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Abstract

We consider the class S�ðf; aÞ, 0� a\1, of normalized analytic functions f such that

Re
zdff ðzÞ
f ðzÞ

� �

[ a; jzj\1;

where dff is the convolution operator

dff ðzÞ ¼
1

z
f ðzÞ � z

ð1� fzÞð1� zÞ

� �

;

where f is complex, jfj � 1. For f ¼ 1 the operator becomes the derivative f 0, while for real f ¼ q, 0\q\1, we obtain the

Jackson q-derivative dqf .
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Mathematics Subject Classification 30C45

1 Introduction

Let H denote the class of analytic functions in the unit disc

D :¼ fz 2 C : jzj\1g. Let A be the subclass of H con-

sisting of functions normalized by f ð0Þ ¼ 0, f 0ð0Þ ¼ 1, i.e.

f ðzÞ ¼ zþ
X

1

n¼2

anz
n; z 2 D; ð1Þ

and let S � A be the class of functions which are univalent

in D. Moreover, we shall use the following notations:

JSTðf ; zÞ :¼
zf 0ðzÞ
f ðzÞ ; JCVðf ; zÞ :¼ 1þ zf 00ðzÞ

f 0ðzÞ : ð2Þ

Let a function f 2 H be univalent in D with the normal-

ization f ð0Þ ¼ 0. Then f maps D onto a starlike domain

with respect to the origin, if and only if

RefJSTðf ; zÞg[ 0; z 2 D; ð3Þ

and such function f is said to be starlike in D with respect

to the origin (or briefly starlike). Furthermore, a function

f maps D onto a convex domain E, if and only if

RefJCVðf ; zÞg[ 0; z 2 D; ð4Þ

and such function f is said to be convex in D (or briefly

convex). Recall that a set E � C is said to be starlike with

respect to a point w0 2 E, if and only if the linear segment

joining w0 to any other point w 2 E lies entirely in E, while

a set E is said to be convex, if and only if it is starlike with
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respect to each of its points, that is, if and only if the linear

segment joining any two points of E lies entirely in E. It is

well known that if an analytic function f satisfies condition

(3) and f ð0Þ ¼ 0, f 0ð0Þ 6¼ 0, then f is univalent and starlike

in D. By S� and K; we denote the subclasses of A which

consist of starlike univalent functions and convex univalent

functions in D, respectively. It is known that for f 2 A
condition (4) is sufficient for starlikeness of f. The fol-

lowing condition

JCVðf ; zÞ � 1j j\2; z 2 D

is also sufficient for starlikeness of f.

Robertson introduced in Robertson (1936) the classes

S�ðaÞ and KðaÞ of starlike and convex functions of order a,

a\1, which are defined by:

S�ðaÞ :¼ f 2 A : RefJSTðf ; zÞg[ a; z 2 Df g;
KðaÞ :¼ f 2 A : RefJCVðf ; zÞg[ a; z 2 Df g

¼ f 2 A : zf 0ðzÞ 2 S�ðaÞ; z 2 Df g:

If 0� a\1, then a function in either of these sets is uni-

valent; if a\0; it may fail to be univalent. In particular, we

have S�ð0Þ ¼ S� and Kð0Þ ¼ K. It is known as the old

Strohhäcker result (Strrohhäcker 1933) that

Kð0Þ � S�ðaÞ � S�ð0Þ. Furthermore, note that if f 2 KðaÞ,
then f 2 S�ðdðaÞÞ, see Wilken and Feng (1980), where

dðaÞ ¼ ð1� 2aÞ=ð22�2a � 2Þ for a 6¼ 1=2;

1= log 4 for a ¼ 1=2:

�

Robertson (1985) proved that if f 2 A with f ðzÞ=z 6¼ 0,

z 2 D, and if there exists k, 0\k� 2, such that

JCVðf ; zÞ � 1j j � k JSTðf ; zÞj j; z 2 D;

then f 2 S�ð2=ð2þ kÞÞ. In Mocanu (1986), it was proved

that if f 2 A with f ðzÞf 0ðzÞ=z 6¼ 0 and

JCVðf ; zÞj j �
ffiffiffi

2
p

JSTðf ; zÞ þ 1j j; z 2 D;

then f 2 S�. Several more complicated sufficient condi-

tions for starlikeness and convexity are collected in

Chapter 5 of Miller and Mocanu (2000).

Jackson (1908, 1910) introduced and studied the q-

derivative, 0\q\1, as

dqf ðzÞ ¼
f ðqzÞ � f ðzÞ
ðq� 1Þz ; z 6¼ 0 ð5Þ

and dqf ð0Þ ¼ f 0ð0Þ. Thus, from (5) for a function f given by

(1) we have

zdqf ðzÞ ¼ zþ
X

1

n¼2

½n�qanzn; ð6Þ

where

½n�q ¼
1� qn

1� q
; n ¼ 2; 3; . . .:

Let us recall also the definition of the convolution. The

convolution, or the Hadamard product, of two power series

f1ðzÞ ¼ zþ
X

1

n¼2

anz
n and f2ðzÞ ¼ zþ

X

1

n¼2

bnz
n

convergent in D is the function f3 ¼ f1 � f2 with power

series

f3ðzÞ ¼ zþ
X

1

n¼2

anbnz
n; z 2 D:

2 f-Derivative Operator

The function hf of the form

hfðzÞ ¼
z

ð1� fzÞð1� zÞ ¼
X

1

n¼1

1� fn

1� f
zn; z 2 D

is starlike for all complex f, jfj\1. It is easy to check that

if f ! 1�, then the function hf becomes the well-known

Koebe function

h1ðzÞ ¼
z

ð1� zÞ2
¼
X

1

n¼1

nzn; z 2 D:

For each f 2 A; we can express its derivative in terms of

the Koebe function as

f 0ðzÞ ¼ 1

z
f ðzÞ � h1ðzÞf g ¼ 1

z
f ðzÞ � z

ð1� zÞ2

( )

; z 2 D;

ð7Þ

where � denotes the Hadamard product, or convolution, of

power series. It is natural to consider the following gen-

eralization of (7) for f 2 C, jfj � 1

dff ðzÞ ¼
1

z
f ðzÞ � hfðzÞf g ¼ 1

z
f ðzÞ � z

ð1� fzÞð1� zÞ

� �

:

ð8Þ

For f ¼ 1; convolution operator (8) becomes the derivative

f 0, while for real f ¼ q, 0\q\1, we obtain the Jackson q-

derivative of f, namely dqf ðzÞ, which is defined in (5).

Therefore, for f given by (1) we have:
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dff ðzÞ ¼
1

z
f ðzÞ � z

ð1� fzÞð1� zÞ

� �

¼ 1

z
zþ

X

1

n¼2

anz
n

 !

�
X

1

n¼1

1� fn

1� f
zn

 !( )

¼ 1

z
zþ

X

1

n¼2

1� fn

1� f
anz

n

( )

¼ 1

z
zþ

X

1

n¼2

½n�fanzn
( )

;

ð9Þ

where

½n�f ¼
1� fn

1� f
; n ¼ 2; 3; . . .:

For these reasons, we can also look at Jackson’s q-

derivative dqf from (5), as a special case of convolution

operator (8).

Definition 1 [11] Let f 2 A. For given f, jfj � 1, we say

that f is in the class S�ðf; aÞ of f-starlike functions of order
a, 0� a\1, if

Re
zdff ðzÞ
f ðzÞ

� �

[ a; z 2 D; ð10Þ

where the operator df is defined in (8).

Remark 1 For f ¼ 1, condition (10) becomes

Re
zf 0ðzÞ
f ðzÞ

� �

[ a; z 2 D; ð11Þ

and the class S�ð1; aÞ becomes the well-known class S�ðaÞ
of starlike functions of order a, while for f ¼ 0 we have

S�ð0; aÞ ¼ A. For f 6¼ 1, condition (10) becomes

Re
f ðfzÞ � f ðzÞ
ðf� 1Þz

z

f ðzÞ

� �

[ a; z 2 D: ð12Þ

Remark 2 It is known that condition (11) follows the

univalence of f, whenever f 2 A. If f 6¼ 1, then condition

(10) does not follow that f is univalent inD. For example, it

is known that f ðzÞ ¼ zþ ð2=3Þz2 is not univalent in D,

while f 2 S�ð1=2; 0Þ because for this function f we have

Re
zdff ðzÞ
f ðzÞ

� �

¼ Re
1þ z

1þ ð2=3Þz

� �

[ 0; z 2 D:

Theorem 1 The function gðzÞ ¼ zþ az2 is in the class

S�ðf; aÞ, if and only if

Re
1� jaj2ðfþ 1Þ � jajjfj

1� jaj2

( )

[ a: ð13Þ

Proof We have

Re
zdfgðzÞ
gðzÞ

� �

¼ Re
1þ aðfþ 1Þz

1þ az

� �

:

The function

z 7! 1þ aðfþ 1Þz
1þ az

maps D onto a disc at S with radius R, where

S ¼ 1� jaj2ðfþ 1Þ
1� jaj2

; R ¼ jajjfj
1� jaj2

:

Therefore, g 2 S�ðf; aÞ, if and only if ReðS� RÞ[ a,

which gives (13). h

Lemma 1 Ruscheweyh and Sheil-Small (1973) If f 2
S�ð1=2Þ and g 2 S�ð1=2Þ [or if f 2 K and g 2 S� �, then
f ðzÞ � gðzÞFðzÞ
f ðzÞ � gðzÞ 2 cofFðDÞg; z 2 D; ð14Þ

where F 2 H and cofFðDÞg denotes the closed convex

hull of FðDÞ.

Theorem 2 If f is in the class S�ð1=2Þ of starlike functions
of order 1/2, then for all f, jfj � 1, f is in the class

S� f; 1=ð1þ jfjð Þ of f-starlike functions of order

1=ð1þ jfjÞ.
Proof The case jfj ¼ 1 is trivial. Assume that jfj\1. Note

that

gðzÞ ¼ z

1� z
2 S�ð1=2Þ; z 2 D:

Therefore, Lemma 1 gives

f ðzÞ � z
1�z

z
ð1�fzÞð1�zÞ

z
1�z

f ðzÞ � z
1�z

2 cofFðDÞg; ð15Þ

where

FðzÞ ¼
z

ð1�fzÞð1�zÞ
z

1�z

¼ 1

1� fz
; Re

1

1� fz

� �

[

1

1þ jfj ; z 2 D;

for all f, jfj � 1. Hence, (15) becomes

Re
f ðzÞ � z

ð1�fzÞð1�zÞ
f ðzÞ � z

1�z

( )

[

1

1þ jfj ; z 2 D;

or equivalently

Re
zdff ðzÞ
f ðzÞ

� �

[

1

1þ jfj ; z 2 D;

in view of (10), this means that f is f-starlike functions of

order 1=ð1þ jfjÞ. h

Since 1=2� 1=ð1þ jfjÞ, for all f, jfj � 1, Theorem 2

implies the following corollary.
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Corollary 1 If f is in the class S�ð1=2Þ of starlike functions
of order 1/2, then for all f, jfj � 1, f is in the class

S�ðf; 1=2Þ of f-starlike functions of order 1/2.

Corollary 1 provides some examples of f-starlike func-

tions of order 1/2, for example

g 2 S�ð1=2Þ ) g 2 S�ðf; 1=2Þ; for all f; jfj � 1:

It is known that K � S�ð1=2Þ; therefore, Corollary 1 leads

to the following result.

Corollary 2 If f is in the class K of convex univalent

functions, then for all f, jfj � 1, f is in the class S�ðf; 1=2Þ
of f-starlike functions of order 1/2.

We can look for the smallest a such that for all f, jfj � 1,

we have K � S�ðf; aÞ. From Corollary 2, we have

0\a� 1=2 and it is known that for f ¼ 1 the order of a-

starlikeness in the class of convex functions is 1/2, so 1/2 is

the solution of this problem. However, we may consider

this problem for a given f.

Open problem. For given f, jfj � 1, find the smallest a

such that

K � S�ðf; aÞ:

Recall here another definition of q-starlike functions of

order a. Namely, making use of q-derivative (6), Argawal

and Sahoo in Agrawal and Sahoo (2017) introduced the

class S�
qðaÞ. A function f 2 A belongs to the class S�

qðaÞ,
0� a\1, if

zdqf ðzÞ
f ðzÞ � 1� aq

1� q

�

�

�

�

�

�

�

�

� 1� a

1� q
; z 2 D: ð16Þ

If q ! 1� the class S�
qðaÞ reduces to the class S�ðaÞ. If

a ¼ 0, the class S�
qðaÞ coincides with the class S�

qð0Þ ¼ S�
q,

which was first introduced by Ismail et al. (1990) and was

considered in Abu-Risha et al. (2007), Agrawal and Sahoo

(2014), Annaby and Mansour (2012), Aouf and Seoudy

(2019), Raghavendar and Swaminathan (2012), Rønning

(1994), Sahoo and Sharma (2015), Seoudy and Aouf

(2014, 2016). Moreover, only for a ¼ 0 the classes S�
qðaÞ

and S�ðq; aÞ are equal one to another. In other cases, i.e. for
0\a\1, condition (16) follows

Re
zdqf ðzÞ
f ðzÞ

� �

[ a; z 2 D:

Therefore,

0\q\1 ) S�
qðaÞ � S�ðq; aÞ:

Lemma 2 If f is in the class K of convex univalent func-

tions, then we have

Re
ð1� fÞdff ðzÞ

f 0ðzÞ

� �

[ 0; z; f 2 D; ð17Þ

Proof It is known that if f 2 K, then f ðDÞ is starlike with
respect to each of its points, so we have

Re
zf 0ðzÞ

f ðzÞ � f ðxÞ

� �

[ 0; jxj\jzj\1:

This implies

Re
f ðzÞ � f ðfzÞ

zf 0ðzÞ

� �

[ 0; z; f 2 D: ð18Þ

On the other hand,

f ðzÞ � f ðfzÞ
zf 0ðzÞ ¼ f ðzÞ � f ðfzÞ

ð1� fÞz
ð1� fÞz
zf 0ðzÞ

¼ ð1� fÞdff ðzÞ
f 0ðzÞ :

ð19Þ

Finally, from (18) and (19), we get (17). h

Theorem 3 If f and h are in the class K of convex uni-

valent functions, then we have

Re
hðzÞ � ð1� fÞzdff ðzÞ

hðzÞ � zf 0ðzÞ

� �

[ 0; z; f 2 D: ð20Þ

Proof From the hypothesis, we have h 2 K and

zf 0ðzÞ 2 S�, z 2 D, so by Lemma 1 we have

hðzÞ � ð1� fÞzdff ðzÞ
hðzÞ � zf 0ðzÞ ¼

hðzÞ � zf 0ðzÞ ð1�fÞdff ðzÞ
f 0ðzÞ

hðzÞ � zf 0ðzÞ 2 cofFðDÞg;

where

FðzÞ ¼ ð1� fÞdff ðzÞ
f 0ðzÞ ; z 2 D:

By Lemma 2, we get Re FðzÞf g[ 0, which implies (20).

h

Corollary 3 If f is in the class K of convex univalent

functions, then we have

Re
ð1� fÞ

R z

0
dff ðtÞdt

f ðzÞ

� �

[ 0; z; f 2 D: ð21Þ

Proof It is known that the following function

H1ðzÞ :¼ log
1

1� z

� �

¼
X

1

n¼1

zn

n
; z 2 D;

belongs to the class K. Furthermore, for f 2 H, we have

H1ðzÞ � f ðzÞ ¼
Z z

0

f ðtÞ � f ð0Þ
t

dt:

It is easy to check that

H1ðzÞ � ð1� fÞzdff ðzÞ
H1ðzÞ � zf 0ðzÞ

¼ ð1� fÞ
R z

0
dff ðtÞdt

f ðzÞ : ð22Þ

From (22) and Theorem 3, we immediately get (21). h
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Some further applications of Theorem 3 can be obtained

in the same way as in Corollary 3 by choosing some other

convex functions. The following functions are in the class

K:

H2ðzÞ :¼
z

1� z
; H3ðzÞ :¼

�2ðzþ logð1� zÞÞ
z

;

H4ðzÞ :¼
1

1� f
log

1� fz

1� z
; z; f 2 D:

ð23Þ

The above functions Hi, i ¼ 2; 3; 4, generate the following

corollaries.

Corollary 4 If f is in the class K of convex univalent

functions, then we have

Re
ð1� fÞdff ðzÞ

f 0ðzÞ

� �

[ 0; z; f 2 D: ð24Þ

Proof For f 2 H, we have

H2ðzÞ � f ðzÞ ¼ f ðzÞ; ð25Þ

where H2 is given by (23). Inequality (24) is obtained from

(20) by putting hðzÞ ¼ H2ðzÞ and using (25). h

Corollary 5 If f is in the class K of convex univalent

functions, then we have

Re
ð1� fÞ

R z

0
tdff ðtÞdt

R z

0
tf 0ðtÞdt

( )

[ 0; z; f 2 D: ð26Þ

Proof For f 2 H, we have

H3ðzÞ � f ðzÞ ¼
X

1

n¼1

2zn

nþ 1

 !

� f ðzÞ ¼ 2

z

Z z

0

f ðtÞdt; ð27Þ

where H3 is given by (23). Inequality (26) is obtained from

(20) by putting hðzÞ ¼ H3ðzÞ and using (27). h

Corollary 6 If f is in the class K of convex univalent

functions, then we have

Re
ð1� fÞ

R z

0
dfðtdff ðtÞÞdt

R z

0
dfðtf 0ðtÞÞdt

( )

[ 0; z; f 2 D: ð28Þ

Proof For f 2 H, we have

H4ðzÞ � f ðzÞ ¼
X

1

n¼1

1þ fþ � � � þ fn�1

n
zn

 !

� f ðzÞ

¼
Z z

0

dff ðtÞdt;
ð29Þ

where H4 is given by (23). Inequality (28) is obtained from

(20) by putting hðzÞ ¼ H4ðzÞ and using (29). h
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