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ON POLYA FREQUENCY FUNCTIONS. III. THE POSITIVITY
OF TRANSLATION DETERMINANTS WITH AN
APPLICATION TO THE INTERPOLATION
PROBLEM BY SPLINE CURVES(})

BY
I. J. SCHOENBERG ano ANNE WHITNEY
INTRODUCTION

1. A frequency function A(x), i.e., a non-negative measurable function
satisfying the inequalities

0 <fwA(x)dx < o,
is called a Pélya frequency function provided(?) it satisfies the following
condition: For every two sets of increasing numbers
(1) X < X < -0 < xp, <y < < n=12-.--,
we have the inequality
(2) D = det ||A(z: — 3|1 2 0.

For n=1, (2) amounts to A(x) 20; for n=2, (2) is equivalent to the con-
vexity of —log A(x). '

It was shown in [6] that the following two functions are Pélya frequency
functions: 1. The normal frequency function whose Laplace transform is

(3) L we‘"e“"‘)z“’dx = gvei=ie,
2(ry)12J
2. The “one-sided” exponential function
@ ' ) {e" if 220,
X =
0 if <0,

of transform

Presented to the Society, April 30, 1949 under the title On the positivity of translation de-
terminants for Polya frequency functions; received by the editors April 4, 1952.

(*) This work was performed on a National Bureau of Standards contract with the Uni-
versity of California at Los Angeles and was sponsored in part by the Office of Scientific Re-
search, USAF. Miss Whitney's contribution to this paper was accepted by the Graduate
School of the University of Pennsylvania in partial fulfilment of the requirement for the Ph.D.
degree. For a brief summary see [7] in the list of references at the end of this paper.

(%) In this paper we use the term “provided” in the sense of “if and only if.”

246

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ON POLYA FREQUENCY FUNCTIONS 247

- 1
f_we”")\(x)dx = 1—+s, Rs > —1).
If 20, we obtain the formula
5 3m%3ﬂﬁ“=w » (=]t <Rs < 8],
|8 J . 8 1+ 85

giving the transform of the one-sided exponential, of mean zero and vari-
ance 62, which is descending if §>0 and ascending if § <0.

It was also shown in [6] that the convolution of Pélya frequency functions
again leads to such functions. Moreover, that the most general Pélya fre-
quency function A(x) is obtained, up to a multiplicative positive constant,
by convoluting the normal function (3) with a finite or infinite sequence of
one-sided exponentials (5) which are such that the sum Y 82 of their vari-
ances converges. In other terms: the Laplace transform of a Pélya frequency
function A(x) converges in a vertical strip containing the origin and has there
the form

® 1
(6) f_we zp\(x)dx = '\17(5)

where ¥(s) is an entire function of the form

@) Y(s) = Ce‘“"’“’f[ 1 + 8,5)e %

y=1

€C>0,v=0,688real,0 <vy+ 3 6 < ).

We single out the special case when y=0 and Z[M < . Except for a
trivial exponential factor which can be absorbed into the integral by means
of a shift in the variable x, our function ¥ is of genus zero. We may therefore
assume A(x) to have the transform

0

(8) fwe‘"A(x)dx = H

P +6,s’ (6 real, 20 [5,| < ).

These two types of transforms, (8) and (6), (7), will be referred to below as
Case 1 and Case 2, respectively.

The present paper is divided into two sections. In §1 we answer (Theorem
1 below) the following question: Given a Pélya frequency function A(x) and a
set of 2n numbers (1), how can we decide when the determinant D, defined by
(2), is actually positive? As an application of our answer to this question we
solve in §2 the general problem of interpolation by so-called spline curves
which were introduced in 1946 by one of us [5] for the purpose of approxima-
tion of infinitely many equidistant data.
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248 I. J. SCHOENBERG AND ANNE WHITNEY [March

1. THE POSITIVITY OF TRANSLATION DETERMINANTS

2. The following theorem answers our question.

THEOREM 1. Let A(x) be a Pélya frequency function of transform (8) (Case
1), or (6), (7) (where y>0, or y=0 and ZI 6,| = ) (Case 2). Let the numbers
(1) be given and let

(1.1) D = det ||A(x: — ¥7)||1.n.

Case 1(®). Let k be the number of positive 8, and h the number of negative
0, 0=k=w, 0=h=w, k+h>1). Then D>0 if and only if we have the
inequalities

(1.2) Zrk < Y < Zyptay forv=1,---,n,
with the convention that
—o if —w=sr<l]
"= {+oo ¥  a<rs+w,
Case 2. We always have D >0.

(1.3)

ExampLEs. 1. It is clear from (1.3) that some of the inequalities (1.2) are
automatically satisfied. Thus, if #=#% and % =#, then again D >0, no matter
what the numbers (1) are. This is true for all # if =k =0. If 2> 0and A>0
we obtain, for =1, the fact that A(x) >0, for all x.

2. The function A(x) =exp (—|x|) of transform

w 2
o 1—s?

illustrates Case 1 with k=k=1. From (1.2) we learn that D >0, provided
X1 <y <xpp1 w=1,.-.,m), or
1< Xy 61 < Yo < X3, X2 < Y3 < Xy, * 00y Xne2 < Yool < Xpy i1 < Yoo

In this particular case we mention as a curiosity that D may be evaluated
explicitly by the following formula, valid for any set (1),

det ||e~1=i—ul|;,, = 6—2xs—zyifl {emin (zivi) — p2max Gwi-n) |
i1

where the subscript “+” indicates the truncated function
(1.4) {x if =0,
. Xy =
Tl i x<o.

(®) The Case 1 of Theorem 1 is related, without inclusion either way, to a theorem of M.
Krein and G. Finkelstein [4], concerning the Green’s function of linear differential operators.
Concerning this subject see the comprehensive treatise [1] by Gantmakher and Krein.
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1953] ON POLYA FREQUENCY FUNCTIONS 249

3. The function

(1.5) A®) = 22y,
of transform
ol k!
(1.6) f e e *xkdy = ——)
0 (1 + s)k+

corresponds to Case 1 with k=0 and k41 positive 9,, all unity. Cancellation
of (positive) exponential factors from the rows and columns of D leads to
the following:

COROLLARY 1. Let k be a natural integer. If x1<x2< - -+ <%n, 1<z

« <Y, then
(1.7) D = det ||(z: — 33| > 0
if and only if the inequalities
(1.8) Tyi1 < Py < %y, y=1,---,m,
hold(*).

This is our special result to be applied in §2.

A PROOF OF THEOREM 1, CAsSE 1

3. We begin by noticing that the simplest of all cases, namely k4A=1,
is not covered by Theorem 1. Although almost trivial and unimportant by
itself, it happens to be fundamental for what follows. So let us assume that
k=1, k=0, in (8), hence A(x) to be the one-sided exponential

(1.9) | A(x)=—:—)\<%), 5> 0.

Now A(x)=e*-x%, where %=1 if x20, =0 if x<0. Thus D
=det ||[A(xi—y,)|| >0 provided D’=det ||(x;—)%]|>0. A moment’s reflec-
tion will show that D’>0, provided all elements of D’ are =1, except those
above its main diagonal which are =0. By the definition of x% these conditions
amount to the inequalities

NE0 <P 2< 0 <Y1 S X1 < Yn = Xy
or
(1.10) T < Y £ % forvr=1,---,m
() The nonvanishing of determinants of the form (1.7) appears explnc:tly as an assumption

in some of the theorems of Chapter 9 in S. Mandelbrojt’s Dznchlet series, Rice Institute Pam-
phlet, vol. 31, No. 4, October, 1944. -
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250 I. J. SCHOENBERG AND ANNE WHITNEY [March

We prove next a special case of Case 1 (h=0, 1<k < «) which, for con-
venience, we state as:

LeEmMA 1. If A(x) has the transform

(1.11) L:e—"A(x)dx = :.[-’f]:: 1 b ) 8, > 0 for allv; k> 1,

then

(1.12) D = det ||A(z: — 3,)]| > 0

if and only if

(1.13) Tk < Py < Xy, v=1-.--,m.
Proof. Let Ay(x) and As(x) have the transforms

k—1 1
I1

and
w1 14 6,5 1+ 6is

respectively. Thus A(x) is the convolution of A;(x) with A,(x). From [6,
Lemma 5], we recall the identity

1 ]
det ||A(xz; — y)|| = ;f_ cee fdet l|As(: — 25)]|

-det ||As(ts — y)||dts - - - din,

which, in view of the symmetry of the integrand in the variables t;, - - -, 4,
we may write as

det ”A(x’ - y;)“ = f e fdet “Al(x,- - tj)”
0<tg< - - Lty

(1.14) -det ”Az(t; - y;)”dtl <o dty

=f L) fDlD2dtl . dt",.

Notice that D, =0 and D, =0, for all (¢), A; and A, being Pélya frequency
functions. D, is continuous in (f) except possibly on the hyperplanes ¢;=7y;.
D, is continuous in (¢) if #>2 and possibly discontinuous on ¢;=x; if k=1.
We conclude that the integral (1.14) is positive if and only if there exists a
point (¢), with 4< - - -+ <¢,, in a neighborhood of which botk factors D;, D,
are positive. By (1.10), this is the case for D, provided

(1.15) ty_1<y,<t,, y = 1,"',”.

Using induction by % and assuming Lemma 1 to hold for 2—1, rather than &,
we see that D, >0, at (¢) and near it, provided
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1953] ON POLYA FREQUENCY FUNCTIONS 251

(1.16) Tyoipr < by < %y, y=1,--,mn

Thus (1.14) is positive provided (1.15) and (1.16) have a common solution
of increasing #'s. Inspecting the bounds imposed on ¢, by (1.15) and (1.16),
we find the necessary inequalities

1.17) max (%—kt1, ¥») < min (%, Y1), =1,
These, however, are also sufficient, for then the open intervals of the ¢-axis
(1.18) I,: max (Xy—rt1, ¥») < ¢ < min (&, y41), y=1,---,mn,

form a sequence of nonoverlapping and advancing intervals, for increasing »,
in view of the obvious inequalities min (x,, ¥,41) Smax (X,—r42, Yr+1).
Choose t,& 1, and both (1.15), (1.16) will be satisfied. By (1), the inequalities
(1.17) are equivalent to

Ly—k+1 < Vot+1y Y < Xy, or Xk < Yoy Yo < Xy

which are identical with (1.13). As the same argument applies if 2=2, the
proof by induction is complete.
REMARK. If we replace in Lemma 1 the assumption §,>0, for all », by

(1.19) 3, <0, y=1,--,n

we have a problem which reduces to the previous case as follows: Replacing
s by —s in (1.11) we obtain

II —"“—1‘—:— = f_:e“A(x)dx = f_:e“"‘A(—x)dx.

This interchanges the roles of x; and y;, and (1.12) holds now provided

(1.20) y.,_k<x,<y,, Yy = 1,"',”.

4. We may now complete a proof of Case 1 by a brief discussion of a few
subcases:

Proof of Case 1 for finite positive & and k. Let the transform (8) be rational,
there being k positive and % negative 6,. Let A; and A, have the transforms

k h 1
é, > 0, — Oktr < O,
.I.Il 1+ o5 E 14 dpps

respectively. Then A=A; *A; and (1.14) holds. By Lemma 1 and its counter-
part (1.19), (1.20), a point (¢) and its neighborhood will produce a positive
integrand in (1.14) provided we have

(1.21) Xy < by < %y, Yor < 8y < Yy, v=1,+--,m.
These require that
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252 1. J. SCHOENBERG AND ANNE WHITNEY [March

(1.22) max (X,—k, Yv—s) < min (%, y), v=1,-.-,mn,

which again are also sufficient. Indeed, if (1.22) hold, the intervals

I: max (%op yoop) < ¢ <min (%, ) v=1,-+,m,

which may well overlap, have advancing right-hand end points (by (1)),
hence an increasing sequence {#,} with t{,&€I/ is assured. Finally (1.22)
amount to %, <%, ¥, <x,, which in turn are equivalent to (1.2).

Proof of Case 1 for k= «, h=0. Let the transform of A(x) be (8) with all
8,>0. We are to show that D =det ||A(x;—y,)|| >0 if and only if

(1.23) Yy < Xy, v=1,:+-,n.

The necessity of these inequalities is seen directly as follows: In the present
case of positive §,’s, (8) is an ordinary Laplace integral (see [6, Art. 11]),
i.e., A(x) =0 if x<0. But then x,=<4y,, for some p, implies x; <y; for all (7, j)
such that 1=u, j=u. Hence A(x;—v;) =0, for such (7, ), and D vanishes, for
instance by Laplace's expansion theorem.

In order to prove the sufficiency of (1.23), we choose a number &'>n
and write A=A, = A;, where A; corresponds to the first &’ factors of the prod-
uct (8) and A, to all remaining ones. In (1.14), D;>0 at (f) provided x,_;
<t,<x,, or

(1.24) t, < x, v=1.:--,m,
since k' >n implies that x, 4 = — . On the other hand we certainly have
D2=det ”Az(t,—yl)“ >0 if

(1.25) N<h<ypp<t<- <y, <l

Indeed Az(x) >0 if x>0 and Ay(x) =0 if x <0, so that D, has positive elements
on the main diagonal and only zero elements above it. Now if (1.23) hold,
it is clear that increasing ¢, can be found satisfying (1.24) and (1.25), which
completes the proof. The case when k=0, k= «, may be reduced to the
previous one and leads to the reverse of (1.23), namely

(1.26) % < Yo y=1,-+,m

Proof of Case 1 for k=h= . Let again A=A, +A,, where A, corresponds
to the negative 8, and A, to the positive ones. In (1.14), D;>0 provided
%, <t,, by (1.26), and D,>0 provided y,<t,, by (1.23). Thus D>0 always,
as was to be shown.

Proof of Case 1 for h= «, k finite. With the same decomposition as be-
fore the positivity of (1.14) requires x, <t,, by (1.26), and ¢,_x <y, <t,,by (1.13).
Increasing ¢, will satisfy both conditions provided x, <y,4x, or

Xy < Yy, y=1,+:0,mn,
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which agree with (1.2). This completes a proof of Case 1 of our theorem.

A PROOF OF THEOREM 1, CASE 2

5. This case requires some information on the behavior of Pélya fre-
quency functions A(x) of small variance. We know that A(x) attains its
maximal value at just one point(’) x=pu and that A(x) is nonincreasing for
x=p and nondecreasing for x <pu.

LEMMA 2. Let {\a(x)} be an infinite sequence of Pélya frequency functions
such that

f Am(x)dx = 1, f Mm(x)dx = 0,

(1.27) .
o'?,, = f xz)\,,.(x)dx —0 asm— o,
If x =, denotes the point where Nm(x) attains its maximal value, then
(1.28) lim pm = 0,
(1.29) lim Nu(um) = + o,
(1.30) lim N\n(x) = 0, uniform in x, for I xl =, Jor every n > 0,

- Proof. Clearly, for a fixed >0,

am2= f xQ)\mdx = f xz)\,,.dx = nz f Andx,
lz|2q 12129

hence by the last relation (1.27):

(1.31) f Amdx —0 as m— o, for every n > 0.
lz|Zy
By the first relation (1.27) we conclude that
1
f Amdx—1 as m— o, for every 7 > 0.
)
But then clearly
(1.32) max An(x) > © as m-— oo, for every n > 0.
—nSzS9

We may now prove (1.28): If x=£, is a point where A\,(x) attains its
maximum in [—9, 7], then by (1.32)

(®) This follows easily from Theorem 10, page 154, of Hirschman and Widder in [3]. Their

A(x) =Gn(x) are not the most general Pélya frequency functions, since y =0 in their case. How-
ever, in Art. 6 below we are applying Lemma 2 to a case where vy happens to vanish.
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254 I. J. SCHOENBERG AND ANNE WHITNEY [March

(1.33) —nSimnsSn, im Am(fm) = + .

m— oo
If (1.28) does not hold, then we would have u. > 27, say, for arbitrarily large
values of m=m,. Since An(x) is nondecreasing in the range [£m, pm] We
conclude that

2n 29
f M(@)dz = [ dxAn(Em) = TAn(En),

m ém

hence, by (1.33), that
27
Mn(x)dx — © as m = m,— ©,
&m
which is absurd. This proves (1.28), and (1.29) follows from (1.32).
To prove (1.30), we use (1.28) and choose M = M(n) such that |y,,,| <n/2
if m> M. But then, A,(x) being nonincreasing in [us, 7], we have

n n
SINOEY Jpwers
2 n/2
where the last integral converges to zero by (1.31). Thus lim N\, () =0 and
(1.30) is established since Am(x) is nonincreasing for x = 1.

6. Proof of Case 2 if y=0, §,>0 (»=1, 2, - - - ). Let the transform be

© © S8 0
(1.34) f e=A(x)dx = ][ 8> 0,0.6, = .
—0 pum1 1 + 8.,.9 1
We are to show that
(1.35) D = det ||A(x; — 35)|| >0

always holds. Let A=A, » A; where A, corresponds to the product of the first
m factors of (1.34) and A, to the remainder. Setting

bm = E 0y,
1

we have that

m

1 © )
a.36) ]I T o =f e~ (Homap (x)dx =f A (x — dm)dx.
=1 —c0 —0

Now
dgt ||A1(x.- — tj)” = det “Al(x; + ém — ;i — ¢m)”

and the transform (1.36) shows that A;(x —¢n) is a function to which Lemma 1
applies. Thus
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(1.37) D, = det ||A1(x.~ - tj)” >0

provided %,_n+¢n <t <x,+¢n, v=1, - - -, n. If m=n, these conditions re-
duce to

(1.38) ty < %+ Gm, y=1,--+,n

Since ¢ = D 1 8,—> o, we see that (1.38) are satisfied in an arbitrarily large
cube of the t-space, if only m is sufficiently large.
The transform of Ax(x) is

0 dps

o 2 o
fe"”'h(x)dx: 11 =1+_S_E,53+...

r=m+1 1 + 615 2 m+1

showing that A, (x) =Az(x) is a sequence of Pélya frequency functions satisfy-
ing the assumptions of Lemma 2, with

0
2 2
Om = 2:6..
r=m+1

In order to prove (1.35), we turn again to (1.14). Choose a fixed 5 such
that

0<n<%m'in (¥rr1 = )
and let t;=y;+pm i=1, - - -, n, where {un} is the sequence of maximum
points in Lemma 2. We claim that for these values
(1.39) D, = det || As(t: — y5)|| > 0 if m > M.
Indeed, if 17j and m is sufficiently large, we have
[t = 33| = | ys = yi + bm|
2 |yi=9il = || >yi—yil —=2>2—n=n,

so that
lim Ag(t" it yj) = 0
by (1.30). On the other hand
As(t: — ¥:) = Ao(pm) — o0, asm— o,

by (1.29). Thus D;— =, as m— o, which amply proves (1.39). Now the ¢,,
as defined above, are bounded, in view of (1.28). Therefore the inequalities
(1.38) are also satisfied by our ¢, if only m is sufficiently large. Now (1.37),
(1.39), and (1.14) imply (1.35), which completes the proof.

The remaining possibilities of Case 2 are now easily taken care of. Let us
assume the transform (1.34), >_|8,| = ®, but allow 8, of either sign. To fix
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the ideas, let the negative 8, have a divergent sum, and let again A=A, *A,,
A; and A; corresponding to the negative and positive §, respectively. Then, in
(1.14), we have D;>0 always. Not so for D,; however, the following is now
clear: To whichever of the previously discussed cases the question of

Dy = ||As(ts — y))|| > 0

may belong, given the v,, we can always find such increasing ¢, as to make
Dy,>0. As D,>0, (1.14) shows that D>0.
Finally, to treat the last remaining case, let

(1.40) f e A(x)dx = e -F(s), ¥ > 0,

where F(s) is of either of the forms (8) or (1.34). Let for the last time A
=A; Ay, the transforms of these factors being the two factors of (1.40), re-
spectively. The reasoning of the last paragraph again applies. In (1.14) we
have D;>0 for any ¢£,(%), while by all previous cases, increasing ¢{; may be
found as to produce D;>0. Thus D>0 and a proof of Theorem 1 is com-
pleted.

2. INTERPOLATION BY SPLINE CURVES
7. The problem. Let

(2.1) E<E<- - <E,

be n given points and k a natural integer. Let F(x) be defined in each of the
intervals (— o, &), (¢1, &), - - -, (¢., + ) by a separate polynomial, of de-
gree not exceeding k, in such a way that the composite function F(x) be
continuous, for all real x, together with its first £ —1 derivatives. F®(x) is a
step-function with possible discontinuities at the points (2.1). A function F(x)
of this kind is called a spline function(?) (or curve) of degree k, while the points
(2.1) are referred to as its knots.

The truncated function (1.4) and its powers are well suited for the repre-
sentation of spline functions. Indeed, it is easily seen that

~ k
(2.2) F(x) = Pi(x) + 2 Az — &),

y=1
where Pi(x) is an arbitrary polynomial of degree at most k and 4, are
arbitrary parameters, represents uniquely the most general spline curve of
degree k having the knots (2.1). Thus F(x) depends on n-%+-1 arbitrary
parameters.

(®) See [6, Art. 3, Example 2].

(7) See [5, p. 67], for the connection with the flexible rod, called a spline, used for fitting
smooth curves to experimental data.
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We may now formulate our problem as follows: Let
(23) o 2 < %2 < -0 < Xppkpl

be a given set of n+k-+1 abscissae; when can we interpolate in the points (2.3)
an arbitrary given set of ordinates Yy, Ye, - -+, Vayry1, by means of our spline
curve (2.2)?

8. Its solution. As a first step we observe the following: If we choose in
any way k1 fixed abscissae 1, - - -, yx41 such that

2.4) <y < < Y < % Vi1 < &1,
then the polynomial Pi(x), of (2.2), may be uniquely written as
k+1
Pi(x) = 2 ofx — 3,
r=1

for appropriate values of the ¢,. But then we also have

k41 .
(2.5) Pu(x) = 25 6(x — ¥4 if £ Z ye
r=1
If we now write
(2‘6) Vit = Elv Vet3s = E?y C 0y Yntkl = En)

and correspondingly define ¢,4x11=4, (v=1, - - -, 1), we see that the ar-
bitrary spline curve (2.2) of knots (2.1) may also be written in the form

n+k+1

2.7 F(x) = > oz — y,)i, in the range ¥ = yr41.

ye=1

We conclude that the interpolation problem of the previous article has
a solution if and only if the determinant of order n+k+1

A
det || (2 — )4 = 0.

By Corollary 1, §1, this is the case provided

(2.8) ° Gri1 <y <% =12, n+k+1).

In view of (2.4) and (2.3) we see that the first 241 inequalities (2.8) are
automatically satisfied. Returning by (2.6) to our old notation we find the
remaining # inequalities (2.8) to be

x1 < &1 < Xy,

X < & < )
(2.9) 2 < £2 < Xnes

........

%n < E» < Tntk+1.
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We state the result as

THEOREM 2. We can interpolate in n+k-1 given abscissae (2.3) arbitrarily
given ordinates, by a spline curve of degree k and knots (2.1), if and only if the
inequalities (2.9) are satisfied.

REMARK. The inequalities (2.9) may be described in words: The first »
interpolation points %y, - - -, x, precede the knots &, - - -, &,, respectively,
which in turn precede the last # interpolation points ®iis, * * * , Xnyr+1, T€-
spectively. Notice that all these conditions are satisfied automatically in case
the knots &, - - -, & are chosen among the n+k—1 interpolation points
Xgy X3y * * * y Xntke

We rephrase this last result as follows:

THEOREM 3. Let there be given a set of N+1 abscissae
(2.10) X < 2 < --- < 2N,

and N-+1 arbitrary corresponding ordinates vy, (v=0, - - -, N). As is well
known, we may interpolate them, uniquely, by a polynomial of degree at most N.
This corresponds to the classical case n=0 of no knots whatever.

Also we may choose any combination of n (1 =<n=<N—1) among the interior
abscissae

(2.11) X1, X2y * * *y, ¥N-1,

to serve as the knots &y, - - -, £n of an interpolating spline curve y=F(x), in
which case again we may interpolate uniquely by a spline curve of degree

(2.12) k=N —n.

REMARKS. 1. In the extreme case of #=N—1, all points (2.11) are knots
of F(x), which, by (2.12), is a spline curve of degree k=N—(N—1)=1.,
Therefore y=F(x) is the ordinary polygonal line obtained by linear in-
terpolation between each pair of consecutive points. Theorem 3 furnishes a
sequence of interpolation procedures bridging the gap between the ordinary
polynomial interpolation and the linear polygonal interpolation, each addi-
tional knot lowering the degree of the spline curve by one unit.

2. Toeach of these procedures there corresponds an interpolation formula
expressing the interpolating spline curve F(x) in terms of the ordinates y,,
with coefficients which are the “fundamental functions” of the procedure. In
the case of N=4, n=1 and therefore k=3, with

X=—2,01=—1,20=0,23=1, x4 = 2and &, = 0,
we obtain the formula
(2.13) F(x) = yoo(x) + yida(x) + yalo(x) + y_ili(—2) + y_olo(— %),

with the following expressions for the fundamental functions:
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X 3 3 3
wa) = @+ (14 2) (1= 3 2)+ 2ol

1 3

h(x) = 3 2(x+ D(x+ 2) — x4,

1 1
h(z) = = — sz + D+ 2+ 2.

In (2.13) we have changed our notation for y, in order to exhibit the sym-
metry of this formula.

3. We conclude by raising the following question. Let f(x) be given as
continuous in the range [a, ] which we divide into N equal parts by the
points (2.10). It is well known that the interpolating polynomial of degree N
does not always converge to F(x), as N— « (8). However, the polygonal in-
terpolating spline curve (¢=1) always does. Is there a sequence of our new
procedures, with =N —#n-— © as N— «, producing a spline curve F(x) of de-
gree k, which will always converge to f(x) in [a, 5]? And how strongly may
k— o with N, subject to this condition? Similar questions can be raised
concerning the quadrature formulae obtained by integrating our interpolation
formulae. Further problems will undoubtedly occur to the reader.
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