(X.Y) = (5 = K)g(X,Y) + (3k — 5)n(X)n(Y).
Thus from (4.1), (4.4) and (4.5), we get
(46)  RX.Y)Z = (5-2B)[g(Y,2)X — g(X,2)Y]

+(3k = )9V ZIn(X)E — 9(X, Z)n(¥ )¢

+n(Y)n(Z2)X —n(X)n(2)Y].

Taking the covariant differentiation to the both sides of the equation (4.6),
we get

47)  (VwR)(X,Y)Z = (Y, 2)X = g(X, 2)Y — g(Y, Z)n(X)¢

+9(X, Z)n(Y)E —n(Y)n(2)X +n(X)n(2)Y]

+ (3k = 3)g(Y, 2)n(X) = g(X, Z)n(Y)| Vs
+ 3k = Z)(Y)X = n(COY)(Twn)(2)
+ 3k = D)9(Y, 2)€ — n(Z2)Y](Vwn)(X)

~ (3k = 5)l9(X. 2)§ = n(Z)X)(Vwn)(V),

Noting that we may assume that all vector fields X, Y, Z, W are orthogonal
to £ and using (2.1)(b), we get

(VwR)(X,Y)Z = Wg(V, 2)X — g(X, Z)Y]
+(3k — 5)[g(Y, 2)(Vwn)(X) — g(X, Z)(Vwn) (V)&

.8) and using (2.1)(a) and (2.1)(c), we

(4.8)

Applying ¢? to the both sides of (
get

@) FEwrxy)z="

l9(X, 2)Y —g(Y, 2)X].

By (3.1) the equation (4.9) reduces to

(4.10) AWIR(X, vz = T0V)

l9(X, 2)Y —g(Y, Z)X].
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Putting W = {e;}, where {e;}, i = 1,2,3, is an orthonormal basis of the
tangent space at any point of the manifold and taking summation over 4,
1 <4 < 3, we obtain

where \ = ;:‘((Z)) is a scalar, since A is a non-zero 1-form. Then by Schur’s

theorem A will be a constant on the manifold. Therefore, M3 is of constant
curvature A\. Thus we get the following theorem:

Theorem 4.1. A 3-dimensional ¢-recurrent N (k)-contact metric manifold
s of constant curvature.

5. Existence of ¢-recurrent N (k)-contact metric manifolds

In this section we give an example of ¢-recurrent N (k)-contact metric
manifold which is neither symmetric nor locally ¢-symmetric. We take the
3-dimensional manifold M = {(x,y,z) € R3: x # 0}, where (z,y, z) are the
standard coordinates in R3.Let {E1, Eo, E3} be linearly independent global
frame on M given by

20 . L0 409 0
Tzoy T T0r  xoy Y9:7 37 a2
Let g be the Riemannian metric defined by
9(E1, E3) = g(E2, E3) = g(E1, E2) =0,
g(ElaEl) - Q(E2;E2) :g(E37E3) = 1.
Let n be the 1-form defined by n(U) = g(U, E3) for any U € x(M).Let ¢ be
the (1,1) tensor field defined by ¢E1 = FEs, ¢Fy = —F1, ¢E3 = 0. Then
using the linearity of ¢ and g we have n(E3) = 1, ¢*U = —U + n(U)Ej3
and g(oU,oW) = g(U,W) —n(U)n(W) for any U,W € x(M). Moreover
hEy = —E1, hEy = FEy and hE3 = 0. Thus for E5 = &, (¢,£,7n,9) defines
a contact metric structure on M. Hence we have [Eq, Es] = 2E3 + %El,
[Ela E3] - Oa [E27E3] - 2E1
The Riemannian connection V of the metric g is given by
_g(X7 [Ya Z]) o g(Y7 [Xa Z]) + g(Z7 [Xv Y])
Taking F3 = £ and using the above formula for Riemannian metric g, it can
be easily calculated that

Eq

2
Vi By =0, VB3 =2E1, VB3 =0, VgEi=0, Vg Er=—E,

2
VE?El = _2E37 VE2E2 = 07 vESEQ = 07 vE‘1E1 = _;EQ



ON ®-RECURRENT N (k)-CONTACT METRIC MANIFOLDS 111

From the above it can be easily seen that (¢, &, 7, g) is a N (k)-contact metric
manifold with k = —2 3 0.

Using the above relations, we can easily calculate the non-vanishing com-
ponents of the curvature tensor as follows:

4 4
R(Ey, E3)Ey = ——E, R(Es, E3)Ey = B2
and the components which can be obtained from these by symmetry prop-
erty. We shall now show that in such a N(k)-contact metric manifold the
curvature tensor R is ¢-recurrent. Since {E1, Es, B3} form a basis of M3,
any vector field X € x(M) can be taken as

X =a1Ey + asEy + aszFEs

where a; € RT (= the set of all positive real numbers),i = 1,2,3. Thus the
covariant derivatives of the curvature tensor are given by

8a
(VxR)(Ez, E3)Ey = ——5 o,
8a
(VxR)(Ep, E3)Ey = —3 By,
Let us now consider the non-vanishing 1-form A(X) = 2%, at any point
p € M. In our M3, (2.1) reduces with the 1-form to the following equations:
(5.1) ¢*((VxR)(Ey, E3)E1) = A(X)R(Es, E3)E1,
(5.2) $*((VxR)(Ey, E3)Ey) = A(X)R(Es, E3)Es.

This implies that the manifold under consideration is a ¢-recurrent N (k)-
contact metric manifold, which is neither symmetric nor locally ¢-symmetric.
So, we can state the following;:

Theorem 5.1. There exists a ¢-recurrent N(k)-contact metric manifold,
which is neither symmetric nor locally ¢-symmetric.
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