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ON PINCHING DEFORMATIONS OF RATIONAL MAPS

BY LEI TAN

ABSTRACT. – We introduce the notion of thedynamical lengthof an invariant arc of a rational mapR.
A pinching deformationis a sequence of topological deformations ofR such that the corresponding
dynamical length shrinks to zero. We show that if the sequence converges to a rational map then the
spherical diameter of the corresponding arc also shrinks to zero. We use this result to show that if the
grand orbits of the closure of finitely many such arcs separate the Julia set, the deformations ofR diverge.
This is a generalization of a result stated by P. Makienko but with a different approach. We also present a
rich collection of examples.

 2002 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Nous introduisons la notion delongueur dynamiqued’un arc invariant par une fraction
rationnelleR. Unedéformation pincéeest une suite de déformations topologiques deR qui contracte les
longueurs dynamiques correspondantes jusqu’à zéro. On montre que si la suite converge à une fraction
rationnelle, le diamètre sphérique des arcs correspondants tend également vers zéro. Nous utilisons ce
résultat pour montrer que, si l’orbite inverse de l’adhérence d’un nombre fini de tels arcs sépare l’ensemble
de Julia, la suite des déformations diverge. Ceci est une forme plus générale d’un résultat énoncé par
P. Makienko, mais avec une approche différente. Nous présentons également une large classe d’exemples
divers.

 2002 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

Pinching deformations for rational maps were first introduced by P. Makienko from the
analogy of Kleinian groups. A recent paper of his [5] states a result (part of Theorem A)
about divergence of such deformations, together with many interesting applications. This result,
however, relies on two intermediate statements, the proofs of which seem incomplete (see
Appendix A below). We present here a generalization of it, from a different approach. Our
method is based upon C. Petersen proof of a similar result [9].

We start with a

DEFINITION (Dynamical length of an invariant set). – For a mapR, we say that a setγ is
R-invariant if R(γ)⊂ γ. If furthermoreγ ⊂ V ⊂C, with V a hyperbolic open set, we define the
dynamical lengthlV (γ,R) relative toV to be

lV (γ,R) = sup
z∈γ

dV
(
z,R(z)

)
,

wheredV denotes the hyperbolic metric onV . Note that ifV ′ ⊃ V , lV ′(γ,R)� lV (γ,R) by the
Schwarz Lemma. For explicit examples see the next definition.
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354 L. TAN

Denote bydiamσ the spherical diameter. In the following we will always assume thatγ is
connected. One of our central topics here is to relatelV (γ,R) to diamσ(γ). Roughly speaking,
we will show that forR a degree> 1 rational map andRn a sequence of rational maps
topologically conjugate toR with hn as conjugacy such thatlhn(V )(hn(γ),Rn)→ 0, if Rn
converges uniformly thendiamσ(hn(γ))→ 0. We will start with a concrete construction of such
pairs(hn,Rn), namely pinching deformations ofR. Our definition is slightly more general than
that of Makienko [5].

DEFINITION (The model system). – For l > 0, let Bl denote the horizontal strip{x + iy |
|y|< π

2l}, andTσ denote the translationz �→ z + σ. We consider the couple(Bl, Tσ) as a model
dynamical system, withR as the central line. For the system(Bl0 , T1), and for anyz ∈ R, the
distancedBl0

(z, T1(z)) coincides with the hyperbolic length of the segment[z, T1(z)], and is
exactly l0 (see for example McMullen [6], p. 12). ThereforelBl0

(R, T1) = l0. More generally
lBl0

(R, Tl/l0) = l.

DEFINITION (The pinching model). – For l0 > 0 and t ∈ [0,1[, let t �→ lt be a decreasing
continuous function tending to0 ast→ 1−, and choose a quasi-conformal mapSt :Bl0 → Bl0
such thatSt(z) is aC1-function of(t, z),St(R) =R andSt conjugates(Bl0 , T1) to (Bl0 , Tlt/l0).
As t→ 1−, lt = lBl0

(R, Tl/l0)→ 0 and the quasi-conformal constant ofSt tends to∞.

(Although the concrete form ofSt(z) is not relevant for the purpose of this work, one should
keep in mind that a more careful choice of it may be important for further studies.)

DEFINITION (Admissible pair). – LetR :C→ C be a rational map andk ∈ N. An open arc
γ ⊂C (i.e. a continuous and injective image of the segment(0,1)) together with a neighborhood
U of it, is calledRk-admissible, if:

1. Rk(γ) = γ, Rk(U) = U , Rk|U is univalent andU,R(U), . . . ,Rk−1(U) are mutually
disjoint (note thatU cannot contain critical points but may contain points in their forward orbits).

2. There is a conformal normalizationΦ: (U,γ,Rk)→ (Bl0 ,R, T1) for somel0 > 0, in other
words there exists an analytic homeomorphismΦ:U → Bl0 mappingγ onto R and satisfying
Φ ◦Rk|U = T1 ◦Φ|U .

ThusU is anRk-invariant strip withγ as the central line. We havelU (γ,Rk) = l0, and
it coincides with the hyperbolic length (relative toU ) of the sub-arc inγ between a pointz
andRk(z).

Examples of admissible pairs can be obtained, as in [5], by lifting suitable geodesics with
collar neighborhoods in the quotient Riemann surface ofR, or, as in [9], by projecting lines and
strips in the logarithmic linearizing coordinates of an attracting point, or in the Fatou coordinate
of a parabolic point. Details and further examples can be found in §5–7 below, including an
example withγ containing postcritical points.

A more concrete example can be given for the mapz2 + c with 0 < c < 1/4, with γ the real
segment between the two fixed points, andU a suitable neighborhood ofγ, symmetric with
respect toR.

DEFINITION (Pinching). – Let (γ,U) be anRk-admissible pair. Fix a choice ofSt on Bl0 .
Denote byEt|U the pulled back ellipse field of the circle field onBl0 by St ◦ Φ. With the
help of R it generates an invariant ellipse fieldEt of R, conformal outside the grand orbit
of U . Choose a quasi-conformal mapϕt : (C,Et)→ C integratingEt (given by Ahlfors–Bers
Theorem), and setRt = ϕt ◦R ◦ϕ−1

t . We call(ϕt,Rt)t∈[0,1) apath of pinching deformationsof
R along(γ,U). Note that ifϕt is replaced byHt ◦ ϕt, with Ht a Möbius transformation, then
Rt is replaced byHt ◦Rt ◦H−1

t .
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ON PINCHING DEFORMATIONS OF RATIONAL MAPS 355

Remark1. – For a path of pinching deformations the pair(γt,Ut) := (ϕt(γ), ϕt(U)) is
Rkt -admissible andϕt shrinks the corresponding dynamical length to0, in other words

lUt(γt,R
k
t ) = lt→ 0 ast→ 1.

This is because the composition of the following mappingsUt
ϕ−1

t−→ U
Φ−→ Bl0

St−→ Bl0 is
conformal, mappingγt to R and conjugatingRkt to Tlt/l0 . As U is contained in the Fatou
setF (R), we have alsolF (Rt)(γt,R

k
t )→ 0. Moreover, for any fixedt, the dynamical length

lUt(γt,Rkt ) remains unchanged if the couple(ϕt,Rt) is replaced by(Ht ◦ ϕt,Ht ◦Rt ◦H−1
t ).

DEFINITION (Pinching deformations along an admissible set). – More generally, we call an
admissible setfor a rational mapR, a collection of finitely many admissible pairs{(γi,Ui),
i= 1, . . . , ν} such that the orbits of distinctUi’s are disjoint. We can then define on eachUi the
pulled back ellipse field by the correspondingSi,t ◦ Φi (for some choice ofSi,t), and then an
R-invariant ellipse field. As above, this will generate, for each choice of the integrating mapϕt,
a path of pinching deformations(ϕt,Rt) along{(γi,Ui)}.

We want to study the behavior ofRt ast→ 1, in particular the following questions:
1 (convergence). When does a subsequence ofRt converge uniformly? How aboutϕt?

1′ (path convergence). When does the entire pathRt converge uniformly?
Denote by⇒ the uniform convergence onC.
2 (consequence of convergence). In caseRtn ⇒G for sometn→ 1, what can we say about

the limit ofϕtn(γ) and the dynamics ofG?
3 (divergence). When does no sequence ofHt ◦ Rt ◦ H−1

t converge uniformly, no matter
which Möbius mapsHt are chosen?

Denote byUd the space of rational maps of degreed with the topology of uniform convergence
onC, and byVd the quotient topological space ofUd under Möbius conjugation. Letπ :Ud→Vd
be the canonical projection. For a familyFt ∈ Ud, we say thatπ(Ft)→∞ if π(Ft) has no
convergent sequences. Question 3 can be then reformulated as follows:

3′ (divergence). When doesπ(Rt)→∞ ast→ 1?
In this paper we will mainly study questions 2 and 3, following Makienko (but in a more

general setting). Question 2 will be relevant in answering question 3 with an argument by
contradiction. For papers treating Question 1, see Cui [2,3] and Haïssinsky [4].

ForA,B ⊂C, we say thatA separatesB if B intersects more than one component ofC �A.
So if A does not separateB, thenB is contained in the union ofA together with exactly one
component ofC � A. Recall thatdiamσ denotes the spherical diameter. Denote byF (R) the
Fatou set ofR. Our main result is:

THEOREM A. – Let R be a rational map of degree� 2, with {(γi,Ui), i = 1, . . . , ν} an
admissible set andγi of periodki. SetΓ0 =

⋃
i

⋃
m�0R

m(γi) andΓj =R−j(Γ0). Assume that
(ϕt,Rt) is a path of pinching deformations ofR along this admissible set(in particular ϕt is a
topological conjugacy fromR toRt and lϕt(Ui)(ϕt(γ

i),Rki
t )→ 0 (as t→ 1) for eachi). More

generally assume thatϕt are topological conjugacies fromR to rational mapsRt such that
lF (Rt)(ϕt(γ

i),Rki
t )→ 0 (ast→ 1) for eachi.

(a) AssumeRtn ⇒G for some sequencetn→ 1. Then
1. For anyj � 0 and any connected componentΓ of Γj , we havediamσϕtn(Γ)→ 0 as
n→∞. Moreover ifΓ is a component ofΓ0, the sequenceϕtn(Γ) splits into at most
finitely many subsequences, each converging to a parabolic periodic point ofG.

2. For everyj � 0, there is exactly one component∆j of C � Γj intersectingJ(R). For
any other component∆′

j of C � Γj , diamσϕtn(∆′
j)→ 0 as tn → 1. For j = 0, and
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356 L. TAN

any component∆′
0 of C � Γ0 distinct from∆0, the sequenceϕtn(∆′

0) splits into at
most finitely many subsequences, each converging to a parabolic periodic point ofG.
Moreover all critical points are contained in∆0.

(b) If Γj separatesJ(R) for somej � 0, or Γ0 separates the critical points, thenπ(Rt)→∞
ast→ 1.

Part (b) generalizes Theorem A.(2) in [5]. Examples realizing different cases can be found
in §7 below. Under the extra assumption thatR is geometrically finite, Cui announced a result
in [3] which can be considered as the converse of (b), namely ifΓj does not separateJ(R) for
all j � 0, then for some suitable choice of pinching deformations, both pathsRt andϕt converge
uniformly toG andϕ1 respectively, andG ◦ ϕ1 = ϕ1 ◦R.

The proof of our theorem is in fact a soft argument, and may lead to various side results with
weaker assumptions. We will mention three of them in the paper: Proposition B drops off the
rationality ofRt, Propositions B and C do not require the existence of topological conjugacies
and Propositions C and D replace the exact forward invariance assumption ofγi by the weak
forward invariance (i.e.,Rki(γi)⊂ γi).

In the following, we will split Theorem A into several independent parts: Part (a).1 will follow
from Lemma 2.1, (a).2 is proved in §3, and (b) in §4. Propositions B and C will be stated and
proved in §2. Proposition D is in §3. In §6 we will give interpretations of our results in terms
of Teichmüller theory of rational maps (Theorem E and Corollary F). §7 contains many relevant
examples. Impatient readers can read directly Lemmas 2.1 and 3.1. The rest follows more or less
naturally.

2. Consequence of convergence, I

The following simple facts will be used frequently and implicitly: If a sequence of continuous
mapsFn :C→ C converges uniformly to a mapG, then for any convergent sequencezn→ z∞
(of points or non-empty compact sets in the Hausdorff topology), we havelimFn(zn) =G(z∞).
If furthermoreFn = Rn are rational maps of constant degree thenG is a rational map of the
same degree, andRmn ⇒Gm for any fixed integerm> 0. If moreoverzn = hn(z), wherehn is
a topological conjugacy fromR0 toRn thenz∞ is fixed byG wheneverz is fixed byR0.

LEMMA 2.1. – LetR be a rational map of degreed� 2 and(γ,U) be anRk-admissible pair.
LetRn be a sequence of rational maps topologically conjugate toR with hn as conjugacies.
Assume thatlhn(U)(hn(γ),R

k
n)→ 0 andRn ⇒G. Then

lim
n→∞

diamσhn(γ) = 0.

Moreover the sequencehn(γ) splits into at most finitely many subsequences, each converging to
a parabolic periodic point ofG.

Proof. –The idea is to adopt Petersen’s proof in [9] (of his Proposition 4.1 and 4.3) to a more
general setting.

Using the classification of periodic Fatou components one can easily show thatU is contained
in the immediate attracting basinΛ of a periodic pointα, which is either attracting (non-super-
attracting) or parabolic.

The period ofα dividesk (may be equal). The period ofΛ is equal tok in the parabolic case
with (Rk)′(α) = 1, and is equal to the period ofα otherwise.

To simplify the notation setf =Rk, fn = Rkn andg =Gk, sofn ⇒ g. Set alsoγn = hn(γ),
Un = hn(U), αn = hn(α) andΛn = hn(Λ) etc.
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ON PINCHING DEFORMATIONS OF RATIONAL MAPS 357

To obtain a contradiction, supposelimsupn→∞ diamσγn > 0.
Step1. Taking a few subsequences if necessary we may assume also:
αn→ α∞ ∈ C, γn→ Y∞ in the Hausdorff topology on compact sets, anddiamσ(Y∞) > 0.

As γn is connected,Y∞ is a continuum (compact connected).
Replacingfn byH ◦ fn ◦H−1 andg byH ◦ g ◦H−1 if necessary, whereH is a Möbius map

sendingα∞ to 0, we may assumeα∞ = 0.
Step2. We claim thatg(0) = 0, g′(0) = 1: As fn fixesαn andαn → 0, we haveg(0) = 0.

Furthermore, ifα is parabolic we havef ′n(αn)≡ 1; if α is attracting, the Maskit inequality (see
Lemma 5.1 below and the subsequent remark) givesf ′n(αn)→ 1. In both casesg′(0) = 1. This
impliesg, thereforefn for largen, are univalent on a fixed neighborhoodDr of 0.

Step3. Normalization so thatUn ⊂ C∗. Let zn ∈ ∂Λn be a point closest to∞. We claim that
|zn|� r, for otherwise∂Λn ⊂Dr butfn is not injective on any neighborhood of∂Λn.

Taking again a subsequence if necessary, we may assumezn→ z∞ �= 0. SetHn(z) = z−αn

1−z/zn

if zn �=∞ andHn(z) = z − an otherwise, setH∞(z) = z
1−z/z∞ if z∞ �=∞ andH∞(z) = z

otherwise. In any caseHn(αn) = 0,Hn(zn) =∞ andHn ⇒H∞.
Conjugatingfn by Hn andg by H∞ if necessary, we may assumeαn = 0 andzn =∞. In

particularUn ⊂ Λn � {αn} ⊂C∗.
Step4. Inequalities. We will use the following basic inequality (see for example Milnor, [8],

Appendix A): For any simply connected domainV ⊂C∗, any z ∈ V , and for λV (z) the
coefficient function of the hyperbolic metric onV , we have:

λV (z)�
1

2dC(z, ∂V )
� 1
2|z| .

Setη(z) = 1
2|z| . Let dη denote the hyperbolic metric onC∗ with η as coefficient function.

Then for any arcκ⊂ V ⊂C∗, we havelengthη(κ)� lengthV (κ).

CLAIM . – For anyn and anyz ∈ γn, we havedη(fn(z), z)� lUn(γn, fn).

Proof. –Let κ be the sub-arc ofγn betweenfn(z) andz. Then

dη
(
fn(z), z

)
� lengthη(κ)� lengthUn

(κ) = lUn(γn, fn).

By assumptionlUn(γn, fn)→ 0 asn→∞.
Step5. Contradiction. Note thatfn ⇒ g. Let x ∈ (Y∞ ∩ Dr) � {0} such thatg(x) �=∞.

Choose a sequencex′n ∈ γn and thenxn ∈ γn such thatxn→ x asn→∞. Then

dη(g(x), x)� dη
(
g(x), g(xn)

)
+ dη

(
g(xn), fn(xn)

)
+ dη

(
fn(xn), xn

)
+ dη(xn, x).

The right hand side converges to0 asn→∞, sinceg is continuous,fn ⇒ g,

dη
(
fn(xn), xn

)
� lUn(γn, fn)→ 0.

Thusg(x) = x. Henceg(z) = z for all z ∈ (Y∞ ∩Dr)� {0}. This implies thatg is the identity
map asY∞ ∩ Dr is a non-empty continuum. Butg = Gk is a rational map of degree> 1.
A contradiction. ✷

The following statement stresses the essence of the above result and drops off irrelevant
assumptions such as the rationality ofR andRn and the topological conjugations between them.
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PROPOSITION B. – LetFn be any sequence of holomorphic maps, each defined on a proper
attracting basinΛn of degreedn � 2 of an attracting or parabolic fixed pointαn, and with
(γn,Un) an F qn-admissible pair inΛn. Assumeαn → α∞. Then the following four properties
cannot all hold at the same time:

1. lUn(γn, F qn)→ 0.
2. limsupdiamσ(γn))> 0.
3.Fn converges uniformly on some neighborhood ofα∞ to a mapG.
4.Gq �= id.

Proof. –Setfn = F qn , g =Gq . Assume that all four conditions of the proposition are satisfied.
Then Steps 1–5 above lead to a contradiction.✷

Examples satisfying 1, 2 and 4 are trivial to construct, satisfying 1, 2 and 3 can be constructed
via normalization, and 2, 3 and 4 can be constructed by settingFn ≡ G for a suitableG. Our
pinching deformations provide examples satisfying 1, 3 and 4, and the conclusion is that 2 is not
satisfied.

We state here a result whose proof is classical (see for example Petersen [9], Lemma 3.3):

LEMMA 2.2. – For (γ,U) an admissible pair, the closure ofγ is equal toγ ∪ {α} ∪ {β},
withα as the limit of any forward orbit inγ and an attracting(non-superattracting) or parabolic
point; andβ as the limit of any backward orbit inγ and a periodic point inJ(R).

(With the help of the Snail Lemma one can also show thatβ is either repelling or parabolic.
But we don’t need the result here.)

The following is another variation of Lemma 2.1. Again, the topological conjugations are not
required, nor the exact forward invariance of admissible pairs.

PROPOSITION C. –For d � 2 andk > 0, assume thatRn is a sequence of rational maps of
degreed each having anRkn-invariant connected setγn (i.e.,Rkn(γn)⊂ γn), satisfying:

(1) γn ⊂ F (Rn) andlF (Rn)(γn,R
k
n)→ 0 asn→∞ (or γn ⊂C � {an, bn, cn},

inf
{
dσ(an, bn), dσ(bn, cn), dσ(cn, an) | n ∈N

}
> 0

andl
C�{an,bn,cn}(γn,R

k
n)→ 0);

(2)Rn converges uniformly.
Thendiamσ(γn)→ 0. Moreover, if for eachn, γn together with some neighborhoodUn

forms an admissible pair, andγn contains an attracting periodic point, thenγn accumulates
to parabolic points ofG asn→∞.

As an example, takeRn ≡R, γ0 a compact connected invariant set contained in the immediate
basinΛ of an (super)-attracting fixed point andγn = Rn(γ0). By Schwarz’ LemmaR|γ0 is
a strong contraction with respect to the hyperbolic metric onΛ. From this it is easy to show
lF (R)(γn,R)→ 0. And, of course,diamσ(γn)→ 0.

Proof of Proposition C(note the Maskit inequality is not needed). – The idea to show
diamσ(γn)→ 0 is very similar. So we will only give a sketch. Again setfn =Rkn andg = limfn.
Skip Step 2 above. In Step 3 perturb three repelling periodic points ofg and then normalizefn
so thatF (fn) ⊂ C � {0,1}. In Steps 4 and 5 replace the two-point-metricdη by the three-
point-(hyperbolic)-metricdC�{0,1} and then use the inequalitydC�{0,1} � dF (fn) coming from
Schwarz’ Lemma. (This idea was pointed out to me by C. McMullen.)

Now we show thatγn accumulates to parabolic points, under the extra assumption that
γn is part of an admissible pair andγn contains an attracting pointαn. By Lemma 2.2,
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γn = γn ∪ {αn} ∪ {βn} with βn in the Julia set. Asαn is attracting,αn �= βn. Now assume
γni → {x} for some subsequence. Thenαni → x andβni → x. Thereforex is a multiple fixed
point ofGk. So(Gk)′(x) = 1. ✷

Proof of Theorem A. Part(a).1. – Assume at first thatΓ is a component of

Γ0 =
ν⋃
i=1

⋃
m�0

Rm(γi).

As eachγi is periodic forR, the setΓ is the union of finitely many elements in{Rm(γi)}i,m. To
obtain a contradiction we assumelimsupdiamσ(ϕtn(Γ))> 0. Then there arei,m andnk such
thatRm(γi) has definite spherical diameter under the actions ofϕtnk

. As (Rm(γi),Rm(Ui)) is
an admissible pair, we can apply Lemma 2.1 or Proposition C and get a contradiction.

Now let Γ′ be a connected component ofΓj = R−j(Γ0). If its diameter under the actions
of ϕtn does not tend to0, we may assume (taking a few subsequences if necessary)
ϕtn(Γ

′)→ Γ′
∞, diamσΓ′

∞ > 0 andϕtn(Γ)→ Γ∞. ButGj(Γ′
∞) = Γ∞ (whereG is the uniform

limit of Rtn ) andΓ∞ is a point by above. This is not possible.
Now letαi be the attracting or parabolic point inγi (by Lemma 2.2). Then eitherϕtn(αi) are

all attracting, or all parabolic with constant multiplier. Applying Lemma 2.1 or Proposition C we
conclude thatϕtn(Γ) accumulates to parabolic points ofG, for any componentΓ of Γ0. ✷

3. Consequence of convergence, II

LEMMA 3.1. – LetR be a rational map of degreed � 2 andhn a sequence of homeomor-
phisms such thatRn := hn ◦R ◦ h−1

n are rational maps. AssumeRn ⇒ G. Then for any open
setD containing points ofJ(R) and having a connected closure,lim inf diamσhn(D)> 0.

Proof. –To obtain a contradiction we assume, taking a few subsequences if necessary, that
hn(D) converges to a point set{x∞}. Let z∞ ∈ J(G) be a repelling periodic point, of period,
sayp, not in the forward orbit ofx∞. By the stability of repelling periodic points, there is a
continuous mapP from a neighborhoodN of G in Ud to C such thatP(F ) is a repelling
p-periodic point forF ∈N andP(G) = z∞. Letzn =P(Rn) for any largen such thatRn ∈N .
As hn conjugatesR to Rn, the pointh−1

n (zn) is a repellingp-periodic point forR. But R has
only finitely many such points. So taking again a subsequence if necessary, we may assume
h−1
n (zn) = z, independent ofn. AsD ∩ J(R) �= ∅ and preimages ofz are dense inJ(R), there

is y ∈D such thatRm(y) = z for somem> 0. Setyn = hn(y). We haveyn ∈ hn(D)→ x∞,
andRmn (yn) = zn (asRmn (yn) =R

m
n (hny) = hnR

my = hnz = zn). Thereforezn→Gm(x∞).
On the other handzn = P(Rn)→ z∞. Soz∞ =Gm(x∞). This contradicts the choice ofz∞ to
be disjoint from the orbit ofx∞. ✷

The following result is purely topological, we leave the proof to the reader.

LEMMA 3.2. – Let hn :S2 → S2 be a sequence of homeomorphisms. LetL ⊂ S2 be a
compact set having finitely many connected components. Assume thatdiamσ(hn(L′)) → 0
for every componentL′ of L. If there is one connected component∆ of S2 � L with
lim inf diamσhn(∆)> 0, then for any other component∆′ of S2 �L, diamσhn(∆′)→ 0.

The following result will be proved in parallel with Theorem A, part (a).2.

PROPOSITION D. – LetR be a rational map of degreed� 2. Letγi, i= 1, . . . , ν, be finitely
manyRki -invariant connected sets(i.e Rki(γi) ⊂ γi) contained in the Fatou setF (R). Set
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Γ0 = closure(
⋃
i

⋃
m�0R

m(γi)) and Γj = R−jΓ0. Let Rn = hn ◦ R ◦ h−1
n be a sequence

of rational maps withhn topological conjugacies such thatmaxi lF (Rn)(hn(γ
i),Rki

n )→ 0 as
n→∞. If Rn converges uniformly, then exactly one component∆j of C � Γj intersectsJ(R),
and diamσhn(∆′) → 0 for any other component∆′ of C � Γj . Consequently, if someΓj
separatesJ(R), the sequenceRn has no convergent subsequences.

A quick example for the divergence is a mapR with a Herman ringA and a core curveγ.
One can make quasi-conformal deformations ofR so that the modulus ofA tends to∞ and
therefore the hyperbolic length (in particular the dynamical length) ofγ relative toA tends to0.
As γ is Julia-separating, these deformations do not have convergent subsequences. This case was
included in Theorem A.(1) of [5].

Proof of Proposition D and Theorem A, part(a).2. – Set Rn = Rtn and hn = ϕtn . By
assumptionRn ⇒ G. Fix j � 0. Using the fact that holomorphic maps contract hyperbolic
metrics, it is easy to see that the corresponding dynamical length ofhn(Rmγi) tends to0 for
anym and i. This allows us to apply Proposition C and the proof of Theorem A, part (a).1,
to conclude thatdiamσ(hn(Γ′)) → 0 for every componentΓ′ of Γj . Furthermorehn(γi)
accumulates to the set of finitely manyki-periodic points ofG.

Perturbing a repelling periodic point inJ(G) of high period we may show thatJ(R)�Γ0 �= ∅
and thereforeJ(R)� Γj �= ∅.

Fix again anyj � 0. We choose a component∆j of C � Γj containing points ofJ(R).
By Lemma 3.1,lim infn→∞ diamσhn(∆j) > 0. So, applying Lemma 3.2, we know that
diamσhn(∆′)→ 0 for any other component∆′ of C � Γj . Applying Lemma 3.1 again, we
conclude that∆′ ∩ J(R) = ∅.

This ends the proof of Proposition D.
Assume nowj = 0. Then by Theorem A, part (a).1, for any∆′

0 �=∆0, hn(∆′
0) accumulates

to the (finite) set of parabolic periodic points ofG. As a critical point in∆′
0 would converge to

a critical point ofG, this is not possible. So critical points ofR are contained in∆0 ∪ Γ0 and
therefore in∆0, asΓ0 does not contain critical points by definition of admissible set, and the fact
that for an admissible pair(γ,U), γ = γ ∪ {α} ∪ {β} with α an attracting (non-superattracting)
or parabolic point andβ a periodic point inJ(R) thus non-critical (Lemma 2.2).✷

4. Divergence in Vd

Recall thatπ :Ud→Vd denotes the canonical projection by the action of Möbius conjugations
onUd.

LEMMA 4.1. – Let Fn,G ∈ Ud. Thenπ(Fn)→ π(G) if and only if there is a sequence of
Möbius transformationsHn such thatHn ◦ Fn ◦H−1

n ⇒G.

Proof. –The sufficiency is due to the fact thatπ is continuous. The necessity is a consequence
of the fact thatπ is an open mapping, which can be shown as follows: LetN ⊂ Ud be open.
ThenH∗N := {H ◦ F ◦ H−1, F ∈ N} is again open, whereH is a Möbius map, therefore⋃
H MöbiusH∗(N ) is still open. By definition of the quotient topology,

π(N ) = π
( ⋃
H Möbius

H∗(N )
)

is open inVd. ✷
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Theorem A.(b) now follows from Lemma 4.1 and the fact that part (a) is equally valid if the
couple(ϕt,Rt) is replaced by(Ht ◦ ϕt,Ht ◦Rt ◦H−1

t ), for any choices of Möbius mapsHt.

5. Admissible pairs, inequalities

We are going to construct admissible pairs following essentially Petersen [9]. In this entire
section we assume thatF is a rational map of degree> 1 with 0 as an attracting or parabolic
fixed point and withΛ as an immediate attracting basin of0.

Recall thatTσ denotes the translationz �→ z + σ.

5.1. Attracting case

Assume that0 is an attracting (non-super-attracting) fixed point, withµ as the multiplier (i.e.
µ= F ′(0)). Letψ :Λ→C be a linearizing coordinate, i.e.ψ ◦ F = µψ, ψ is holomorphic onΛ
and locally injective at0. Denote byψ−1 the local inverse ofψ mapping0 to 0, and, by abuse of
notation, any analytic extension of it.

Let c1, . . . , ck denote the critical points forF in Λ, not in the backwards orbit of0. Then
the setCrit ′ψ,Λ = {µ−nψ(ci) | n� 0, 1� i� k} consists of the non zero critical values of the
(infinite degreed) branched coveringψ. For1� i� k letCi denote a logarithm ofψ(ci) andM
a logarithm ofµ (soReM < 0). LetG denote the right half grid

G :=
{
n · (−M) +m · 2πi+Ci | n,m∈ Z, n� 0, 1� i� k

}
.

So thatz ∈ G if and only if exp(z) ∈Crit ′ψ,Λ.
Now let us fix a couple(M,p/q) with M a logarithm ofµ andp/q a rotation number (i.e.

q > 0, 0 � p � q − 1 and p, q co-prime). Setτ = qM − p · 2πi. We consider the union̂G
of straight lines throughG parallel to 90τ . Let Ṽ be an open straight strip in the complement.
Thenψ−1 exp |

Ṽ
is univalent and conjugatesTτ toF q . We may normalize the dynamical system

(Ṽ , Tτ) to a model system(Bl0 , T1) by a conformal affine mapφ : z �→ a+ (z/τ).
Let γ̃ be the central line of̃V . Setγ = ψ−1 exp(γ̃) andV = ψ−1 exp(Ṽ ). Then(γ,V ) is an

admissible pair with periodq.

5.2. Parabolic case

Assume now that0 is a parabolic fixed point forF . There is a rotation numberp/q such
thatF ′(0) = e2πip/q . As Λ is an immediate basin of0, it has periodq. A Fatou coordinate is
a holomorphic mapΨ:Λ→ C semi-conjugatingF q to T1 and injective on a Fatou petal at0.
As in the attracting case, the critical points ofΨ are preimages of critical points ofF q , and the
critical values ofΨ are contained in a discrete collection of horizontal lines. LetṼ be an open
horizontal strip in the complement of these lines and letγ̃ be its central line. Setγ = Ψ−1(γ̃)
andV = Ψ−1(Ṽ ) (whereΨ−1 is an appropriate extension of the local inverse ofΨ mapping a
right half plane into a Fatou petal). Then(γ,V ) is an admissible pair with periodq.

5.3. Inequalities

Given an annulusA, letm(A) be its modulus andl(A) be the hyperbolic length (relative toA)
of its unique closed geodesic. They are both conformal invariants and are related as follows (see
McMullen, [6], p. 12):

m(A) · l(A) = π.
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For the model system(Bl0 ,R, T1), the quotient surfaceBl0/T1 is an annulus withR/T1 as its
unique closed geodesic. We havelBl0

(R, T1) = l(Bl0/T1) = l andm(Bl0/T1) = π/l0.
For a triple(W,κ,F ) conformally conjugate to(Bl0 ,R, T1), we havelW (κ,F ) = l0. In the

particular case thatW is a straight strip andF is a translationTσ, the setκ is automatically the
central line ofW . Denote byh(W ) the height ofW , i.e. the Euclidean distance between the two
boundary lines ofW . ThenlW (κ,Tσ) =

π|σ|
h(W ) .

Let us go back to the attracting case. We keep the same notation. Let(M,p/q) andτ be given
as above. Fora ∈C and the line

L= {a+ tτ, t ∈R}=
{
a+ s

(
p · 2πi
q
−M

)
, s ∈R

}
,

we havea+ np·2πi
q ∈ (TM )nL. Soexp(

⋃
n�0(TM )

nL) consists ofq disjoint logarithmic spirals
(possibly straight lines), andz �→ µz performs on them ap/q rotation around0, since the
exponential map semi-conjugatesTM to multiplication byµ.

Let L be a line inĜ passing through a point oflogψ(c1). LetW be the strip betweenL and
L+ 2πi. ThenW − Ĝ consists ofk′q stripsŨj , j = 0, . . . , k′q − 1, labelled in their increasing
order relative ofiR, for somek′ ∈ {1, . . . , k}. MoreoverTM (Ũj) = Ũj+k′p (modk′q) (modulo
2πiZ).

Note that ifk′ = 1, the height of each̃Uj is 2π
q sin θ, with θ being the angle betweenτ and2πi.

This case is realized for example whenΛ contains only one critical point (i.e.k = 1), or more
particularly whenΛ is a simply connected quadratic basin.

Following Petersen, definer(M,p/q) = |M − p
q 2πi|/(2 sinθ). A geometric interpretation

of r(M,p/q) is that it is the radius of the circle throughM tangent to the imaginary axis at2πi pq .

Note thatτ, Ĝ, k′, Ũj andθ all depend on the choice of(M,p/q).
Define alsor(µ, p/q) = infM∈logµ r(M,p/q).
The second part of the following is a variant of the Maskit–Yoccoz inequality:

LEMMA 5.1. – 1. A pair (γ,V ) with V ⊂ Λ is F q-admissible if and only if: there is a choice
of (M,p/q), two sets̃γ ⊂ Ṽ ⊂C satisfying:
ψ−1 exp mapsṼ univalently ontoV, γ̃ ontoγ;
(TnM Ṽ )∩ (Ṽ + 2πiZ) = ∅ for n= 1, . . . , q− 1, andTτ Ṽ = Ṽ ;
The quotient̃V /Tτ is an annulus with̃γ/Tτ as its core curve.
2. lV (γ,F q)� q2r(M,p/q) � q2r(µ, p/q)� q · r(µq ,0/1), with the first equality realized if

and only ifṼ is a straight strip of height2πq sin θ.

Proof. –This is pretty standard material. We will only give a sketch of it. LetΩ be the lattice
in C generated by2πi andlogµ. Then we have the following Riemann surfaces isomorphisms:

C/Ω
[exp]−→ C

∗/µz
[ψ]←− Λ/F.

The quotient[G] consists of finitely many marked points inC/Ω. By definition of admissible
pair γ andV descend inC/Ω to a simple closed curveζ and an annular neighborhoodA, and
then lift to γ̃ and Ṽ in C with a homotopy invariantτ ∈ Ω in the form of qM − p2πi, with
0� p� q− 1. AsV andṼ are both universal covers ofA, the mapψ−1 expmapsṼ univalently
ontoV . The rest of part 1 is just as easy.

Now chooseÂ a fundamental quadrilateral in the lift̃A, then there is a pair of arcs in∂Â such
that one arc is the translation byτ of the other. Now the extremal length of the set of arcs joining

4e SÉRIE– TOME 35 – 2002 –N◦ 3



ON PINCHING DEFORMATIONS OF RATIONAL MAPS 363

this pair of boundary arcs givesm(A) � π
q2r(M,p/q) , with equality if and only ifṼ is a straight

strip of height2πq sin θ. As lV (γ,F q) = l(A) = π/m(A), we are done. ✷
Therefore if we have a family(Vt, γt, F

q
t ), with lVt(γt, F

q
t )→ 0, then r(µqt ,

0
1 )→ 0 and

µqt → 1.
Our Proposition B is a refinement of Proposition 4.3, [9], there condition 1 is replaced

by: Λn is a simply connected quadratic basin,Vn lifts to some Ũj relative to (Mn, pn/q)
so thatr(Mn, pn/q) = infM∈logµn r(M,pn/q), andr(µn, pn/q)→ 0. Under these conditions
lVn(γn, F qn) = q

2r(µn, pn/q)→ 0.

6. Relating to Teichmüller theory

This section is due to a conversation with C. McMullen. I am grateful for his help. The
presentation is very close to that of Makienko [5]. See also Pilgrim [11].

Let R be a rational map of degreed � 2. Denote by∼ the grand orbit relation (i.e.x ∼ y
if there aren,m ∈ N such thatRn(x) = Rm(y)), by Ωdis(R) the union of attracting (non-
superattracting) and parabolic basins minus the grand orbit of critical points and periodic points,
and byX(R) the quotient surfaceΩdis/ ∼. By construction the projectionp :Ωdis→X(R) is
a covering and thus a hyperbolic isometry. A component ofX(R) is either a punctured torus
(coming from an attracting basin ofR) or a punctured sphere (coming from a parabolic basin).
For anyζ ⊂X(R) denote bỹζ its lift by p.

In each punctured torus componentX ′ of X(R), there are homotopy classes of simple closed
curves corresponding to the quotients of loops around the attracting point. Every other simple
closed curveζ in X(R) lifts to grand orbits of periodic open arcs, and, in caseζ is a geodesic, it
has a collar neighborhoodA such that(ζ̃ , Ã) is the grand orbit of an admissible pair.

The Teichmüller space ofR consists of, up to isotopy, pairs(φ,F ) such thatφ is a quasi-
conformal conjugacy fromR toF . See McMullen and Sullivan, [7] for details, where it is proved
thatTeich(R) ≈ TeichX(R)× something else. By abuse of notation, denote byπ the natural
projection fromTeich(R) into Vd. A problem coming from the analogy with3-manifolds is:
when isπ(Teich(R)) compact?

Following Pilgrim [11], we make the following

DEFINITION (Cylinders). – We say that ageodesic multicurveζ ⊂ X(R) (union of finitely
many disjoint simple closed geodesics) represents acylinder if someΓj separatesJ(R), where
Γj =R−j(Γ0) andΓ0 is the closure of the periodic arcs iñζ . We say thatR is cylindrical if such
a multicurve exists.

(For intuition about cylinders and how they occur in the study of Kleinian groups, see [11]).
To each geodesic multicurveζ and a pair(φ,F ) as above, there corresponds a unique

geodesic multicurveφ∗(ζ) in X(F ) isotopic to the quotient ofφ(ζ̃). There is a natural mapping
Lζ :Teich(R)→ R+ such thatLζ([φ,F ]) is the maximum of the hyperbolic lengths of the
geodesics inφ∗(ζ). Our results can be now interpreted as follows:

THEOREM E. – If ζ represents a cylinder forR, and [φn,Rn] ∈ Teich(R) with
Lζ([φn,Rn])→ 0 thenπ(Rn)→∞ in Vd.

Proof. –To obtain a contradiction, we assume, taking a subsequence if necessary,
π(Rn)→ π(G). By Lemma 4.1 there are representativesRn andG such thatRn ⇒ G. Re-
call that forγ ⊂ Ωdis ⊂ F (R) a connectedRk-invariant set, the dynamical length is defined to
belΩdis(γ,Rk) = supz∈γ dΩdis(z,Rk(z)).

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



364 L. TAN

Forγ a periodic arc iñζ, of period sayk, it is also a geodesic inΩdis. So, denoting byκz the
sub-arc ofγ between a pointz andRk(z), we have

lF (R)
(
γ,Rk

)
� lΩdis

(
γ,Rk

)
� sup
z∈γ

lengthΩdis(κz) = lengthX(R)

(
p(γ)

)
� Lζ([Id,R]).

Similarly for any periodic arcγn in the lifts of (φn)∗(ζ), lF (Rn)(γn,R
k
n)� Lζ([φn,Rn]).

By assumptionLζ([φn,Rn])→ 0 asn→∞. We can then apply Proposition C to conclude
thatdiamσ(γn)→ 0. We can then apply Proposition D to conclude that, forΓ0 the closure of the
union of the periodic arcs iñζ, andΓj =R−j(Γ0), there is exactly one component∆j of C �Γj
intersectingJ(R). This contradicts the assumption thatζ represents a cylinder.✷

COROLLARY F. – If R is cylindrical thenπ(Teich(f)) is not compact.

Proof. –Our pinching deformations related to a collar neighborhood ofζ provide a path
[ϕt,Rt] ∈ Teich(R) with Lζ([ϕt,Rt])→ 0 ast→ 1 (see Remark 1). ✷

7. Examples and applications

It is known that forfn and g rational maps,fn ⇒ g if and only if there are choices of
coefficients offn tending to that ofg andg has the same degree asfn for n large, in other words,
the uniform convergence topology onUd coincides with the algebraic convergence topology. See
for example Beardon [1], §2.8. The constructions of the following examples are guided by the
idea of perturbing postcritically finite maps and by Pilgrim–Tan’s arc-blowing technique. See
Makienko [5], Pilgrim [11] and Pilgrim–Tan [12,13] for more theoretical treatments. The figures
are drawn by K. Pilgrim.

7.1. Examples of convergence

Example1. –fc0 : z �→ z2 + c0 with c0 = 3/16 < 1/4. Let γ = ]α,β[ be the real segment
between the two fixed points andU a suitable neighborhood ofγ, symmetric with respect toR
and invariant byfc0 . Then(γ,U) is an admissible pair. Forc ∈ [c0,1/4[, the correspondingfc
can be regarded as a path of pinching deformations offc0 along(γ,U). This path converges to
f1/4 asc→ 1/4, with γc→ 1/2. See Fig. 20 in Milnor [8], p. 113.

Example2. – This is an example where maps have symmetries and, if the pinching mapsϕt
are not normalized properly,ϕt(α) may not converge, butRt converges. Let

f(z) =
1

1− s2

(
z5 − 10

3
z3+ 5

(
1− s2

)
z

)
, with f ′(z) =

5
1− s2

((
z2− 1

)2 − s2).
Fors > 0 andc=

√
1 + s the largest critical point,f(c) = c3

1−s2 (3−
1
3 − 4s). Sof(c) = c if and

only if s = 5/9. From this one can deduce that fors = 5
9 − ε the mapf has four real critical

points±c,±c′ and five real fixed points±β,±α,0 positioned in the following order:

−β <−α <−c <−c′ < 0< c′ < c < α< β

and thatα± are attracting. Now pinching simultaneously]−β,−α[ and ]α,β[ we get a
converging sequence of polynomials. However, forϕt a path of conjugacies, normalized so
that ϕt(0) = 0 andϕt(±α) = ±1, we can replaceϕt by −ϕt for a sequencetn → 1. Then
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Fig. 1. Example 3′. The dark regions are grand orbits of neighborhood ofΓ0. In the limit of pinching, these
regions collapse, forcing the uniform light gray regions to collapse as well. Observe that the largest of such
regions contains the critical pointc2 shown in medium gray whose imagef(c2) (shown in the same color)
is just to the right of the attractor0 (the white dot to the right). The other critical pointc1 is shown in very
light gray.

the images ofα under this new family of conjugacies oscillate between−1 and1 and therefore
do not converge.

Example3. – This is a case whereγ contains a critical value. Letf be the cubic polynomial
z3+1.6z2+0.56z. It has the following property: The fixed points0, β, β′ and the critical points
c1, c2 are all real withβ′ < c2 < c1 < 0< f(c2)< β, andJ(f) is a Jordan curve. Takeγ = ]0, β[.

Example3′. – This is a convergence case whereC � Γ0 has a component∆′
0 not intersecting

the Julia set. Takef as in Example 3. Takeγ1, γ2 two boundary arcs of a neighborhood of
]0, β[. Then there are appropriate neighborhoodsU1,U2 such that(g1,U1), (γ2,U2) forms an
admissible set. SetΓ0 = γ1 ∪ γ2. The pinching deformations converge, with a component∆′ of
C�Γ0 containing a critical value, but containing no Julia points nor critical points. The diameter
of∆′ tends to0 under pinching. This is also an example that some critical point might be pushed
into the Julia set under pinching and become eventually parabolic.

Example4. – Pinching in a parabolic basin. LetF (z) = z3 + z2 + z. Thenγ = ]−1,0[ is a
pinchable arc contained in the immediate basin of the parabolic fixed point0 which has only one
attracting petal. The pinching alongγ converges, and the limit map has a parabolic fixed point
with two fixed attracting petals instead.

Example5. – Fat basilica with a cauliflower attached at the beta fixed point. A case where two
different types of parabolic orbits develop at the limit, and one of them is due to pinching. Let
gb(z) =−z3+2b

√
b+ 1z2− bz. One can check easily that forb= 1− ε, gb has0 as the unique

real fixed point and two real critical points; butg1 has two real fixed points0 and
√
2 and two

real critical points.
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Fig. 2. Example 5, withb = 1 andb = 0.95.

Fig. 3. Example 6′ and zoom.

7.2. Examples of divergence

A. Γ0 is not Julia-separating, but someΓj , j > 0, is:

Example6. – Let

R(z) = z2+
3
16
− u

z +
√
5
4

, u= 0.01.

For u = 0, this is just a quadratic polynomial with two fixed points1/4,3/4 and maps
√
5/4

to the middle point1/2 of them. By stability of hyperbolic fixed points and symmetryR has
two real fixed pointsα,β close to the above ones. The arcγ = ]α,β[ is forward invariant and is
part of an admissible pair. Moreoverγ contains two critical values andR−1γ contains a Jordan
curveL disjoint fromJ(R) and separatingJ(R). The Julia set ofR is disconnected. In this case
π(Rt)→∞ in V3 (we haveR ∈W1 in the notation of [5]).

Example6′. – TakeR as in Example 6, andγ1, γ2 the two boundary components ofU . One
can define pinching alongγ1 ∪ γ2. It forms a Jordan curve not separating the Julia set. But its
preimage consists of itself together with two Julia-separating Jordan curves.

Example7 (Γj has a separating curve in a preperiodic component). – Takefc1 with −1 <
c1 <−3/4 so that it has a period two attracting cycle. As in Example 1,fc is a converging path,
for c1 � c <−3/4 andc→−3/4. But in this case the Fatou set has infinitely many components.
And one can make similar perturbations as in Example 6 in either periodic or non-periodic
components to get many diverging paths of pinching deformations.
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Fig. 4. Example 8 and zoom.

Example8 (The postcritically finite version of this map was first obtained by K. Pilgrim.
See[11], pp.70–72). – This is similar to Example 6 but with connected Julia set.

F (z) = z2 − 13
16
+

v

z + 2−
√
17

4

, v = 0.01.

For v = 0, the map has a repelling fixed pointα= (2−
√
17)/4 and an attracting periodic cycle

a, b with γ = ]a,α[ a pinchable arc of period two. In this caseΓ0 := γ ∪F (γ) = [a, b]. Forv > 0
small, this set is stable, but the map has a pole at−α. And v = 0.01 is chosen so thatΓ0 has two
critical values, one in]a,α[ and one in]α, b[. As a consequenceΓ1 = F−1Γ0 contains a Julia
separating Jordan curve.

B. Γ0 is Julia-separating:

Example9 (Γ0 touches only one Fatou component, is formed by one single orbit of arcs,
i.e. lifts of one closed geodesic in the quotient surface). – Takef−1 : z �→ z2 − 1 and perturb it
into R(z) = (z2 − 1)/(89z + 1) so that∞ becomes attracting but not superattracting. For the
rotation number1/2, we may construct period-two arcs issuing from∞ as in §5: as the basin
of ∞ is quadratic and simply connected,k′ = 1 and there are exactly two strips̃U1 andŨ2 in
anyW as in §5. Their central lines project to two arcs issuing from∞ and are permuted by
the new map. These two arcs must land on a common fixed point on the Julia set (as they land
either on a period two cycle or on a fixed point, butR has a unique period two cycle which is
super-attracting). So their union is a Jordan curve separating the Julia set. Any pinching along
them is divergent (R ∈W2 in the sense of [5]). The mapsR(z) andf−1(z) are qc-conjugate on
neighborhoods of Julia sets. See Fig. 9 in Milnor [8], p. 89 for the Julia set off−1.

Example10 (Γ0 touches only one Fatou component, is formed by lifts of two closed quotient
geodesics). –

f(z) =
z3

1 + 3
2z

2
+ az

with a= 0.01. Fora= 0 this map is conjugate (by1/z) to the cubic polynomialz3 + 3
2z which

has two fixed simple critical points and a double critical point at∞. The perturbation is chosen
so that0 for f is only attracting andR is in its basin consisting of two invariant arcs of rotation
number0/1. SoΓ0 =R∪ {∞} is a Julia-separating Jordan curve (f ∈W2 in the sense of [5]).
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Fig. 5. Example 10.

Example11 (Γ0 touches two Fatou components). – Relaxed cubic Newton’s method (see
Tan [14,15])R(z) = z−h P (z)P ′(z) , whereP is a cubic polynomial with simple roots and0< h� 1.
Whenh = 1 two of the three superattracting fixed basins (of roots ofP ) have many shared
periodic points on the boundary, as shown in [14].Rh is a perturbation so that the superattracting
fixed points become only attracting (of multiplier1 − h). For suitably chosenP these basins
are of degree2; in particular their boundary contains a unique orbit of given rotation number.
Then as in Example 9 one can show that the projection of suitable strips and their central lines
should land at the perturbed periodic points, giving invariant Jordan curves separating the Julia
set (inW3 in the sense of [5]).

Example12 (Γ0 touches more than two Fatou components and is minimal). –

Q(z) =
8
3
· z5

1− 10
3 z

2 +5z4
+ az

with a= 0.25. Fora = 0 this is conjugate (by1/z) to a degree five polynomial with two fixed
points each of typez3. After perturbation,R ∪ {∞} is invariant, containing three attracting
fixed points, three repelling fixed points and the complement consists of six intervals each is an
invariant pinchable arc. LetΓ0 = R ∪ {∞}. It is a Jordan curve running through three Fatou
components and is Julia separating. The pinching deformations alongΓ0 diverge. This example
can be generalized to construct maps such thatΓ0 runs throughN Fatou components for any
given numberN � 3.

Application. For h(z) = z3 + ε a small perturbation ofz3, the repelling cycle{a, b} with
external angles1/4,3/4 can never be pinched. We may prove this by contradiction: denote byα
the attracting fixed point. Assume that there is a simple closed geodesic in the quotient surface
of rotation number1/2 whose lift contains a periodic-two cycle of arcs joiningα to a andb.
Then one can define a path of pinching deformations along these arcs and obtain a pathht of
cubic polynomials, qc-conjugate toh. The set of cubic polynomials with connected Julia set is
compact. Hencehtn converges to a cubic polynomialg for some sequencetn→ 1. The mapg
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Fig. 6. Example 12.

has a unique critical point of multiplicity2, just as the mapsht do. By Theorem A, for the mapg
the two external rays of angles1/4,3/4 land at a common fixed point. Therefore the union of
these two rays together with the landing point forms a line separatingC into two partsC′,C′′.
By looking at the angle tripling map one may conclude thatg has a critical point in eachC′,C′′.
This contradicts the fact thatg has a unique critical point.
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Appendix A. Relating to the paper [5]

To avoid confusion statements in italic refer to results in [5].
Part (b) of our Theorem A is a generalization ofTheoremA, Part (2) in the following sense: we

deal with topological conjugacies shrinking appropriate dynamical lengths, with quasi-conformal
pinching deformations as a particular case; we allow the pinchable arcsγ to run through forward
orbits of critical points; and finally we allow some preperiodic part of the pinching (i.e.Γj for
j > 0) to separateJ(R), whereas the periodic part (i.e.Γ0) may or may not separateJ(R). We
provide a proof that does not use the Maskit inequality. Also, Part (a).2 treats the case thatC�Γj
may have components disjoint from the Julia set, a case that is missing inProposition1.1.

Regarding the proofs, the original proof ofTheoremA, Part (2) relies on two intermediate
resultsLemma1.2 andProposition1.1+ Theorem1.1, whose proofs seem incomplete (see
below). Our Lemma 3.1 replacesLemma1.2, and Lemma 2.1 by passesProposition1.1+
Theorem1.1 and proves a consequence of them directly (see the remark afterTheorem1.1, p. 13,
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top).Lemma1.2 is also used elsewhere in [5], for example in the proof ofTheoremA, Part (1).
Its replacement Lemma 3.1 is equally suitable at these places.

As for the original proof ofLemma1.2, in Part (2) it states the equal cardinality of two
finite sets, but the proof gives only an injection from one set to the other, and the constantNR
chosen in the proof is certainly too small (the statement is however true, as shown recently by
C. McMullen).

The statement ofProposition1.1 is not correct as shown by our Example 3. This is due to the
fact that the assertion ‘eachDj must contain a critical point’ in the proof is not always true.
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