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ABSTRACT: We revisited the formalism of 11D polarized scattering equation by Geyer and
Mason from the perspective of spinor frame approach and spinor moving frame formulation
of the 11D ambitwistor superstring action. In particular, we rigorously obtain the equation
for the spinor function on Riemann sphere from the supertwistor form of the ambitwistor
superstring action, write its general solution and use it to derive the polarized scattering
equation. We show that the expression used by Geyer and Mason to motivate their ansatz
for the solution of polarized scattering equation can be obtained from our solution after
a suitable gauge fixing. To this end we use the hidden gauge symmetries of the 11D
ambitwistor superstring, including SO(16), and the description of ambitwistor superstring
as a dynamical system in an 11D superspace enlarged by bosonic directions parametrized
by 517 tensorial central charge coordinates ZE¥ and ZEPE9E,

We have also found the fermionic superpartner of the polarized scattering equation.
This happens to be a differential equation in fermionic variables imposed on the super-
amplitude, rather then just a condition on the scattering data as the bosonic polarized
scattering equation is.

D=10 case is also discussed stressing the similarities and differences with 11D systems.
The useful formulation of 10D ambitwistor superstring considers it as a dynamical system
in superspace enlarged with 126 tensorial central charge coordinates Z#*P7%.

KEYwWORDS: Field Theories in Higher Dimensions, Scattering Amplitudes, Supergravity
Models, Supersymmetric Gauge Theory

ARX1v EPRINT: 1908.07482

OPEN AcCESs, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP11(2019)087


mailto:igor.bandos@ehu.eus
https://arxiv.org/abs/1908.07482
https://doi.org/10.1007/JHEP11(2019)087

Contents
1 Introduction 2

2 Spinor frame approach to the 11D spinor helicity formalism

2.1 Scattering data in D=11 4
2.2 Complex spinor frame variables and complex helicity spinors 6
3 Polarized scattering equation of 11D supergravity 8

3.1 Scattering equations
3.2 Constrained spinor function on Riemann sphere 8

3.3 Preliminaries on SO(16) gauge symmetry, its naturalness and Stiickelberg

realization 10
3.4 Polarized scattering equation 11
4 Supersymmetry generator and supersymmetric invariant amplitudes 13

5 Polarized scattering equation and spinor moving frame formulation of

ambitwistor superstring in D=11 15
5.1 Supertwistor formulation of the 11D ambitwistor superstring 16
5.2 11D ambitwistor superstring and polarized scattering equation 18
6 Fermionic superpartner of the polarized scattering equation 21

7 Spinor helicity formalism, polarized scattering equations and ambitwistor

superstring in D=10 22
7.1 Spinor frame approach to 10D spinor helicity formalism I. Real helicity
spinors 22
7.2 Spinor frame approach to 10D spinor helicity formalism II. Internal frame
and complex helicity spinors 24
7.3 10D polarized scattering equation 25
7.4 10D ambitwistor superstring and polarized scattering equation 27
7.5 10D supersymmetry generator and supersymmetric invariants 29
8 Conclusion and discussion 30
A Some properties of 11D spinor frame variables and helicity spinors 32
A.1 Spinor frame and vector frame variables (Lorentz harmonics) in D=11 32
A.2 Internal frame variables/internal harmonics 33
B An interesting nilpotent matrix 34



C Some properties of 10D spinor frame variables and helicity spinors 34
C.1 Complex spinor frame variables in D=10 35
C.2 Cartan forms and derivatives of spinor frame variables/Lorentz harmonics 35

1 Introduction

Recent years an impressive progress in calculation of scattering amplitudes of maximally
supersymmetric theories was reached [1-8]. It is related mainly with the use of on-shell
methods, in particular of spinor helicity formalism (closely related to twistor approach [9-
11]) and its superfield generalization [12-18] which is especially simple and efficient in the
case of 4 spacetime dimensions.

The development of this twisor-like formalism for the case of higher dimensional theo-
ries and its applications were discussed in [19-28]. In particular, in [25, 27| the observation
that 10D spinor helicity formalism of [20] can be understood as spinor moving frame ap-
proach to supersymmetric particles extended to the description of amplitudes! allowed us
to develop the spinor helicity formalism for 11D supergravity and a new constrained super-
field formalism for 10D SYM and 11D supergravity amplitudes, to find the Ward identities
for these amplitudes and to discuss a candidate for generalization of the BCFW recurrent
relations [12] for the constrained tree superamplitudes. In [26] an alternative analytic su-
perfield formalism for superamplitudes was proposed. It was also oriented on the use of
BCFEFW-type recurrent relations which are still to be found in this case.

More recently an apparently different approach to 11D supergravity and 10D SYM
amplitudes was proposed in [28]. It is based on the so-called polarized scattering equation
which can be considered as a kind of square root of the CHY scattering equations [35, 36]
(actually present already in [37-39]; see [40] for recent development and more references).
The polarized scattering equation for 6D amplitudes was proposed in [41] while the 11D
and 10D polarized scattering equations are among the beautiful findings of [28]. Its relation
with ambitwistor string models [42, 43, 45-51], the 11D and 10D versions of which were
considered for the first time in [45], was discussed and especially stressed in [28].

In this paper we revisit the 11D polarized scattering equation formalism of [28] and its
ambitwistor superstring origin using the spinor frame approach. We show how the under-
standing of the spinor frame nature of the 11D spinor helicity formalism allows to clarify
the origin of basic equations imposed in [28] and the ambitwistor superstring derivation of
these equations. We show that the correct basis for this is provided by the 11D ambitwistor
superstring of [45] rather then by its modification suggested in [28]. In the derivation of
the basic equations the solution of which provides us with the expression for the meromor-
phic spinor function, which was employed to formulated the polarized scattering equation

'See [29] for similar observation in 5d context. The above references deal mainly with the case of flat
spacetime/superspace. Twistor methods for AdSs and AdSs x S° were addressed e.g. in [30] and [31].
Spinor helicity formalism for AdS scattering amplitudes [32] (see also ref. [33] and references therein) was
the subject of recent [34].



in its most suggestive form, we have used essentially the possibility to formulate the 11D
ambitwistor superstring as a system in an enlarged superspace with 528 bosonic coordi-
nates [45] as well as the SO(16) gauge symmetry of the 11D ambitwistor superstring.?

In the ambitwistor superstring approach the above mentioned meromorphic spinor
function on Riemann sphere, which satisfies the polarized scattering equation, appears
accompanied by 16 component fermionic meromorphic function. The expression for this in
terms of scattering data is supersymmetric invariant after the expression for meromorphic
bosonic spinor function is taken into account and thus can be considered as a superpartner
of this latter. This observation suggests the existence of a fermionic superpartner of the
polarized scattering equations. We show that such a superpartner (spolarized scattering
equation) does exist but is a differential equation satisfied by 11D superamplitudes rather
than a condition on scattering data (as the bosonic polarized scattering equation is itself).

We also consider 10D polarized scattering equation formalism and its ambitwistor
superstring origin especially stressing the stages where the differences with 11D case occur.

We begin in section 2 by reviewing the spinor frame description of the 11D spinor he-
licity formalism [26]. In section 3, after reviewing the scattering equation [35] (section 3.1),
we revisit the 11D polarized scattering equation of [28] with the use of the spinor frame
version of the spinor helicity formalism [25-27]. We show there how the polarized scattering
equation appears as consistency condition of the constraints for the meromorphic spinor
function and scattering equation for the meromorphic vector function involved in these
constraints. In section 4 we reconsider the supersymmetry generator and supersymmetric
amplitude proposed in [28] from the perspective of spinor frame approach. In section 5
we turn to the ambitwistor superstring origin of the polarized scattering equation. We be-
gin there by briefly reviewing the standard Green-Schwarz/Brink-Schwarz like formulation
of the ambitwistor superstring and its reformulation in term of constrained supertwistor
(1435 Aags Mg)- We show that the fact that 11D ambitwistor superstring of [45] can be for-
mulated as a dynamical system in an enlarged superspace can be used to relax the second
class constraints restricting zg. Then, applying the Lagrange multiplier method we can in-
troduce the first class constraints generating SO(16) gauge symmetry into the supertwistor
form of the ambitwistor superstring action and consider the supertwistor component jig as
unconstrained variable. The variation of this first order action with respect to u%(a)ibe-
comes straightforward and is used to obtain the dynamical equation for highly constrained
bosonic fields, the spinor functions Ang(c). The solution of these equations provides us
with the SO(16) gauge covariant generélization of the meromorphic spinor functions used
as an ansatz for the solution of the polarized scattering equation in [28].

In section 6 we find the fermionic superpartner of the polarized scattering equation
which is a differential equation imposed on superamplitudes. Finally, in section 7 we
describe briefly the D=10 spinor helicity formalism, polarized scattering equation and
ambitwistor superstring origin of this, especially stressing the points where the 10D case
differs from 11D one. We conclude in section 8. Some useful equations of the spinor frame
formalism can be found in the appendices.

2The authors of [28] proposed a modification of the twistor form of the ambitwistor superstring action
of [45] by reducing this SO(16) to SO(13) gauge symmetry.



Our notation are that of [25, 27] and [26], up to the use of underlined Greek symbols
from the beginning/middle of the alphabet for the 11D Majorana spinors/vectors and
underlined Latin symbols for the SO(9) vector (Z,.J,...) and spinor indices (¢,p,...). In
some places ¢,p, ... are also considered to be SO(16) vector indices, which is related to the
hidden SO(16) symmetry of 11D superparticle (see [52] and refs. therein).

2 Spinor frame approach to the 11D spinor helicity formalism

2.1 Scattering data in D=11

Light-like momentum k,; of a massless particle (consider it to be i-th particle of a scattering
process),

kuiks =0, (2.1)
is expressed in terms of helicity spinors by

=ap
kuidap = AagiTu Agpi» Tapkui = 2Xagitsai - (2.2)

Here
ur=0,1,...,10, g,ﬁzl,...,BQ, ¢p=1,...,16

and we have used the contractions of the 11D Dirac matrices with charge conjugation
matrix and its inverse, I'yap := 7ua?C,5 and fﬁgé = C’Ql'yﬁﬁ, which are real, symmetric
and obey

F&FZ =+ FZFE = Uﬁzﬂggxgg . (23)

Egs. (2.2) also describe the essential constraints obeyed by the helicity spinors Ay
(denoted by Kqq in [28]) which can be solved by expressing them in terms of spinor frame

variables (spinor harmonics)?

VOE@ — (UQE’ vg_g) € Spin(1,10) (2.4)

by [25]
Aagi = pfﬁz@gi ) (2.5)

To clarify this statement, we have to introduce a vector frame described by SOT(1, 10)
valued matrix

u® — (; (u; +u§) , uﬁ% (uj . uj)) e SO'(1,10), (2.6)

3See [27, 52] and refs. therein for details on 11D spinor frame variables; some useful equations can
be found in appendix A of the present paper. The 11D Lorentz harmonics (which is another name for
spinor moving frame variables giving credit to the A’ = 2,3 harmonic superspace approach of [53]) which
are appropriate for the description of 11D massless superparticle were introduced for the first time in [54];
the 11D harmonics appropriate for the description of 11D supermembrane were introduced and used a bit
earlier in [55, 56).



and to adapt it to our light-like momentum k,; by assuming that one of its light-like

0 10
pi Ui

vectors, say u; = u
particular [57, 58])

is proportional to ky; (see [27, 52] and refs. therein, in

ki = P#uiz : (2.7)

The spinor frame variables v, can be considered as a kind of square root of the

qt

1

light-like frame vector w3, in the sense that the following constraints hold

— M o _ = _ _
uﬁriﬁ = ngg vgg vggl“ﬁ%ﬁv@: “J@- (2.8)

This implies (2.2) after (2.7) and (2.5) are taken into account. See appendix A (particu-
larly egs. (A.1)—(A.3)) for the complete set of relations between vector and spinor frame
variables, (2.6) and (2.4). The possibility of using these and some other well known prop-
erties of spinorial harmonics makes the understanding of spinor frame nature of the helicity
spinors very useful for the work of [25-27] as well as for our study in this paper.

Of course, eq. (2.5) describes the real Majorana helicity spinors for the case of mo-

mentum with positive energy, kg > 0, in which case also pz# > (0 and 4/ pf& is well defined.
When describing the scattering processes one usually arranges to consider all the particles
as, say outcoming, and assign a momentum with negative energy to incoming particles.

agj

Then, if j-th particle is incoming, p;# < 0 and one can write Aagj = 1/ ]p;ﬂv_  for real Ang;
and introduce the minus sign in the right hand sides of egs. (2.2). Alternatively, one can

maintain these equations and (2.5) as they are also for incoming particles with p}éﬁ <0, so
that ﬁ = zﬁ and Aqg; are just imaginary. We prefer this latter way of proceeding.

The helicity spinors (2.5) also carry the information about polarizations of the particles,
but to make it transparent we need to supply their space by an additional complex structure
(see [26] for the discussion). This can be encoded in the complex polarization vector.
Polarization 11-vector Uy; of i-th particle (denoted by e, in [28]) obeys

kuUF =0,  UkUS=0 (2.9)

and can be decomposed (see [26]) on the spacelike vectors of the moving frame (2.6) asso-
ciated to the momentum by (2.7):

U, =ul.Ut vtul = o. 2.10
1% )

M pii o

Using the constraint obeyed by vector and spinor frame variables (see [26, 27] and refs
therein as well as (A.1)—(A.3) in appendix A) we find that

- B I 1L
Uap = Unl'gs = 200005, Ui (2.11)

As it was discussed in [26], the (complex null) polarization nine-vector U! in (2.10)
can be related by
1 _ _
Ugpi = U vgp = 2Wgipai (2.12)

to the complex 16 x 8 matrices obeying ‘purity conditions’ (in terminology of [28])

wWgAwWg =0, AB=1,...,8 (2.13)



(for shortness, here and below we omit the index i enumerated scattering particles when
this cannot lead to a confusion).

Actually, wg4 are internal frame variables [26] or SO(9)/SO(7) x SO(2) harmonics
(in the sense of [53], see [26] and refs therein). This is to say they are 8 complex linear
combinations of columns of an SO(9) valued matrix, schematically

(Dga, wg™) € SO(9) (2.14)

with ng = (wq4)", defined up to SO(7) x SO(2) gauge transformations. Eq. (2.14) implies
that wga and ng obey

W pa + Weawy™ = Ogp , (2.15)

Wepwe® = 652, wAwE =0,  Weawgs =0 (2.16)

(the set of which includes (2.13)) as well as (2.12) and a few similar relations with other
vectors of SO(9) vector frame which can be found in [26] and in appendix A.2.4

2.2 Complex spinor frame variables and complex helicity spinors

As in [26], it will be convenient to introduce the set of complex spinor harmonics (complex
spinor frame variables) composed of the real spinor frame variables (2.4) and internal
harmonics (2.14) according to

— e T o A . _ - A + ot 5 —F+A A
Uga = UaqWqA ; Uy ™ = VggWy~ Uga = VagWqA » U™ = UggWy- - (2.17)
By construction,
- o - m—aB _ + ,,Ta + 5—aB _ s B
vt =0, VoAU =0, vaavp =0, Vyal =047, oo (2.18)

With this notation, egs. (2.11), (2.12) imply

._ B+
w'gé = UHF@ = 4%@@'@& ) (2.19)

Below we find convenient to use the SO(1, 1) invariant complex helicity spinors

Aaa =V pHu , A2 =/ pto d (2.20)

instead of Ui and T@A so that the second equation in (2.2) can be written in an equivalent
form
B —apto oA e g 4t o fugn = MGAga - (221)

(a

However, we do not find practical to introduce also SO(1,1) invariant counterparts of the
complementary spinors v;“A and @;A from the spinor frame. Of course, if we wish to

“In 10D case the counterparts of egs. (2.15) and (2.16) with g—qg=1,....,8and A~ A=1,....4
guarantee that the matrix (wga,we®) € SO(8). In our 11D case egs. (2.15) and (2.16) imply
only (ga,ws?) € SO(16) while the reduction to SO(9) is achieved by imposing additional rela-
tions (A.10), (A.11) and (A.12).



present e.g. eq. (2.19) literally but in terms of the helicity spinors, we obtain not so elegant
U af = 4y AU‘E) A p#. However, instead we can write the following equivalent set of

relations involving I/ op and the constrained spinors (2.20) only:
d/%ﬁAgAi =0, W?EX@A = 2242 (2.22)
Using (2.18) it is not difficult to check that
%,Lgé)\ééi =0, %%ES@. =0. (2.23)

The first equations in (2.22) and (2.23) together with simple counting arguments imply

that Aga; (or v 4;) provide a basis for the common kernel space of kg and U5 °

aff ap _
F; “xgi =0= 7; “XBi = Xgi = X" Agai = x*Av@; : (2.24)

Then the second equations in (2.23) and (2.22) indicate that the set of constrained
spinors 5\5 complete A\,4; till the basis of the space of solutions of the massless Dirac

equation, while the matrix U o maps these into A\ga,
<,8 —
%?*)\éié =0 s UQ@)\QAl = _2)\@2‘ . (2.25)

This allows us to state that )\C% provide the basis of the complementary to the space of
common zero modes of ,}égﬂi and U opi in the space of the solutions of 11D massless Dirac
equation.

With egs. (2.18) we also find

Aaarp® = 0, (2.26)
- 1
AaAra? = #U;Avéé = —Zk‘“UyFWgé (2.27)
and
AT s = p* vy vy = +k, U048 - (2.28)

One can recognize in (2.27) and (2.28) the relations from (2.5) of [28]. Our spinor frame
approach is very efficient in derivation of such type relations.

Notice that the indices of, say, Apa; and v, 4, are transformed by the rigid Spin(1, 10)
group, common for all values of ¢, and by Spin(77)i transformations, specific for each of the
scattered particles. The internal harmonics wy4; are transformed by Spin(9); ® Spin(7);,

where Spin(9); is also specific for i-th particle.

5The elements of this basis, Aqai, were denoted by €aqa = Kaa€aa in [28] where €qq is the notation for

WqA.-



3 Polarized scattering equation of 11D supergravity

3.1 Scattering equations

Scattering equations [35-38] establishing the relation between scattered particles and points
o; on Riemann sphere read
“~ kl'k;
P 'R (3.1)
i
In this subsection we omit underlining of 11D indices to stress that the equations are valued
for arbitrary D.
As in [28] (see also refs. therein) we can introduce the meromorphic D-vector function

Pulo) = 30 H (3:2)

)

and to write the scattering equation (3.1) in the form

e kz”kju
kP (o) =) —H =0, (3.3)

A
— 0 — 0
J#i J

Notice that, while P, (0;) diverges, its contraction with k' is well defined (if no one of 0;
coincide with o;, as usually assumed) due to the mass-shell conditions (2.1).

One can also write the scattering equation (3.1) as equation on the meromorphic vector
function (3.2) only:

Resy—o, %P%) =0. (3.4)

This equation actually implies (see e.g. [28] and refs. therein) the light-likeness of the
meromorphic D-vector function (3.2),

Pt(o)P,(c) =0 (3.5)

for any o. Thus we consider (3.5) with (3.2) as the third equivalent form of the scattering
equation.

The constraint (3.5) can be generated from the so-called ambitwistor string action [42]
and eq. (3.2) can be obtained from the deformation of this action obtained by incorporating
the contribution of the suitable vertex operators to the path integral measure. Below we will
describe 11D supersymmetric generalization of the ambitwistor superstring action proposed
in [45] (see [59, 60] for earlier discussion in the context of twistor string). In [28] a modified
version of this action is discussed; this paper gives the arguments in favour of the original
action.

3.2 Constrained spinor function on Riemann sphere

Eq. (3.5) suggests the existence of a meromorphic function carrying 11D spinor index which
plays the role of square root of the above meromorphic vector function in the same sence
as helicity spinors can be associated with square roots of the light-like momentum, (2.2),

Pu(0)dgp = )\g(a)f’&)\g(a) , 2Xag(0)Agq(0) = Fiépﬁ(a) . (3.6)



Furthermore, then it is convenient to introduce a spinor frame field v,,(c) [45] and a

(purely gauge or Stiickelberg) density p* (o) and to use this to write the general solution
of the constraints (3.6) in the form

Aag(0) = p#(a)v&,(U)Spq(a) , SprSqr = pg - (3.7)

Pu(0)ogp = p*(0)og 0y (0) . 20%(0)ugg(0)uy(0) = ThsPule) . (38)

which describe the essential constraints on the spinor frame functions and their relation
with the meromorphic vector function,

Pu(0) = p*(0)uz (o) . (39)

Notice that the algebraic relations between spinor functions, spinor frame fields and the
meromorphic vector function obeying (3.5) are the same as (2.2), (2.7), (2.8) relating the
helicity spinors, spinor frame variables and light-like momentum of i-th scattered particle.
This is why we use essentially the same symbols in both cases (distinguishing them by
indicating explicitly the dependence on o in the case of functions and putting the index @
in the case of variables corresponding to i-th scattered particle).

The presence of SO(16) valued matrix field S(o) € SO(16) (SST = I) in (3.7) reflects
the invariance of (3.6) under the SO(16) gauge transformations. One might wonder why
we have not introduced such a matrix in the relation (2.5) between polarization spinors
corresponding to i-th of scattering particles and the i-th spinor frame. The reason is that
the helicity spinors should also carry the information about particle polarizations. This
is encoded in the polarization vector which is represented by complex SO(9) vector with
vanishing square. Its relation with the complex helicity spinors described by eq. (2.19)
requires the identification of the 16 component index ¢ of the real helicity spinor as SO(9)
spinor index thus breaking SO(16) symmetry of egs. (2.2) down to SO(9) and prohibiting
the inclusion of SO(16) matrix in the common solution (2.5) of (2.2) and (2.19). In contrast,
the spinorial functions should obey, at present stage, only the constraints (3.6) which are
invariant under SO(16) gauge symmetry, so that its general solution is given by (3.7).

The meromorphic spinor function A\yq(o) which would correspond to the vector mero-
morphic function of eq. (3.2) in the sense of egs. (3.6) should have the structure similar

o (3.2), but with the use of helicity spinors (or spinor frame variables) related to light-
like momenta by (2.21) instead of the momenta itself. The expression of such a type was
proposed in [28]. However, the moving frame treatment of the 11D helicity spinors makes
manifest that this was the gauge fixing description.

The complete gauge covariant form of such relation reads

A

#aAz qi aAz )
= 3.10
va e Sy e pr— (3.10)

i=1



. A o .
where the function ng(o) has no poles and obeys the ‘purity’ conditions

Wfi(a)wg%(a) =0. (3.11)

This is necessary to obey the constraints (3.6) with meromorphic 11-vector (3.2). Indeed,
taking into account (3.10), (3.2) and (2.21), we can write eq. (3.6) in the form

I\ A

Naai A8Bj __ g A (a]Ai|B)i
2 wB oy whie) =S =2 20 3.12
> o) = 312

i

When all g;’s are different, the r.h.s. of this equation has first order poles at 0 = o; with
residues 2)\@@)\'%)1. = prv(oj‘Aivlg); = P?”a;i“ﬁ;i- In contrast, the L.h.s. generically has

second order poles. These vanish if we require Win(U) to obey the ‘purity’ conditions (3.11).

Notice that the r.h.s. of eq. (3.10) is clearly complex, as meromorphic function should
be, so that our spinor functions A\yq(0) are not real. Such a complexification is characteristic
for the ambitwistor string and CHY scattering equation approaches, as well as e.g. for the
pure spinor description of quantum 10D superstrings [69-72]. Already the form of the
vector function (3.2) indicates that it is complex and hance complex are its square roots in

the sense of egs. (3.6) and (3.8). Thus also the spinor moving frame field v _.(c), moving

agi
frame field u, (o) and density p? (o) in (3.7), (3.8) and (3.9) are complexification of the
functions used e.g. in [52] and [59]. The matrix S in (3.7) should be also considered as
complex so that, strictly speaking, it takes values in SO(16,C). As far as the counting
of degrees of freedom is concerned, the usual strategy in the models with complexified
variables is to substitute reality by analyticity, i.e. to allow for the dependence on, say,

complex \yq(0) but not on its complex conjugate.

3.3 Preliminaries on SO(16) gauge symimetry, its naturalness and Stiickelberg
realization

The appearance of the matrix functions Win(U) and not just constant matrix in the r.h.s.
of (3.10) is necessary to make equations gauge invariant. To motivate the requirement
of gauge invariance we can turn to the ambitwistor superstring origin of the spinorial
function A\yq(o) providing the square root of the meromorphic vector function (3.2) in the
sense of (3.6).

Even in the case if the relations of constrained spinor functions A.q(c) with spinor
frame field in (3.7) were not including the SO(16) matrix field and were just Aag(o) =
V P7(0)vg,(0) (the counterpart of this situation we will observe in 10D case), the r.h.s.
of (3.10) should include the matrix field anyway. This is because the spinor frame field
Vg (0) suitable for the description of 11D ambitwistor string (and tensionless superstring) is
defined up to SO(9) gauge symmetry transformations with o-dependent parameters which
should act also on Wﬁ(o) to leave eq. (3.10) gauge invariant.

In D=11 the relation of the spinor function and spinor frame functions (3.7) includes
SO(16) valued matrix S € SO(16), so that the reference on defining gauge symmetry of the
spinor moving frame field is not valid and the arguments should be different. A way which is

,10,



more straightforward, although probably not so convincing by itself, consists in just stating
that the matrix field S(o) should not carry additional degrees of freedom which can be
provided by imposing the requirement of SO(16) gauge symmetry acting on Anq(0) as

Aag(0) = Aap(0)Opg(0) with O(0)0T (o) =1 (3.13)

and leaving invariant (3.7). The real argument in favour of this requirement is that, as we
will see below, SO(16) is also a gauge symmetry of the 11D ambitwistor superstring action
in its supertwistor form.

To leave invariant eq. (3.10), this gauge symmetry should also act on the matrix
function quA(U),

Wf(fﬂ = Wi (0)Opy(0) (3.14)

Thus the requirement of SO(16) gauge covariance do not allow us to write a constant matrix

quA in the r.h.s. of eq. (3.10), as it was written in its counterpart presented in [28]. On the

other hand, as we are going to show, after imposing on qué(a) some additional conditions,
one can fix a gauge with respect to the SO(16) gauge symmetry in which quA(a) for a

. L . A C o
given ¢ coincides with some W ;= This implies

WA(0) =W 20,,(0) . (3.15)

Furthermore, in section 5.2 we will derive eq. (3.10) from 11D ambitwistor superstring
model and show that the stronger version of eq. (3.15), which includes the same SO(16)
valued matrix field Oipg(0) = Opq(0) for all values of 4, holds:

W, (0) = W2 Opgl0) - (3.16)

This makes manifest the existence of the gauge in which the expression similar to the one
proposed in [28] appears.%

On the other hand, (3.16) implies that this SO(16) is realized as a Stiickelberg gauge
symmetry. The reason for this will be clarified below. What happens is that, while the
SO(16) is a true gauge symmetry of the ambitwistor superstring action, which is originally
hidden but can be made manifest in its supertwistor formulation, it is broken by the vertex
operators of physical states. To preserve it in the ambitwistor superstring action deformed
by a term accounting for the contribution of the vertex operator to the path integral,
SO(16) valued Stiickelberg field, Op(c) € SO(16) in (3.16), must be introduced.

3.4 Polarized scattering equation

Now let us observe that the residues of the poles of Lh.s. and r.h.s. of eq. (3.12) coincide
if the spinor frames and polarization data associated to the scattered particles are related

A derivation of the gauge fixed expression was discussed schematically in [28], but a number of issues
were obscure in this discussion. Here we will present a clean derivation which requires, in particular, the
use of an embedding of the 11D ambitwistor superstring model into an enlarged superspace.

— 11 —



by the condition
— By A
v W=W=
aBj " qi " qi _—A
2. fo& . \/Pf“m’* (3.17)
r o; —0j

By A
)‘@ ng ng

3 Wy A (3.18)
r o; — 0j

or

Using (3.10) we can write this equation in a bit more compact equivalent form

A _—A -
Nag()W(:) = /oo = Railh. (3.19)

This relation basically coincides with the one first introduced in [28] and called there 11D
polarized scattering equation. Our study revealed the moving frame nature of both the
constrained spinors and constrained spinor functions involved in it. Furthermore, the dif-
ference with [28] is that the L.h.s. of our version of the polarized scattering equation includes

a value of a(n analytic) matrix function (3.16) at o = o, Win(ai) = Wy-é @ﬂ(ai), rather
than just a constant matrix qué. The reason for this is that in such a way we make the
polarized scattering equation invariant under the SO(16) gauge symmetry characteristic,
as we will see below, for ambitwistor superstring. Furthermore, just our SO(16) covariant
version of the expression for the meromorphic spinor function (3.10) can be obtained natu-
rally from the ambitwistor superstring action deformed by an appropriate vertex operator
contribution.

Eq. (3.18) also can (or rather must) be called polarized scattering equation. This
is a ‘polarized’ counterpart of the scattering equation (3.1) while (3.19) is a polarized
counterpart of the scattering equation in its form of eq. (3.3).

When obtaining (3.19) from (3.18) we have used the fact that, as a consequence
of (3.16),

W) Wi(o) = W) Wi(o:) = W Wy (3.20)
Thus the presence of constant matrices WqAZ- in (3.18) does not contradict the statement of
SO(16) gauge invariance of the polarized scattering equation (3.19).

It is not difficult to observe that j = ¢ contribution to the Lh.s. of eq. (3.18), which

might produce a singularity, vanishes due to the ‘purity’ conditions (3.11), so that an

equivalent form of that equation is

AapiWiWs
Z TeR e a — )\aiA ) (3.21)
— 0 —0j -
JF

The polarized scattering equation is expected to be a condition on the scattering data:
momenta and polarizations of the scattered particle. Then W(;;-‘ entering (3.21) should
describe the data related to i-th of the scattered particle. This suggests to identify it with
the internal frame matrix variable wl‘;‘i (2.14)

Wat = wpt . (3.22)

— 12 —



We however, restrain ourselves from fixing this identification rigidly at this stage of devel-
opment of the formalism and, keeping in mind (3.22), keep below a separate notation W;}
for the matrix entering the scattering equation. -

Resuming, the polarized scattering equation (3.18) guarantees that A\yq(c) of (3.10)

obeys Reso—g,2Maq(0)Agq(0) = 4pfﬁva;4ivﬁ_ié = QP#vg_quEqi = F; o5 and thus that eq. (3.6)

with (3.2) is satisfied. This is to say, the scattering equation (3.18) follows from eqs. (3.6)
with (3.2) and (3.10), (3.16).

Notice that while the scattering equation (3.1) is homogeneous, the polarized scattering
equation (3.19) is not. As it is seen from its equivalent form (3.21), the scattering equation
provides a decomposition of ¢ — th helicity spinors S\@A (or complex spinor frame variables
T);ié), which provide the basis of the complementary to the space of common zero modes
of F. and ¥; in the space of solutions of the massless Dirac equation, on the set of the

variables A\op;j (or v @) providing the basis of the spaces of common eigenfunctions of k]-
and Uj with j # 1.

4 Supersymmetry generator and supersymmetric invariant amplitudes

The supersymmetry generator can be realized as a differential operator in superspace with
11D Majorana spinor fermionic coordinate 0% as well as in the real analytic superspace
with 16 component Majorana spinor

92_ = Hgvg_g

(see [25, 27] and refs. therein). To this end the introduction of spinor frame variables
Vg (2.4) is necessary. Furthermore, introducing also the internal frame variables (2.14)
parametrizing the coset SO(9)/(SO(7) x SO(2)), one can construct a complex 8-component
fermionic coordinates

g = g Waa

(see [26]) and realize the supersymmetry generator as

A _ 0 _
Qo = 4p#ngnA + Uﬁiﬁ — =14 ;’ . (4.1)
A -

We refer to [26] and refs. therein for more details.
It is not difficult to check that (4.1) obeys the superalgebra

A R =l
{Qa; Qg} = 8P#U(gfv@é = 4p#vggv@ - 2/’#“&F§§
= 2kﬁrg§ . (4.2)

This is the standard 11D supersymmetry algebra with the translation generator realized
as 11D light-like momentum (2.7). Such a representation of the supersymmetry algebra
was used in [28] so that our discussion here just clarifies the meaning of the bosonic and
fermionic variables used there and their relation with the ones used in [25-27].
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For the scattering problem the complete supersymmetry generator is given by the
sum of ‘partial’ supersymmetry generators acting on the fermionic variables associated to
different particles

_ _ 0
Qo = Z Qai = Z (4'02 giAnAi + %Aian_> . (4.3)
[ Ai

%

It is nilpotent: {Qq,@g} = 0 due to the momentum conservation.
Below we find convenient to use also the SO(1,1) invariant fermionic variables

nai =\ Py (4.4)

which is the supersymmetry partner of the complex helicity spinor Ao 4; = 1/ pi# Gy (2.20),
denai = € Aaai - (4.5)

In terms of these and the helicity spinor variables the supersymmetry generator has the

S 0
Qg = Z Qgi = Z <4)\a;-477Ai -+ AaAi@TM') . (4'6)

7

form of

The supersymmetric invariant e found in [28]
QgeF =0 (4.7)

is the exponent of

A+y-B
W=W=
_ # # o w e
F—QZZ Pj P 4@_02‘77&'77@‘
i

Avr,B
D) e LTI (9
i Uj_ainémﬁl. .

The proof of the supersymmetric invariance of ef (4.7) passes through (cf. [28],
see (4.6))

W )\aA B

Z)\OéAZ F_4ZZ quj_o_ qT”Bz*
ST -

= _42)\0@ Uz qz az)nBz =

= —42)\&7751 . (49)

— 14 —



Here the derivation of the first equality is straightforward, to pass to the second line we
have used (3.20) (which is equivalent to (3.16)), to arrive at the third line we have used the
expression (3.10) for the meromorphic spinor function and the fourth line is derived with
the use of the polarized scattering equation (3.19).

The factor e ¥ determines the fermionic contribution to the superamplitude or S-matrix
element. In [28] it was proposed that this is given essentially by CHY expression [35] but
with the factor e included into the integrand,

n n

— /
A, = /wl ST H dog []' 6(ki - P(ov)) det M ™ (4.10)

=1 =1
In this expression k; - P(0;) = kiﬁPﬁ (i),

n

I 6(ki- P(02)) = ojuomor; [ 0(ki- P(03)) (4.11)

i=1 i=1i#5,k,1

is independent on choice of j, k,, 0;; = 0; — 0, M is 2n x 2n CHY matrix

% UU: —U; - P(0;);;
M = ; (4.12)
Jﬂ L+ Uj - P(0j)di; Uij]
and
det'M = —- det MZ , (4.13)
az]

where det Mg is the determinant of 2(n — 1) x 2(n — 1) matrix MZ obtained from (4.12)
by removing rows ¢, j and columns 4, j. Again, this latter is independent on choice of ¢ and
J [35].

5 Polarized scattering equation and spinor moving frame formulation of
ambitwistor superstring in D=11

The Green-Schwarz (or Brink-Schwarz) formulation of the ambitwistor superstring action
is reached by considering the Brink-Schwarz superparticle Lagrangian, allowing in it all the
fields to be dependent on two worldsheet coordinates, replacing the proper time derivatives
d/dr with holomorphic partial derivatives 0, and integrating it over the two dimensional
worldsheet [45]. In such a way we arrive at

S = / Ao (PH (DX — idOTHG) — EP?) , (5.1)
W B 2

where By, (o) is a vector density playing the role of the momentum conjugate to the bosonic
coordinate function X“(o), 6%(o) are fermionic 32-component Majorana spinor coordi-
nate function, 9ITHH = 5GQI§§9£, and e(o) is a Lagrange multiplier producing the con-
straint (3.5). Solving this constraint with the use of spinor frame fields related to P, (o)
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by (3.8), or (3.6) and (3.7), we arrive at the action of the spinor moving frame formulation
of the 11D ambitwistor string [45].
This action can be written in an equivalent form [45]

S = /W 0 Nag(0)Asq(0) (6){@@(0) — 9y o) (a))

/W o™ (0)054(0)055(0) (5)@@ — idpe e@) (5.2)

with an arbitrary symmetric spin tensor bosonic coordinate functions

1
64

~ 1 ~ a
iZ28(0)0 8+ s 28 ()T,

1 -~
XY%(0) = XP0) = T ,22 X (o) 5 52"

EPRC

(5.3)

The properties of the spinor frame variables/helicity spinors concentrated in (3.8)/(3.6)

guarantee that the arbitrary variation of the Z#(o) and Z¥1#5(s) do not change the

action (see [61] for the discussion in the context of massless superparticle model). This

is the statement of gauge symmetry which can be fixed just by setting Z¥¥(¢) = 0 and
Z%15 (o) = 0 thus reducing (5.3) to

X9B(q) = —FLxn(s) . (5.4)

32k

Just this gauge fixed form of the action (5.2), with (5.4), is related to (5.1) by the procedure
described above. However, as we will see in a moment, it is sometimes convenient to treat
the ambitwistor superstring as a dynamical system in the enlarged superspace 3(528/32)

with 528 bosonic coordinates (X, ZE2 ZE1Es) and 32 fermionic coordinates 6<.

5.1 Supertwistor formulation of the 11D ambitwistor superstring

The action (5.2) can be written as

S = /W @20 (Aag DHg — Oag 1§ — Oy my) (5.5)
where
Mag(0) = 1/ (0)0ap(0)Spg () . (5.6)
(see (3.7)) and
(o) = X2 (0)Agy(0) = 56%(0) 62(0) s (0) (5.7)
ng(0) = 0%(0) Agy(0) - (5.8)

These are the 11D generalizations of the four dimensional Penrose incidence relations. They
are imposed on the set of 16 constrained 11D supertwistors

ZAQ = (Agg ; ,uga ng)

(see [61] and refs. therein for more discussion on these).
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Egs. (5.8) and (5.7) with (5.3) describe the general solution of 120 constraints

Jpg == 2)@[]3/@% + inpng =0 (5.9)

which can be identified with generator of SO(16) gauge symmetry in the Hamiltonian
formalism.
The rigid supersymmetry living invariant the action (5.2)

5 XL =ifed) | 542 =2, (5.10)
is realized on our constrained supertwistor by

0edag =0, Oephg™ = —i€%ny Oelg = €*Aag - (5.11)

Eq. (5.7) with (5.4) provides, together with (5.8), the general solution of a bigger set
of constraints including, besides (5.9), the set of 135 constraints

1
K@ = K@ = )\Q(B ,u% - Edﬁ AQE’ Ni’ =0. (5.12)

528032) these are gauge fixing

From the perspective of the system in enlarged superspace X
conditions for a gauge symmetry which will be described below.

Thus, keeping in mind the generic form of spin-tensorial coordinate (5.3) in (5.7) we
can describe the 11D ambitwistor superstring by the action (5.5) with variables restricted
by the constraints (5.9) and (3.6).7

Furthermore, we can introduce the constraint (5.9) with Lagrange multiplier into the

action,

S = d*c (Agg Opg — OAag pg — 101y 772) T /

2 o .
. | oA (2Xapphis +inpng ) (5:13)

and consider the variables Mﬁ as unconstrained. It is important that the action (5.13) is
invariant under SO(16) gauge symmetry (3.13) provided

pig (o) = 1;(9)Opg(0) (5.14)

and the Lagrange multiplier AP = A4l g transformed as a gauge field under this symme-

try,
AP (07100 + 0T A0 . (5.15)
The action (5.5) is also invariant under the following gauge symmetry transformations
1. ~af 1 = aB
5#% = 76—4@522132@) viva g 3250 5!5221‘.&5(0)1121”25 Asq (5.16)

"Here we mean that the light-like vector P, (o) is defined by eqs. (3.6) themselves. Alternatively one
can state that A\aq(0) is restricted by the (reducible) set of the constraints

ATEEN, =0, A DEoEN, =0, AJTEN, = 1%5@ A THEN,
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with arbitrary 6 Z#% (o) and § Z%1¥5 (o). This symmetry allows for the gauge fixing condi-
tions reducing the general solution (5.7) of the constraints to

1
T32

This gauge is not preserved by supersymmetry transformations (5.10) along so that to

" XU\ g, - %eﬂeﬁ@ . (5.17)

5y

reach the simple transformation of supertwistor (5.11) and to preserve the gauge (5.17)
one needs to supplement (5.10) by the gauge transformations of the supertwistor (5.16).

Of course, the fields Ao4(0) are constrained by algebraic relation which follows from
their expression in terms of spinor moving frame variables (5.6) (these are actually collected
in (3.6), see footnote 7). However, the fact that ug (o) in the action (5.13) can be treated
as unconsrained will be very useful in our discussion below.

5.2 11D ambitwistor superstring and polarized scattering equation

In the spinor frame formalism the SO(16) gauge invariant generalization of the vertex
operator proposed in [28] reads

V= Joisthe Ploess (2ing o0y o uaVikion +/ o 00ty oy o)

. /d2gi5(ki-P(Ui))QHeXp<2iug(ai))\w4iW£(ai)+277q(ai)nAiW£(ai)) (5.18)

where 20 denotes a possible additional worldsheet operator depending on polarization data
the explicit form of which will not be essential for our discussion (see [28] for further
references describing its explicit form). Besides this, the vertex operator (5.18) is expressed
in terms of fermionic and spinorial bosonic functions describing the ambitwistor string,
ne(c) and pg (), Aag(o) (the latter entering §(k; - P(0;)) where P, (o) is assumed to be
taken from (3.6)), and the scattering data of i-th particle. These latter are described by
Aadi, which defines k; through (2.21) and polarization vector through (2.22), fermionic

Nai = pfﬁnzi and bosonic matrix function W(;;-‘(a).

Despite of the entrance of this latter into the set of scattering data, we consider it as
a function of o; to do not break explicitly the local SO(16) symmetry characteristic for
the ambitwistor superstring action (5.13). On the other hand, the entrance of W(ﬁ(ai)

into the set of scattering data suggests its identification with a constant matrices Wq‘?

up to the universal (i-independent) local SO(16) transformations, as described by (3.16).
Furthermore, it also suggests the identification (3.22) of the constant matrices W;} in (3.16)
with the internal frame matrix variable (2.14) describing the polarization of the scattering

particle through (2.12), so that (3.16) becomes
Wg/i‘(a—) = w;z‘@@(a) ) OO = Tigxs - (5.19)

As (5@(0) = (7)}1(0) is SO(16) valued, (5.19) would imply that W;Z-‘(a) obeys, besides the
purity conditions, also

ngA(O')WBAi(O') + Wqéi(O’)ngA(U) = (Sq s (5.20)

Wgﬁi(J)quA(U) = 5§A 5 ngA(O')WJE(O') =0 s Wqéi(U)Wqﬁi(O‘) =0 (5.21)



and thus describes an SO(16) valued matrix field. Thus in the presence of vertex operators
the SO(16) symmetry is realized by Stiickelberg mechanism.

The simplest calculations of the path integral with vertex operator insertions can
be done by searching for a saddle point of the exponent of the action multiplied by the
exponential factors from vertex operators. This is to say, the main contribution to the
path integral will come from the extrema of the action with the source terms coming from
vertex operator. The essential for our purposes part of such an effective action reads

S+ Sy = / @20 (Aag Dy — Oag 1§ — 2i0ng1y) + / oA (20 gy + ingyng ) +
w2 . = w2 g
/ I,VA IVA
+ E (2/1’(] UZ qi (UZ) p#(o-l)eq ( ) pz nAz (o-l)>
= / 5 (Nag Oz — Ohag 13— i01gn, ) + / 2o A (g + inyny ) +
w2 = . w2 =4 =

- Z d08(0 = 1) (250D hasiWar(0) = 2imy ()asWit(0) ). (5:22)

It is invariant under the SO(16) gauge symmetry and contains W;}(a) which obeys (3.11)
and is assumed to be of the form (3.16); moreover the fact that W(;?(O') describes the
scattering data suggests a more specific expresion (5.19). Clearly, no independent equation
can be obtained by varying this Stiickelberg field.

Equations of motion which follow from the variation of the action (5.22) with respect
to the unconstrained bosonic and fermionic fields, yg(o) and 7,(o), have the form

25 i) AaniWii(0s) | (5.23)
= 2(5 0’ — O'i nAiWqAZ'(Ui) y (5.24)

where
D)\gg = 5)\% — /\QBAm , Dng = 517g — nBA@ (5.25)

are SO(16) covariant derivatives constructed with the use of Lagrange multiplier A2 as
SO(16) gauge field. Furthermore, this is a one component gauge field associated to the
derivative in one (anti-holomorphic) complex direction and, as such, it can always be gauged
away. In the gauge

AP = () (5.26)
the equations (5.23) and (5.24) simplify to
25 z aAquja (527)
A
= 25(0’ - Ui)ﬁAini ; (5.28)
where we have assumed that
A ~ A
Wi = Ogp(0i)W,; () (5.29)



is independent on o;. This assumption is equivalent to (3.16); we also keep in mind the

identification (3.22) of this constant matrix with the internal harmonics providing the
A A
g Wpi

In (5.29) Opy(0) is SO(16) valued matrix field trivializing the connection given by the

square root of (the conjugate to) the polarization vector (2.12), @@i = Uilyqip = 2w

Lagrange multiplier in the action (5.13),
A = (@—15@) pa | (5.30)

Clearly, this matrix field corresponds to the gauge transformation which is used to fix the
gauge (5.26).
The solutions of the equations (5.27) and (5.28) are given by

no\ A‘WA
ALY qq
Aag(0) =Y ————, (5.31)
i=1 ’
A
n nAiqui
ng(o) =Y —. (5.32)
i=1 v

These equations, which essentially coincide with ones presented in [28], are invariant under
the rigid SO(16) symmetry only.

The solution of the gauge covariant equations (5.23) and (5.24) can be obtained by
performing the local SO(16) transformations of (5.31) and (5.32) with matrices Op,(0)
related to the antiholomorphic component of the gauge field by (5.30). This solution reads

0N TV A
Aag(0) = ZAQAZWC” ) : (5.33)

o — 0;
i=1 v

n naiW,i (o)
(o) =Y nAU_U , (5.34)
i=1 t
where (see eq. (3.16)) ~
Wit (o) = WB@-A Opq(0) - (5.35)

If accepting the identification (3.22), which implies (5.19), substituting that into (5.33)
and (5.34) and using (2.12) we obtain the expression for the bosonic spinor and fermionic
functions in terms of real helicity spinors and polarization vectors

" )\gpi wzwz pq’ ~
Naglo) = 3 4(2_0)) o) (5.36)

i=1
n
ngpi(wiﬁi)qu A
= —— 0y 5.37
772(0—) ; 4(0_ - Ji) gg(O') ( )
with the same @@(O') as in (5.19).

The polarized scattering equation (3.18) should be imposed on the scattering data thus
producing its equivalent form (3.19) when the solution (5.33) of the ambitwistor string
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equations of motion is taken into account. Other way arround is to say that, as we have
already discussed, the polarized scattering equation (3.18) can be obtained as consistency
conditions of the constraints (3.6) with (5.33) and (3.2).

The first of two equations which we have obtained from the ambitwistor superstring
action, eq. (5.33), coincides with the SO(16) covariant ansatz (3.10) for the solution of
the polarized scattering equation (3.19) which generalizes the ansatz of [28]. The second
equation, (5.34), provides the fermionic superpartner of (5.33).

Indeed, taking into account (4.5) and (5.11), one can check that the supersymmetry
variation of eq. (5.34) is proportional to eq. (5.33),

_ A A
a0 " AaaiWyi (0)
Oc 772(0) — Z pf& ﬁ =2 )‘Q,(U> — Z ﬁ , (5.38)
i=1 v g

i=1

and hence vanishes due to this equation. As a result the system of equations (5.33)
and (5.34) is supersymmetric invariant.

6 Fermionic superpartner of the polarized scattering equation

Thus, interestingly enough, in the ambitwistor superstring approach the meromorphic
spinor function (5.31) appears accompanied by its fermionic superpartner (5.32). This
makes tempting to search also for the fermionic superpartner of the polarized scatter-
ing equation. Just formally, the structure of the bosonic polarized scattering equation
considered together with the knowledge on the origin of the complex fermionic variables
NA = NgWga = 0%AaqWqa (see [26]) suggests to propose on this role

ng(e)Wei(os) = n, (6.1)

where niA = ngiwg‘i = G%Aggiw%. Indeed, it is easy to check that

e ng() Wik (1) = ) = € (Nag(0a) Wik(1) = AZ)

so that eq. (6.1) is supersymmetric invariant if the polarized scattering equation (3.19)
holds.

However, literally (6.1) does not feet in the polarized scattering equation formalism as
far as in it the fermionic variables of i-th particle are described by complex n;4 while its
complex conjugate nié should be realized as differential operator (see the expression for
supersymmetry generators in section 4 and [26] for more details). Then, schematically, the
proposed fermionic superpartner of the polarized scattering equation should read

A y_10
nq(gz)ng (07) = 10m;4

(6.2)

and might be realizable as an equation imposed on the superamplitude (the value of the
coefficient in the r.h.s. will become clear in no time).
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This is indeed the case. Taking into account the expression for the fermionic meromor-

phic function (5.34), we can easily find that F from (4.8) satisfies %%F = 4172(01-)W£(0¢)

so that the supersymmetric invariant exp F obeys

9 VA0 ) oF —
( Sy (W ,)) =0. (6.3)

We can use (5.34) to write (6.3) in an equivalent form

By A
0 4y PEwa ) Fog)

Oma 45

O'i—O'j

Such a form is convenient to search for the equation obeyed by the tree amplitude of 11D
supergravity: it is not difficult to check that (4.10) satisfies

Byr A
n o W, Wi
0 1279 g AUD _ (6.4)

amé UZ'—O'j

=1,
Thus we have found the superpartner of the polarized scattering equation (3.18) which
happens to be an equation imposed on the supergravity amplitude, eq. (6.4).

7 Spinor helicity formalism, polarized scattering equations and ambi-
twistor superstring in D=10

In this section we will describe the spinor frame approach to 10D polarized scattering
equation and its ambitwistor superstring origin. The similarity with 11D case will allow
us to be brief; we will especially notice the stages where the differences between 10D and
11D cases appear.

7.1 Spinor frame approach to 10D spinor helicity formalism I. Real helicity
spinors

Ten dimensional Lorentz harmonics Uoj;jvva_q were introduced in [62, 63] and used to con-
struct the spinor moving frame formulation of 10D Green-Schwarz superstring in [64—66]
and superembedding approach in [67] (see [68] for a nice review). They are rectangular

16 x 8 blocks of the 16 x 16 spinor frame matrix
Vo = (%, va;) € Spin(1,9) (7.1)

carrying different SO(1, 1) weights (£) and the indices of different (c- and s-spinor) rep-
resentations of the SO(8) subgroup, ¢ = 1,...,8 and ¢ = 1,...,8. They also carry the
Majorana-Weyl spinor index a = 1,...,16 of the 10D Lorentz group.

As there is no charge conjugation matrix in 10D Majorana-Weyl spinor representation,
there is no Lorentz covariant manner to rise and to lower Spin(1,9) indices. The position
of spinor index of a field carries the physical information on its chirality. In our case this
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fact implies that it is impossible to construct (in a Lorentz covariant manner) the elements
of the inverse of the spinor moving frame matrix

vie
Vigy = vq_a € Spin(1,9) (7.2)

q
from the above moving frame variables (7.1) (cf. 11D case in (A.6)). Hence we have to
introduce them as independent variables and subject these to the constraints®

+a, — _ o, +
Vg “Vop = Ogp Vg "o, =0,
-, — __ —o,, + 5.,
V5 Mg =0, Vg “Vap = Ogp (7.3)

which are tantamount to V(B)VVA,(Q) = 5(5)(“). The equation VOgB)V(/g)V = UQEU;'Y +
v, “vg | = 04 is also valid as a consequence of (7.3).

Both the spinor frame and inverse spinor frame variables (spinor harmonics) can be
considered as square roots of the same vector frame variables (vector harmonics) defined

as elements of the SO(1,9) valued matrix

ul(f) = (; (u; —i—uﬁ) ) ui ,% (uff — “u)) e SO'(1,9)

o {uiu“: =0, uiu“# =2, ufu”# =0,

=, ul _ #,oul _ I, pud _ _sIJ
ujutt =0, ujut =0, wut =-5.

(7.4)

In particular both v,,~ and v;o‘ can be considered as square roots of the same light-like
vector u,; of the associated vector frame in the sense of

5= 2Vaq V8g Vg Tpty, = Uy, Ogp, (7.5)
Vg Ol = Uy, Ogyp - (7.6)
Here o5 and 6 @B are 10D generalized Pauli matrices which obey

0'“5'1/ + Uya',u = Nwliex16 - (77)

Relations (7.5) and (7.6) also contain all the essential constraints obeyed by the spinor
frame variables with negative SO(1, 1) weight, v,,~ and v;a. More details on 10D spinor
frame variables suitable for the description of massless superparticle can be found e.g.
in [26, 27] and in appendix C.

Adapting the vector frame to the light-like momentum k,, by orienting in its direction
one of the light-like vectors of the frame, say u,,

ki = P?EUZ ; (7.8)

we can then relate this &, to left- and to right-handed helicity spinors

Magi =\ PF Vg Al =0l vg” (7.9)

8This is similar to introduction of the inverse tetrade in general relativity.
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kuolhs = 2XaqAsq » AgOuAp = kpdgp, (7.10)
ke ? = 22207 AiTuhp = kubp - (7.11)
We can reverse the line of arguing and define the helicity spinors by egs. (7.10) and (7.11).

Then for instance,
Ajidagi =0 (7.12)

follows from the light-likeness of the momentum, k k' = 0 and the general solution
of (7.10) and (7.11) can be written in the form of (7.9).

7.2 Spinor frame approach to 10D spinor helicity formalism II. Internal frame
and complex helicity spinors

The state of a scattered vector particle can be characterized by the momentum and a
complex polarization vector U,; which obeys

kUM =0, U,U"=0. (7.13)
As in 11D case we can decompose this on the spacelike vectors of the moving frame (7.4)

Um' = u/IuUzI ’ UiIUiI =0. (714)

The coefficient UiI is a complex null SO(8) vector the presence of which breaks little group
of the D=10 massless particle SO(8) down to tiny group SU(4) (more precisely, to SO(2) ®
SO(6) = U(1) ® SU(4); see [20] and [27] for more discussion). This null vector can be
considered as a part of internal SO(8) vector frame and factorized as follows

qu = *yépUI = 21T)qu;J~4 , ﬂ)pA%{qqu =Ul5,B (7.15)

in terms of the elements of associated s-spinor and c-spinor frames [26]

(qu, wg) e SO(8), (wa, wf) € S0(8). (7.16)

These can be used also to form the complex helicity spinors

AaA 1= Aaglga =\ P4, WA 5\;1 = )\appr = \/p#v;ppr , (7.17)
AL = A wga =V pFog “wga, A= )\qaqu = p#v;aqu (7.18)

which encode more explicitly the information about polarization of massless 10D particles.
These complex spinors solve the left- and right-chiral versions of the Dirac-Weyl equa-
tion
%?Bkﬁm‘ =0, %?BS\BL} =0, (7.19)
1 BA
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while only a half of them are in the kernel of the matrices constructed from the polarization
vector

af ~ po + —B)A . — A
v = U+ = —4UA(aU ha Uup = Uﬂagﬁ = 4v(a|Av‘E) . (7.21)
Namely,
W?BABA@- =0, IZ/?ﬁXg‘% = 2 (7.22)
Uaﬁ'L)\fZ = _2)\04Ai ; Ua,@ ZS\ZBA =0 5 (723)

Thus An4; provide a basis of common zero modes of %?ﬁ and U/ ;1 7 matrices while 5\[3‘2 is
the basis of complementary to the above space in the space of solutions of left-chiral Dirac
equation. In the case of }éaﬁi and U/ o i Matrices the same roles are played by 5\1-&’4 and
A §;, respectively.

From (7.10) and (7.11) one finds the following factorization of the Dirac-Weyl matrices
of different chirality in terms of complex helicity spinors

3 A of ~ ayB)A
bogs = kuol's = D@arf) . K =k, = A9 (7.24)
The other constraints on the complex spinors following from (7.10) and (7.11) read
A AE =k, 645, AaG, g = 0, Me B =0, (7.25)
Ao, AP =k, 547 Ao g =0, Mo, AP = 0. (7.26)

These indicate, in particular, that both the left chiral and right chiral complex helicity
spinors are pure spinors (which are further constrained by a number of orthogonality and
normalization conditions).

7.3 10D polarized scattering equation

The polarized scattering equations in D=10 is also doubled. The equations imposed on
left-chiral and right-chiral helicity spinors corresponding to the scattered particles read

AapiWEWA
ZM =21, (7.27)
— 0;—0j
J#i
g WEWA _
Z AR s R Yl (7.28)
— 0;—0j
JF#

where the 4 x 8 matrices W(;? and W;} obeys the purity conditions
wawP=0, wiwh=o. (7.29)

Similar to 11D case, it is tempting to identify these with the blocks of the i-th internal
frame matrices (7.16),

Wit =wgi, Wi =wi. (7.30)
We restrain ourselves from fixing rigidly such an identification at the present stage of the
development of the formalism keeping in mind the identification (7.30) but keeping the

notation of qu‘ and qu;‘ in the equations below.
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Eqs. (7.27) and (7.28) are the counterparts of the 11D polarized scattering equations
in the form of (3.18). To find the 10D counterpart of the polarized scattering equation
in the form of eq. (3.19) we have to introduce two sets of constrained spinorial functions,
Aag(0) and Ag (o), which obey

2Xaq(0)Agq(0) = JZBPM(U) ) Pu(0)dgp = Aq(0)T () , (7.31)
208 (0)\; (0) = 5"** Py (o) , Pu(0)dap = Aq(0)ouAp() , (7.32)

where P, (o) is the meromorphic 10-vector function (3.2). One can check that the above
constraints are satisfied if:

i) the spinor functions are meromorphic functions of the form

# aAz aAz )
Z\/Z o— 0 _Z o—o; (7.33)

i=1
T - NG A (o)
# UAz qz A" g
= (LA LN A —_ L .34
o) ;\/pz p— ; e (7.34)
where

Wi (o) = Wi Opglo) . Wyl(o) = Wyl Opglo) (7.35)

with SO(8) valued matrices Opy(c) and Opy(),
@@T == ngg N (7.36)

ii) the polarized scattering equations (7.27) and (7.28) hold,
iii) W, and W, obey (7.29); this is automatic when (7.30) holds.

In terms of the meromorphic functions (7.33) and (7.34) the polrized scattering equa-
tions (7.27) and (7.28) can be written in the form of

Mg o)Wt (i) = 24/ pf ot = 2043, (7.37)
o A # aA aA
Mg (0i)Wii(oi) = 24/ p] 07" = 2)] (7.38)
Some comments are in order. First of all, (7.29) and (7.35) imply
A B A B
W4i(o)Wei(o) =0, Wii(o)Wii(o) =0 (7.39)

Secondly, the constraints (7.31) and (7.32) can be solved by expressing the spinor fields in
terms of spinor moving frame field and compensator field p* (o) by

Aag(0) =24/ p#(0)vge(0) . Af(0) =24/ p#(0)vg™ (o) . (7.40)

This is the place to stress that, according to (7.33) and (7.34), Aaq(0) and Ag (o) are
complex so that v,,(0), vi™ (o) and p? (o) should be considered as complexifications of
the spinor moving frame variables and densities used e.g. in [64-66]. We refer to the last

paragraph of section 3.2 for the discussion on such a complexification in 11D context.
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Notice that (3.7), the 11D counterpart of (7.40), contains an additional SO(16) matrix.
Absence of the counterpart of this in (7.40) is explained by the fact that, if included, this
should be SO(8) valued matrix and the spinor frame variables which differ by SO(8) gauge
transformations are considered to be identical (see [62, 63] and [26, 27] for more details). In
contrast, in 11D the harmonics are identified modulo SO(9) gauge symmetry while (3.6) is
invariant under a bigger SO(16) group so that SO(16) matrix enters naturally the general
solution of (3.6).

7.4 10D ambitwistor superstring and polarized scattering equation

The spinor moving frame or twistor-like formulation of the simplest A/ = 1 10D ambitwistor
superstring, suitable for the description of 10D SYM and N' = 1 D = 10 supergravity
amplitudes, can be based on the action quite similar to its 11D counterpart (5.2) [45]

= /W Podon(0)A54(0) (0X°(e) — 00 09 ()

_ /W Pop? (o) ey (0)0gy(o) (9X°F — id0 6 (7.41)

It is written in terms of constrained bosonic spinor functions obeying (7.31), 16-component
fermionic spinor field #%(o) and arbitrary symmetric spin tensor bosonic field
XB(g) = XP(g) = %&,ﬂﬁX“(a) + mzw--% ()50 . (7.42)
The second form of the action (7.41), which is obtained by substituting (7.40), makes man-
ifest the spinor moving frame nature of this twistor-like formulation of the 10D ambitwistor
superstring.
Again, the properties of the spinor moving frame and spinorial functions (7.40), which
are concenrated in (7.31) and (7.32), guarantee that the arbitrary variation of Z#1#5 (o)
live the action invariant. The gauge fixing condition for this local symmetry can be chosen
to be Z#1-#5(g) = 0 so that
X3 (o) = %53%#(0) . (7.43)
However, for our purposes it is more convenient to treat the 10D ambitwistor superstring
as a dynamical system in the enlarged superspace Y(136132) with 10 + 126 = 136 bosonic
coordinates (X#, ZH1~H5) and 16 fermionic coordinates 0.
The constrained twistor form of the 10D ambitwistor superstring action and 10D
generalization of the Penrose incidence relations look quite similar to their 11D coun-
terparts (5.5)—(5.8):

Siop = /W2 d?0 (Mag Opy — ONag 1y — i0ng 1) (7.44)
and
Aa(0) = /o ()0ag(o) (7.15)
(0) = X*H(0)ay(0) — £6°(0) 8% (0)Asg(0) (7.46)
M(0) = 07(0)sy(0) (7.47
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The most noticed difference is the presence in (5.6) the SO(16) matrix which has no coun-
terpart in 10D equation (7.45). As we have already commented, this is due to the fact
that, if present in 10D, this should be SO(8) valued matrix and SO(8) is the fundamental
gauge symmetry of the 10D spinor moving frame construction.

Eqgs. (7.46) and (7.47) describe the general solution of 28 constraints

Tpg = 2X\aphtq® + inpng = 0 (7.48)

which can be identified with generators of SO(8) gauge symmetry in the Hamiltonian
formalism.
The action (7.44) is invariant under the gauge symmetry
1
32- 5!

with arbitrary § 215 (o), which allows for the gauge fixing conditions reducing the general

ops = 825 (0)6 0 0™ Ay (7.49)

solution (7.46) of the constraints to
1 )
y = 1 X5 Ny~ %ea 0%\, . (7.50)
But for our purposes it is more convenient to do not fix this gauge symmetry. Then
the only constraint restricting g (o) is (7.48). Similarly to 11D case, we can included this
in the action with the Lagrange multiplier AP? = AP playing the role of SO(8) gauge
field,

Siop = / d*0 (Aag O — Odag g — i0ng1q) + / d*o AP (2)\a[p,ug‘] + z’n[pnq]) (7.51)
w2 w2

and consider the variables ug as unconstrained.
Supersymmetry transformations leaving invariant the actions (7.41) and (7.51) are

5 X =il ee®) | 5.0 =€, Aag=0, (7.52)
and
dedag =0, Sepig® = —i€“ng, deng = €*Xag - (7.53)
Essentially in the same manner as in 11D case, eq. (7.33) together with its fermionic
superpartner,
n A
AaaiW 2(0)
A = — - 7.54
o) =30 L (754)
and . (o)
naiW,;' (o
ng(o) =Y = (7.55)
i 7 i

with quA(O') from eq. (7.35) and n4; = 7)4Wqai, can be obtained as the solutions of
saddle point equations for the path integral with the measure defined by the ambitwistor
superstring action (7.51) and the suitable vertex operator,

V= / d?0i6(ki - P(0))Wexp (2ipg (0:) AaniWit (07) + 2ng(oi)naiWii (o)) (7.56)

(cf. (5.18) and discussion around).
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What is specific for 10D is the problem of how to obtain the corresponding equation
for )\g‘(a) which do not enter (explicitly) the ambitwistor superstring action,

n VWA (0 "N Ao
3(0) =3 yfpf A g M) 757)
i=1 i=1
Although it is intuitively clear that this should be the case due to that AZ(c) and Aaq(0)
are different forms of the square root of the meromorphic ten-vector function (3.2) (in
the sense of constraints (7.31) and (7.32)) the understanding of the spinor moving frame
nature of both the spinorial functions and helicity spinors helps to provide a more explicit
arguments in favour of this. To this end, besides the generic statement that )\Z.‘(U) and

Aag(0) represent the same element of the coset space Sé)&é?) isomorphic to S® ® Ry, one

can use the fact that thier derivatives are expressed in terms of the same Cartan forms
(see appendix C.2) or a special parametrization of spinor frame variables found in [27] in
which Ag(0) and Anq(0), as well as P, (o), are expressed in terms of the same parameter
functions K= (o) and p# (o) (see eqs. (7.42)-(7.50) in [27]). Then (7.54) and (7.57) provide

equivalent expressions for these parameter functions.

7.5 10D supersymmetry generator and supersymmetric invariants

From (7.53) it is easy to restore the form of the N' = 1 supersymmetry generator @, which
obeys the superalgebra {Qa,Qg} = 4 agAgq = 8/\(a|A)\‘?). Its realization on the variables
of i-th of scattered particles reads

0
Qui = AN + )\aAim , {Qai Qpj} = 85ij)\(a\Ai)‘\g)i = 20;kyiohs . (7.58)

The complete supersymmetry generator given by the sum of the partial generators

0
Q0= Y Qo= 3 (0dhnai-+ o) (7.59)
P i NAi
is nilpotent, {Q., @} = 0, due to the momentum conservation.

The supersymmetric invariant found in [28] is e with

wAWE
F=2) ) i i (7.60)
g J

The superamplitudes of 10D SYM are then essentially described by egs. (4.10)—(4.13) where
the reduced determinant det’ is replaced by reduced Pfafian Pf’ and all the variables are
considered to be ten dimensional.

The generalizations of supersymmetric invariants to type Il cases is straightfor-
ward [28]. As far as the derivation of the basic equation for spinorial function is concerned,
the generalization of our discussion in section 7.4 is straightforward for IIB case while type
ITA case seems to be problematic. The issue can be seen from the Lagrangian 1-form
associated to the 10D type IIA ambitwistor superstring action,

AaghgdX P — iXagAagdfT0) — iAIN] 0oz
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with X8 = %X “65"6 . It is gauge equivalent to a Lagrangian form in an enlarged super-
space with 10 4+ 126 bosonic coordinates described by an arbitrary symmetric spin-tensor
X8 = XBa However, supersymmetry transformations living invariant such a generaliza-
tion of the Lagrangian form,

b~ af s
Eafj‘ﬁ "7°0 €59 607 = €7, 00a2 = €a2 ,

5x°0 = g\’ +
are quite asymmetric and it is not clear whether it is possible to introduce a convenient
supertwistor variables providing the basis of (constrained) Darboux coordinates for this
Lagrangian form. Thus it seems that in type IIA case the shortcut through the enlarged
superspace does not work and to obtain equation for the bosonic spinor functions one has to
deal with the action containing supertwistor variables restricted by additional constraints

similar to (5.12).

8 Conclusion and discussion

In this paper we have revisited the formalism of the 11D polarized scattering equation of [28]
from the point of view of spinor frame approach different applications of which to the de-
scription of 11D and 10D amplitudes were searched for in [25-27]. In particular, we have
addressed the problem of rigorous derivation of the equations for spinorial meromorphic
function Aoq(0o) and its fermionic superpartner ny(o) from the (spinor moving frame formu-
lation) of 11D ambitwistor superstring [45]. We have shown that, to this end, the (gauge
equivalent) formulation of ambitwistor superstring as dynamical system in an enlarged 11D

(528[32) with additional tensor central charge coordinates is very useful.

superspace .

The polarized scattering equation can be written in two equivalent forms: as eq. (3.19)
for the spinor function on the Riemann sphere, and as eq. (3.18) imposed on the scattering
data. We have found the fermionic superpartner of the polarized scattering equation (3.18).
We call this spolarized scattering equation. It happens to be an equation imposed on the
supergravity amplitude, eq. (6.4), rather then on the scattering data.

We have also revised the 10D polarized scattering equation formalism and its 10D
ambitwistor superstring origin with the use of spinor frame method. In this case a coun-
terpart of hidden SO(16) symmetry of the 11D ambitwistor superstring does not appear,
being replaced by SO(8) symmetry characteristic for the spinor frame formalism. However,
similarly to 11D case, the treatment of the ambitwistor superstring as a dynamical sys-
tem in 10D superspace enlarged by 126 directions parametrized by tensorial central charge
coordinates is also useful to obtain the basic equations for the spinor functions.

An interesting direction for future study is to apply the spinor frame approach to
the construction of 11D and 10D generalization of the 6D rational map and symplectic
Grassmannians approach [73-76]. Its relation to the 6D polarized scattering equation
approach of [41] was discussed in very recent [76].

The rational maps approach introduces a scattering map

Pu(o) = ki [J(0 — o) (8.1)

i=1  j#i
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instead of the ambitwistor superstring momentum function (3.2). Clearly P,(0) =
Pu(0) [j=, (0 —0;) and the scattering equation can be also obtained from the light-likeness
condition of the scattering map

Pu(@)P(0) = 0. (5.2)

Extrapolating the 6d results of [74, 76] one might expect that in 11D spacetime this can
be solved in a manner similar to (3.8),

Pu(0)Tgs = 2009(0)psq(0) . Pul0)dgp = po(0)Tupp(o) (8.3)

but in terms of rational spinor map paq(c) (instead of meromorphic function Aag(o) (3.10))
which for even n = 2m + 2 has the form

m
Paq(0) = Zpgg,k ot (8.4)
k=0

Of course, in distinction to 6d and 4d cases, the 11D equations (8.3) (and their 10D
counterparts) impose strong constraints on pnq(c) so that their consistency with (8.4) has
to be checked. We leave this problem for future work and conclude here by observation
that, if this consistency holds, the relation between coefficients of the rational maps and the
helicity spinors, encoding the scattering data through (2.2) and (2.11) with (2.5), should
be described by?

agt =~ (35)

- Hj;éi(ai —0j)

with some SO(16) valued matrix function S’@(U), SST = Ty6x16 and Pap(0i) given in (8.4).

Notice added. When this paper have been finished and ready for sending to the arXive,
the article [77] appear on the net. There another supertwistor formulation of ambitwistor
superstring was considered, quantized in light cone gauge and compared with the light cone
gauge description of the RNS type formulation of the ambitwistor superstring [42]. The
light cone gauge scattering amplitudes have been also discussed in [77].

The supertwistors used in [77] were introduced in [78] in the context of massless super-
particle model (see also [79]). The components of that supertwistor are an unconstrained
16-component bosonic spinor A%, canonically conjugate to it 16-component bosonic spinor
We, and fermionic 10-vector y*. Thus, on one hand, the fermionic variables of this alter-
native supertwistor formulation of the ambitwistor string are RNS-like and, on the other
hand, it uses essentially the representation of a light-like vector function as a bilinear of
single unconstrained bosonic spinor, P,(0) = A%(0)0,6s\ (). This is valid due to the
specific identity for D=10 o-matrices (having its counterparts also in D = 3,4,6) and, in
distinction to our spinor moving frame related constrained supertwistor approach, do not
allow for a straightforward generalization to 11D case.

P}i(z)
H]‘ (Z*'-'"j)

°To find this one notices that eq. (8.1) [74] implies ki = 5 ¢  dz and uses (2.2) and (8.3).

T
lz—oil=c
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A Some properties of 11D spinor frame variables and helicity spinors

In our mostly minus metric conventions the 11D Dirac matrices ’yﬁgﬁ obeying

VuVv T V¥ = N 132x32 = diag(+1,—-1,..., _1) 3232
- B - 0
1

are imaginary. The charge conjugation matrix C and its inverse Cap are imaginary as
well. We use mainly the matrices with both upper and with both lower indices

Fggﬁ = ’yﬁglcl/g = Fﬂg , f‘ﬂgﬁ = C’Qlyﬂé = f‘”ﬁﬁ
which are real, symmetric and, by construction, obey (2.3).

A.1 Spinor frame and vector frame variables (Lorentz harmonics) in D=11

Interrelations between D=11 vector frame and 11D spinor frame variables are described by

-7 B s -
uﬁr@ - 21}0“1”@ ) Vg Ty = 1, 0gp (A1)
w -
“ﬁFE,B = QUQ—EU&J; ) v; ﬁvg = 1@5@ , (A.2)
T - -~ + e T S
“gFgg = 2”(@@ TapVIB)p Vg FVUB = Uy Vgp > (A.3)
where ¢,p = 1,...,16 are spinor indices of SO(9) and ’yqp ’ypq are SO(9) gamma matrices.

In addltlon to the above spinor frame variables (7.1) we have also used the elements

of the inverse of the spinor moving frame matrix

+a
v.e=("_] e Spin(1,10) (A.4)
(8) vy
the blocks of which obey VQ@ Vig)L = vgyq T4 vaq q = 5a and
+a,, — +a +
Vg “Vgp = 6@ , Vg “Vgp =0,
Vg “Vgp =0, Vg “Vap = Ogp - (A.5)

In D=11 the elements of the inverse spinor frame matrix can be constructed from the

elements of (2.4) with the use of charge conjugation matrix
— . +a af

D=11: vyt = FiC* vﬁ g

(A.6)
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The relations between vgq ;- and Vg > v; == —zCo‘ﬁv coincide with our conventions for
rising and lowering the 11D Majorana spinor indices Wthh imply, e.g.

)\él = —iCQE)\@, /\Qg = Z'ngAga (A.7)

and I'jap = z‘C’mz‘C’/Bgf‘ulé =Cqy f 10y 58, while the sign in the relation for complementary
elements of the spinor frame, vq = iC%y +, is opposite.

Notice that (A.7) and (A.6) imply that egs. (2.5) , (2.20) and (3.7) are valid also for
the spinors with upper indices, while e.g. the upper-index version of (2.11) has the opposite
sign,

wgﬁ = Uﬁf‘ﬁgﬁ = —2Ug_(g'yqipv;@ Uil . (A.8)
The different signs for v* and v~ in (A.6) are also reflected in the following conse-

quences of the above constraints:

(vq_f‘ﬁ) = u,v ,;L 4 ulyLl e (Vg Tp)a = u;v+ —u
which imply

vgfﬁzv = 2u[

(A.9)

1% l/] ’YQP

A.2 Internal frame variables/internal harmonics

The internal frame variables or SO(9)/[SO(2) x SO(7)] harmonics can be described [26] by
complex 16 x 8 matrices wys = (wq )* (2.14) obeying (2.15), (2.16) as well as

w@ = 2WqAWpA qu’qupu_)pB =UlS45, (A.10)

W@ = 2ngwEA , Wy 'yqup UI<5AB (A.11)
K 5 B i

U@ = 2w(g|A(7K)A§wlg)B ) ququ“’p UI ( )AE ) (A.12)

where (TK>A§ are SO(7) Dirac matrices, J, K = 1,...,7 and the vectors Uy, Uy = (Up)*,
U’ form the SO(9) valued matrix

<U]j,; (U£+ UL) ,% (Ul — UI)) € SO(9) (A.13)

which describes the vector internal frame. The condition (A.13) implies

ULULZO, U[ 7= ULUiZO,

U =0, 7,0 = UK =7k (A.14)

<

Using the above properties of the internal harmonics and (A.9) we can obtain eq. (2.28),

ML = pP T vg = 2k, U, 645 - (A.15)
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B An interesting nilpotent matrix

Here we present an interesting 16 x 16 nilpotent matrix which might happen to be useful
in further development of the formalism.
The scattering equation in the form of (3.3) implies

{P(0:). ki = Pay (005 + Ky o P2 (01) = 0. (B.1)

Using (2.2) and (3.8) this equation can be written in the equivalent form of

_ =B -8 _
0= Wepi (vggivgf(ai) — vgfvgg(ai)) (B.2)
where 1
W@i#i = Ul;ivgl(ai) = Uw(al)vg7 . (B.3)
pi p# (o)

Contracting (B.2) with Uggi and Ugy (0;) we find nilpotency conditions for the W,; matrix,
WepiWepi =0, WepiWypi = 0. (B.4)

It is not difficult to check that these nilpotency conditions are equivalent to the scattering
equation (3.3).
Using (3.10) we can write the above nilpotent matrix (B.3) in the form

qu = Z )\ )\aA W*
j=lj#i

C Some properties of 10D spinor frame variables and helicity spinors

10D vector frame and spinor frame variabes are related by

Vg Oaly = Ug Ogp Uy To3 = 2Vaq Vg (C.1)
Vg OaVy = Ug Ogp u; 548 = 2vq_avq_’8 , (C.2)
vgr&av;r = ulf oy, u#agﬁ 2004 V8g ", (C.3)
v oqv) = uf Sy uif 5eeh 21);6“11;/8, (C.4)
Vg aty = UgVap UaTap = 2V(aly Vag¥B)i - (C.5)
v, O'aU;_ = fuéfyéq , ulgeeh = —2 (avéq ;"8) , (C.6)

where ’qu ’qu are Klebsh-Gordan coefficients of SO(8) group, ¢,p = 1,...,8 are s-spinor

(8s) indices, ¢,p = 1,...,8 are c-spinor (8¢c) indices and I=1,..., 8 is SO(8) vector index

(8v-index). The above relations involve the spinor frame variables and also the elements

of the inverse of the spinor moving frame matrix (7.2) the blocks of which obey (7.3).
Among the consequences of the above constraints, let us notice

— =+ I, — —~a_—+a 1, —«
(Ud L = UpUqq — U Uaprq? (vg T'w) Uy Vq +u#’7qi)vﬁ )

which imply

- - = 11
V4 Lo, = Qu[uuy]fypq .
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C.1 Complex spinor frame variables in D=10

The internal vector frame

i1 _ 1 _
UI(J) — <U1J72(U1—|—U[),2Z,(U1—U[)> € SO(8)

UiUr =0, U]U]ZO, U[ﬁ[ZQ,
= ] . L - (C.7)
Uiu) =0, Uiur! =0, Urul =6k
is related to the s-spinor and c-spinor frames (7.16) by
wqp = ’}/ng] = 2’[,?)(1,4’11);4 s wqp = 'ngUI = 2’[1):14pr y (CS)
U[5AB = u_)qA’yépwz-,B , U[5AB = wf’yéﬁwa (C.g)
and
J _
Uy = ’yquI = ZU)AO';]‘B’LU + zquUJABwa , (C.10)
ichgUf = quq/gpwa , ZJJABUj] = w, vépwf . (C.11)
Here [ =1,...,6, A,B,C,D=1,...,4and
. i . 1 i
ohg=—0k,=—(G"B) = §€ABCDO'ICD (C.12)
are 6d Clebsch-Gordan coefficients which obey
o5’ 075 —2(5U5AB, aﬁ;B&fCD = —4(5[AC(SB]D, UiBaéD = —2e4pcp - (C.13)

One can use the internal spinor harmonics (7.16) to form the complex Lorentz har-

monics
— T S A = A ot A Lt A
Vgp *= VagWqA Vo 1= UapWy” s Uy = U WhA vy i=vgwy . (C14)
—-a ., —a - ——Aa . —a, A +o . ta.-— —+Aa . 4o, A
V% = vy “Wga, 0 =, %", vyY = v Y Wga, 0 =v, ;. (C.15)

Using the above properties of the internal harmonics, especially w, A’yéqwq-B =Ul§,B,
we find that the above equations imply the 10D counterpart of eq. (2.28) ((A.15))):

v T, aﬂvﬁB = u[#U ](5 B .
C.2 Cartan forms and derivatives of spinor frame variables/Lorentz harmonics

The derivatives of the vector frame variables (vector harmonics) which respect the con-

straints (7.4) are expressed in terms of SO(I D — 1) Cartan forms Q= = u;du®,
O# = u¥ dul, QO .= Ly=que# and Q7 := uldu®’ by (see [27] and references therein):
Duy = duy +2u;Q0) =l0=T (C.16)
Duff = du? — 207 Q) = ulQ# (C.17)

1 _ 1 _
Dul = dul + v/ = —uf Q7! + Zuz 0 (C.18)

2@ 2 @
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As Spin(1, D — 1), the double covering of the Lorentz group SO(1,D — 1), is locally
isomorphic to it, the tangent space to Spin(1, D — 1) is isomorphic to tangent space to
SO(1,D — 1). Hence the derivatives of spinor frame variables (spinor harmonics) are also
expressed in terms of the above Cartan forms.

For D=10 one finds (see [27] and refs therin)

Dugy = dvgy + Qv + %QUvap'ypg = %Q:I'yéqvaz : (C.19)
Dv(;g = dUJq - Q(O)UQZ + %QU Oj;fyé;]] = %Q#Iva_quq , (C.20)
and
Dy, = dv,* + Q(O) T4 QU égvp = —%Q:Iv;'ayéq , (C.21)
Do := dv/* — 0Oy T+ QU +a’ypq = Q#I’yqp v; (C.22)

The above equations can be used also for the case of D = 11 spinor frame variables
(spinor harmonics) if we assume that I,J = 1,...,9, p,q = 1,...,16, identify ¢ with ¢
and replace the SO(8) Klebsh-Gordan coefficients 'y;q by 16 x 16 nine dimensional gamma
matrices fyéq = fyg[’p.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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