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ABSTRACT. In this paper we study quadratic transportation cost inequalities. To this end
we introduce new families of inequalities (for quadratic transportation cost and for relative
entropy) that are shown to be equivalent to the Poincaré inequality. This allows us to give
some examples of measures satisfying 7> but not the logarithmic Sobolev inequality.
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1. Introduction, framework and main results.

Transportation inequalities recently deserved a lot of interest, especially in connection with
the concentration of measure phenomenon (see [15], [16]). Links with others renowned func-
tional inequalities, in particular logarithmic-Sobolev inequalities, were also particularly stud-
ied (see [5], [18], [4], [16] ...), as no direct or tractable criteria were available for this kind of
inequalities.

Given a metric space (F,d) equipped with its Borel o field, the L.? Wasserstein distance
between two probability measures p and v on E is defined as

(1.1) Wy(p,v) = (inf /EXE dp(x,y)ﬂ(dx,dy))l/p,

™

where 7 describes the set of all coupling of (i, ) , i.e. the set of all probability measures on
the product space with marginal distributions yp and v.

A probability measure p is said to satisfy the T},(C) transportation cost inequality if for all
probability measure v,

(12) Wp(:uvl/) S Vch(th)ﬂ

where H (v, 1) stands for the Kullback-Leibler information (or relative entropy), i.e.

d
H(v,u) = /log(dZ)dy if v<p ; +oo otherwise.

As shown by K. Marton ([17]), 77 implies a Gaussian type concentration for .
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Let us briefly recall the general argument, we shall use later.
For any Borel set A with measure p(A) > 1/2 introduce AS = {x,d(z,A) > r} and
dpag = —4A<du. Set B for A and assume that Wi (v, u) < @(H(v,p)) for all v. Then

n(A)

(1.3) r < Wilps, pa) < Wilus, p) + Wilp, pa)
< (H(pa,p) + o(H (s, 1))

1 1
= ¢ |log ) + go(log
( p(A) #(A7)
When ¢(u) = v2Cu we immediately obtain

2
p(AS) < exp | —1/2C <r —4/2C log(u(lA))>

Hence criteria for T3 to hold are very useful. Such a criterion was first obtained by Bobkov and
Gotze ([5] Theorem 3.1) and recently discussed by Djellout, Guillin and Wu ([13] Theorem
2.3) where the following is proved

Theorem 1.4. [13] p satisfies Th if and only if there exist € > 0 and x¢ € E such that

(EI.(2)) / e P @) 1 (dx) < +o0.
E

Unfortunately T is not well adapted to dimension free bounds, while 75 is, as shown by
Talagrand ([21]). The first example of measure satisfying 75 is the standard Gaussian measure
([21]), for which C = 1. When E is a complete smooth Riemannian manifold of finite
dimension, with d the geodesic distance and dz the volume measure, Otto and Villani ([18])
have studied the Ty property for absolutely continuous probability measures (Boltzmann
measures)

(B.M) p(dz) = e V@ dg |

for V € C?(E) in connection with the logarithmic-Sobolev inequality. Their method was
recently improved by Wang ([26]) in order to skip the curvature assumption made in [18].

In the sequel we shall assume that p is a Boltzmann measure with V. € C3, and that the
diffusion process built on E with generator L = 1/2div(V) — 1/2VV.V is non explosive. We
denote (P;)i>0 the associated semigroup.

This is assumption (A) in [26]. Conditions for non explosion are known. Here are two
different among others when E = R%:

e there exists some ® such that ¢(z) — +oo as |z|] - 400 and Ay — VV.V¥ is
bounded from above,
o [|VVPPdy < +o0 .

For the first two see e.g. [20] p.26 (replacing V therein by ), for the second one see e.g.
[10].

Then
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Theorem 1.5. [18], [4], [26], (also see [12])  If u satisfies the logarithmic-Sobolev inequality

(L.5.T)
/92 log(g?) dp — (/gzdu> log</92du) < 20/ IVg|? dp,

for all smooth g, then p satisfies To(C).

A partial converse of Theorem 1.5 is also shown in [18] (Corollary 3.1), namely

Theorem 1.6. [18], [4] Let E =R". If u satisfies To(C) and the curvature assumption
Hess(V) > K Id,

for some K € R, then p satisfies a logarithmic-Sobolev inequality (with some new constant
C'), provided
1+ KC > 0.

The latter restriction is very important and has to be compared with Wang’s results ([24] and
[25]) telling that a logarithmic-Sobolev inequality holds provided the curvature assumption
above and the integrability condition E.(2) in Theorem 1.4 hold with

e+ K > 0.

In other words, according to Theorem 1.4 and Theorem 1.6, under the curvature assumption,
log-Sobolev, T1(C1), T>(Cy) are all equivalent for appropriate constants C; and Cj.

Whether this equivalence holds without restrictions on the constants or not was left open by
these authors. One aim of this paper is to show that this equivalence does not hold. Before
stating a more precise result, let us complete the picture.

On one hand, as shown by Otto and Villani (see [4] subsection 4.1 for another approach)

Theorem 1.7.  If u satisfies To(C) then p satisfies the Poincaré (or spectral gap) inequality
(S.G.1) i.e. for all smooth f

Vars() < € [ (94 du.

This result gives us a first hint on what should be the difference between 77 and 15 as T} is
well known to hold when (S.G.I.) fails (see [13], Remark 2.4).

On the other hand, the difference between T5 and T} is only concerned with small entropies
due to the following elementary

Lemma 1.8. Assume that p satisfies EI.(p) for some € > 0. Then there exists a constant
C(g) such that for all v satisfying H(v,p) > 1, Wh(v,pu) < C(e) H(v, p) .
Here EI.(p) is defined as in 1.4 with dP instead of d>.

Hence the transportation inequalities 75 and 77 are “equivalent” for large entropy. Since
Marton’s method is essentially concerned with large entropy, 75 cannot furnish a better
concentration result than 77. The main interest of T5 for the concentration of measure
phenomenon is thus that 75 can be tensorized.

At this point we shall mention that the proof of Lemma 1.8 is using the trivial independent
coupling. We learned from F. Bolley and C. Villani [7] that, using a less trivial coupling in
[22], this statement can be greatly improved, in particular
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Proposition 1.9. Bolley and Villani
1
EI.(p) = WP(v,p) < Cle) (H(v,p) + H2(v, 1))

Bolley and Villani are then able to get back Theorem 1.4 i.e. EI.(2) is equivalent to the
transportation inequality T4, but with some better constant than in [13].

Let us come to the contents of the present paper where we shall mainly focus on Wh.

In section 2 we shall show that (S.G.I) implies some quadratic transportation inequality for
measures v with a bounded density. Actually we prove an interpolation result between (S.G.I)
and (L.S.I) through a family of inequalities I(«) introduced by Latala and Oleszkiewicz (see
[14]) for 0 <a <1,

SN

. “ [ 2du — ([ [fIP dp)
(1.10) I(«) pE[lI,)Q) @ = p)e

Note that I(0) is the Poincaré inequality and I(1) reduces to the logarithmic-Sobolev in-
equality. Our first result is the following

< cla) [ 194P du.

Theorem 1.11.
Let 1 be as above. If I(a) holds then for all v such that || % lloo < K the following modified
transportation inequality holds

WQ(VvH) < D(avK) C(a)H(V’:U’)’

where
1— o
D(a,K) = 8 exp (204 (1 — log(1 — a))) (log K)1T , for K >el™o,

and
D(a,K) = 8VK for K <el™@.

Remark that the previous Theorem and Marton’s trick allow to recover the concentration
property shown in [14]. Indeed, recall (1.3) and remark that the interesting K is given by

K = 1/p(A%). We immediately see that if I(«) holds, u(AS) behaves like exp (—C r%)
Also note that for & = 1 we recover Otto-Villani result, since K can be arbitrarily chosen.
We refer to [26], [23], [3], [11] and [2] for more refined results in connection with I(a).

If the meaning of a transportation inequality reduced to bounded densities is not clear, the

previous Theorem nevertheless allows us to obtain as a first consequence the following (weak)
transportation inequality proved in section 3

Corollary 1.12.
Let p be as above. If E1.(2) and I(«) are satisfied, there exists some constant C' such that

Waw,) < € (1+ (1= )™ 55 (log™ (1/H(v, 1)) 7 ) H(v ).

Remark that this corollary presents an interpolation between Poincaré and log-Sobolev in-
11—
equality, which is expected to tensorize, but it is not dimension free, as a (log(n))2-« appears
in the tensorization procedure, which is however better than the factor n obtained with the
sole T7. We will see that we have to impose conditions slightly stronger than Poincaré’s
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inequality (at least in the real line case) to get rid of the extra ”+/log” term leading thus to
the true 75 inequality.

Actually one can get some equivalences between various inequalities for bounded functions.
This will be done in Section 2. The result is the following

Theorem 1.13.
Let 1 be as above. Then (up to the constants) the following statements are equivalent

(1)  I(0) (i.e. the Poincaré inequality) holds,

(2)  the (modified) transportation inequality in Theorem 1.11 holds for o =0,

(3)  the following (restricted) log-Sobolev inequality holds: for all nonnegative h such
that [ hdu =1,

[Vh|?
hloghdu < C(1+log(|| hllec)) [ == dps,

(4) there exist some C and some K > 1 such that the previous log-Sobolev inequality
holds for all h as above and bounded by K.

Point (3) is some kind of modified log-Sobolev inequality, i.e. available for some subset of
probability densities. Such modified inequalities were first introduced by Bobkov and Ledoux
[6] who have considered the set of h such that |Vlog(h)| is bounded by a small enough
constant. These inequalities are particularly well suited for concentration estimates (as we
said we recover some weaker form of concentration results). However the set considered by
Bobkov and Ledoux is not P; stable. The set of densities bounded by some constant K is P,
stable, so that (3) tells that relative entropy is exponentially decaying i.e for some C

C
(1.14) H(Php, p) < e 507=) H(hys, 1)
If I(c) holds we think that the decay is controlled by log* (|| h ||s0) -

In order to deduce Corollary 1.12 from Theorem 1.11 we are using a simple truncation
argument (truncating with a constant). If one wants to improve this result, one has to
truncate with some function C exp(nd?). This is explained in Section 4. This section is
devoted to various comments and technical results allowing to build measures satisfying 75.
Some of them may have their own interest. We then obtain the following corollaries

Corollary 1.15. Assume that E1.(2) holds. Assume in addition that there exist some q¢ > 1
and some M > 0 such that for all nonnegative h with [ hdp =1 and [ h%du < M |,

h2
/hloghdu < C(M)/ Vh| dp,

then Ty holds.

Corollary 1.16. In the previous corollary we can replace the condition [ h%du < M by

h(z) < Ke @*(z,20) for some small enoughm, (hence the constant C(M) by C(K,n)) provided
Hess(V) > RId for some R € R and E = RY.

We shall give a proof of Corollary 1.16 in section 4.3. In both Corollaries one may reduce a
little bit the set of allowed densities assuming in addition that A > a for some a > 0.
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To get rid of the curvature assumption one has to call upon the methods in [4], namely
Herbst’s argument and the beautiful characterization of T» obtained by Bobkov-Gotze [5]

Theorem 1.17. Assume that E1.(2) holds. If the restricted logarithmic Sobolev inequality

[ #1082 d - </f2du> log (/f2du> <c [|vsfan,

holds for all
(1.18) 2 < (/ 12 du) (@ (@:@0)+[ & (y,20) p(dy))

for some n < e/2, then Ty holds.

We have chosen to write the hypotheses in a slightly different form but this result is of course
the same as Corollary 1.16 without the curvature assumption. Note that it generalizes slightly
the principal result in [4]: a full logarithmic Sobolev inequality is too strong to get T5.

The proof of this Theorem will be given at the end of section 4.4. It is an almost immediate
adaptation of the section 3.3 in [4]. Since it is the most general result of the section, the
reader should ask about the interest of the remainder of section 4. As we said some of
the results therein have their own interest, but the comparison between both approaches
(Otto and Villani coupling on one hand, Infimum convolution on the other hand) is more
interesting. Indeed both approaches are qualitatively very different : Otto-Villani’s coupling
yield local results (if one wants to get some estimate for the Wasserstein distance for a single
h, one only needs to look at P;h) while the infimum convolution approach is global (since
variational) in nature. In particular, for the latter approach we did not succeed in reducing
the problem to small entropies and/or bounded below densities.

In the final Section 5, we give some Hardy’s like conditions implying a 75 inequality for
measure on the real line. It finally enables us to build explicitly a potential V' such that
satisfies To but does not satisfy a logarithmic Sobolev inequality, however with unbounded
below curvature. These examples show that T5 is strictly weaker than (L.S.I), which was in
fact the primary goal of the authors, the second one being still an open question: an explicit
characterization of the T5 inequality.

Acknowledgments. We wish to thank Francgois Bolley and Cedric Villani for numerous
and fruitful exchanges. Franck Barthe, Ivan Gentil, Michel Ledoux and Liming Wu are also
gratefully acknowledged for their kind interest in this work and their remarks. We want
to particularly acknowledge Michel Ledoux for a careful reading of our first draft, and for
pointing out some mistakes therein. Also a special thank for the final comments of Franck
Barthe.

2. Modified transportation and functional inequalities.

In this section we shall discuss several functional inequalities involving bounded functions.
We start with the proof of Theorem 1.11
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Proof. of Theorem 1.11.

Let v be a probability measure such that h = —Z satisfies 0 < 8 < h(x) < K. We assume
first that A € D i.e. is the sum of a constant and a C*° function with compact support.

Let P, denotes the p symmetric semigroup with generator L = 1/2div(V) — 1/2VV.V, and
define vy = (Pih)p.

Our method relies on Otto-Villani’s coupling [18], refined by Wang [26], whose idea is the
following: to provide a coupling between vy and viys as ws(dr, dy) = vi(dz)d,, () (dy) where
s is the well defined unique (under our assumptions) solution of the p.d.e.

d
d 9052_€t+50()057 (PO:Id?SZO
S

with &45(z) = Viog Prysh(z).
Then, according to Otto and Villani [18], Lemma 2 (or more exactly its proof), or Wang [26]
section 3,

d+ . 1
T (= Wa(ve, b)) < limsup — Wo(vy, veys)
s—0t S

2 (/ |Wﬂ|2dnf

(2.1) A=

IN

Using I(«) we obtain for all 1 <p < 2,
2 /C@IZ=p) [V
\/1 - (f(Pth)gd,u>p

Now using a similar argument as in Lemma 3.1 in [26] or simply the fact that D is a nice
core for the diffusion semigroup, the following computation is rigorous

(2.3) jt (1 _ (/ (Pth)’édu>’l’> _ —% (/ (Pth)é’du)’l’l /(Pth)glLPthdu

(fiwta)”
(fiwt)

But since h < K, P.h < K hence according to (2.2) and (2.3)

2y/C(a)(2-p)* f\VFIQK

P

[SIS]
D=

[ & v@nE [ wrnp

B / (p—2) (P51 |V /B dp

(VS|
B =

O NI e

<

(2.4) A<

. \/1 - (f(Pth)gdu)’l’\/l + (f(Pth)gdu)’l’



8 P. CATTIAUX AND A. GUILLIN

< \/1(f(Pth)gdu)zl7 @ —p) ([(Ph)bdu)s " 1 </(ph) du)

VAN
oo
Q
£
~
|
B
|
AN
.
|
[NlaS]
|
&=
N
[a—
|
N
\
e
=
(V]
<9
=
N~
I
N~

For the latter inequality we have used [ (Ph)dp < 1.

It remains to integrate in ¢. Since I(«) implies (S.G.I), we know that Pih goes to 1 in L2(u)
as t goes to infinity. Arguing as in [26] p.10, one can show that Wa(vy, ) goes to 0 as t goes
to 0o, so that we have obtained

(2.5) Waln,p) < 8/C(a)(2—p)i—t K14 (1 - (/ iy dﬂ)i)

< 8/Cla)(2-p) i ' K'2 (1— </h5du)§>-

Now we shall use the two following elementary inequalities for p € [1,2):
ol —ur < %(1—u) for u € [0, 1],
e flogé +1 —€¢>0foré>0.
The latter yields log &* pz 1 — ¢7%, hence ¢ logéF > ¢ — ¢17F and finally for k = 1 — g
(1-%5)&log& > & — 2. We apply this with h(z) = &, integrate with respect to p and use
the former inequality in order to get
2 2
(26) - ([ W < 20D H,
p
Plugging (2.6) into (2.5) furnishes (using p > 1)

(2.7) Wa(v, 1) < 8/C(a)(2—p)“T K8 /H(v, ).

It is now enough to optimize in p, just taking care that p > 1. The optimal value is obtained
for 2 —p= 1});‘( if K > e~ and for p = 1 otherwise. A simple calculation yields the exact

bound in Theorem 1.11.

It remains to extend the result to densities h that are no more bounded away from 0, by
using standard tools. O

This modified transportation inequality does not seem tensorizable. Now we come to the
proof of Theorem 1.13.

Proof. of Theorem 1.13.

The first implication is given by the previous theorem. The equivalence between (1) and
(2) follows from Otto-Villani’s way of proof of 7o = SGI. Namely choose some smooth
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f with compact support (hence bounded) such that | fdu = 0, and set for € small enough
pte = (1 4+ €f)p. Recall that

H (pte, 1) /€ —>/f2du-

By Taylor formula at order 2, as f is smooth and compactly supported, one may find a
constant C' such that for all z,y

fla) = fly) < IVf@)lle -yl + Cle —yl*.

Denote by me an “optimal coupling” for the Wasserstein distance between g and pe, then for
e small enough

/fd<“f”) - i/(f(w)—f(y))dwe
|

< ¢ [ 19l - vldm+ < [ 10— yPar,
1 ) C.

< < IV F12dp Wa(pe, p) + ;Wz(ue,u)

<

S V11 el / 1 £ 2dp v/CO) H (e, 1) 2

+ B (el 1) COH (e )

Let € tend to 0. In the limit we obtain that for all those f

[ fin < s CW) \/ JR \/ [ reau

which gives the SGI (but with a worse constant) for all those f, and then extend by density.

Let us come to the restricted log-Sobolev inequality. That (4) implies (1) is standard. To
prove (2) implies (3), one can get a precise result by using the robust version of the logarithmic
Sobolev inequality proved in [8] (formula (2.6)) namely

(2.8) [ #10gpan < & [ 19stau+ o ( [ i Ptfdu> ,

that holds for any P, (satisfying the assumptions in the introduction), any nonnegative (
and any nonnegative f such that [ f?du = 1.

Indeed, for 8 <1, [ fdu and [ f1*Pdu are less or equal to 1, hence

log (/ PP dﬂ) <
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< log (1 s [ rens - [ g du)
< [ 10 pas = [ an)an
< Varé(f”ﬁ) Varé(Ptf).

If Poincaré holds with constant C'p we thus obtain

[ o < [195Pan+ che‘ctp </ |Vf12du)2 (/ \Vf|2f25du>2,

and finally

[ Proerans (5+ 2P oped 218 [ orta.

An easy optimization in t shows that the best choice of 8 is 3 = 1 and yields, for h = f2,

1 |Vh|?
(2.9) hloghdu < Cp(2log2 + 3 log || h ||oo) Td,u

0

Theorem 1.13 gives another characterization of the Spectral Gap property in terms of trans-
portation inequalities. It has to be compared with Corollary 5.1 in [4], where (S.G.I) is shown
to be equivalent to some Wy, transportation inequality (see section 3).

Remark 2.10. One may prove (2) implies (3) in an elementary way using once again a
truncation argument and careful calculus but with less precise constants.

Remark 2.11. One can easily get a similar but weaker statement without any effort. Indeed
recall that ulogu —u 41 > 0 . Writing this inequality with v = 1/u and then multiplying
by v? yields vlogv < v? — v. Applying this with v = h(z) and integrating with respect to
yields

/h loghdp < Vary(h),

if A is a density of probability.
Hence if Poincaré holds

5 [Vh|?
hloghdp < Cp [ [VhPdu < Cp | bl [ S50 di

3. Application to Transportation inequalities.

In this section we shall see how to use the functional inequalities of the previous section
in order to obtain transportation inequalities (in particular Corollary 1.12. We shall also
compare this results with other similar results in the literature.

We start this section by the proof of the elementary Lemma 1.8 showing that the obstruction
for T5 to hold is in a neighborhood of p. Notice that many results in this section are available
in a general metric space.
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Proof. of Lemma 1.8.
Introduce the Young function

(3.1) 7(u) = ulog™(u),
and its Legendre conjugate function 7*(v) = v T,<; + €'t L,>1.

Among all possible coupling of (u,v), the simplest one is the independent one i.e. if we

_ dv
denote h = ai

m(dz,dy) = h(z)p(dz) p(dy) -
Accordingly
Wpvn) < [ @) (o) p(do) uldy)
2 N, (1) Ny (),

where N, and N,« are the gauge norms in the corresponding Orlicz spaces, the second
inequality being the classical Holder-Orlicz inequality (see e.g. [19] for all concerned with
Orlicz spaces). Recall that the gauge norm for a general Young function v is defined as

Ny(g) = inf {A>0, / B9/, y) plda) u(dy) < 1},

such that an easy convexity argument yields

(3:2) Nolg) < max {1, [ vlg)du du}.

A

In addition remark that

/h log™(h) = / h log(h) — /h<1 hlog(h) < /h log(h) + 1/e.
Hence if H(v,u) > 1,

1< / hlog*(h) < (14 1/e) H(v,p),
and according to (3.2) and what precedes
W) < 21+ 1/e) N (d) H(v, 1)
Finally, thanks to I.(p) , Ny«(dP) < 400 and the result follows. O

One can improve the preceding result by showing that (up to the constant) it holds for
H(v, p) bounded away from 0. But as quoted in Proposition 1.9 one can also get a precise
bound for the behavior of the Wasserstein distances when entropy goes to 0.

Theorem 1.13 suggests that working with bounded density is natural with regard to trans-
portation cost inequalities, starting with Poincaré inequality. We are so tempted to use some
truncation for v i.e. if a > 0 we define

(3.3) ve = (1/v(h < a)) hIpza s,

and look at what happens. According to Lemma 1.8 and (3.2) we may and will assume that
H(v, p) is small enough. We start with two elementary lemmata.

Lemma 3.4. Let v = hp be a probability measure. If a > e, then
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(1) H(v,p) > (1 - 1/loga) Jyoq B loghdp
(2) w(h>a) < (1/(loga — 1)) H(v,p) .

Proof. Again we start with u logu + 1 — v > 0 which yields

/ hloghdu+1—/ hdu > 0,
h<a h<a

H(v,p) > / hloghdy — v(h > a).
h>a

(2) follows immediately since logh > loga on {h > a} . For (1) we have

hence

log h
v(h>a) < /h 12§ahdu = (1/loga)/h h loghdpu .
>a >a

O
Lemma 3.5. Let v = hu be a probability measure such that H(v,u) < 1/2. If a > 2 and
Vo 18 given by (3.3), then
1 2
H .
(loga —3/2) * loga — 1> (v )

H(vg,p) < <1+ 5

Proof.

hIp<a h
H(va,p) = <a_ d
(va: 1) / v(h <a) ©8 v(h < a)) a

h<a
—log(v(h < a)) — h loghdu
h>a
< Hw + 22D g~ log(l - w(h > 0)).

But if 0 < z < 1/2, —log(l — ) < 2z, hence according to (3.4)(2), if H(v,p) < 1/2,
—log(1 —v(h>a)) < (2/(loga—1))H(v, p) and

v(h > a) Hv,)

v(h<a) = loga—1—H(v,u)

and we get the desired result. O

<

We turn now to the proof of Corollary 1.12.

Proof. of Corollary 1.12. We assume that I(«) and the exponential integrability condition
E1I.(2) are satisfied. Let consider a positive constant C' that may change line to line, but
which does not depend neither on a nor a.

Since W5 is a distance, it holds

(3.6) Wo(v,p) < Walvg, p) + Wa(vg,v) .
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But, on one hand, since I(«) holds, according to Theorem 1.11, for a large enough
Wi(van) < Clog(a/v(h < a)) H(va, )
< 2C log'™*(a/v(h < a)) H(v, ),
provided H (v, u) < 1/2 thanks to Lemma 3.5.

On the other hand, a classical result in mass transportation theory (see [22] Proposition 7.10)
tells that for any xg

(3.7) Wi/, v) <2 / d*(x,xo) |h' — h|du.
Applying (3.7) with v/ = v, yields, assuming again that H (v, u) < 1/2

QZEZEZ; /hga d*(x,z0) hdp + 2 /h>a d?(x, zg) dv
< C (H(Va ﬂ) + NT(h ]Ih>a)) )

according to Lemma 3.4 (2) and Orlicz-Holder inequality (see the proof of Lemma 1.8 at the

beginning of the section), since EI.(2) is satisfied for the latter.

W22 (Vg, V)

IN

Plugging all this into (3.6), we get that there exists a constant C' such that
(3.8) W3 (v, ) < C (log'™*(a) H(v, 1) + Np(hTpsa)) -

Now we choose a = 1/H%(p,v) for some ¢ > 0 (recall that we may assume that H (v, p) is
small enough). Lemma 3.4(2) furnishes

H(v, p)
v(h>a) < <y log(1/H (v, 1))’

so that it is easily seen that

Ny (h1s,) = inf{\ > 0; /T(hllh>a)du}

IN

/ h 1,54 log™ hdu

< Cq'H(vp).

We have thus obtained
W3 (v, 1) < C ((qlog(1/H(v, 1))~ + 1/q) H(v,p),
22—«

so that optimizing in ¢ (¢>~* = 1/((1 — a)log!~*(1/H)) so that a is big for small entropy
H) we complete the proof of Corollary 1.12. ]

Remark 3.9. It is worthwhile noticing that N, (h 1j~,) behaves like

(v, 2B/
oga
for small entropies. This is why some extra logarithm appears in Corollary 1.12.
Also notice that a similar result can be directly obtained using the W} transportation in-
equality in [4], when o = 0 i.e. when Poincaré holds. We briefly indicate how to do below

(some of the bounds are clearly non sharp).



14 P. CATTIAUX AND A. GUILLIN
Indeed taking an optimal coupling IT (or an almost optimal coupling, and then taking limits)

for the L cost introduced in [4] section 5.2 (recall that L is, up to constants, the square of
the distance for small distances and the distance for large ones), it is immediate that

W22(V7 M) < C \% log(l/H) / ]IdQ(x7x0)§qlog(1/H) ][dQ(y,xo)Sqlog(l/H) L(l‘7 y) dIl
+ / (L2 (0,20) 21081/ + Liy,a0)>qron(i/m) 4 (, y) dIT

< C V IOg(l/H) Wi + 2 / ]IdQ(z,xo)quog(l/H) (dQ(:‘Ca :EO) + C/) (d}/ + dlu’)?

where C' = [ d?(z, o) (du + dv) . Hence if Poincaré holds, according to [4] the first term in
the right hand side is less than C' H y/log(1/H). For the second term first write

/eﬁzl/m oy < </ d4d“>% (1(d® > q log(1/H)))?

1
C</ d4du>2 /2

where 7 is the constant of the gaussian concentration of p, namely for which EI,(2) holds.
It is now enough to choose ¢ large enough for this term to be less than C' H. It remains to

study
/ d?(z, xg) dv .
ed? >1/Ha

First remark that we can also assume that h > K, for K large enough, in this integral, since
on the complement set h < K we may use the previous inequality.

IN

But according to Young’s inequality
d2(:1371,‘0) h(ﬂj‘) < (1/6) (h(aj) 10g(h(;v)) + esd2($,x0)) ,

so that the previous quantity can be controlled by

/ hloghdpu,
h>K

/ eadQ(a:,zo) du.
ed® >1/Ha

Choosing ¢ small enough, and using EI.(2) we may argue as before (replacing d* by e to
bound the latter term by (constant times) H again, while for the former we can use Lemma
3.4 (1).

and

25d2>

This remark shows that the optimal coupling (if it exists) for Wy, achieves (up to the con-
stants) the bound we obtained in Corollary 1.12. One can thus think that this bound is not
optimal.
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4. Towards a criterion for Talagrand inequality.

For simplicity for now on we assume that £ = R".
First recall (2.1)
dr

. 1
A = o (—Wa(w, 1)) < limsup — Wa(vy, vets)
t s—0t+ S

IN

2 (/ VPl du>é

_ (- % H(u, u))é .

Hence using the restricted log-Sobolev inequality given by Theorem 1.13 (3) for bounded
functions we should directly recover the modified transportation inequality in Theorem 1.11
for & = 0 (up to the constants). More generally the proof of Theorem 1.11 works for any P,
stable subset of functions for which a (restricted) logarithmic Sobolev inequality holds.
Since truncating by constants is not sufficient (in view of the preceding section), we shall
first explain what kind of truncation is useful.

4.1. A first reduction.
Lemma 4.1. If

then
vC
Wav,n) < H(v, ).
2vip) < ZZ—7 VHW )
Proof. Since Wy is a distance
v+ v+
Wa(v, 1) < WalZE 1) + Wil 2“,u).

But W3 is convex in each argument, hence
V4

WQ( 2 7V)SMW2(V7M)7
hence
Walrp) < Y2 Wy

<

T V2-1 2
In addition since relative entropy is also convex, H (Vg“, ) < %H (v, ) and we get the
result. O

The meaning of this Lemma is clear: it is enough to show 75 for densities h such that
1

(4.2) forallz , h(z) > 7

Note that this set is P; stable.

More useful is the following
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Lemma 4.3. Let v,(v) = end*(@,zo) for some nonnegative i, and define

dv

oy = Ny, dp = 21 min (b, Kv,)du,

where z is a normalizing constant, assuming that K > e2.
Assume that E1.(2)is satisfied.
If for somen < ¢,

W (vl ) < /CHWE, )
then provided H (v, u) < 1/2 it holds

Wa(v, 1) < \/C(n, K,C) H(v,p) .
Proof. Note that 1 > z > v(h < K). So on one hand
4B (v, p) = z " H(v,p) — 27" log(2)

—zt / (h — K~,) log(h/z)du + 2~ / K~y log(Kvy/h) du
h>Kyy hzKy

IN

= Hv,p) — =" log(2)

< C(1+ )H(v, 1),

2
logK — 1
as soon as H(v,u) < 1/2. Hence

H(K 1) < C(K) H(v, ).
On the other hand, (3.7) with v/ = yf/f] furnishes

(4.5) Wi (vl v) < 2 / d*(w,x0) [ — hicy, | dp.
and thus we get
K
(4.6) W3(a,v) < 2(z'—1) / d?>hdp + 2 / d?|1 —z_l—h%|hdu
h<Kvyy, h>Kyy

v(h > K) 9 4 1
M(K,n) H(v, p) ,
where we used Lemma 3.4 and the smallness of H (v, p) (in particular N;(h) is bounded,
hence [ d? h dyu is bounded by some constant only depending of 7).
Putting all this together, we thus have shown for H(v,u) < 1/2

WQ(%N) < W2(V577V) + W2(V'€f,7:u)

< VC,K,C)H(v,p).

IN

0

Once again this Lemma shows that we may assume that h < K, for some n < e. But
unfortunately this set does not seem to be P; stable in general.

However it is included into the subset of densities h such that [h?du < M for some g > 1
and M < +oo. Hence as a consequence we obtain Corollary 1.15.
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Unfortunately we do not know whether the restricted log-Sobolev inequality stated in Corol-
lary 1.15 is strictly weaker than the (full) log-Sobolev inequality or not. Notice that the
method used in Remark 2.10 cannot be extended to the case ¢ < +o00. Indeed in this case
one has to call upon Hoélder inequality, thus introduce some power of the Dirichlet form.

4.2. Decay of entropy. In section 2 we bound the right hand side in (2.1) by some deriva-
tive, using Poincaré inequality, and then we integrated in time. One can also first integrate
in time and then use inequalities. The result presented here means that this methodology is
promised to failure, at least in the bounded curvature case.

Choose some weight function £ such that f0+°° ¢ 1(t)dt = 1. Integrating (2.1) with respect
to time yields (recall that W (v, 1) goes to 0 as ¢ tends to infinity)

(@7) Wa(v, 1) < /O+OO <—2H(ut,u)>; dt
= /()+OO (-52(75) CZH(%M))% §H(t)dt

< (/Om—g(t)ZH(ut,u)dt)é,

where we have used Cauchy-Schwarz inequality for the probability measure £€~1(¢) dt to get
the latter inequality. Hence provided

&(t) H(vg, ) goes to 0 as t goes to + oo,

we have obtained

+o0o
(1) Wi < €O Hw) + [ €0 Hlp) dr
where the right hand side is finite provided the relative entropy goes to 0 quickly enough.

Remark 4.9. Note that if we choose £71(t) = (1/T) Ty<r, the derivation in (4.7) furnishes
1 1
W2(V7/“’L) <T: (H(th) _H(VTMH))Q +W2(VT7M)'

Hence a uniform decay of the Wasserstein distance implies T5.

But this result also shows that 75 holds as soon as it holds for the probability densities of
the form h = Prg for some T > 0.

The natural question is thus to know whether one can find other uniform decays than the
exponential one for relative entropy. Of course the exponential decay of the relative entropy
H(Vtvru) < e_Ct H(V’ M)
is known to be equivalent to a logarithmic Sobolev inequality, in which case it is enough to
take £(t) = €% with § smaller than the inverse of the log-Sobolev constant.

More generally if for some s > 0 and some A > 0,

H(VSMU‘) S B_AH(]/,[L)
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for all v , using the semi group property and the fact that ¢ — H (v, ) is non increasing, it
is easy to see that
H(v,p) < e GOV H(w,p)
for all t > s, hence the relative entropy is exponentially decaying, but there is some constant
A in front of the e~©*. This kind of exponential decay is no more immediately equivalent to
a log-Sobolev inequality, and we may ask whether it is strictly weaker or not.

Unfortunately the following Lemma shows that in many cases both are equivalent

Lemma 4.10. Assume that the potential V' satisfies the curvature condition Hess(V) >
R Id for some R € R. Then if for some s > 0 and some X >0 ,

H(vs, 1) < e H(v, )

for all v, u satisfies a logarithmic Sobolev inequality.

Proof. Recall the classical commutation properties (see [1] Thm 5.4.7 and Remark 5.4.8)

2R h

(just being careful since the semi-group therein is our Py;) the constants being ¢/2 for R = 0.
Integrating the right hand inequality with respect to u we obtain for h a density of probability
and v = hy (see also [4, Eq. (4.4)],

1— —Rt h2
(4.11) Pi(hlogh) — Phlog(Ph) < —S P, <W | ) :

1—e*Rt Vhl|?
H(v,p) < H(v,p) + /| | dp.

Applying this at time s we finally obtain

O

A similar result is true for the Spectral Gap Inequality, without any restriction according to
the well known robust inequality

Vara(g) < t / Vg2 dp + Var,(Pag).

4.3. A natural P, almost stable subset. The preceding subsection has shown that there
is no hope to get some uniform decay of relative entropy without log-Sobolev. Hence we really
have to find an appropriate P; stable subset for which a restricted log-Sobolev inequality is
available. As we saw in subsection 4.1 the natural one is the subset of densities smaller than
constant times some gaussian density, but these sets do not seem to be P; stable. Fortunately
we can combine the ideas of both previous subsections in order to build an appropriate almost
P, stable subset. The result is the following

R1Id for some R < 0 and that EI.(2) is satisfied. Then if h < K~ forn <e/2 , Ph <
M (K, R) s with B = (2n R)/(e(eft — 1)).
In particular for any 8 > 0 there exist T > 0 and n > 0 such that for ollt > T , Pobh < M .

Lemma 4.12. Assume that the potential V' satisfies the curvature condition Hess(V) >
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Proof. Recall the beautiful Harnack-Wang inequality (see [24], and [25] (2.1)),
Rd*(z,y)
20— 1)(efr =1)) "

that holds for any (z,y), any ¢ > 1 and any continuous and bounded h. Again we shall
integrate with respect to p(dy), use the elementary d?(z,y) < 2d?(z,z) + 2d*(zo,y) and
apply Cauchy-Schwarz in order to get

(4.13) B(z)] < (Pu(RD)* (4) exp (

2 o, T
(4.14) |Ph(z)] < M exp <(qih1l)§e?¥t _> 1)> ,

with

1 1
= q 2 2 / 2R d2 (1'0, y) 2
v = ([t uan) ([ e (25552 ) )
(4.14) is interesting provided M is finite, i.e provided
2R

(4.15) q>2 (q—l)(eRt—l)SE and hel?,

since /7 < 1 + u for a nonnegative u if ¢ > 2. Note that in this case

2
q

/ (R ) uldy) < K1+ / W/ K| dy)

< K1+ [ i),

so that for 7 < € the latter does not depend on 7 but only depends on R and e.
Hence if h < K7, for n < €/2, we may take ¢ = ¢/n and obtain that P,h < M(K, R) s
with 8 = (2n R)/(e(eftt — 1)) . O

How we shall use this result is now clear. According to Lemma 4.3 we may assume that
h < K7, with n as small as we want, in order to ensure that Ph < M~y for 6 small
enough, and all ¢ large enough. But thanks to Remark 4.9 it is enough to consider such
densities and the required P; stability is now ensured. So we have shown Corollary 1.16 at
least with the additional curvature assumption.

It should be very interesting to know whether the statement of Lemma 4.12 is still true
without the curvature assumption or not. This would complete the picture of what can be
done using Otto and Villani coupling.

4.4. The infimum convolution approach. Let us as an introduction of this method
present a refinement of Lemma 4.3. Actually one can obtain a more precise result if in-
stead of Villani’s coupling used in (3.7) one uses the inf-convolution method in [4].

Indeed recall that
W3 (v, 1) = sup </gdv - /fdu>

where the supremum is running over all pairs (f,g) of measurable and bounded functions
satisfying g(z) < f(y) + d?(z,y) for all (x,y). Adding a constant to both f and g we may
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assume that [ fdu = 0. Denote by
Qf(w) = int (f(y) + d(.y)) .
yelR

the function achieving the optimal choice. Integrating with respect to p it holds
Qf@) < [ o) tdy) < 28 @a0) +2 [ Py nldy),

ie Qf(x) < 2d*(x,z0) + C(x0) -

Recall that by (see [4]), the condition [ "%/ du < 1is equivalent to 7. Remark now that for
21 < ¢ the density h = €79/ [ €79/ dy is such that either [ €7/ dy > 1 and h < €7€@0),,
or [ e"?f dy < 1. We may thus focus on the first condition.

If BW2(v,u) < H(v,p) for all v such that dv/du < K 7y, then for 2n < 6 and such that
e"C@0) < K | v = hy satisfies the previous condition so that

ﬁ/Qde < H(v,p).

If in addition n < 8 we may replace 8 by 7 in the left hand side of the previous inequality
(even if this left hand side is nonpositive, since the right hand side is nonnegative), and thus

obtain
(/ "l dy) log </ "9t d,u) <0

ie [ e@f dy < 1 for all £, which leads then to a refined version of Lemma 4.3.

We may now go further in this infimum convolution approach and mimic arguments of [4, Sec.
3.3]. This approach based on Herbst argument is apparently not well suited for restricted
logarithmic Sobolev inequalities. Indeed it requires the use of non normalized functions for
which the hypothesis in Corollary 1.16 reads as

(4.16) 2 < / Fdp) K 19 @)

However, and surprisingly enough, a very slight improvement of the argument yields the
result. Before starting the proof, remark that we have used a slightly different form for the
definition of the infconvolution than in [4], but all calculus presented in there work is only
modified by constants.

Proof. of Theorem 1.17. In fact the theorem will be established under some more general
hypothesis, namely we do not need that the restricted logarithmic Sobolev inequality be ver-
ified for all the functions satisfying (1.18) but only a subclass. It is however more convenient
to write the theorem with this larger class and easier to derive conditions on the real line for
such a restricted logarithmic Sobolev inequality.

Remember that Qf(x) < 2d?(z, o) + C(wo) for all f such that [ fdu = 0. For 2 < e and
all X introduce f2 = ") and G(\) = [ f# du. Then either G(\) <1 or G(\) > 1 and in
this case f7 satisfies (4.16) (for some well choosen 7 depending on 7 and \) .

Assume that G(1) > 1 and introduce

Ao = inf{A €[0,1], G(u) > 1 for all u > A} .
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Then Ao < 1, G(A\g) = 1 (remark that G(0) = 1) and G(\) > 1 on |Ag,1]. Hence the
restricted log-Sobolev holds for all A €])\g,1]. An easy computation using the Hamilton
Jacobi semigroup described in [4] (see Section 2.1 formula 2.6 and 3.3 first formula p.380)
yields

4
A6 = [ FrogFmu = [ VAP,
We may always assume that C'n < 4 (decreasing 7 if necessary), so that the latter yields
(4.17) AG'(N) < G(\) log G(N)

on |A\g, 1]. This differential inequality can be rewritten

d (logG(\) <0
dA A -

so that log G(A) / A is non increasing, hence
Ao log G(1) < logG(N\g) = 0.
If \p > 0, we get G(1) < 1 in contradiction with our assumption G(1) > 1. If Ay = 0,

limy 0 logf(A) = % =1 [ fdp =0 and the same conclusion holds.
Hence G(1) < 1 for all f as above, which is known to be equivalent to T5. 0

5. THE CASE OF THE REAL LINE.

As for many functional inequalities the one dimensional case is much simpler thanks to
Hardy inequalities. We thus consider a Probability measure p on the real line such that
J e*" dy < +o0o and denote by v the second moment v = [ #%dp. We also denote by M
the quantity M = e?". In the sequel n will be a positive number smaller than 1 A e/2 so that

¥ < M. Recall that p(dz) = e~V @ dz.

Let h be such that [hdp =1 and h < M e"*. Define v = hu. For K large enough to be
chosen later, we get

(5.1)/hloghd,u = / hloghdu+/ h loghdu
h<K h>K

< / (h A K) log(h A K)dp + / h (log M + nz?) dp
h<K h>K

< /(hAK) log(h A K)du + log M v(h > K) + /wQ(\/ﬁ)xzdu

where ¢(u) = 0if 0 < u < /K/2, ¥(u) = (V2/vV2 = 1)(u— V/K/2) it VK/2 <u< VK
and 1 (u) = v if u > VK. If we choose K > 2M then 1(v/h)(0) = 0.

We shall now bound the three terms in the right hand side of (5.1). To this end we first
remark that

H(v,p) < /Me"xQ (log M +na?) du = C(n,p) < +o0.
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Hence, according to Lemma 3.4 (2), as soon as K > e,
1
h>K) < ———H < .
It follows that log M v(h > K) < 1/2 H(v,u) as soon as 2log M < log K — 1. Furthermore
C(n, M)
1> = K >1 - ———=
=K /<h/\ )y = log K —1

so that for log K —1 > 2C(n, M), zx > 1/2. Thus

/(h/\K) log(h AK)dp < /(h/\K) 1og(hZAKK> du

and h A K < 2Kzg. Hence if Poincaré holds, we may apply (2.9) and get

(5.2) / (hAK)log(hANK)du < Cp(2log2+ (1/2)log(2K)) / UL}IL)Q du .
Plugging these two estimates into (5.1) we arrive at

(n')? 2 2
(5.3) (1/2) H(v,p) < C(CP,K,M)/ o dp +77/¢ (Vh)z* dp.

In order to obtain the desired restricted logarithmic Sobolev inequality, it remains to bound
the second term in the right hand side of (5.3). To this end we shall use Hardy’s inequality
on the positive and on the negative half line. We only write things on the positive half line.
Since ¥(v/h)(0) = 0, Hardy’s inequality (see e.g. [1] Theorem 6.2.1) gives

(5.4) [ eematan < a [T wrem ) 4

h )

AT = sup </ e V®) dt/ eV dt) .
x>0 P 0

Since ¢’ is bounded we have obtained

Proposition 5.5. Let E = R, du = e Vdx. Assume that EI.(2) is satisfied. Then the
restricted logarithmic Sobolev inequality in Theorem 1.17 holds as soon as

AT = sup (/ e VO dt/ eV dt)
>0 T 0
T 0

A” = sup (/ t2eV®) dt/ eV dt)
x<0 —00 T

are finite. Hence in this case u satisfies Ts.

where

and

Note first that the boundedness of A* and A~ are sufficient for the Poincare inequality to
hold (see e.g. [1] chapter 6, also see [9] for d-dimensional general results).

It remains to find sufficient conditions for all these hypotheses to hold. Here we shall follow
section 6.4 in [1] to describe some understandable sufficient conditions. To this end we shall
assume that

(5.6) liminf V/(z) > 0 and V"(z)/(V'(x))? — 0 when z goes to co.
[ee]
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Note that V' — 2log |z| also fulfills (5.6). In this case it is known that p satisfies Poincaré
inequality (see Theorem 6.4.3 (1) in [1]). Furthermore A" is finite as soon as

(5.7) limsup 2?/(V'(x))? < +oo,

thanks to the estimates in Corollaire 6.4.2 in [1].

Note in addition that a logarithmic Sobolev inequality holds if in only if we have (in addition
to (5.6))

(5.8) lim(xs)up V(z)/(V'(z)?* < +o0.

In particular if V(z) < ax? at infinity, (5.7) implies (5.8). According to Wang’s argument,
under the curvature assumption, if V(z) > «xP at infinity for some p > 2 then pu satisfies
a log-Sobolev inequality too. Hence it is not easy with our rough estimate in Proposition
5.5 to build an example of measure with bounded below curvature, satisfying 75 but not the
log-Sobolev inequality. If we relax the curvature assumption then the construction is simpler.

Example 5.9. We only describe the behavior of V near 4+o00. Thus choose
V(z) = 23 + 32% sin®z + 27
then
V'(z) = 32%(1 +sin2z) + 6z sin’z + B2°71,
and
V"(z) = 62% cos2x + 6x(1 + 2sin2z) + 6sin’z + B(6 — 1) 2772,
so that (5.6) and (5.7) are satisfied as soon as § > 2, but (5.8) is not satisfied if 5 < 5/2.

This furnishes an example of a measure satisfying 75 but not the log-Sobolev inequality.
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