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A b s t r a c t :  T he tw o  basic p e rfo rm an ce  p a ra m e te rs  th a t  c a p tu re  th e  c o m p le x ity  o f a n y  V LSI ch ip  are  

th e  a rea  of th e  chip . A . and  th e  c o m p u ta tio n  tim e . T. A sy s te m a tic  app roach  fo r  e stab lish in g  lo w er 

b o u n d s on A  is p resen ted . T h is app roach  re la te s  A to  th e  b isection flow . <f>. A th e o ry  o f  p rob lem  

tra n s fo rm a tio n  based on 6, w h ich  c ap tu res  b o th  A T 2 and  A c o m p lex ity , is develo ped . A fu n d a 

m e n ta l p ro b lem , n a m ely , e lem en t u n iq ueness , is chosen as a c o m p u ta tio n a l p ro to ty p e . It is sh o w n  

u n d e r  general I/O  p ro to co l a ssu m p tio n s  th a t  a n y  ch ip  th a t  decides if a lis t o f n e lem en ts  (each  w ith  

( l+ € ) lo g n  b its )  a re  u n iq u e  m u s t have  <f> =  i l (n lo g n ) .  and  th u s . A T 2 =  Q (n 2log2n ), an d  

A =  Q (n lo g n ). A th e o ry  o f V LSI t r a n s fo rm a b il i ty  re v e a ls  th e  in h e re n t A T 2 an d  A c o m p le x ity  o f a 

large  c lass o f re la te d  p rob lem s.

K ey w o rd s: VLSI m odel o f c o m p u ta tio n , a re a - tim e  trad eo ff, lo w e r b o u n d , p ro b lem  tra n s fo rm a tio n , 

c o m p u ta tio n a l p ro to ty p e .
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1. Introduction

In th e  s tu d y  oi co m p le x ity  th e o ry , a fu n d a m e n ta l p rob lem  — n o rm a lly  re fe rre d  to  as a com

putational prototype -  is chosen as th e  re p re se n ta tiv e  o f a c lass o f re la ted  p rob lem s. E stab lish in g  a 

lo w e r b o u n d  on som e sign ifican t p e rfo rm an ce  p a ra m ete r  o f a c o m p u ta tio n a l p ro to ty p e  has a lw a y s  

been a diff icu lt ta sk , b u t once it is accom plished , th e  sam e b o und  fo r  th e  res t o f th e  p ro b lem s in th e  

class is e s ta b lish e d  by  m ean s o f problem transformation. E m p lo y m en t o f a c o m p u ta tio n a l p ro to 

ty p e  is n o w  c lassical: th e  m o st w e ll-k n o w n  exam ples a re  sa tis f ia b ility  in th e  th e o ry  of N P- 

com ple teness  [GJ] and  e lem en t u n iq u en ess  in th e  RAM m odel [PS].

R ecent im p ro v em e n ts  in  fa b ric a tio n  techno logy  have  m ade  VLSI an a ttra c t iv e  co m p u ta tio n  

e n v iro n m e n t. T he  new  challenge  is th e  ex p lo ita tio n  o f th e  p ro p e rtie s  o f  VLSI to b u ild  efficient an d  

effective  c o m p u ta tio n a l s tru c tu re s . In th e  VLSI m odel o f c o m p u ta tio n  as fo rm u la te d  b y  

[T .B K .A A ], th e  fu n d a m e n ta l c o m p le x ity  m easu res  are  A, th e  area  o f th e  VLSI ch ip, an d  T , its  com 

p u ta tio n  tim e . \  LSI c o m p u ta tio n  th e o ry  add resses  th e  p rob lem  o f using th ese  tw o  resources in an 

o p tim a l (o r  efficient) m an n er. In o rd e r to  e stab lish  c rite r ia  o f o p tim a lity , research  is o fte n  d irec ted  

a t p ro v in g  lo w e r b o u n d s on a rea , tim e, o r v a rio u s  fu n c tio n s  th a t  c a p tu re  an a re a -tim e  tradeo ff, e.g., 

A T-. S ta n d a rd  tech n iq u es  ex is t fo r  p ro v in g  low er b o u n d s on T  an d  A T 2: th e y  a re  based on 

bounded  fa n - in  a rg u m e n ts  (in  th e  case o f  T ) an d  on in fo rm a tio n  flow a rg u m e n ts  (in  th e  case o f 

A T “) [T.BP]. In th is  paper, w e w ill p re sen t a s ta n d a rd  techn ique  fo r  p rov in g  lo w er bou n d s on A. 

T his te ch n iq u e  is v e ry  s im ila r  to  T h o m p so n 's  bisection flow techn ique . Indeed , w e w ill show  th a t  a 

lo w er b o u n d  on th e  bisection  flow  fo r a p a r tic u la r  c o m p u ta tio n  im m e d ia te ly  im plies a lo w er b o und  

on th e  area  o f a n y  ch ip  th a t  p e rfo rm s  th e  c o m p u ta tio n  (su b je c t to  a p p ro p ria te  in p u t /o u tp u t  p ro to 

col c o n s tra in ts ) .

To e s ta b lish  a lo w e r b o und  on th e  bisection  flow fo r a p rob lem  II. th e re  are  tw o  w a y s  to 

proceed. T h e  tra d itio n a l a p p ro ach  is to  e sse n tia lly  s ta r t  fro m  sc ra tch , w ith o u t tak in g  a d v an tag e  of 

p re v io u s ly  d e riv e d  lo w er b o u n d s. A d iffe ren t approach  is to  u tilize  fa c ts  a lre a d y  k n o w n  ab o u t 

a n o th e r  p ro b lem  and  sh o w , b y  m eans o f p ro b lem  tra n s fo rm a tio n , th a t  II is a t least as h a rd  as th is
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p ro b lem . L n t i l  now , th e  f irs t te ch n iq u e  has been used  a lm o st e x c lu s iv e ly ; th e  second approach  has 

been used o n ly  in tr iv ia l  s itu a tio n s , fo r  exam ple , to  observe  th a t  in v e rtin g  an a r b i t r a r y  m a trix  is a t 

least as h a rd  as in v e rtin g  a t r ia n g u la r  m a tr ix . O u r goal is to  estab lish  a f ra m e w o rk  in w hich th e  

second tech n iq u e , th a t  is. p rob lem  tra n s fo rm a tio n , can be efficiently  em p lo yed . T h is  fram e w o rk  

can be used  to estab lish  n o n tr iv ia l lo w er bou n d s fo r  a large class o f re la ted  p rob lem s.

T h is  paper is organ ized  as fo llo w s . In sec tio n  2, w e m o d ify  th e  bisec tion flow  techn ique  of 

T h o m pson  to  lo w er bound  A in stead  o f n/ a T. W e in v estig a te  th e  d u a li ty  o f a rea  an d  tim e  in these 

lo w e r b o u n d s  and sh o w  how . u n d e r  th is  d u a l i ty ,  a n/ a T (i.e ., A T2) lo w er b o u n d , o b ta in ed  by  bisec 

tion  flow  a rg u m e n ts , im p lies an A lo w e r b o u n d . In Section 3, w e develo p  a th e o ry  o f prob lem  

tra n s fo rm a tio n  in VLSI th a t  is based on th e  b isec tion  flow. A c o m p u ta tio n a l p ro to ty p e , n am ely , 

e lem en t un iq ueness , is in tro d u ced  and  n o n tr iv ia l  lo w e r b o u n d s  on th e  bisection  flow  fo r  th is  p ro b 

lem are  e stab lish ed . F in a lly , in Section 4, these  re s u lts  a re  in teg ra ted  to  e s ta b lish  n o n tr iv ia l A T 2 

and  A lo w e r bou n d s fo r  a large  class o f p ro b lem s.

2. Lower Bounds Using B isection F low

T hom pson , in his  sem inal th es is  [T], p roposed  a now  classical tech n iq u e  fo r  a n a ly z in g  VLSI 

co m p le x ity , as fo llo w s . C onsid er a p ro b lem  II(s ) , w h ere  s is th e  in p u t size, and  a ch ip  C n w ith  area  

A th a t  is capab le  o f so lv in g  n  in tim e  T. L et l be a c u t th a t  p a r titio n s  C n in to  a le f t  s ide  (L ) an d  a 

r ig h t side (R ), such  th a t  each side read s  (a lm o s t)  h a lf  o f th e  in p u ts , i.e., s /2  -  o (s) b its , as sh o w n  in 

F ig u re  la . T he  general f ra m e w o rk  is one in w h ich  tw o  processors , PL and  PR. assoc ia ted  respec 

t iv e ly  w ith  L and R cooperate  to  so lv e  II(s )  (see F igure  lb ) .  W e deno te  b y  0 n (s )  th e  n u m b e r of 

b its  th a t  PL an d  PR co m m u n ica te  to  so lv e  II(s). A s U llm an  no ted  [U], th e  h is to ry  o f th e  c o m p u ta 

tion  p e rfo rm ed  b y  C n can be m odeled  w ith  an  a re a -tim e  so lid , as sh o w n  in F igure  2. T he co m m u n 

ication ch an n e l be tw een  PL and  PR is re p resen ted  by  th e  rec tang le  F (in d ica ted  b y  th e  dashed  line) 

th a t  tra n se c ts  th e  longer o f th e  tw o  area  d im ensio ns. T h u s . F has sides o f len g th  T  an d  (a t  m o st)  

n/A; s o  A f . th e  a rea  o f  F, is a t  m o st V A T. If 0 n(s ) b its  m u s t flow across  th is  channe l, th en  

A F =  Q(<£n(s )) . Hence. w e ob ta in :
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a. B isection o f a chip

or, e q u iv a le n tly .

b. A sp a tia l tw o -p ro ce sso r sy s tem

F ig u re  1

V À T =  l i ( 0 n( s )). ( 1)

A T 2 =  n ( i n2(s )) . (2)

Figure 2. A re a -tim e  so lid  w ith  sp a tia l b isec tion o f  in p u ts

L ow er b o u n d s on chip  area  h av e  been o b ta in ed  fo r  a n u m b e r o f specific p ro b lem s, e.g., 

[B K ,B P,L ,S ,D S\ r] . H ow ever, u n lik e  A T 2 lo w er b o u n d s, fo r  w h ich  T h o m p so n ’s th esis  gives us  a 

s ta n d a rd  proo l techn ique , A lo w er b o u n d s  are  u s u a lly  p ro v en  w ith  in v o lv ed  ad  hoc a rg u m e n ts . 

L n til  now , general re s u lts  on area  w ere  k n o w n  o n ly  fo r  0 /1  o u tp u t  fu n c tio n s  [Y2] an d  fo r  t r a n s i 

tiv e  fu n c tio n s  [V]. H ere, w e generalize  b o th  o f these  re s u lts  and  p re sen t a n ew  m eth o d o lo g y  fo r  

p rov in g  area  lo w er bounds.
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A gain, w e consider th e  a re a -tim e  so lid  th a t  m ode ls  th e  c o m p u ta tio n a l h is to ry  o f C n . Suppose 

th e re  is a tim e  t, a t w h ich  C n has read  (a lm o s t)  h a lf  o f  th e  in p u ts , i.e., s /2  -  o (s ) b its . Let F ( in d i 

c a ted  by  th e  dashed  line) be th e  re c ta n g u la r  in te rsec tio n  o f th e  p lane  t =  t, w ith  th e  a re a -tim e  so lid , 

as sh o w n  in F igure  3. C le a rly , A F =  A.

T h is  bisec tion  also y ie ld s  a tw o -p ro ce sso r sy s te m . H ere. P B and PE, assoc ia ted re sp ec tiv e ly  w ith  th e  

beg inn ing  (0  ^  t  ^  t,) and  end  ( t, <  t  ^  T ) o f th e  co m p u ta tio n  of C n , cooperate  to  so lv e  II(s )  (see 

F ig u re  4). W e deno te  by  M s )  th e  n u m b e r o f b its  th a t  PB and  PE c o m m u n ica te  to  solve  II(s) . 

B ecause th e  e lec tr ica l c irc u itry  o f th e  ch ip  m u s t be causa l, in fo rm a tio n  c an n o t flow b a ck w a rd s  in 

tim e , an d  so th is  co m m u n ica tio n  is s t r ic t ly  o n e -w a y , f ro m  PB to  PE.

A rea

Figure  3. A re a -tim e  so lid  w ith  tem p o ra l b isec tion o f in p u ts

s /2  b its s /2  b its

F igure  4. A te m p o ra l tw o -p ro cesso r sy stem

W e can now  s ta te  th e  fo llo w in g  th eo rem  re la tin g  A to  i//n(s ).
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Theorem  1; A n y  ch ip  th a t  so lv es IT(s) m u s t have  area  sa tis fy in g

A =  f i ( ^ n(s )) . (3 )

Proof: A s above, le t u s  first a ssum e th a t  th e re  is in fa c t a tim e  t, w h en  s /2  — o (s )  b its  have  been 

read . I hen th e  rec tan g le  F (see F igure  3) re p re se n ts  th e  co m m u n ica tio n  channel fro m  PB to PE. A ll 

in io rm a tio n  th a t  crosses F m u s t be encoded in th e  c h ip 's  s ta te  (i.e ., s to re d  in its  m e m o ry ) a t tim e  t,. 

Since th e  s to rage  of a b it req u ire s  som e c o n s ta n t a m o u n t oi a rea  u n d e r  a n y  rea lis tic  a ssu m p tio n s ,

a  = a f  =  n ( ^ n (s )) .

N ow , it th e re  is no such  tim e  t/, th e n  a t  som e in s ta n t O (s )  b its  m u s t be read  s im u lta n e o u s ly . 

T his re q u ire s  th e  ex isten ce o f  f t ( s )  in p u t p o rts , w h ich  w o u ld  occupy  Q (s )  area . T h u s , A =  H (s )  in 

th is  case. B ut xjju(s) ^  s /2 . since PB can s im p ly  send  a ll o f its  in p u ts  to  PE. T h e re fo re , in th is  case, 

w e also h av e  A =  i K ^ n(s )) . □

The  above  th eo rem  gives us  a co n v en ien t re la tio n sh ip  be tw een  th e  a rea  c o m p lex ity  o f a V LSI * 

chip  and  th e  o n e -w a y  co m m u n ica tio n  c o m p lex ity  o f a tw o -p ro ce sso r sy s te m . H ow ever, because  

tw o -w a y  c o m m u n ica tio n  c o m p le x ity  is th e  m easu re  o f in te re s t in th e  p ro o f o f A T 2 lo w er b o u n d s, it 

is co n ven ien t to  re la te  area to th is  m easu re  also . If  w e deno te  by  iAn(s )  th e  n u m b e r o f b its  th a t  PB 

and  PE m u s t c o m m u n ica te  to  so lve  II(s )  w h en  tw o -w a y  co m m u n ica tio n  is a llo w ed , th e n  o b v io u s ly  

vAn(s) ^  T h u s , w e have  th e  fo llo w in g  c o ro lla ry .

Corollary 1: A n y  ch ip  th a t  so lv es IT(s) m u s t have area  sa tis fy in g

A =  Q (i/fjj(s)). (4 )

A lth o u g h  th is  b o u n d  m ay  in general be q u ite  w eak , w e w ill find it su ffic ien tly  t ig h t fo r  m a n y  p ro b 

lem s.

In p u t /o u tp u t  p ro to co l c o n s tra in ts  a re  o fte n  estab lish ed  in V LSI c o m p u ta tio n  th e o ry . Such 

c o n s tra in ts  reflect re a lis tic  a ssu m p tio n s  regard in g  th e  p h y sica l s t ru c tu re  o f VLSI ch ip s and  th e  com 

p u tin g  e n v iro n m e n ts  in w h ich  these  ch ips m ig h t be used , th e y  s im p lify  th e  co m b in a to ric s  in v o lv ed  

in th e  lo w er b o u n d  a rg u m e n ts , and  th e y  avo id  re d u n d a n t so lu tio n s . H ere, w e w ill in v estig a te  th e
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du a l ro les  p la y ed  by  area  an d  tim e  in th e  p ro o f o f these  lo w e r bounds. In p a r tic u la r , w e w ill show  

how  a sp a tia l c o n s tra in t on th e  in p u t /o u tp u t  p ro to co l, w h ich  m a y  be used  to  bound  0 n(s ), 

c o rre sp o n d s to  a te m p o ra l c o n s tra in t, w h ich  m ay  be used to b o u n d  ^ ( s ) .  The  fu n d a m e n ta l o b ser 

v a tio n  here  is th a t  <f> (<// ) d epends o n ly  on th e  d is tr ib u tio n  of in p u t /o u tp u t  v a ria b le s  be tw een  PL 

and  PR (P B and  PE), and th a t  th e  c lass  o f a llo w ed  d is tr ib u tio n s  is govern ed  by  th e  sp a tia l ( te m 

p o ra l)  in p u t /o u tp u t  p ro to co l c o n s tra in ts .

W e begin by  su m m ariz in g  ty p ic a l in p u t /o u tp u t  p ro to co l c o n s tra in ts . F o r th e  p u rpose  of th is  

d iscussio n , w e w ill assum e th a t  th e  in p u t is o rgan ized  as n w o rd s , each w ith  k b its . F irs t, w e have  

sp a tia l c o n s tra in ts :

( A l )  U n ilo cal: Each in p u t /o u tp u t  b it  is a v a ilab le  a t  o n ly  one p o rt (b u t  p e rh a p s  a t  sev e ra l tim e  

in stances):

(A 2 ) P la ce-d e te rm in a te : I n p u t /o u tp u t  d a ta  a re  a v a ila b le  a t  a prespecified ( in s ta n c e -in d e p e n d e n t)  

p lace:

(A 3 ) W o rd -lo ca l: F o r a n y  c u t  l p a r titio n in g  th e  ch ip . o (n ) in p u t (o u tp u t )  w o rd s  e n te r  (e x it)  th e  

ch ip  on b o th  sides o f Z;

(A 4 ) B it-loca l: For a n y  c u t Z p a r titio n in g  th e  ch ip . o (k )  in p u t (o u tp u t)  b it p o sitio n s  e n te r  (e x it)  

th e  ch ip  on b o th  sides o f Z.

Second, w e have  te m p o ra l co n stra in ts :

( B l)  S em ellective: Each in p u t /o u tp u t  b it is a v a ilab le  a t o n ly  one tim e  in s tan ce  (b u t  p e rh a p s  a t 

sev e ra l p o rts ):

(B 2) T im e-d e te rm in a te : In p u t /o u tp u t  d a ta  a re  a v a ilab le  a t a prespecified ( in s ta n c e -in d e p e n d e n t)  

tim e:

(B 3) W o rd -se r ia l: A t a n y  tim e  in s tan ce , a t m ost one in p u t (o u tp u t)  w o rd  has som e, b u t  n o t a ll, 

o f its  b its  a lre a d y  read  (w r i t te n ) :
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(B4) W o rd -p a ra lle l:  A t a n y  tim e  in s tan ce , fo r  a ll b u t  a t m o st one l, e ith e r  a ll o r none  o f th e  Zth 

s ign ifican t b its  o f the  in p u t (o u tp u t)  w o rd s  a re  a lre a d y  read  (w r i t te n ) .

W hen  A1 and  A2 (B1 and B2) a re  th e  o n ly  p ro to co l c o n s tra in ts  e x ta n t, th e  p ro to co l is sa id  to be 

n o n -w o rd -lo c a l ( n o n -w o rd -se r ia l) .

N ow . w e w ill d iscuss  th e  m a n n er in w h ich  these  c o n s tra in ts  re s tr ic t th e  c lass o f d is tr ib u tio n s  

of in p u t v a ria b le s  a llo w ed  in th e  tw o -p ro ce sso r sy s te m . C o n s tra in t A1 en su res  th a t  a n y  p a r t ic u la r  

in p u t /o u tp u t  b it resides  in e ith e r  PL o r PR, b u t n o t bo th . C o rre sp o n d in g ly , c o n s tra in t B1 en su res  

th a t  a n y  p a r tic u la r  in p u t /o u tp u t  b it re sid es in e ith e r  PB o r PE. b u t n o t b o th . C o n s tra in t A2 (o r  B2)
• 4

en su res  th a t ,  lo r  a ll p rob lem  in stances o f a given in p u t size, a n y  p a r t ic u la r  in p u t /o u tp u t  b it resides  

a lw a v s  in th e  sam e processo r. C o n s tra in t A 3 d is tr ib u te s  th e  in p u t /o u tp u t  b its  be tw een  P L an d  PR 

e sse n tia lly  b y  w o rd  (p o ss ib ly  w ith  o (n )  w o rd s  fra g m e n te d  across p ro cesso rs). C o n s tra in t B3 

co rresp o n d s to  A3 b u t is so m ew h a t s tro n g e r. It d is tr ib u te s  th e  in p u t /o u tp u t  b its  be tw een  PB and  

PE also by  w o rd  (w ith  o ( l )  w o rd s  frag m e n te d  across  p ro cesso rs). C o n s tra in t A4 d is tr ib u te s  th e  

in p u t /o u tp u t  b its  be tw een  PL and  PR e sse n tia lly  b y  th e ir  positio n  in th e ir  resp ec tive  w o rd s  (p o ssi 

b ly  w ith  o (k )  positio ns frag m e n te d  across  p ro cesso rs). C o n s tra in t B4, s im ila r  b u t s tro n g e r, d is t r i 

bu te s  th e  in p u t /o u tp u t  b its  be tw een  PB and  PE also  by  b it positio n  (w ith  o ( l )  p o sitio ns fra g m e n te d  

across p rocesso rs). Because of th is  co rrespondence  (see F ig ure  5 ), a n y  th eo rem  lo w er b o u n d in g  <f> 

(and  hence V A T) th a t  is p red ica ted  on som e co m bin a tion  of A 1-A 4  im m e d ia te ly  y ie ld s  a th eo rem  

xower b o u n d in g  \Jj (an d  hence A ) th a t  is p red ica ted  on a co rresp o n d in g  co m b in a tio n  o f B1-B4. 

H e rea fte r , w e w ill use th e  n o ta tio n  o f th e  sp a tia l tw o -p ro ce sso r sy s te m  to  e stab lish  lo w e r b o u n d s

on cf>. F rom  th e  p rev io u s  d iscussio n , it is c lear th a t  th e  sam e a rg u m e n ts  can be used  to  e s ta b lish  

lo w er b o u n d s  on i/ / .
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sp a tia l c o n s tra in ts  
( fo r  V A T b o u n d s)

te m p o ra l c o n s tra in ts  
( fo r  A b o u n d s)

un iloca l
p la ce -d e te rm in a te

w o rd -lo ca l
b it-lo ca l

sem ellec tive
tim e -d e te rm in a te

w o rd -se ria l
w o rd -p a ra lle l

F igure  5. T ab le  su m m a riz in g  co rrespondence  betw een  
sp a tia l and  te m p o ra l c o n s tra in ts

3. T ran sform ab ility  in  VLSI

In th is  sec tion , w e w ill  d ev elo p  a general th e o ry  fo r  e stab lish in g  lo w er b o u n d s on A T 2 and  A. 

In Section 2, it w a s  sh o w n  th a t  th e  bisec tion flow  f u l ly  c a p tu re s  b o th  th e  A T 2 and  the A m easu re  of 

co m p lex ity .

F o llow ing  th e  n o ta tio n  o f  P ré p a ra ta -S h am o s [PS], consid er tw o  p ro b lem s n ^ )  and  II2(s2). 

and  assum e th a t  a tw o -p ro ce sso r sy s te m  Pni(Sl) is av a ilab le  th a t  so lv es 1 1 ^ ) .  P rob lem  II2(s 2) can 

be so lv ed  as fo llo w s .

1) The in p u t to  p ro b lem  II2(s 2) is c o n v e rted  in to  a su ita b le  in p u t to  p ro b lem  rijCsj).

2) Piijisj) is used  to  so lv e  II^ S !) .

3) The o u tp u t  o f rijC sj) is tra n s fo rm e d  in to  a so lu tio n  to p ro b lem  n 2(s-0.

T h u s, it is said  th a t  p ro b lem  II2(s 2) has been tra n s fo rm e d  to  p ro b lem  II^ S !) . If s tep s  1 and  3 

(above) can be done b y  tra n s m itt in g  0 2 1CS2) b its  be tw een  th e  tw o  p ro cesso rs  in Pn,(Sl)» th en  ILCs-O

<̂ 2.1̂ 2̂
is sa id  to  be 0 2ii(s2) -  tra n s fo rm a b le  to I I ^ S j) ,  w e w rite : II2(s 2) — ^ ( s j ) .

Proposition: If p ro b lem  n 2(s2) is k n o w n  to  re q u ire  0 n 2(s2) b its  o f in fo rm a tio n  flow and  n 2(s 2) is 

0 2 .i(s2)- l r a n s fo rm a b le  to  rijC si), th en  IljC si) re q u ire s  in fo rm a tio n  flow o f a t  le ast (f>n ,(s2) — 0 2 jCs-O 

b its  in the  tw o -p ro ce sso r sy s te m  associa ted  w ith  I l^ S i) .
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Now  w e need to  search^ fo r  a p ro b lem  II (s )  fo r  w h ich  w e can e s ta b lish  a lo w er bound  o f 0 n ( s )

o(0n(s))

on th e  in fo rm a tio n  flow and  a tra n s fo rm a tio n  n (s )  -  IT (s ') . fo r  m an y  re la ted  p rob lem s IT (s ').

n (s )  th en  serves as a c o m p u ta tio n a l p ro to ty p e  fo r  th is  c lass o f re la ted  p ro b lem s. A good c o m p u ta 

tio n a l p ro to ty p e  lo r  a co m p le x ity  c lass m u s t be a s im p le  p ro b lem , w h ich  m akes it d ifficu lt to  e stab 

lish  a lo w er bou n d  on its  b isec tion  flow  co m p le x ity . Indeed , th is  is th e  case fo r  c o m p u ta tio n a l p ro 

to ty p e s  in o th e r  m odels  o f c o m p u ta tio n  (e.g., s a tis f ia b ility  in th e  th e o ry  of N P -com ple teness). In 

th is  paper, w e choose e lem en t u n iq u en ess  (E U ) as a c o m p u ta tio n a l p ro to ty p e .

E U (n .h ): G iven n in p u ts  ( x j ......xn), each o f w h ich  is rep resen ted  w ith  h+logn-1 b its , decide if th e y

a re  a ll u n iq u e  ( h ^ l ,  o th e rw ise  th e  p ro b lem  is t r iv ia l) .  By c o n v en tio n , if  th e y  a re  a ll 

u n iq u e , th en  th e  o u tp u t  (one  b it)  is 1, o th e rw ise  th e  o u tp u t  is 0.

T he  fo llo w in g  f ra m e w o rk  w ill  be used  to  e s ta b lish  a lo w er b o und  on th e  co m m u n ica tio n  com 

p le x ity  o f  a n y  tw o -p ro ce sso r sy s te m  th a t  so lv es H U (n .h ). C onsid er a decision p ro b lem  II(s). w h ere  

s is th e  n u m b e r o f in p u ts  an d  le t P „ (s ) be a tw o -p ro ce sso r sy s te m  th a t  so lv es II(s ) . C onsid er a 

m a tr ix  M „ (s) . ca lled  th e  result matrix o f  I I (s ) . w ith  a ll  2 s/2 possib le  v a lu es  o f in p u ts  in PL as its  

row  indices an d  a ll 2s12 possib le  v a lu e s  o f in p u ts  in PR as  its  co lu m n  indices. T he ( i . j ) - th  e n t ry  of

th e  m a tr ix  is th e  o u tp u t  o f I l l s )  w h en  its  in p u t co rre sp o n d s to  th e  v a lu e s  o f i and  j. It has  been 

sh o w n  b y  [Y l. MS]:

0 n(s )  =  [log ra n k  (M n(s ))]  (5 )

In w h a t fo llo w s , w e show  th a t  0 ElJ(n ,h )  =  i l ( n h )  u n d e r  th e  w o rd -lo ca l p ro to co l (L em m a 1) 

and  also  u n d e r  th e  b it- lo ca l p ro to co l (L em m a 2). The  tw o  re s u lts  w ill  be com bined in T heorem  2 to 

show  th e  sam e lo w er b o u n d  fo r  EU u n d e r  th e  n o n -w o rd - lo c a l p ro to co l. C onsid er th e  in p u t d a ta  

organized as an a r ra y , w ith  each w o rd  c o n s ti tu tin g  a ro w  and  w ith  th e  b it po sitio n s  a ligned as 

co lu m ns. W e begin by  p a rtitio n in g  th e  in p u t a r ra y  as X = [M .D ], w h ere  M ( th e  m atch in g  p a r t)  and  

D ( th e  d a ta )  a re  b lo cks o f logn-1 and  h co lu m ns:
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logn-1 b its  h b its

The b its  o f M w ill be used to en fo rce  an a p p ro p ria te  m atch in g  o f th e  in p u t w o rd s , w h ich  w ill  be 

specified la te r . S u b se q u en tly , w e w ill  be concern ed  o n ly  w ith  th e  in fo rm a tio n  flow  induced  b y  D, 

and  a ll b isec tion  a rg u m e n ts  w ill be based  on th e  b its  o f D.

Lemma 1: U n d e r th e  w o rd -lo ca l p ro to co l a ssu m p tio n  (A 3 ), </>ElJ(n ,h )  =  H (n h ) .

Proof. T h e  p ro o f is based on a re s tr ic tio n  of e lem en t u n iq u en ess  to  p a ir-w ise  e lem en t un iq ueness . 

W ith o u t loss o f  g e n e ra lity , w e a ssu m e  th a t  dj e n te rs  PL fo r  0  ^  i <  n /2  an d  it e n te rs  PR fo r

n /2  ^  i <  n. W e w ill p ro v e  a lo w e r b o u n d  on the  flow  b y  considering  th e  re s tr ic te d  class o f in p u t 

a ss ig n m en ts  such  th a t:

m, =  i, fo r  0  ^  i <  IL, and

_  • n r n ^  . 
m i — i ~ - y . lo r  — ^  i <  n.

In essence, w e h av e  p a r titio n e d  th e  in p u ts  in to  n /2  p a irs , w h e re  each p a ir  co n ta in s  dj and  d i+n/2 fo r  

0 ^  i <  n /2 . T he  tw o  m em bers  o f each p a ir  a re  in a d iffe ren t p ro cesso r (one in PL, th e  o th e r  in PR). 

T h u s , th e  e lem en ts  a re  n o t u n iq u e  (o u tp u t  = 0 )  if  dj =  d 1+n/2 fo r  a n y  0  <  i <  n /2 . I t  can be sh o w n  

by  a gen era liza tio n  o f th e  a rg u m e n t in [MS] th a t  th e  re s u lt  m a tr ix  has fu l l  ra n k  (2 nh/2), a n d  th u s  

th e  flow has a bou n d  o f Q (nh )[G L T W Z ]. □

U n d e r th e  w o rd  local a ssu m p tio n , each b it o f a given in p u t w o rd  e n te rs  th e  sam e p ro cesso r

(P L o r  PR). N ow , w e consid er th e  "opposite  case." w h ere  h a lf  o f th e  in p u t b it p ositio ns a re  assigned  

to each processor.

Lemma 2: U n d e r th e  b it- lo ca l p ro to co l a ssu m p tio n  (A 4 ). 0 EU(n ,h )  =  Q (n h ) , fo r  h =  O (logn).

Proof. The fra g m e n t o f d 4 in PL (P R) is d eno ted  by  djL (d jR). A s befo re , w e re s tr ic t  o u r  a t te n tio n  to 

a p a r tic u la r  c lass  o f in p u ts , one th a t  fo rces  a p a ir in g  o f a w o rd  fra g m e n t in PL w ith  one in PR.
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W e p a r ti t io n  D into n /H g ro u p s  o f H e lem en ts  each, w h e re  H =  2 h/2+1. In th e  j th  g roup

(0  <  j < n /H - 1 ) .  let:

mj =  j, fo r  0  <  i <  H. 

djH+i =  djH+i =  i. fo r  0 ^  i <  H /2 . and  

djH+i =  n - jO -H /2 ) . d j5 +1 =  cr¡(i—H /2 ) , fo r  H /2  ^  i <  H.

w h ere  n j is an a r b i t r a r y  p e rm u ta tio n  o f  {0.....H /2 -1 )  an d  a ,  is an  a rb i t r a ry  m app in g

{0.... H /2 - 1 )  -  {0.....H /2 - 1 ) :

D L

h /2  b its

D R

h /2  b its

M

logn-1 b its

d j H : 0 0 j
d j H + l : 1 1 j

•

d j H + H / 2 - l : '  2 » « - l —2 t/5 _ i

d j H + H / 2 : 7Tj(0) CTj(O)

•

d j H + H — 1 : 7Tj(2h/2—1 ) Orj(2 h/2- l ) j

In th is  s e ttin g , th e  e lem en ts  a re  n o t u n iq u e  (o u tp u t= 0 )  if ir ,( i)  =  cr,(i) fo r  0  <  i <  H /2  a n d  a n y  j. 

T here  a re  (H /2 )!  p e rm u ta tio n s  o f irj: fo r  a n y  j. T h e  re s u l t  m a tr ix  fo r  a n y  one  g

tr ix  o b ta in ed  by  d e le tin g  c e rta in  rov /s  fro m  th e  m a tr ix  in tro d u c e d  in L em m a 1. T h u s , it  a lso  has 

fu ll  ra n k . i.e.. (H /2 )! . T h e  o v e ra ll re s u lt  m a trix  is th e  K ronecker p ro d u c t o f th e  g ro u p  m a trices , 

and  its  ra n k  is th e re fo re  th e  p ro d u c t o f th e  ra n k s  o f th ese  m atrices:

|n/H |

n  (H /2 )! .
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F ro m  E q u a tio n  5, w e can e s ta b lish  th e  desired  b o u n d  on th e  flow:

n/H n/H

0  =  log n  (H /2 )!  =  £  log(H /2)! =  |n /H  |(H /21ogH /2 ) =  n (n lo g H ) . 

and , because H =  2 h/2+1, 0  =  D (n h ) . □

N ow  w e w ill ex tend  th e  re s u lts  o f Lem m as 1 and  2 to  th e  n o n -w o rd - lo c a l p ro to co l a ssu m p 

tion . In th is  s itu a tio n , any  b it o f a n y  w o rd  m ay  e n te r  e ith e r  o f th e  tw o  processors .

Theorem 2: U nder th e  n o n -w o rd - lo c a l p ro to co l a ssu m p tio n . 0 EU(n ,h )  =  fU n h ) . fo r  h =  O (logn).

Proof: O u r s tra te g y  is to  sh o w  th a t ,  fo r  an  a rb i t r a ry  (b u t  fixed) p a r ti t io n  o f th e  in p u t b its , a large 

p o rtio n  o f th e  in p u t w o rd s  m u s t a ll  be e ith e r  " su b s ta n tia lly "  w o rd -lo c a l o r " su b s ta n tia lly "  b it- lo ca l. 

The se t o f in p u t w o rd s  is p a r ti t io n e d  in to  tw o  se ts , th e  se t B o f biased w o rd s  and  th e  se t U of 

unbiased w o rd s . In tu it iv e ly , a b iased w o rd  is one w ith  m o st o f  its  b its  in one processo r (PL o r PR),

and  an unb iased  w o rd  is one w ith  a lm o s t th e  sam e n u m b e r o f  b its  in each processor. M ore  fo r 

m a lly ,

B =  { d J ld ,L ! >  ^ L o r l d i ' l  >  i U . a n d  U  =  {d, j i l  I d ,L I «  l l L |
4  4  4  4

N ote th a t  B | J  L =  D an d  B f ]  U =  0 .  W e an a ly z e  th e  d is tr ib u tio n  o f in p u t b its  in each proces 

sor according to  the  size of th e  se ts  B a n d  U.

Case 1) I B I ^  3 n /4  ( th u s  I U I ^  n /4 ):

W e p a rtitio n  th e  biased w o rd s  f u r th e r  in to  th e  left-biased BL an d  th e  right-biased B„, n a m ely .

Bl  =  { d ,€ B |l d iI- | >  - t- I ’and  BR =  {d |€B  11 d ,B I 
4 4

The to ta l n u m b e r o f b its  in PL a re  n h /2 . A t m ost n /4 ( 3 h /4 )  = 3 n h /1 6  of these  b its  belong to  th e  

set U, and  a t m ost n (h /4 )  = n h /4  o f these  b its  belong to th e  se t BR. T h u s , a t  le ast n h /2  - (3 n h /1 6  + 

n h /4 j  = n h /1 6  b its  in PL belong to  th e  w o rd s  in BL. A sy m m e tr ic  a rg u m e n t verifies th a t  a t  least 

nh, 16 b its  in PR belong to th e  w o rd s  in BR; th u s , I BL i , ! BR I ^  n / 16. C onsid er tw o  in p u t w o rd s  

d i€ B L and  d j€ B R. C le a rly . d,L has  a t le as t h /2  b it p o sitio ns th a t  co rre sp o n d  w ith  positio n s  in d ,R.
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The re m a in in g  h /2  b its  (o f b o th  d; and  d j) m ay  be se t to  a n y  a rb i t r a ry  v a lu e . T he  re s u lt  m a tr ix  has 

ra n k  2 nh/32. and  th u s  <f> =  O (n h ) .

Case 2 ) I B I <  3 n /4  ( th u s  I U I >  n /4 ):

C o n sid er an a rb i t r a ry  p a ir in g  of the  e lem en ts  o f U and  le t (d ^ d j) be one such  pair. By th e  

de fin itio n  oi unb ia sed , d, m u s t have  a t least h /4  b its  in each processo r. Each b it positio n  in djL ( d R) 

c o rre sp o n d s to  a b it position  in e ith e r  djL o r d R. W e can d is tin g u ish  tw o  subcases:

Case 2a) E ith e r h /8  positions in d ;L co rresp o n d  to  p o sitio n s  in d R o r h /8  positio n s  in d  R co rrespond  

to p o sitio n s  in djL. These p a irs  a re  re fe rre d  to  as word-type.

Case 2 b ) In th e  e v en t th a t  (d j.d j) does n o t s a t i s fy  th e  co n d itio n s  o f C ase 2a . th e n , b y  th e  pigeonhole  

p rin c ip le , h /8  positio n s  in djL co rresp o n d  to  p o sitio n s  in djL a n d  h /8  p o sitio n s  in d ,R co rre sp o n d  to 

positio n s  in djR. T hese  p a irs  a re  re fe rre d  to  as bit-type.

C le a rly , each o f th e  n /8  pa ir o f u n b iased  in p u ts  is e ith e r  w o rd - ty p e  o r b it- ty p e . By a n o th e r  a p p li 

ca tion  o f th e  p igeonho le  p rinc ip le , e ith e r  th e re  a re  a t  least n /1 6  w o rd - ty p e  p a irs  o r th e re  a re  a t le ast 

n / 16 b it- ty p e  pa irs . T h us, w e e ith e r  have  a w o rd -lo c a l se ttin g  o r a b it- lo ca l se ttin g . In e ith e r  case, 

f ro m  Lem m as 1 an d  2, w e conclu de  <f> -  f l ( n h ) .  □

T h is im plies, by  v ir tu e  of E q u a tio n  1. th a t  a n y  ch ip  w ith  a rea  A th a t  so lv es  E U (n ,€ lo gn ) in tim e  T 

satisfies A T 2 =  iX n 2log2n ) u n d e r  th e  n o n -w o rd - lo c a l a ssu m p tio n , a n d . b y  v ir tu e  o f E q u a tio n  4. 

A =  Q (n lo g n ) u n d e r  th e  n o n -w o rd -se r ia l a ssu m p tio n .

4. Applications

In th is  sec tion , w e d e m o n stra te  th e  a p p lic a tio n  o f th e  p re v io u s  re s u lts  to  th e  e s ta b lish m e n t of 

A T- and  A lo w er b o unds fo r  re la ted  p rob lem s. F irs t, h o w ev er, w e p ro v e  th e  fo llo w in g  lem m a, 

w h ich  fa c ilita te s  p rob lem  tra n s fo rm a tio n  b y  a llo w in g  us to  re lax  th e  un ilo ca l (se m e llec tiv e ) 

a ssu m p tio n . A1 (B l) .  In stead , w e now  assum e A l ' (B l ') .

(A1  ̂ B ilocal: Each in p u t /o u tp u t  b it is a v a ilab le  a t no m ore  th a n  tw o  p o rts  (b u t  p e rh a p s  a t sev e ra l 

tim e  in stances).
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(B1 ) B ilective. Each in p u t /o u tp u t  b it is a v a ila b le  a t no m ore  th a n  tw o  tim e  in stances (b u t 

p e rh ap s  a t sev e ra l p o rts ) .

Let 0 'EU(n ,h )  deno te  th e  bisec tion  flow  u n d e r  A l*. A 2. and  A 3. O b v io u sly , th e  tra d itio n a l 

b isec tion te ch n iq u e  ta ils  to  e s ta b lish  a n y  b o u n d  on </>'EU(n ,h )  because each in p u t m ay  e n te r  bo th 

processors (P L and  PR). N ev erth e le ss , w e can s ti l l  o b ta in  a lo w er bound  on 0 'EU(n ,h )  by  em p lo y in g  

a m e th o d  s im ila r  to  th e  b isection  techn ique.

Lemma 3: 0 'EU(n .h )  =  H (n h )  fo r  h =  O (logn).

Proof: C o n sid e r a n y  (co n v ex ) ch ip  C 'EU th a t  so lv es E U (n .h ) u n d e r  A l ',  A 2 . and  A 3. L et u s  p a r t i 

tion  th e  ch ip  in to  fo u r  sec tions, by  m eans of lines para lle l, to  th e  s h o r te r  side  of th e  m in im u m -a rea  

enclosing rec tan g le , such  th a t  each sec tion  c o n ta in s  n /2  in p u t w o rd s  (rec a ll th a t  th e re  a re  n o w  2n 

in p u t w o rd s : {xo .Xo.Xj .Xj .... x ^ ^ x ^ } ) .  T he general f ra m e w o rk  is one in w h ich  th e  fo u r  proces 

sors (P1.P2.P3.P4) associa ted  w ith  th e  fo u r  sec tions o f C 'EU coopera te  to  so lv e  E U (n .h ) (see F igure  6).

n /2 n /2 n /2 n /2

a. C 'EU to  so lv e  E U (n .h )

F ig u re  6

b. a fo u r-p ro c esso r sy s te m

A s tra ig h tfo rw a rd  m odifica tion  o f E q u a tio n  2 im plies:

A T 2 =  n ( ( 0 'EU(n .h ) )2),

w here  <£EU(n .h )  =  max(<f>‘1,<f>'2.<i>'3). A lo w e r bound  on a n y  one o f th e  <p'¿s c an n o t be e stab lish ed  

in d ep en d en t o f th e  o th e rs , fo r  it m ay  be th e  case th a t  p ro cesso rs  to  th e  le f t  o r r ig n t o f th e  lin k  asso 

c ia ted  w ith  h av e  access to  th e  e n tire  in p u t set and  th u s  do n o t need to  send  o r receive a n v  in fo r -
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m a tio n  to  o r fro m  th e  o th e r p rocesso rs. In fa c t, th is  s itu a tio n  occu rs  w h en  Y>1 and  P3 each con ta in  a 

copy of (x 0......... x n /2 -i)’ a n d P2 an d P4 each co n ta in  a copy of (x n/2, . . . .  x n_ j).

O u r s tra te g y  is to p a r ti t io n  th e  fo u r  p ro cesso rs  in to  tw o  se ts . PL and  PR, such  th a t each set 

co n ta in s  bo th  copies o f (a t le a s t)  n /1 6  in p u t w o rd s . These in p u ts  can th en  be revealed  to th e  o th e r 

set o n ly  b y  in fo rm a tio n  flow th ro u g h  th e  lin k s  connecting  PL and  PR. Since th e re  a re  a to ta l o f n /2  

in p u ts  in P ]f an d  each in p u t is rep ea ted  tw ic e  th en  th e re  m u s t be a t least n /4  d is tin c t in p u ts  in P j. 

The o th e r  copies o f these n /4  in p u t w o rd s  a re  in P 1# P2. P 3. o r  P4. By th e  pigeonhole p rinc ip le . 

P x and  Pi ( fo r  som e 1 ^  i ^  4 ) m u s t c o n ta in  b o th  copies o f a t  leas t n /1 6  in p u t w ord s. Let 

Pl  {Pil LJ {Pi) an d  PR — {P2, P3, P4} — { P j. W e can v iew  PL—PR as a tw o  p ro cesso r sy stem  w ith  

a flow 0 LR o f n ( n h /1 6 )  b its  be tw een  PL a n d  PR (see L em m a 1). C le a r ly . </>LR ^  <f>\ +  <f>'2 +  0 '3, and  

th u s . <£'EU(n ,h )  =  m a x (0 '1.0 '2>(^,3) =  i l ( n h ) .  □

F rom  th e  d iscussio n  o f section 2, it is c lea r th a t  th e  te m p o ra l analog  o f L em m a 3 a lso  ho ld s u n d e r  

a ssu m p tio n s  B1 . B2. B3. F u r th e rm o re . A3 (B 3) m ay  be rep laced  b y  A 4 (B 4) w h ile  m a in ta in in g  the  

sam e flow bound . (T he  ro le s  o f n an d  h a re  s im p ly  rev e rsed  in L em m a 3 .)

N ow  w e d e m o n s tra te  th e  p ro b lem  tra n s fo rm a tio n  m eth o d o lo g y  b y  m ean s o f tw o  exam ples. 

Specifically , tw o  fu n d a m e n ta l p ro b lem s a re  sh o w n  to  be a t  leas t as h a rd  (in  e ith e r  th e  A T2 o r th e  A 

sense) as e lem en t un iq ueness . W e conclu de  w ith  a b rie f  ca ta lo g  o f re la te d  p ro b lem s, to g e th er w ith  

lo w er b o u n d s  on th e ir  A T 2 and  A c o m p le x ity , as o b ta in ed  v ia  p ro b lem  tra n s fo rm a tio n .

The first p rob lem  is a fu n d a m e n ta l one in c o m p u ta tio n a l g eo m etry , n a m e ly , c lo sest pair.

C P (n .h ). G iven a se t of n p o in ts  p ; =  (a^b,) fo r  0 ^  i <  n. w h e re  each c o o rd in a te  is rep resen ted  

w ith  h+logn-1  b its , find th e  c lo sest p a ir  o f po in ts .

W e w a n t lo  show  E U (n .h ) — C P (n .h ). A ssum e th e re  is a tw o -p ro ce sso r sy s te m  PCP(n ,h )  th a t

so lv es C P (n .h ). T h is  sy stem  can th en  be u sed  to  so lv e  E U (n .h ) u n d e r  th e  n o n -w o rd -lo c a l a ssu m p 

tion  ( A 1 and  A 2) in th e  fo llo w in g  m an n er.
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1) T he c o o rd in a tes  of each p o in t a re  se t as pj — (x ,,0 ), w h ich  is a tr iv ia l  tra n s fo rm a tio n .

2) Pcp is used  to  solve th is  ( r e s tr ic te d )  closest p a ir p rob lem . (T he  ch ip  is b isec ted in such  a w a y  

th a t  each processo r in p u ts  h a lf  o f th e  "m ean in gfu l"  d a ta , th a t  is. XjS.)

3 ) Once th e  c losest pa ir ol p o in ts  is d e te rm in e d . PL sends a ll o f its  o u tp u t  b its  (O (lo g n )) to  PR. 

PR th en  com p u tes  the  d is tan ce  b e tw een  th e  tw o  p o in ts  an d  o u tp u ts  a 0  if th e  d is tan ce  is equal 

to  0  and  a 1 o th erw ise . It is c lea r th a t  the  o u tp u t  is 1 if and  o n ly  if th e  e lem en ts  a re  un iq ue .

By T heo rem  1. 0 EU(n ,h )  =  f ) (n h ) .  Since s tep s  1 and  3 above  re q u ire  th e  tra n sm iss io n  of

O(lugn)

O (lo gn ) -  o (n h )  b its . E U (n .h ) -* C P (n .h ). T heorem  3 fo llo w s  im m e d ia te ly  fro m  th e  p ro p o sitio n .

Theorem 3: U n d e r th e  n o n -w o rd - lo c a l p ro to co l a ssu m p tio n . <f>CP(n .h ) = f t ( n h )  fo r  h =  O (logn).

T h u s , a n y  ch ip  w ith  area A  th a t  so lv es C P (n .€ lo gn) in tim e  T  satisfies A T2 =  H (n 2log2n )  u n d e r  th e  

n o n -w o rd - lo c a l a ssu m p tio n , an d  A =  i l ( n lo g n )  u n d e r  th e  n o n -w o rd -se r ia l a ssu m p tio n .

N ow  w e e stab lish  a 0  lo w er b o u n d  on th e  p ro b lem  o f finding th e  size o f th e  m ax im u m  c lique  

in an  in te rv a l g rap h  (M CIG ) b y  sho w in g  th a t  EU is tra n s fo rm a b le  to  it. T h is  serv es  as an  ex ce llen t 

i l lu s tra t io n  o f th e  u t i l i ty  o f th e  p re v io u s  re su lts .

M C IG (n .h ): G iven a co llection of in te rv a ls  Ii=(Zi.r i) fo r  1 ^  i ^  n. w h e re  lx and  r t a re  re sp ec tiv e ly  

th e  le f t  and r ig h t e n d p o in ts  o f in te rv a l Ij. w e can define a g raph  G = (V .E ). w h ere  

V —{Ij | 1 ^  i ^  n} and  E={(Ij.Ij) | IjElIj ^  (f>, 1 ^  i.j ^  n}. Such a g rap h  is ca lled  an  

interval graph. L et h+ logn-1 be th e  leng th  o f th e  in tegers  used to  re p re se n t th e  /¡s 

and  TjS. i.e., 0  ^  lvrj, ^  n 2 h 1—1 fo r  1 ^  i ^  n. The p ro b lem  is to find th e  size o f th e  

m ax im u m  c lique  in th is  g raph .

o(nh)

W e w a n t to  show  E U (n .h ) — M C IG (n .h ). A ssum e th e re  is a tw o -p ro ce sso r sy s te m  PMaG(n .h )  th a t

so lv es M C IG (n .h ). T his sy s te m  can th en  be used to  so lv e  E U (n .h ) u n d e r  th e  bilocal a ssu m p tio n  

(A T . A 2, an d  A 3 ) in th e  fo llo w in g  m an n er.
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1) Each in te rv a l is se t as Ij (xj.Xj), w h ich  is a tr iv ia l  t ra n s fo rm a tio n  d u e  to  th e  b ilo c a lity .

2) p m c ig  is used to so lve  th is  ( re s tr ic te d )  m a x im u m  clique  p ro b lem .

3) Ignoring  th e  least sign ificant b it, PL and  PR fo rm  th e  logical OR of th e ir  o u tp u t  b its . PR th en

sends  its  r e s u lt  to PL (o r vice v e rsa ), and  PL o u tp u ts  the  NOR of its  re su lt and  th a t  o f PR.

T h is re q u ire s  e x ac tly  one b it o f a d d itio n a l c o m m u n ica tio n . It is c lea r th a t  th e  o u tp u t  is 1 if

an d  o n ly  if th e  e lem en ts  a re  un iq ue .

By Lem m a 3, $ EU(n ,h )  =  H (n h ) . Since s teps 1 and  3 above re q u ire  th e  tran sm issio n  o f one b it,

0(1)
E U (n .h ) -* M C IG (n .h ). T heorem  4 fo llo w s  im m e d ia te ly  fro m  th e  p ro positio n .

Theorem 4: U n d e r th e  w o rd -lo ca l p ro to co l a ssu m p tio n , <t>MCiC(n,h) = f t ( n h )  fo r  k =  O (logn).

T h u s , a n y  ch ip  w ith  area  A th a t  so lv es M C IG (n ,€ logn) in tim e  T  satisfies A T 2 =  Q (n 2log2n ) u n d e r

th e  w o rd -lo c a l o r  b it- lo ca l a ssu m p tio n , an d , A =  H (n lo g n )  u n d e r  th e  w o rd -se ria l o r  w o rd -p a ra lle l 

a ssu m p tio n .

E lem en t u n iq u en ess  can be tra n s fo rm e d  to  a large n u m b e r o f re la te d  p ro b lem s. H ere, w e lis t 

a few . A ll o f  th ese  p ro b lem s have A T 2 =  D (n 2logn2) an d  A =  nlogn.

1) V is ib ility  p ro b lem : G iven a co llec tion  of v e rtic a l segm en ts  Sj =  (b j.tj) . w here  b{ and  q a re  respec 

t iv e ly  th e  b o tto m  and  th e  top  p o in ts  o f Sj. fo r  l ^ i ^ n ,  find a ll p a irs  o f segm ent th a t  "see" each 

o th e r — tw o  segm en ts  Sj a n d  Sj "see" each o th e r  if  and  o n ly  if th e re  ex is t a h o rizo n ta l segm en ts  th a t  

crosses o n ly  Sj an d  Sj. E lem en t u n iq ueness  is o ( l )  tra n s fo rm a b le  to th is  p ro b lem  even if  o n ly  one 

such  a p a ir is desired .

2) In te rv a l g rap h  pro b lem s: m ax im u m  in d ep en d en t set. m in im u m  clique  cover, and  m in im u m  

d o m in a tin g  se t in in te rv a l g raphs.

3) P ro x im ity  p ro b lem s: a ll c losest pa irs , euclidean  m in im u m  spann in g  tree , D e lau n ay  tr ia n g u la 

tio n , convex  h u ll.
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