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Abstract

In this paper, we introduce the notion of pseudo BFE-algebra which is a
generalization of BFE-algebra. We define the concepts of pseudo subalgebras
and pseudo filters and prove that, under some conditions, pseudo subalgebra
can be a pseudo filter. We prove that every homomorphic image and pre-
image of a pseudo filter is also a pseudo filter. Furthermore, the notion
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of pseudo upper sets in pseudo BF-algebras introduced and is proved that
every pseudo filter is an union of pseudo upper sets.

Keywords: BFE-algebra, Pseudo BF-algebra, pseudo filter, pseudo upper
set.
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1. INTRODUCTION

In 1966, Y. Imai and K. Iseki [8] introduced two classes of abstract algebras:
BC K-algebras and BC'I-algebras. It is known that the class of BC'K-algebras
is a proper subclass of the class of BCI-algebras. Some recent researchers led
to generalizations of the notion of pseudo structure on some types of algebras.
G Georgescu and A. Iorgulescu [5], and independently J. Rachunek [13], in-
troduced pseudo-MV algebras which are a non-commutative generalization of
MYV -algebras. After pseudo-MV algebras, the pseudo-BL algebras [6], and the
pseudo-BC'K algebras as an extended notion of BC'K-algebras by G. Georgescu
and A. Iorgulescu [7], were introduced and studied. A. Walendziak give a sys-
tem of axioms defining pseudo-BCK algebras [17]. In [9], Y.B. Jun and et al.,
introduced the concepts of pseudo-atoms, pseudo-BCT ideals and pseudo-BCT
homomorphisms in pseudo -BC'I algebras and characterizations of a pseudo-BC'T
ideal, and provide conditions for a subset to be a pseudo-BC'T ideal. Y.H. Kim
and K.S. So [11], discuss on minimal elements in pseudo-BC1I algebras.

The notion of BE-algebras was introduced by H.S. Kim and Y.H. Kim [10].
Using the notion of upper sets they gave an equivalent condition of the filter in
BE-algebras. BE-algebras was deeply studied by S.S. Ahn and et al., [1, 2, 3],
Walendziak [16], A. Rezaei and et al., [4, 14, 15]. Also, B.L. Meng [12], give a
procedure by which generate a filter by a subset in a transitive B FE-algebra, and
give some characterizations of Noetherian and Artinian B E-algebras.

In the present paper we continue study in BF-algebras and introduce the
notion of pseudo BFE-algebras and pseudo filter in pseudo BF-algebras, also we
discuss on the relationship between the pseudo sub algebras with pseudo filters
in pseudo BFE-algebras. We show that every pseudo filter is a pseudo subalgebra
and give an example such that the converse is not true in general. The notion of
pseudo upper set in pseudo BFE-algebras is introduced and we show that every
pseudo filter F' of X is a union of pseudo upper sets (i.e., F' = J,cp A(2, 1)).

Now, we review the definitions and some elementary aspects that are neces-
sary for this paper.

Recall that a BFE-algebra is an algebra (X;*,1) of type (2,0) satisfying the
following axioms: ([10])
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(BE1l) xzxz =1,
(BE2) z+1=1,
(BE3) lxz=ux,
(BE4) zx(yxz)=yx*(zxz), forall z,y,z € X.

A binary relation ”<” on BFE-algebra X is defined by x < y if and only if zxy = 1.
A BE-algebra X has the following properties:

(i) zx(y*xz)=1,
(ii) y*x((yxx)*x)=1, for all z,y € X.

A non-empty subset S of a BF-algebra X is called a subalgebra of X if zxy € S
whenever z,y € S.

A mapping f : X — Y of BE-algebras is called a homomorphism if f(zx*y) =
f(z)* f(y), for all z,y € X.

A non-empty subset F' of BE-algebra X is called a filter of X if (1) 1 € F,
(2) z € F and z xy € F implies y € F.

Let A be a non-empty subset of BE-algebra X, then the set

<A>=({GeF(X) ACG}

is called the filter generated by A, written < A >. If A = {a}, we will denote
< {a} >, briefly by < a >, and we call it a principal filter of BFE-algebra X. For
F € F(X) and a € X, we denote by Fj, the filter generated by F' U {a}, where
F(X) is the set of all filters of X.

2. PSEUDO BE-ALGEBRAS

Definition. An algebra (X;x,¢,1) of type (2,2,0) is called a pseudo BFE-algebra
if satisfies in the following axioms:

(pBE1l) zxzrx=1landzox =1,
(pBE2) zxl=1landzol=1,
(pBE3) lxzx =z and loz =z,
(pBE4) xx(yoz)=yo(zx*z2),
(pBE5) zxy=1lsxoy=1,

for all z,y,z € X.
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In a pseudo BFE-algebra, we can introduce a binary relation ” <” by z < y &
zxy=1szoy=1,foral z,y € X.

Remark. If X is a pseudo BFE-algebra satisfying z xy =z oy, for all z,y € X,
then X is a BFE-algebra.

Example 1. (i) Let X = {1,a,b,c}. Define the operations ” *” and ” ¢” as
follow:

*‘1abc o|l1l a b c
111 a b ¢ 111 a b ¢
all 1 1 1 all 1 1 1
bll a 1 ¢ bll ¢ 1 ¢
cll b 11 cll ¢ 11

Then (X;*,0,1) is a pseudo BE-algebra. We can see that (X;*,1) and (X;9,1)
are BFE-algebras.
(ii) Let X = {1,a,b,c}. Define the operations ” x” and ” ¢” on X as follow:

*‘1abc o|1l a b ¢
11 a b ¢ 111 a b c¢
all 1 1 b all 1 1 a
bll a 1 ¢ bl a 1 a
cll 1 1 1 c|ll 1 1 1

Then (X;*,0,1) is a pseudo BFE-algebra. Also, we can see that
ax(bxc)=axc=b#bx(axc)=bxb=1.

Thus (X;*,1) is not a BE-algebra.
(iii) Let X = (—o0, —3]U{—2,—1,0,1}. Define the operations ” *” and ” ¢”
on X as follows:

1 if <y
zxy=4 0 if (zr=0andy=-2)or (x=—-1and y=—-2)
otherwise
and
1 if <y
zoy=4¢ 0 if x=—-1andy= -2

y  otherwise.

Then (X;*,0,1) is a pseudo BFE-algebra.
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Proposition 2. In a pseudo BE-algebra X, the following holds:
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ifr<yxz, theny <zoz,

ifr<yoz, theny < xx*z,

1 <z, impliesx =1,

ife <y, thenx <zxyandx < zoy,

ifexy=z, thenyxz=yoz=1Ifxoy=z, theny*xz=yoz=1),
ifexy=x andx # 1, thenx oy # v,

ifexy=y and x # 1, then x oy # z,

ifexy=x androy=z, thenxxz=x02z=1, and
rx(yxz)=(xxy)*x(xxz)=zo(y*xz)=(zoy)*x(roz) =1,

ifrxy=yandzroy =z, thenxx2z =z and
xx(y*xz)=(xxy)*x(zxz)=xx*x(yoz)=(xxy)o(rxz)=1,

ifrxy=zandzoy=t, thenxoz=1xx*t,

forallx,y,z € X.

Proof. (1) Let x,y € X. By (pBF4), (pBE1) and (pBE2) we have

and

zx(yox)=yo(xxz)=yol=1

zo(yxx)=yx(xox)=yx1=1.

(2) By (pBE5) and (1) the proof is clear.
(3) Let x,y € X. By (pBE4) and (pBE1) we have

and

zo((woy)xy)=(zoy)x(zoy)=1

zx((xry)oy) = (xxy)o(zxy)=1

(4) By (pBEb5) and (3) the proof is clear.
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(5) Let x < y*z and x,y,z € X. Then by (pBE5) and (pBE4) we have
xo(yxz)=yx(xoz)=1

Hence y < x ¢ 2.
(6) The proof is similar to (5).
(7) Since 1 < z, we have 1 xx = 1oz = 1. Now, by (pBE3), z = lxz = loxz = 1.

(8) Let z € X. Since x xy = x oy = 1, by using (pBE4), (pBE2) and (pBE5) we
have
xo(zxy)=zx(xoy)=zx1=1and soxx(zxy)=1.

Thus = < z *y. By a similar way, x < z0y.

(9) Let z xy = 2. By (pBE4) and (pBE1),
yoz=yo(x*xy)=xx(yoy)=xx1=1.

Now, by (pBE5), we get that y * z = 1.
(10) Let zxy =x and z # 1. If x oy =y, then

zx(zoy)=zxxy==x, xo(xxy)=xox =1,

and so by (pBE4), x = 1, which is a contradiction.
(11) Let zxy =y and x # 1. If z oy = x, then

zx(zoy)=zxxx=1 zo(xxy) =xoy ==z,

and so by (pBE4), x = 1, which is a contradiction.
(12) Let zxy =z and z oy = z. Then

z*(zoy)=axz, zo(xxy)=xzox =1

Hence by (pBE4), we get that zxz = 1. Since zoy = z, by (9), yxz =yoz = 1.
By (pBE5), x x z =2z oz = 1. Then

xx(y*xz)=xzx1=1, (rxy)*x(x*xz)=zx1=1

Hence by (pBE5), v ¢ (y * z) = 1. Moreover, (zoy) * (zoz) =z%1=1.
(13) Let zxy=yand x oy =2. By (9), yxz =y oz =1. Then

rx(xoy)=x%xz, xo(Txxy)=x0Yy =2
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Hence by (pBFE4), x * z = z. Then

zx(yoz)=zxl=1 z*x(yxz)=xx1=1, (z*xy)*(v*x2)=yxz=1,
and so by (pBEb), (xxy)o(x*z) = 1.
(I4) fzxy=zandxoy=t, thenzoz=zo(xxy)=xx(xoy)=x*t. N
From now on X is a pseudo BFE-algebra, unless otherwise is stated.

Definition. A subalgebra of X is a non-empty subset S of X which satisfies
zxye Sandzxoye S, forall z,y € S.

Example 3. Let X = {1,a,b,¢,d}. Define operations ” *” and ” ¢” on X as
follows:

x|1 a b ¢ d o|ll a b ¢ d

1/1 a b ¢ d 111 a b ¢ d

all 1 a 1 a all 1 ¢ 1 ¢

b1 1 1 1 a b1 1 1 1 ¢

c|ll a a 1 a cll a b 1 d

djl1 1 1 11 dj{l1 1 1 1 1

Then (X, *,0) is a pseudo BE-algebra and {1, a,b, c} is a sub-algebra of X.

Theorem 4. If {S;}icr is a family of subalgebras of X, then (\;c; Si is a subal-
gebra of X, too.

Definition. A non-empty subset F' of X is called a pseudo filter of X if it satisfies
in the following axioms:

(pF1) 1€F,

(pF2) z€ Fandxzx*xye Fimply y € F.

A pseudo filter F' is proper if and only if F' # X.

A maximal pseudo filter is a proper filter such that it is not included in any
other proper pseudo filter.

Proposition 5. Let F C X and 1 € F. F is a pseudo filter if and only if x € F
and xoy € F imply y € F, for all xz,y € X (pF3).

Proof. Let x € F and xoy € F. By Proposition 2 (4), we have zx*((zoy)*y) = 1.
By (pF1), x x ((x oy) xy) € F. By assumption, (zoy)*y € F. Hence y € F.
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Conversely, let z € F and zxy € F. By Proposition 2 (4), we have z o ((z*y)oy)
=1. By (pF1), zo ((xr*xy)oy) € F. From (pF3) it follows that (x xy) oy € F.
Hence y € F. [ |

Example 6. (i) {1} and X are pseudo filters of X, in which we call trivial
pseudo filters.

(ii) In Example 1(ii), F' = {1, b} is a pseudo filter, but G = {1, a} is not a pseudo
filter, because axc=1¢€ G and a € G but ¢ ¢ G.

Proposition 7. Let F be a pseudo filter of X andy € X. If t <y and x € F,
then y € F.

Theorem 8. Any pseudo filter of X is a pseudo subalgebra.

Proof. Assume that F' is a pseudo filter of X and z,y € F. Since z < y*x, and
by Proposition 7 we get that y x x,y o x € F. Hence F' is a pseudo subalgebra
of X. [ |

Note. The converse of Theorem 8, is not true in general. Because in Example
1(ii), S = {1,a} is a pseudo subalgebra, but it is not a pseudo filter.

Theorem 9. If {F;}icr is a family of pseudo filters of X, then (\;c; Fi is a
pseudo filter of X, too.

Proposition 10. If F is a pseudo filter of X, then

(i) Ve,y,z€e X,x,ye FLe <yxz=z € F,
(il) Vz,y,z€ X,z,ye F,x <yoz=z€ F.

Proof. Assume that F is a pseudo filter of X and z,y,z € X such that z,y € F

and z < zxy. Thenxo(y*x2)=1€ Fandsoyx*z € F. Since y € F, z € F.
Now, let x,y,z € X such that z,y € F and x < yoz. Then zx(yoz) =1 € F,

and soyoz € F. Sincey € F, z € F. [ |

Theorem 11. Let F be a subset of X containing 1. Then F' is pseudo filter of
X if and only if x <yxz imply z € F, for all x,y € F and x € X.

Proof. (=). By Proposition 10, the proof is clear.

(«). By assumption, 1 € F. Let z,z oy € F and y € X. Proposition 2(3) implies
that zo ((zoy) *y) =1 and hence z < (zoy) *y. Since z,x oy € F, we conclude
that y € F. By Proposition 5, we get that F' is a pseudo filter. [ |
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For element a of X, put
H(a) ={zx e X :a <z},

which is called the terminal section of an element a. Since 1,a € H(a), we can
see that H(a) is not an empty set.

Theorem 12. For any element a of X, the terminal section H(a) is a pseudo
filter if and only if the following implications hold:

(i) Ve,y,z€ X, z<zxx*y, and z <x = 2z < y;
(ii)) Vx,y,z € X, z<zoy, and z<x =z <y.

Proof. Assume that for each a € X, H(a) is a pseudo filter of X. Let x,y,z € X
be such that z < z %y, z <z oy, and z < z. Then xxy € H(2), zoy € H(z)
and x € H(z). Since H(z) is pseudo filter, y € H(z). Therefore, z < y.
Conversely, consider H(z), for z € X. Obviously 1 € H(z). Let zxy € H(z),
for all z € H(z), i.e.,, z < z xy, and z < z. Then from hypothesis, z < y i.e.,
y € H(z). Hence H(z) is a pseudo filter of X, for all z € X. [ ]

In the following, we provide some conditions for a subalgebra to be a pseudo
filter.

Theorem 13. Let F' be a subalgebra of X. Then F is a pseudo filter of X if and
only if for all x,y € X,

xeF, ye XN F=zxyec X~ Fandzxoyec X\ F.

Proof. Assume that F' is a pseudo filter of X and z,y € X, such that z € F and
ye XNF. Ifxxy¢ X\ F,then xxy € F, i.e., y € F, which is a contradiction.
Hence zxy € X N\ F. Now, if xoy ¢ X N\ F, then zoy € F, ie., y € F, which is
a contradiction. Hence x oy € X \ F.

Conversely, assume that the hypothesis is valid. Since F' is a subalgebra,
then 1 € F. For every x € F,let xxy € F.If y ¢ F, then x xy € X ~\ F by
assumption, which is a contradiction. Hence y € F. Therefore, F' is a pseudo
filter. [ |

Definition. A mapping f : X — Y of pseudo BFE-algebras is called a pseudo
homomorphism if f(zx*xy) = f(z)*f(y) and f(zoy) = f(x)of(y), for all z,y € X.

Note that if f: X — Y is a pseudo homomorphism, then f(1x) = ly.
Theorem 14. Let f : X — Y be a pseudo homomorphism. Then

(i) if F is a pseudo filter of Y, then f~Y(F) is a pseudo filter of X,
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(ii) if f is surjective and G is a pseudo filter of X containing ker(f), then f(Q)
s a pseudo filter of Y.

Proof. (i) Assume that F is a pseudo filter of Y. Obviously 1x € f~(F). Let
z,xxy € f1(F). It follows that f(z)* f(y) = f(x*y) € F. Then f(y) € F, since
f(x) € F and F is a pseudo filter of Y. Therefore, y € f~!(F) and hence f~1(F)
is a pseudo filter of X.

(ii) Obviously 1y € f(G). Let z,zxy € f(G) and y € Y. Since f is surjective,
there exists ¢ € X such that f(c) = y. Let a,b € G be such that f(a) = z and
f(b) = x *y. We have

f0) =z xy = fla)* flc) = flaxc).

Then f(bx(axc)) = 1y and hence bx(axc) € ker(f) C G. Therefore, bx(axc) € G.
Since b € G, we see that a*xc € G, and so ¢ € G. Hence y = f(c) € f(G).
Consequently, f(G) is a pseudo filter of Y. [

In the following example we show that if f is not surjective in Theorem 14(i7),
then we can not implies that f(G) is a pseudo filter of Y.

Example 15. Let Y be pseudo BE-algebra in Example 3(i), and X = {1, a,b, c}.
Define the operations ” *” and ” ¢” on X as follows:

0O o %
el e
Q = = Q2
L = Q o
— = =00
o o =IO
e e ]
Q = = Q|2
St~ 0 oo
— = =00

Then (X;*,0,1) is a pseudo BE-algebra. Now, if we consider f : X — Y as the
identity map, then f is a pseudo homomorphism and f(X) = X. Can easily seen
that X = {1, a,b, c} is a trivial pseudo filter of X, but f(X) is not a pseudo filter
of Y, because

axd=a€ f(X), ae f(X) but d & f(X).
Corollary 16. Let f: X — Y be a pseudo homomorphism. Then
ker(f) = {x € X|f(z) = 1y}
is a pseudo filter of X.

Proof. Obviously, 1x € ker(f). Hence () # ker(f). Let 2,z xy € ker(f). Then
f(@) = f(z*y) = ly. Therefore, 1y = f(zxy) = f(x)* f(y) = 1y * f(y) = f(y)
and 1y = f(zoy) = f(z)o f(y) = 1y o f(y) = f(y). Thus y € ker(f). =
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3. PSEUDO UPPER SET IN BE ALGEBRAS
Let z,y € X. Define
Alz,y) ={ze X :xx(yoz) =1}
We call A(z,y) an pseudo upper set of x and y.

Note. It is easy to see that, 1,z,y € A(x,y). The set A(x,y), where z,y € X is
not a pseudo filter of X, in general. Also, by using (pBF4) and (pBE5) we have

Alz,y) ={ze X :xx(yoz)=1} ={z€ X yo(xxz) =1}
={zeX:yx(xxz)=1}
={zeX:yo(xoz)=1}

y*(zo2)

={zeX: xoz)=1} = Ay, x).
Example 17. Let X be a pseudo BFE-algebra in Example 1(i7). It is easy to check
that A(b,c) = {1,b,c}. Now, we can see that cxa =b € A(b,c), coa =c € A(b,c)
and ¢ € A(b,c), but a ¢ A(b,c). Thus A(b, c) is not a pseudo filter of X.

Proposition 18. (i) A(z,1) C A(x,y),
(ii) if A(z, 1) is a pseudo filter of X and y € A(z,1), then A(z,y) C A(x,1).

(iii) if there is y € X, such that y* z = 1, for all z € X, then A(z,y) = X =
Ay, ), for all x,y € X.

Proof. (i) Let z € A(xz,1). Then z % (10z) = x %z = 1. Hence x x (y ¢ z) =
yo(rxz)=yol=1 Thus z € A(z,y) and so A(x,1) C A(z,y).

(ii) Let A(x,1) be a pseudo filter, y € A(x,1) and z € A(x,y). Then
x* (yoz) = 1. Hence y o z € A(z,1). Now, since A(z,1) is a pseudo filter
and y € A(z,1), z € A(x,1). Thus A(z,y) C Az, 1).

(iii) Obviously A(z,y) C X, for all z € X. Let z € X. Then by assumption
there is an y € X such that y x z = 1. Hence we have 1 = x 01 = z ¢ (y * 2).
Therefore, z € A(z,y). Thus X C A(x,y) and so X = A(x,y). |

Proposition 19. Let x € X. Then A(z,1) = ,cx Az, ).

Proof. By Proposition 18(i), we have A(z,1) C (\,cx A(z,y). Let z €
Nyex Alz,y). Then z € A(z,y), for all y € X, and so z € A(x,1). Hence
myeX A(l’,y) g A(mv 1) u

Theorem 20. Let F' be a non-empty subset of X. Then F is a pseudo filter of
X if and only if A(x,y) C F, for all x,y € F.
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Proof. Let F be a pseudo filter of X and z,y € F. If z € A(x,y), then xx(yoz) =
1 € F. Since F is a pseudo filter and x,y € F, by using (pF2), yo z € F and so
by Proposition 5, z € F. Hence A(z,y) C F.

Conversely, suppose that A(z,y) C F, for all z,y € F. Since xx(yol) = xx*1
=1, we have 1 € A(x,y) C F. Let a,axb € F. Since 1 = (a*xb) o (axb) =
ax* ((axb)ob), we have b € A(a,axb) C F. Hence b € F. Consequently, F' is a
pseudo filter of X. [ |

Theorem 21. If F is a pseudo filter of X, then

U A@,y).

z,yeF

Proof. Let F be a pseudo filter of X and z € F. Since z*(1oz) =zx2z =1, we
have z € A(z,1). Hence

FCUAzl UAxy

zeF z,yeF

If z € U, yer A2, y), then there exist a,b € F' such that z € A(a,b). Hence by

Theorem 20, we have z € F. This means that J, ,cp A(z,y) C F. ]

Theorem 22. If F is a pseudo filter of X, then

F=|]J A1)

zeF

Proof. Let F be a pseudo filter of X and z € F. Since z* (1oz) = z*xz =1, we
have z € A(z,1). Hence
FcJAGD.
z€F
If 2 € Uyep A(z,1), then there exists an a € F such that z € A(a, 1), which
means that axz =ax*(loz) =1 ¢ F. Since F is a pseudo filter of X and a € F,
we see that z € F. This means that |J, . A(z,1) C F. |

4. CONCLUSION AND FUTURE WORK

In this paper we generalized the notion of B E-algebras and introduced the notion
of pseudo B F-algebras, pseudo subalgebras, pseudo filters and pseudo upper set.
Furthermore, we prove that every pseudo filter is an union of pseudo upper sets.

We believe that such results are very useful for study in this structure and
applied for other algebraic structures. Since quotient algebras are a basic tool
for exploring the structures of pseudo BFE-algebras and there are close contacts
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among pseudo filters, pseudo congruence and quotient algebras. In the future
work, we are going to consider the notion of the pseudo filters on distributive
pseudo BE-algebras to get a quotient algebras induced by this filters. Also, we
define pseudo congruence relations on pseudo B E-algebras and give the construc-
tion of quotient algebras. We try to define pseudo commutative B F-algebras and
other types of pseudo filters in pseudo BFE-algebras and discuss on relationship
between them.
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