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Abstract Following Alspach and Parsons, a metacirculant graph is a graph admit-
ting a transitive group generated by two automorphisms p and o, where p is (m, n)-
semiregular for some integers m > 1, n > 2, and where o normalizes p, cyclically
permuting the orbits of p in such a way that ¢”* has at least one fixed vertex. A half-
arc-transitive graph is a vertex- and edge- but not arc-transitive graph. In this arti-
cle quartic half-arc-transitive metacirculants are explored and their connection to the
so called tightly attached quartic half-arc-transitive graphs is explored. It is shown
that there are three essentially different possibilities for a quartic half-arc-transitive
metacirculant which is not tightly attached to exist. These graphs are extensively
studied and some infinite families of such graphs are constructed.

Keywords Graph - Metacirculant graph - Half-arc-transitive - Tightly attached -
Automorphism group

1 Introductory and historic remarks

Throughout this paper graphs are assumed to be finite and, unless stated otherwise,
simple, connected and undirected (but with an implicit orientation of the edges when
appropriate). For group-theoretic concepts not defined here we refer the reader to
[4, 9, 34], and for graph-theoretic terms not defined here we refer the reader to [5].
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Given a graph X we let V(X), E(X), A(X) and AutX be the vertex set, the edge
set, the arc set and the automorphism group of X, respectively. A graph X is said
to be vertex-transitive, edge-transitive and arc-transitive if its automorphism group
AutX acts transitively on V(X), E(X) and A(X), respectively. We say that X is half-
arc-transitive provided it is vertex- and edge- but not arc-transitive. More generally,
by a half-arc-transitive action of a subgroup G < AutX on X we mean a vertex- and
edge- but not arc-transitive action of G on X. In this case we say that the graph X is
(G, %)-arc-transitive, and we say that the graph X is (G, % H)-arc-transitive when
it needs to be stressed that the vertex stabilizers G, (for v € V(X)) are isomorphic to
a particular subgroup H < G. By a classical result of Tutte [32, 7.35, p. 59], a graph
admitting a half-arc-transitive group action is necessarily of even valency. A few
years later Tutte’s question as to the existence of half-arc-transitive graphs of a given
even valency was answered by Bouwer [6] with a construction of a 2k-valent half-
arc-transitive graph for every k > 2. The smallest graph in Bouwer’s family has 54
vertices and valency 4. Doyle [10] and Holt [15] independently found one with 27
vertices, a graph that is now known to be the smallest half-arc-transitive graph [3].

Interest in the study of this class of graphs reemerged about a decade later follow-
ing a series of papers dealing mainly with classification of certain restricted classes
of such graphs as well as with various methods of constructions of new families of
such graphs [2, 3, 30, 31, 33, 36]; but see also the survey article [21] which covers
the respective literature prior to 1998. With some of the research emphasis shifting to
questions concerning structural properties of half-arc-transitive graphs, these graphs
have remained an active topic of research to this day; see [7, 8, 11-14, 16-18, 20,
22-29, 35, 37].

In view of the fact that 4 is the smallest admissible valency for a half-arc-transitive
graph, special attention has rightly been given to the study of quartic half-arc-
transitive graphs. One of the possible approaches in the investigation of their proper-
ties concerns the so called “attachment of alternating cycles” question. Layed out in
[20], the underlying theory is made up of the following main ingredients. For a quar-
tic graph X admitting a half-arc-transitive action of some subgroup G of AutX, let
D¢ (X) be one of the two oriented graphs associated in a natural way with the ac-
tion of G on X. (In other words, Dg(X) is an orbital graph of G relative to a non-
self-paired orbital associated with a non-self-paired suborbit of length 2 and X is its
underlying undirected graph.) An even length cycle C in X is a G-alternating cy-
cle if every other vertex of C is the tail and every other vertex of C is the head (in
D¢ (X)) of its two incident edges. It was shown in [20] that, first, all G-alternating
cycles of X have the same length — half of this length is called the G-radius of X
— and second, that any two adjacent G-alternating cycles intersect in the same num-
ber of vertices, called the G-attachment number of X. The intersection of two ad-
jacent G-alternating cycles is called a G-attachment set. The attachment of alternat-
ing cycles concept has been addressed in a number of papers [20, 27-29, 35] with
a particular attention given to the so called G-tightly attached graphs, that is, graphs
where two adjacent G-alternating cycles have every other vertex in common. In other
words, their G-attachment number coincides with G-radius. In all the above defin-
itions the symbol G is omitted when G = AutX. Tightly attached graphs with odd
radius have been completely classified in [20], whereas the classification of tightly at-
tached graphs with even radius, dealt with also in [13, 27, 35], has been very recently
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completed in [29]. At the other extreme, graphs with G-attachment number equal to 1
and 2, respectively, are called G-loosely attached graphs and G-antipodally attached
graphs. As shown in [28], there exist infinite families of quartic half-arc-transitive
graphs with arbitrarily prescribed attachment numbers. However, in view of the fact
that every quartic half-arc-transitive graph may be obtained as a cover of a loosely,
antipodally or tightly attached graph [27], it is these three families of graphs that
deserve special attention.

Now, as it turns out, all tightly attached quartic half-arc-transitive graphs are
metacirculant graphs [20]. (For the definition of a metacirculant graph see Section 2.)
The connection between the two classes of graphs goes so far as to suggest that even if
quartic half-arc-transitive metacirculants which are not tightly attached do exist, con-
structing them will not be an easy task. Exploring this connection is the main aim of
this article. Although short of a complete classification of quartic half-arc-transitive
metacirculants, we obtain a description of the three essentially different possibilities
for a quartic half-arc-transitive metacirculant which is not tightly attached to exist,
together with constructions of infinite families of such graphs. In doing so we give
a natural decomposition of quartic half-arc-transitive metacirculants into four classes
depending on the structure of the quotient circulant graph relative to the semiregular
automorphism p. Loosely speaking, Class I consists of those graphs whose quotient
graph is a “double-edged” cycle, Class II consists of graphs whose quotient is a cycle
with a loop at each vertex, Class III consists of graphs whose quotient is a circulant
of even order with antipodal vertices joined by a double edge, and Class IV consists
of graphs whose quotient is a quartic circulant which is a simple graph (see Figure 1).

The paper is organized as follows. Section 2 contains some terminology together
with four infinite families of quartic metacirculants, playing an essential role in the
rest of the paper. Section 3 gives the above mentioned decomposition. Section 4 is
devoted to Class I graphs; in particular it is shown that this class coincides with
the class of tightly attached graphs (see Theorem 4.1). Next, Section 5 deals with
Class II graphs. A characterization of the graphs of this class which are not tightly
attached is given (see Theorem 5.1) enabling us to construct an infinite family of
such graphs (see Construction 5.10). Moreover, a list of all quartic half-arc-transitive
metacirculants of Class II, of order at most 1000, that are not tightly attached is given.
Finally, in Section 6 a construction of an infinite family of loosely attached (and thus
not tightly attached) half-arc-transitive metacirculants of Class IV is given.

2 Definitions and examples

We start by some notational conventions used throughout this paper. Let X be
a graph. The fact that # and v are adjacent vertices of X will be denoted by u ~ v;
the corresponding edge will be denoted by [u, v], in short by uv. In an oriented graph
the fact that the edge uv is oriented from u to v will be denoted by u — v (as well
as by v <— u). In this case the vertex u is referred to as the zail and v is referred to
as the head of the edge uv. Let U and W be disjoint subsets of V (X). The subgraph
of X induced by U will be denoted by X[U]; in short, by [U], when the graph X
is clear from the context. Similarly, we let X[U, W] (in short [U, W]) denote the
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bipartite subgraph of X induced by the edges having one endvertex in U and the
other endvertex in W. Furthermore, if p is an automorphism of X, we denote the
corresponding quotient (multi)graph relative to p, whose vertex set is the set of orbits
of p with two orbits adjacent whenever there is an edge in X joining vertices from
these two orbits, by X,.

For the sake of completeness we include the definition of a Cayley graph. Given a
group G and an inverse closed subset S € G\ {1} the Cayley graph Cay(G, S) is the
graph with vertex set G and edges of the form [g, gs], where g € G, s € S.

Let m > 1 and n > 2 be integers. An automorphism of a graph is called (m, n)-
semiregular if it has m orbits of length n and no other orbit. We say that a graph X
is an (m, n)-metacirculant graph (in short an (m, n)-metacirculant) if there exists an
(m, n)-semiregular automorphism p of X, together with an additional automorphism
o of X normalizing p, that is,

r

o lpo=p" forsome reZy, )

and cyclically permuting the orbits of p in such a way that o™ fixes a vertex of X.
(Hereafter Z, denotes the ring of residue classes modulo n as well as the additive
cyclic group of order n, depending on the context.) Note that this implies that o
fixes a vertex in every orbit of p. To stress the role of these two automorphisms in
the definition of the metacirculant X we shall say that X is an (m, n)-metacirculant
relative to the ordered pair (p,o). Obviously, a graph is an (m, n)-metacirculant
relative to more than just one ordered pair of automorphisms except for the triv-
ial case when m = 1 and n = 2, which corresponds to X = K. For example, the
automorphism o may be replaced by op. A graph X is a metacirculant if it is an
(m, n)-metacirculant for some m and n. This definition is equivalent with the origi-
nal definition of a metacirculant by Alspach and Parsons (see [1]). For the purposes
of this paper we extend this definition somewhat. We say that a graph X is a weak
(m, n)-metacirculant (more precisely a weak (m, n)-metacirculant relative to the or-
dered pair (p, o)) if it has all the properties of an (m, n)-metacirculant except that
we do not require that o™ fixes a vertex of X. We say that X is a weak metacirculant
if it is a weak (m, n)-metacirculant for some positive integers m and n.

Note that there exist integers m, n and weak (m, n)-metacirculants which are not
(m, n)-metacirculants. For example, the graph Y (10, 100; 11, 90) (see Example 2.3
below) is a weak (10, 100)-metacirculant but it can be seen that it is not a (10, 100)-
metacirculant. However, this graph is also a (40, 25)-metacirculant. The question re-
mains if the class of weak metacirculants is indeed larger than that of metacirculants.
Nevertheless, at least for the purposes of this paper it proves natural to work in the
context of weak metacirculants.

Below we give a few infinite families of weak metacirculants that will play a cru-
cial role in the investigation of quartic half-arc-transitive metacirculants, the main
theme of this article.

Example 2.1 For each m > 3, for each odd n > 3 and for each r € Z}, where
r™ = %1, let X,(m,n;r) be the graph with vertex set V = {u! | i € Zy, j € Zn}
and edges defined by the following adjacencies:

j j+r
J ”zj

i
u; I i €ZLm, jELy.
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(Note that the subscript o in the symbol X, (m, n; r) is meant to indicate that » is an
odd integer.) The permutations p and o, defined by the rules
o+l

ui p=1u;

31 €Ly, jeZn

u{a:u?ﬂ_l; i €L, j €Ly,

are automorphisms of AX,(m,n;r). Note that p is (m,n)-semiregular and that
o 'po = p". Moreover, o cyclically permutes the orbits of p and o™ fixes u? for
every i € Z,,. Hence X,(m,n;r) is an (m, n)-metacirculant. We note that graphs
X, (m, n; r) correspond to the graphs X (r; m, n) introduced in [20]. We also note that
the Holt graph, the smallest half-arc-transitive graph (see [3, 10, 15]), is isomorphic

to X,(3,9; 2).

Example 2.2 For each m >4 even, n > 4 even, r € Z, where ¥ =1, and t € Z,,
where t(r — 1) =0, let X,(m,n;r,t) be the graph with vertex set V = {ui] | i e
Zm, J € Zn} and edges defined by the following adjacencies:

J j+rt : :
. ul-‘rl’ ul-‘rl ’ l EZm\{m - 1}’ J € Zn
ul ~
41 i+rm e, .
ué+,u(j)+r +;l=m—1,]€Zn.

(In analogy with Example 2.1 the subscript e in the symbol X, (m, n; r, t) is meant to
indicate that n is an even integer.) The permutations p and o, defined by the rules

J jti. ;
ujp=u; ; [€Ly, jELy

s i €Zy\lm—1), j ey,

u(r)jﬂ; i=m—1, jeZ,,
are automorphisms of X, (m, n; r, t). Note that p is (m, n)-semiregular, that o1 po =
o’ and that o cyclically permutes the orbits of p. Hence X,(m,n;r,t) is a weak
(m, n)-metacirculant.

As noted in Section 1, a complete classification of quartic tightly attached half-
arc-transitive graphs is given in [20] for odd radius and in [29] for even radius. It
follows by this classification that a quartic tightly attached half-arc-transitive graph
is isomorphic either to some X, (m, n; r) or to some X, (m, n; r, t), depending on the
radius parity.

Example 2.3 For each m >3, n >3, r € Z}, where r =1, and t € Z, satisfying
t(r—1)=0,let Y(m,n;r,t) be the graph with vertex set V = {u{ |i €Zm, j€Zyn}
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and edges defined by the following adjacencies:

YR B ;
) w; U gy L €Lp\im—1}, j €Ly
‘]’\/
ui m—1

jArm L. .

., up vi=m—1, jeZ,.

The permutations p and o, defined by the rules

J j+1 . . .
u;p=uj i €Ly, jELy

u;il; i € Zw\im — 1}, j €Zy

rj+t .
./+;l

ugy :m—l,jGZn,

are automorphisms of Y (m,n; r,t). Observe that p is (m, n)-semiregular and that
ol po = p". Moreover, o cyclically permutes the orbits of p, and so Y(m, n;r,t) is
a weak (m, n)-metacirculant. We note that the Holt graph, see Example 2.1, is also
isomorphic to Y(3,9; 7, 3).

Example 2.4 Foreachm >5,n >3, k € Z,\{0,1, -1} and r € Z, where r"* =1,
let Z(m,n; k, r) be the graph with vertex set V = {u{ |i € Zy, j € Zy} and edges
defined by the following adjacencies:

. . i
ul ~ jtrt

j . .
P Uiy Wiy s 1 €L, ] €Ly,

The permutations p and o, defined by the rules

j . .
u,p=u; ; i €Ly, jEL,

i rio. .
U; o =up g i €Lm, jE Ly,

are automorphisms of Z(m, n; k,r). Observe that p is (m, n)-semiregular and that
o~ lpo = p”. Moreover, o cyclically permutes the orbits of p and o™ = 1. Hence
Z(m,n; k,r) is an (m, n)-metacirculant.

3 The four classes
In this section we start our investigation of half-arc-transitivity of quartic weak
metacirculants. First, we state a result from [20] which will be used throughout the

rest of the paper.

Proposition 3.1 [20, Proposition 2.1] Let X be a half-arc-transitive graph. Then no
automorphism of X can interchange a pair of adjacent vertices in X.
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Throughout this section we let X denote a connected quartic half-arc-transitive
weak (m, n)-metacirculant relative to an ordered pair (p, o). Furthermore, we let
Xi, i € Zy,, denote the orbits of p where X;1| = X;o for each i € Z,,. Clearly, the
degrees of subgraphs [X;] are all equal. We shall denote this number by d;,, (X) and
call it the inner degree of X . Note that d;,,, (X) must be even, for otherwise n is even
and a vertex u of X is necessarily adjacent to up?. But then p3 interchanges two
adjacent vertices, which contradicts Proposition 3.1. Furthermore, d;,,(X) cannot be
4, for otherwise the connectedness of X implies that m = 1 and thus X is a circulant.
But no half-arc-transitive Cayley graph of an abelian group exists. Namely, if X =
Cay(G, S) choose s € S, let ¢ : X — X map x to x ! and let p; : X — X map x to
sx. Then ¢ and p, are automorphisms of X and ¢p; interchanges adjacent vertices 1
and s. Therefore

dinn(X) € {0, 2}. @

We now show that the number of orbits of p is at least 3.

Proposition 3.2 Let X be a connected quartic half-arc-transitive weak (m, n)-meta-
circulant relative to an ordered pair (p, o). Then m > 3.

PROOF: By the above remarks we have d;,,(X) € {0, 2} and m > 2. Assume then that
m =2 and let U and W be the orbits of p. We show that there exists an automorphism
of X fixing U and W setwise and interchanging two adjacent vertices of U which
contradicts Proposition 3.1. By [20, Proposition 2.2.], which states that a graph cannot
be half-arc-transitive if it has a (2, n)-semiregular automorphism whose two orbits
give rise to a bipartition of the graph in question, we must have d;,,(X) = 2. Fix
a vertex u € U and set u’ = up’, where i € Z,. There exists some nonzero s € Z,
such that u’ ~ u'** for all i € Z, . Next, choose a vertex w € W such that u® ~w
and set w' = wp', where i € Z,. Letting r € Z} be as in equation (1) we have ulo ~
uto =upto = ulop®s, and so w' ~ w'* for all i € Z,. There exists some
nonzero t € Z, such that u® ~ w’. Therefore, we have u! ~ w!, wit! for all i € Z,.
It is easy to see that the permutation ¢ of V (X) defined by the rule u’¢ = u~" and
w'ep = w'~!, where i € Z,, is an automorphism of X. But then ¢p® interchanges

adjacent vertices u° and u®, completing the proof of Proposition 3.2. [ |

We now use (2) and Proposition 3.2 to show that each connected quartic half-arc-
transitive weak metacirculant belongs to at least one of the following four classes
reflecting four essentially different ways in which a quartic graph may be a half-arc-
transitive weak metacirculant (see Figure 1). These four classes are described below.
(Recall that the orbits of p are denoted by X;.)

e Class 1. The graph X belongs to Class I if d;,,(X) = 0 and each orbit X; is con-
nected (with a double edge) to two other orbits. In view of connectedness of X, we
have that X, is a “double-edge” cycle.

e Class II. The graph X belongs to Class II if d;,,(X) = 2 and each orbit X; is
connected (with a single edge) to two other orbits. In view of connectedness of X,
we have that X, is a cycle (with a loop at each vertex).
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Fig. 1 Every quartic
half-arc-transitive metacirculant
falls into one (or more) of the
four classes.

Class I Class IT

Class IIT Class IV

e Class III. The graph X belongs to Class III if d;,,(X) = 0 and each orbit X; is
connected to three other orbits, to one with a double edge and to two with a single
edge. Clearly, m must be even in this case and an orbit X; is connected to the orbit
X i+ with a double edge. In short, X, is a connected circulant with double edges
connecting antipodal vertices.

e Class IV. The graph X belongs to Class IV if d;,,(X) = 0 and each orbit X; is
connected (with a single edge) to four other orbits. In short, X, is a connected
circulant of valency 4 and is a simple graph.

We remark that these four classes of metacirculants are not disjoint. For instance,
it may be seen that the Holt graph &, (3, 9; 2) = Y (3, 9; 7, 3) belongs to Classes I and
II but not to Classes III and IV. Its canonical double cover, the smallest example in
the Bouwer’s construction, belongs to Classes I, IT and III but not to Class I'V. On the
other hand, the graph Z(20, 5; 9, 2) belongs solely to Class IV.

In the next two sections Classes I and II are analyzed in detail. In the last section
future research directions regarding interconnectedness of Classes I, II, III and IV,
are layed out.

4 Graphs of Class I

The aim of this section is to prove the following theorem.

Theorem 4.1 Connected quartic half-arc-transitive weak metacirculants of Class 1
coincide with connected quartic tightly attached half-arc-transitive graphs.
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Throughout this section we let X denote a connected quartic half-arc-transitive
weak metacirculant of Class I and we let m, n, p and o be such that X is a weak
(m, n)-metacirculant relative to the ordered pair (p, o). Fix a vertex u € V(X) and let
u? =uo' foralli €{0,1,...,m—1}. Thenletu; = u’p/ foralli € Z, j € Z,. With
this notation the orbits of p are precisely the sets X; = {u{ | j € Zyn}, i € Zy,. Since
X is connected we can assume that X ~ X in the quotient graph X,. Moreover,
as X is a weak (m, n)-metacirculant relative to the pair (o, op/) for any j € Z,, we
can in fact assume that ug is adjacent to u(l). There exists some nonzero a € Z, such
that 148 is adjacent also to u{. Therefore N(ug) NX|= {u(l), u{}. Letr € Z be as in

equation (1). Then ufo’ =ulp?o’ = u(l)oip’i“ holds for all i € Z,, , and so

N@HNXip = {ul,  ull7) forallie Z,\im—1}, j€Z,.  (3)

Out of the two orientations of the edges of X induced by the half-arc-transitive action
of AutX we choose the one where u8 — u? Denote the corresponding oriented graph
by Dx. There are two possibilities depending on whether u8 is the tail or the head
of the edge ugu‘]’ in Dy. In Lemma 4.2 below we show that in the former case X is

tightly attached, and in Lemma 4.3 we show that the latter actually never occurs.

Lemma 4.2 With the notation introduced in the previous paragraph, if u8 is the tail
of the edge ugu‘]’ in Dy then X is tightly attached.

PROOF: Clearly in this case all the edges in Dx[X;, X;+1] are oriented from X;

to Xi11. Therefore (3) implies that uf — u] u{+a and that u{ — u?} ué+m for all

J € Z,,. Moreover, any alternating cycle of X is a subgraph of X[X;, X; ] for some
i € Zy. We now inspect the two alternating cycles containing ”(1)- Denote the one
containing vertices from X and X with C and the one containing vertices from X
and X, with C;. In view of Proposition 3.2 we have m > 3, and so C1 N Cy C X.
We have C1 N X| = {u{ | j € (a)}. (Here (a) denotes the additive subgroup of Z,
generated by a.) Moreover, C» N X| = {u{ | j €(ra)}. Butr € Z} and so (a) = (ra).
Hence C1 N X1 = C> N X3, which completes the proof.

Lemma 4.3 There exists no connected quartic half-arc-transitive weak meta-
circulant of Class I such that, with the notation from the paragraph preceding the
statement of Lemma 4.2, the vertex u8 is the head of the edge ugu‘f in Dx.

PROOF: Suppose that there does exist such a graph and denote it by X. Our approach
is as follows. We first show that the stabilizer of a vertex in X cannot be Z,. We
then show that this forces m to be odd and n = 2 (mod 4), which enables us to in-
vestigate the AutX-orbit of the so called generic 8-cycles of X in a greater detail. In
particular we find that ( — 1) = 0. Then, investigating the AutX -orbit of a particular
nongeneric 8-cycle, we finally arrive at a contradiction, thus showing that X cannot
exist.

Observe that since o fixes the orbits X; setwise, there exists some ¢t € Z,,, such
that o™ p~" fixes u8. Since the sets X; are blocks of imprimitivity for (p, o), the
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particular orientation of the edges in Dy implies that 6™ p~" fixes the neighbors of
ug pointwise. Continuing this way we have, in view of connectedness of X, that

o™ = p'. Note that equation (1) implies that o~ po™ = ™", and so
rm=1. )

Moreover, (1) also implies that u{a = u?pjo = u?ap’j, and so

, W5 i € Lp\im—1), j €Zy
uo= . (®))
u(r)j+t;i:m—l,jeZn.

Combining together (3) and (5), we have that for any i € Z,, and j € Zj, the two
edges connecting u{ to vertices from X; 1 in Dy are given by

j oo j+ria. .
up s iFEm—1 _ Ui o3 i#m-—1
u{—) and ul]<— (6)
JtL . j+r"latr .
uy si=m-—1 u(j)H a+;z=m—1.

Since o maps the edge u _,ul) to the edge ufu'’, we also have

tr—1)=0. (7

CLAIM 1: We lose no generality in assuming that a = 1.

Observe that since X is connected, (6) implies that (a, t) = Z,. Let d = |a| denote
the order of a in the additive group Z, . Clearly Claim 1 holds if d = n, so assume that
d <nand set k= %5. Let p' = p®. Then p’ is an (mk, d)-semiregular automorphism
of X and 0! p'oc = p"® = p’". We now show that o cyclically permutes the orbits
of p'. The orbit of p’ containing u) is X = {ué” | j € Zy}. Moreover, X! = Xjo' =

{ui]rta | j €Zy}fori=0,1,...,m—1and X, = X)o™ = {u(j)aﬂ | j € Z,}. Since
(a,t) =Z, and (a) # Zj, the set X/, (which is clearly an orbit of p’) cannot be
equal to X;,. Continuing this way we see that o cyclically permutes the mk orbits
of p’. Thus X is a weak (mk, d)-metacirculant of Class I relative to the ordered pair
(p’, o). It is now clear that in the notation of vertices of X relative to the ordered pair
(p’, o) the corresponding parameter a’ is equal to 1. From now on we can therefore
assume thata = 1.

CLAIM 2: Let v € V(X). Then |(AutX),| > 2.

Suppose on the contrary that (AutX), = Z, for some (and hence any) v € V (X).
Let 7 be the unique nontrivial automorphism of (AutX )ug. Then t interchanges

_pm=1_ . _ .

”(1) and umr_ " and also interchanges ui and umt_l. We now determine the ac-

tion of T on the vertices of X recursively as follows. Since t ¢ (p, o) and since
— m—2 ~

uir =u ' = u%o’"‘zp_’ ! we have (recall that (AutX)u} = 7Z») that u(l)r #*

m—1 =
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-2 _ . -1

ubo™2p="" "=t =y ' Ttfollows that T 1nterchanges u and u6m . Now uf < u?
-1

and a similar argument shows that 7 interchanges u and u), ~!. Continuing this

way we find that T maps according to the rule:

~rmfl_rm71_rm72__“_rm7i_t . .
. ufn_l. ;1 €Zi\{0}, jeZ,
J
ult = ®)
m—1

w) " i=0, j€Zy.

We leave the details to the reader. Recall now that, by assumption, 7 interchanges
m—1__.m—1__m-2__

u ' andu}.On the other hand, (8) implies thatu ' v =u;"”" ~" ~7 "=
Therefore, equation (7) implies that

l4+r4+r24. o412 =0. )

We now define a mapping ¥ on V (X) by the rule

. 2 i—1

J wy T e 7,\(0), € Z,

wy=1 " (10)
uy” i=0, j€Zy.

Clearly v is a bijection. It is easy to check that ¥ maps every edge of [X;, X;11],
where i € Z,,\{m — 1}, to an edge of X. As for the edges of [X;u—1, Xo], note that by

(6) we have that N(um DNXo= {M]+t, (J)+r } Observe that ¥ maps the latter

two vertices to ”o ~J7" and u_’ - !, respectively. Moreover, in view of equation

m—1

_ m—2 _pm—l_
(9) we have that u Y= m]_+1+r+r e = umj_lr 2', and so ¥ is an auto-
morphism of X. Smce X is half-arc-transitive, there exists some ¢ € AutX mapping
the edge u}ug of Dy to the edge ugu?. But then ¢ interchanges adjacent vertices

ug and u(l), contradicting Proposition 3.1. Therefore, |(AutX),| > 2, as claimed.

Let now A be the attachment set of X containing ug. In view of [27, Lemma 3.5.],
which states that in a finite connected quartic half-arc-transitive graph with attach-
ment sets containing at least three vertices, the vertex stabilizers are isomorphic to
7, it follows that |A| < 2. We now show that m must be odd.

CLAIM 3: m is odd.

Suppose on the contrary that m is even. Consider the alternating cycle containing

0,0 : ; r r+r3 Pty et
the edge uoul.Itcontams vertices uz,u3,u4 NP ug s

rer3 ey

etc., where u,, is the tail of the two corresponding incident edges on this

. .. . . 2

cycle. The other alternating cycle containing u8 contains vertices u {, ué, u;“ , }1“ ,
2 m—2 24 ... ,.m=2 2. m—2 .

T g R Cete., where g™ T s the head of the

two corresponding incident edges on this cycle. Observe that equation (7) implies
that r(l+ 72+ -+ 24+ ) =r+r3+ -+ 4+ and so the vertices
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344 m-l] 244 m=2 . . . .
u6+’ Tt and ué‘” Tt are both contained in A. Since [A| = 2, it fol-

lowsthat 1 +7r2+---4+r" 24t =r+r>+---+ "1 4 and in addition either
14724424 r=00r 1 +r24---+rm24s= % with n even. But in both
cases equation (9) holds, and so the mapping y defined as in (10) is an automorphism
of X which is impossible. Therefore, m is odd, as claimed.

CLAIM 4: n =2 (mod 4).

Let C; denote the alternating cycle containing the edge ugu(l). Since m is odd,

. 3., m—2 2., m—1 . . .
the vertices u(r)“ TATTH and u(l)+r+r + "2 are both contained in C; with

3 m—2
ufy™" T being the head of the two corresponding incident edges on Cj. Let

. . . 2 e m—1
C, denote the other alternating cycle containing the vertex ug. Then u(l)” e

and u(1)+r+r2+"'+rm71+2t are vertices of Cp with u(l)+r2+"'+r"171+t being the tail of the
two corresponding incident edges on C5. Since |A| < 2, we thus have that 1 +r +7r2+
el 4 2r s equal either to O or to % where in the latter case n must be even.
As the former contradicts half-arc-transitivity of X (see the argument immediately
after equation (9)), we have that n is even and that

1+r+r2+-~«+rm_1+2t=g. (11)
Since r € Z}, r is odd. But this implies that 1 +7 + (r? +73) +- - -+ ("3 +r"=2) +
=1 4 27 is 0dd too, and so equation (11) implies that n = 2 (mod 4), as claimed.
CLAIM 5: Cp = ugu?ugu{u(’)u{“ué”u% is an 8-cycle of X.

We only need to see that the cardinality of the set {0, 1, r, r 4 1} is 4, that is, we
need to see that r # 1. Note first that r # 1 for otherwise X would be a Cayley
graph of an abelian group and thus arc-transitive. Furthermore, r # —1 for then r”* =
—1 # 1, contradicting (4). (Note that n # 2 for otherwise X would be isomorphic to
a lexicographic product of a cycle and 2K, and thus clearly arc-transitive.)

The 8-cycles belonging to the (p, o)-orbit of Cy will be called the generic 8-cycles
of X. We now investigate which 8-cycles, apart from the generic ones, are contained
in the AutX-orbit of Cy. We assume first that m > 5, as in this case, since m is odd,
no 8-cycle containing edges from every subgraph [X;, X; 1], i € Z,,, exists.

By Claim 2 there exists an automorphism ¢ € AutX, fixing u} and ug but inter-

: 1+r 1 : 0, — ,,0 0, _ ,—r" -t
changing u,™" and u,. We either have ujp = u; or ujo =u,’ , . Suppose first
that ¢ fixes "‘(1)- Then it also fixes u},. Now since Cog is an 8-cycle and since u}‘”

is the tail of both of its incident edges on Cp, we must have u}+r<p = u% There-

fore, upp = u% This leaves us with two possibilities for u|¢. If uj¢ = u%fr, then
u%_r — ug, and so 2(r — 1) = 0. But r is odd, so that Claim 4 implies »r — 1 =0,

a contradiction. Thus u? = u% and so ”5 <« u%, which forces
2—r—r2=0. (12)
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~! and then a similar

1—r™=
m—2

Suppose now that u 1‘/’ =u_", ' Itfollows that usp =u,

lt
ml’

ml m2

2
argument as above shows that u1 "o = and so ugy =u . We now

have two possibilities. Either u}¢ = ul=r" - !, which by (4) implies that (12) holds,

m—1
l_rmf3 _rmfz_

M3 ! inwhichcase | —rm 3 —pm=2 _y = —pm=1 _¢ thatis,

orulp=u
r3 4+ r? =r + 1 orequivalently ( — 1)(r + 1)> =0. (13)

We now show that (13) cannot hold. Namely, multiplying by r20=D we get that
r2+l 4 p2 = 41 for every i € N. Furthermore, by Claim 3 there exists some
integer k such that m =2k + 1, and so

Ltr+r24 "2 =k )+ 7L (14)
By (4) we therefore have
0= +r+ - +r"Hr-D=kt* =D +r""1 - 1.
Multiplying by r and using (13) we obtain
0=k(r>—r+r—1=k(l1—r)+r—1=—k(r—D@r+1)+ @ —1). (5)

Now, since r — 1 # 0 is even, Claim 4 and equation (13) imply that there exists some
odd prime ¢ dividing  + 1 and » but not » — 1. However, equation (15) implies that
q does divide r — 1, a contradiction. Therefore, (13) cannot hold, and so (12) holds.
Again using Claim 2, there also exists an automorphism ¢ € AutX fixing ug and
“(1) but interchanging u{ and ”r;t—l An analysis similar to the one used above shows

that the only possibilities for the image Co? are:
uguouguqu%ru%ruo 1+2ru;ll | and

0.0 r. r. r. r—t r—rm2_t _y¢
Ul upyyuply, (Upy_o U1+

The conditions for the above 8-cycles to exist are, respectively, (13),
1+r—2r2=0 (16)
and
P =1. (17)

Recall that (13) cannot hold and that (12) does hold. It is easy to check that (12) and
(16) imply (17) and that (12) and (17) imply (16). Thus all three conditions hold.
From (12) and (16) we get that

(r—1%=0. (18)

2 2 2
Then C = ubulubuiu’y” r uy™" u%r " %r "= u8u?u2u3ué rui "ului is an 8-
cycle of X (recall that » # 1). By Claim 2 there exists an automorphism 1 € AutX fix-
r—r 0 0 0

ing u’, and u% but interchanging w5~ with . But this implies u(l)n =u3, ugn = u
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and u} 77 = ug+’ and so Cn is not an 8-cycle, a contradiction. This shows that X

cannot exist when m > 5.

Since m is odd this leaves us with m = 3 as the only other possibility. A simi-
lar analysis as in the general case shows that the only possibilities for Cpe (where
¢ € AutX fixes ui and u8 but interchanges ué“ and u(l)) are 8-cycles which exist only
when (12) holds. (In this analysis we get that the only possibilities not encountered in
the general case are those for which 2r + r242=0 or 2+ r2 42t =0, which are of
course both impossible as n is even.) By (4) we have r = 1, and so multiplying by r
in (12) we get that (18) holds. Thus the 8-cycle C = uou uzu(r)ﬂué ’u} ’uéul exists

in X. Again let n € AutX be an automorphlsm fixing u/, and u0+’ but interchanging

uy~" with ™. Then uln = u(l), udn =u and u] "y = u3 . Note that we cannot

have “177 = u% for otherwise M277 = ”2’ which contradicts the fact that u% ~ uq_,z' It
follows that uln = u5", and so uln = u;"~". Consequently —r — ¢ = 2r + ¢, that is
3r + 2t = 0, which forces 1 + r + r2 + 2t = 0. As this contradicts (11), the proof is
complete. [ |

We are now ready to prove Theorem 4.1.

PROOF OF THEOREM 4.1:

That connected quartic half-arc-transitive weak metacirculants of Class I are tightly
attached now follows by Lemmas 4.2 and 4.3. To prove the converse observe, as al-
ready noted in Section 2, that the results of [20, 29] imply that every connected quartic
tightly attached half-arc-transitive graph is isomorphic either to some X, (m, n; r) or
to some X, (m,n;r,t). As these two graphs are clearly both weak metacirculants of
Class I, the proof is complete. [ |

5 Graphs of Class II

In this section connected quartic half-arc-transitive metacirculants of Class II are
studied in great detail. The following theorem is the main result.

Theorem 5.1 Let X be a connected quartic half-arc-transitive weak (m,n)-meta-
circulant of Class II. Then the following hold:

(1) X is a Cayley graph for the group {p, o), where (p, o) is some pair of automor-
phisms of X such that X is a weak (m,n)-metacirculant of Class II relative to
(p,0),

(1) (AutX), =7Z, forallv e V(X),

(iii) m divides n and dy, = - > 2,

(iv) there exist r € Z}, and t € Zy, such that X = Y(m, n; r,t), where parameters r
and t satisfy the following conditions:

m _ 1,
em(r—)=t(r—1)=@—12=0,
o (m) = () in Z,
o there exists a unique ¢ € {0, 1, ..., d,, — 1} such that t = cm and m = ct and
o there exists a unique a € {0, 1, ...,dy, — 1} such that at = —am =r — 1,
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(v) X is tightly attached unless m and d,, are both even, and n = 8ny for some
integer n1 > 2, where ny is even or not squarefree.

Then, using this result, we present a list of all connected quartic half-arc-transitive
weak metacirculants of Class II of order up to 1000 which are not tightly attached
(see Table 3). Finally, we construct an infinite family of such graphs (see Construc-
tion 5.10).

Throughout this section we let X denote a connected quartic half-arc-transitive
weak (m, n)-metacirculant of Class II. Choose some automorphisms o and o such
that X is a weak (m, n)-metacirculant of Class II relative to the ordered pair (p, o).
Fix a vertex u € V(X) and let u) = uc’ for all i € {0,1,...,m — 1}. Then let u/ =
u?,o/ foralli € Z,,, j € Zy,. Thus X; = {u{ | j € Z,}, i € Zy,, are the orbits of p and
X; = Xoo'. We shall say that an edge connecting vertices from the same orbit X; is
an inner edge and that an edge connecting vertices from different orbits is an outer
edge.

Since dj,, (X) = 2, there exists some nonzero s € 7Z, such that ué ~ uéﬂ for all
J € Z,. Fix an orientation of edges induced on X by the half-arc-transitive action of
AutX and denote the corresponding directed graph by Dy. Then the indegrees and
the outdegrees of the subgraphs of Dx induced by X; are all equal to 1. We will

assume that u) " — uj) — u{)ﬂ. Letting r € Z* be as in equation (1), we have that

s i 0 i 0 il
uyo' =ugp*o' =ugo'p”?, and so

' l]—> u{”ls, foralli € Zy,, j € Zy. (19)

j—r's

There exists some k € Z,,\{0} such that the vertices from the orbit X are adjacent
to the vertices from the orbit Xj. Since X is connected, (k) = Z,,, so that we can
assume k = 1 (otherwise take o’ = 0% and r’ = r¥). Let a € Z, be such that ug ~uf.

! and then choose the other

We can assume that ug — u{ (otherwise take p’ = p~
of the two possible orientations of the edges for Dy ). With no loss of generality we
can also assume that a = 0 (otherwise take o’ = o p“). Therefore, ulj — ulj 4 forall
i € Zw\{m — 1}, j € Z,. Since o cyclically permutes the m orbits of p, we have that
ugom € Xo. Thus, there exists a unique ¢ € Z, such that ugomp_’ = ug. Since the
orbits X; are blocks of imprimitivity for the group H = (p, o), half-arc-transitivity of
X and the orientation of the edges of Dy imply that an element of H fixing a vertex
must necessarily fix all of its neighbors pointwise. By connectedness of X we then

have that
the group (p, o) acts regularly on V (X). (20)
In particular, 0™ = p’. This implies that p = p~ pp’ =0 " po™ = p"" , and so
=1, @)
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Moreoveru’o—u plo=ul ap’/—u+1p =u.’ fori#m—1,jeZ, By(Q2l)

z+1
wenowalsohaveu/ lo—uoja’" la:uop = 0/+,andso
: i i€Za\m—1), jeZ
“110: urljtrl/ l.e m\{m . LA and (22)
ug si=m—1, jey,
i Z -1}, jeZ
o {1y € B\ =), €2 @3)
uy si=m-—1, jeZy,.

Let us now consider the edge u° ,uf. By (22), o maps this edge to the edge ulu’,

and so (23) implies that 7t = ¢, that is,
tr—1)=0. (24)

We claim that rs 7 +s. Suppose on the contrary that rs = s or rs = —s and
consider the permutation @ of V(X) defined by the rule ué(p =u, !, where j € Z,,

and u 0= um P " wherei € Zy\{0} and j € Z,. Since rs = +s, we have that either

ris = s or that ris = (=1)'s for all i € Z,,. It is now easy to check that ¢ is an
automorphism of X. But pp* interchanges adjacent vertices u8 and uy, which by
Proposition 3.1 contradicts half-arc-transitivity of X.

We now investigate certain 8-cycles of X in order to obtain a better understanding
of the structural properties of X. Consider the following closed walk of X:

(ug, uy, ul,usl"'” u(s)+” up’, uy ,ul,uo) (25)
Since s # 0, r € Z and rs # =s, it follows that the above 8 vertices are all distinct,
and so the closed walk (25) gives rise to an 8-cycle. Every 8-cycle of X belonging to
the H -orbit of this 8-cycle will be called a generic 8-cycle.

To every 8-cycle C of X we assign a binary sequence as follows. When travers-
ing C, we assign value 1 to each edge of X traversed along its orientation in Dy,
and we assign value O to each edge of X traversed against its orientation in Dy.
We say that two binary sequences corresponding to 8-cycles of X are equivalent if
one can be obtained from the other using cyclic rotations and reflections. We let the
code of C be the equivalence class of its sequences and we denote it by any of the
corresponding sequences. Therefore, the code of the generic 8-cycle given in (25) is
11100100 (see Figure 2). Note that, since X is half-arc-transitive, the code of a cycle
is invariant under the action of AutX. On the other hand, there exists an automor-
phism 7 € AutX fixing u’l and interchanging u and uf’. Since uf® — uf™*, we
thus have that uf)"” ft= ”2' Consequently, the image under t of the generic 8-cycle
corresponding to (25) is an 8-cycle consisting of vertices from at least three orbits
X; and is therefore not generic. The following lemma gives all possible H -orbits of
8-cycles of X having code 11100100.

Lemma 5.2 With the notation introduced in this section the only possible H-orbits
of 8-cycles having code 11100100 in X are given in Table 1, together with the cor-
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responding representatives and the necessary and sufficient arithmetic conditions for
their existence.

PROOF: Let C = cpcicacacacscecy be an 8-cycle with code 11100100. We divide our
investigation into several cases depending on the number of orbits X; the 8-cycle C
meets.

CASE 1: C meets one orbit.

As any such 8-cycle has code 11111111, this case cannot occur.

CASE 2: C meets two orbits.

Clearly, the number of outer edges of C is even. In fact, C either has 2 or 4 outer
edges. The former case is impossible for otherwise C contains at least four consecu-
tive vertices in a single orbit and thus 1111 is a subsequence of the code of C. It is
thus clear that the inner and outer edges alternate on C. Therefore, the first and the
last 1 of the subsequence 111 of the code of C both correspond to inner edges, and
so it is clear that C is a generic 8-cycle.

CASE 3: C meets three orbits, say, with no loss of generality, X, X1 and X».

Suppose first that m > 3. Therefore, if ¢; € Xg or ¢; € X», atleastone of ¢;_1, ¢j+1
lies in the same orbit as ¢;. This implies that no four consecutive vertices of C are con-
tained in a single orbit. Namely, they cannot be contained in X or X5, for otherwise
the code of C would contain 1111 as a subsequence. Moreover, they cannot be con-
tained in X since there are no edges between X( and X;. We now show that no three
consecutive vertices of C are contained in a single orbit. Suppose on the contrary that
cp, c1 and ¢; are all contained in one orbit. If this orbit is X, then c3, ¢7 € X1, so in
order to have the required code, at least one of ¢4 and cg lies in X ;. But then the re-
maining two vertices lie in X», so the code cannot be 11100100. A similar argument
shows that the orbit containing cq, c; and ¢, cannot be X». Suppose now that the orbit
containing cg, ¢; and ¢, is X. It is then clear that one of c3 and ¢7 lies in X and the
other in X3; say ¢3 € X¢ and ¢y € X5. It follows that ¢4 € Xg, ¢c5 € X1 and ¢ € X». It
is easy to see however, that such an 8-cycle does not have code 11100100. Therefore,
no three consecutive vertices of C lie on a single orbit. Consequently, each of X and
X, contains two vertices of C, and so four vertices of C are contained in X{. As C
has code 11100100, it is now clear that C lies in the H-orbit of 8-cycles from row 2
of Table 1. We say that the 8-cycles of this H-orbit are of type I (see Figure 2).

Suppose now that m = 3. With no loss of generality we can assume that the se-
quence 11100100 is obtained when traversing C according to increasing subscripts
of vertices and, in addition, that co € X and that the walk (co, c1, 2, ¢3) gives rise to
the subsequence 010. We first consider the possibility that c; € X¢. Then ¢3, c3 € X|.
We claim that this forces c4 € X1. Namely, if this is not the case, then c4, c5 € Xy,
and so the fact that cs — c¢ — ¢7 < ¢ implies that C does not contain vertices from
X5, a contradiction. Therefore, ¢4 € X1 and hence c¢5 € X5. It is now easy to see that
the only way for C to have the required code is to have c¢ € X7 and ¢7 € Xy. Thus,
C is contained in the H-orbit of 8-cycles whose representative is given in row 3 of
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Table 1. We say that the 8-cycles of this H-orbit are of type II (see Figure 2). Con-
sider now the possibility that c¢; ¢ Xo, and so ¢; € X». It follows that ¢; € X, and
c3 € X1.If ¢4 € X1, then ¢5 € X, and then the only way for C to have the required
code is to have c¢ € X2 and ¢7 € X(. Note that this 8-cycle is of type I. If however
c4 € Xy, then ¢5 € X, and then the only way for C to have the required code is to
have c¢g, c7 € X1. Thus C is in the H-orbit of 8-cycles from row 4 of Table 1. We
say that such 8-cycles are of rype Il (see Figure 2). To summarize, if m = 3 we can
have up to four different types of 8-cycles with code 11100100: the generic ones and
8-cycles of types I, IT and III.

CASE 4: C meets four orbits, say, with no loss of generality, X, X1, X» and X3.

Observe first that no 8-cycle with code 11100100 exists if m > 4. Namely, in this
case an 8-cycle would necessarily have to contain precisely two vertices from each
of the orbits X¢, X, X» and X3. But then the code of C would contain 1111 as
a subsequence, which is impossible. We can therefore assume that m = 4. Because of
the particular code of C it is clear that C has at most three consecutive outer edges.
Hence, either all the outer edges of C give rise to digit 1 in the code of C or they all
give rise to digit 0. It follows that C has precisely four inner and four outer edges. If
the outer edges give rise to digit 1 in the code 11100100 of C, then C belongs to the
H -orbit of 8-cycles from row 5 of Table 1. We say that such 8-cycles are of rype IV
(see Figure 2). If on the other hand the outer edges give rise to digit O in the code
11100100 of C, then C belongs to the H-orbit of 8-cycles from row 6 of Table 1. We
say that the 8-cycles of this H-orbit are of type V (see Figure 2).

CASE 5: C meets more than four orbits.

It is easy to see that no such 8-cycle exists. [ |

Proposition 5.3 Let X be a connected quartic half-arc-transitive weak (m,n)-meta-
circulant of Class Il and let v € V(X). Then (AutX), = Z, or possibly (AutX), =
Zop X Zo in which case m = 4.

PROOF: Let p, 0 € AutX be such that X is a weak (m, n)-metacirculant of Class II
relative to the ordered pair (p, o) and that all the assumptions made in the third
paragraph of this section hold. Moreover, adopt the notation introduced in this section
and let C denote the generic 8-cycle from row 1 of Table 1. We distinguish two cases
depending on whether m equals 4 or not.

Table 1 Possible H-orbits of 8-cycles of code 11100100.

Row | Type A representative Condition
1 generic uguf)rfl uSJr” f)Jr”uzfuTu? none
2 type I ugu(l)u{' u"us(r " ) v(r =% i(zr r2) v(2r ) sA=2r+r2)=0
3 type I uouou”uarus(r - S(' 2r2) S(r 2r2)+t j( lbr=2r2)4 m=3andt=s2—r+r2)
4 type 1T u8u6uiusu+r) S(]+r) S(]+r) t 5(|+r+r2) "y X(]+r+r2) | m=3andt=s(1+r+r?)
5 type IV ugu(l)u(z)ugu;"3u3_2"3 62" + 8( = 2r3)+’ m=4andt=s2+2r3)
6 type V uguf)u(zfug*ugs Ty %X ! 3(3”2) d A(Sﬂz) i m=4andt=s3+r?)
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Fig. 2 Possible types of
8-cycles having code 11100100. %

Generic TypeI
i Type IT E Type III
Type IV Type V

CASE 1: m #4.

If the stabilizer (AutX) u is not isomorphic to Z;, then there exists an automor-

phism ¢ of X which fixes ug and ug, and maps u} to u%s. Therefore, Cy is an 8-cycle
(with code 11100100) containing three consecutive vertices (ug, ug and ué‘ )in a sin-
gle orbit of (p). It follows, by Lemma 5.2, that m = 3 and that Cg¢ is of type I
Thus we must have u}"""¢ = u%s_t. But this is impossible since then u§ — u}*™"

and ujg < u‘i” S@. It follows that (AutX), = Z,, as claimed.

CASE2: m =4.

Suppose that [(AutX),| > 2. Then there exists an automorphism ¢ of X fix-
ing )™ and u}*", and interchanging u{* and u%™"*~". This implies that u/*p =

3 3
ul u(l)go = u‘§+’s+’ =" and ujp = u}. It follows that C is of type V. There-

fore, 8-cycles of type V existin X.

To complete the proof we now show that the only automorphism of X fixing a ver-
tex and all of its neighbors is the identity. To this end let ¢ € AutX be an automor-
phism fixing ug and its four neighbors u(*, uf), u3 " and u(l). There exists a unique 8-
cycle C’ with code 11100100 containing vertices u ", ug, ug and u(%s. (Itis of type V.)
Since ¢ fixes the first three of these four vertices, and since u,* — u8 — uy — u(z)s(p
is a directed path of C’g, the 8-cycle C'¢ is of type V. Consequently, ¢ fixes all of
its vertices pointwise. In particular u(zf 0= u%s . Itis now clear that ¢ fixes u;) and all

of its neighbors. Continuing inductively, we see that ¢ fixes every vertex of form u{)s
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and all of its neighbors Considering again the generic 8-cycle C. Since ¢ fixes its
vertices ug, “0’ ug’, ufﬁ” and all of their neighbors, it fixes C pointwise. It follows
that ¢ fixes ”1 and all of its neighbors. Since X is connected a repeated use of the
above argument finally shows that ¢ is the identity, as required. It is now clear, that

[(AutX),| =4, and so (AutX), = Z, x Z,, as claimed. [ |

Remark: In fact, as we shall see in the proof of Theorem 5.1, the vertex stabilizer
cannot be isomorphic to Z, X Z;.

Proposition 5.4 Let X be a connected quartic half-arc-transitive weak (m,n)-meta-
circulant of Class II. Then m divides n and moreover, there existr € Z: and t € Zy,,
satisfying (21) and (24), such that X = Y (m,n;r, t).

PROOF: Let p, 0 € AutX be such that X is a weak (m, n)-metacirculant of Class IT
relative to the ordered pair (p, o) and that all the assumptions made in the third
paragraph of this section hold. Moreover, adopt the notation introduced in this
section. Let d; denote the order of s in Z,. There exist unique integers a > 0
and b € {0,1,...,m — 1} such that dg = am + b. Let Cp denote the directed d;-
cycle ugugués uéds Ds . By Proposition 5.3 there exists a unique automorphism
T € AutX, which fixes uO, interchanges u and ul, and interchanges u* and um I
We claim, that the image Cot of Co under t is the directed ds-cycle at ”0 con-
sisting only of outer edges. Suppose this does not hold. Then there exists a small-
est k € {1,2,...,ds; — 1} such that T maps the inner edge u’“ (kH)A to an inner
edge. Since H = (p o) acts transitively on V (X), there exists an automorphism
¢ € H such that "‘0 T = ”0 @. The orbits X; of p are blocks of imprimitivity for
H, and so it is clear that ¢ maps inner edges to inner edges. Therefore, we also have
u(()kH)S (k+1)s¢) However, as 7 ¢ H, t¢~! is a nontrivial automorphism of X
fixing an edge. Hence, Proposition 5.3 implies that (AutX )ug = 7o X Z» and that
m = 4. Moreover, following its proof we see that 8-cycles with code 11100100 of
type V exist. In particular there exists a unique 8-cycle Cp of type V containing ver-
tices uax, ug, uf) and u%s. Since T maps the first three vertices to u;l, u8 and u(l), re-

spectively, it is clear that C; T is of type IV. It follows that uzs T= ug We now repeat-

edly use this argument on 8-cycles of type V containing vertices u(() Ds uf)s, u(()Hl)S
and u(()l 25 1o finally prove that the edge uks (k+ )s gets mapped to an outer edge,

a contradiction which proves our claim.

Observe that the fact that C()'C is the directed d,-cycle at “0 consisting only of
outer edges implies that uj)’ = uo, and so b = 0 and at = 0. In particular, this shows
that the order of ¢ in Z, divides a. Since dy; = am is the order of s in Z,, we have
that the order of ¢ in Z,, divides d;. Therefore, (t) is a subgroup of (s). However, the
connectedness of X implies that (s, t) = Z,, and so (s) = Z,,, that is gcd(n,s) = 1. It
is now clear that X = )Y (m, n; r, t). Finally, the equation n = d; = am implies that m
divides n. [ |

@ Springer



J Algebr Comb (2008) 28: 365-395 385

Remark: Note that Proposition 5.4 implies that one can assume s = 1 in (19), that

is, ug — u(l). For the rest of this section we therefore let s = 1.

For future reference we record the nature of the action of the automorphism t
from the proof of the above proposition.

Lemma 5.5 With the notation introduced in this section let d,,, be the unique integer
such that n = md,,. Then for every i € Z,, and every j € Z, there exist unique inte-
gersae{0,1,...,d, —1}and b € {0, 1,...,m—1}suchthatj=(am+b)ri inZy.
Moreover, the unique automorphism t of X fixing ug, interchanging ué and u(l), and

—t . j __ i+tat
m_1» maps according to the rule ui T =u," .

interchanging u, Vand u
PROOF: Observe first that since r € Z;, the existence of unique a and b is clear. The
proof of Proposition 5.4 shows that T maps the inner edges of X( to outer edges.
Therefore it maps the outer edges connecting Xy to X; to inner edges. Continuing
inductively we can see that T interchanges inner edges with outer edges. It is now
clear that u?r = uf) and that ufl T= uil, u%" T = ué, etc. Finally, u?amﬂ’)r T = u?‘m,
which completes the proof. [ |

The fact that the permutation T from Lemma 5.5 is an automorphism of X puts
some further restrictions on parameters m,n,r,t of X = Y (m, n;r,t). Consider the
generic 8-cycle C from row 1 of Table 1. Lemma 5.5 implies that T maps C to the
8-cycle from row 2 of Table 1, in particular Ct is of type I. Therefore, 8-cycles of
type I exist in X, and so

(r—1%=0. (26)

Consequently,
= =D4+D"=r=-D"+mr—-D)""" 4+ dmr—D+1=mr—1)+1,

and so (21) implies that

m(r —1)=0. Q7

Let dy,, be as in Lemma 5.5. Then t maps the directed n-cycle ugu(l)u% - ug_l to

ugu(l)ug ... ufjﬁl_l)t, and so d,,,t = 0. Moreover, d,, is the smallest such positive inte-

ger. It is thus clear that
|m| = |t]| in Z,, and so (m) = (t). (28)
We now show that
Im| =t > 2. (29)

Consider the permutation ¥ of V(X) defined by the rule: ul’ ¥ = ul._j fori € Zp,
Jj € Zy. It is easy to see that ¥ is an automorphism of X if and only if 27 = 0. But as
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¥p interchanges adjacent vertices u8 and u(l), Proposition 3.1 implies that ¢ cannot
be an automorphism of X, and so 2¢ # 0, as claimed. Note also that

r? ¢ {£1}, (30)

for otherwise r"~/ = :I:ri forall i € Z,,, and so the permutation ¢ of V (X) mapping
according to the rule ué(p = u(;J and ul!(p = u;:t, where i € Z,,\{0} and j € Z,,
is an automorphism of X. But this is impossible, since then the automorphism ¢p
inverts adjacent vertices ug and u(l), which contradicts Proposition 3.1.

Another immediate consequence of the existence of the automorphism t from

Lemma 5.5 is the following lemma.

Lemma 5.6 With the notation introduced in this section let n = md,,, where m and
dy, have the same role as in the statement of Lemma 5.5. Let a € {0, 1,...,dy, —
1} and let b € {0, 1,...,m — 1}. Then there exists a unique a’ € {0,1,...,d, — 1}
such that (a — a"ym = (a’ — a)t = b(r — 1). In particular, there exists a unique a’ €
{0,1,...,dy — 1} such that —a’'m = a't =r — 1, and so m divides r — 1, that is,
r—1e(m)<2,.

PROOF: Lemma 5.5 implies that there exist unique a’ € {0, 1,...,d,, — 1} and b’ €
{0,1,...,m — 1} such that am + b = (a’'m + b’)r in Z,. Let t be as in Lemma 5.5.
Since T maps the outer edge u8m+bu(la/m+b/)r to the inner edge uf}'u llfa/’, we have
that »’ = b and that 1 +a’t = at +r”. By (26) we have r” — 1 = b(r — 1). Taking into
account equations (24) and (27), we see that (a — a’)ym = b(r — 1) and (¢’ — a)t =
b(r — 1), as required. Plugging in the values b = 1 and a = 0 we get that —a’m =
r — 1 =4d't in Z,. Since m divides n, this implies that m divides r — 1, completing
the proof. [ |

We are now ready to investigate possible attachment numbers of X. To this end
let us inspect the two alternating cycles containing u8. The directions of edges on the
one on which u8 is the tail of the two incident edges are

0 0 —r —r t—r—r?—.—pm=1 P pe———
ug—> Uy <—uy =y <= Uy <~ ug

The directions of edges on the other alternating cycle containing ug are
0 1 1 —1-r —l—r =yl t—l—r—emp1

Ug < Uy —>uy < u —> e, — Uy ...

It is therefore clear that X is tightly attached if and only if there exists some k € Z,
such that —1 =k(t — (1 +r +r>+--- + ")) —r, that s, if and only if

r—1=k(t—(1+r~|—r2+~--+rm_l)) forsome keZ,  (31)
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Let us also note that (26) implies that

l+r4+ 4 =14+ —-D+1+-+( -1+ D"}
=m+A+24--4+m—-D@r—1) (32)
=m+ =D,

Lemma 5.7 With the notation introduced in this section let n = md,,, where m and
dy, have the same role as in the statement of Lemma 5.5. If either m or d, is odd then
X is tightly attached.

PROOF: We claim that in each of these two cases 1 +r +--- + "~ =m and 2(r —
1)) = (r — 1). Suppose first that m is odd. Then (27) and (32) imply that 1 +r +---+
=1 = m. Moreover, (27) and the fact that m is odd imply that 2(r — 1)) = (r — 1).
Suppose now that dy,, is odd but m is even. Then Lemma 5.6 implies that (2(r — 1)) =
(r — 1). Therefore, Z(r —1) =0, and so 1 +r + - -- + r"™~! = m, which proves our
claim.

By Lemma 5.6 there exists a unique integer a’ € {0, 1,...,d, — 1} such that
—a'm=adt=r —1, and so a’(tr — m) = 2(r — 1). Combining together the above
claim and (31), we see that X is tightly attached. [ |

Lemma 5.8 With the notation introduced in this section let n = md,,, where m and
dp have the same role as in the statement of Lemma 5.5. Further, let n = 2'n| where
nyisodd. Ifi <2 then X is tightly attached.

PROOF: By Lemma 5.7 we can assume that both m and d,,, are even. Hence i =2 and
m=2(mod4). As m(r — 1) =0, we either have 5 (r — 1) =0or Z(r — 1) = 5. We
consider these two cases separately.

CASE 1: 5(r —1)=0.

Then (32) implies that 1 +r + --- + r"=1 = m. Moreover, as % is odd we have
(2(r — 1)) = {r — 1). By Lemma 5.6 there exists a unique a’ € {0, 1,...,d, — 1}
such that —a’m = a’t =r — 1, and so, as in the proof of Lemma 5.7, X is tightly

attached by (31).

CASE2: Z(r—1)=73.

Since n is even, r is odd, and so r — 1 is even. Moreover, as %(r -1 = % we have
that r — 1 =2(mod 4). Let c =1 —m + 5, thatis,c=1— (1 +r+---+r""!)in
view of (32). By (31), X is tightly attached if and only if » — 1 € (c¢). By Lemma 5.6
there exists a unique a’ € {0, 1,...,d, — 1} such that —a’m = a’t = r — 1. Note
that " is odd, and so a'5 = 5. Consequently a’c =2(r — 1) + 7. To show that X is
tightly attached it thus suffices to see that (2(r — 1) + 5) = (r — 1). It is clear that
2(r — 1) + 5 =2(mod 4). Moreover, 5 € (r — 1), and so 2(r — 1) + 5 € (r — 1).
Finally, let p’ be any odd prime power dividing 2(» — 1) 4 5 and n. Since p is odd,
p' divides %, and so it also divides r — 1. Therefore, a prime power p’ dividing n
divides r — 1 if and only if it divides 2(r — 1) + 5. Since Z, is a cyclic group, we
indeed have (2(r — 1) + %) = (r — 1), as required. [ |
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Combining together the results of this section, the proof of Theorem 5.1 is now at
hand.

PROOF OF THEOREM 5.1:

Throughout this proof we adopt the notation of this section. Except for the existence
of a unique ¢ € {0, 1,...,d,, — 1} for which t = ¢cm and m = ct, claims (i), (iii)
and (iv) follow from (20), (21), (24), Proposition 5.4, Lemma 5.6 and (29). To show
that a unique such c exists, observe that there exists a unique ¢ € {0, 1,...,d, — 1}
for which t = cm. Plugging in the values i =0 and j = in Lemma 5.5 we get that
uyt =uy" v =ug . On the other hand, letting i = 0 and j = m, we get that u't = u(,
and so uf)r = ugfz = uﬁﬁ which gives m = ct, as required.

Let us now prove (ii). By contradiction, assume that (AutX), is not isomorphic
to Z;. Then by Proposition 5.3, (AutX), = Z, x Z, and m = 4. Moreover, the proof
of Proposition 5.3 reveals that 8-cycles of type V exist (see Table 1). In particular
34 r2=t, and so equation (26) implies that 2 4 2r = t. Note also that (26) and (30)
combined together imply that 2(r — 1) # 0. By (27) we thus have

n n

2r — 1) = > and t= > + 4. (33)
Furthermore, Lemma 5.6 and (27) combined together imply that n = 16n for some
integer ny. Thus either r — 1 = % =4nyorr—1= %” = 12n;. Let a’ be the
unique element of {0, 1,...,4n; — 1} such that —a’'m = a’t = r — 1, which exists
by Lemma 5.6. As —a’m = r — 1, we either have a’ = 3n; or @’ = n;. But then a’t
equals either to 3n1(8n; +4) = 12n; + 8n% orton;(8n; +4)=4n; + 8n%, respec-
tively. Thus, in view of the equality r — 1 = a’t, we have 8n% = 8n) = 5 ineither case,
and so n; is odd, that is n = 16 (mod 32). Note that this also forces » = 5 (mod 8).

We now introduce a certain mapping ¢ : V(X) — V(X), which will be shown
below to be an automorphism of X. The nature of the action of ¢ will contradict
half-arc-transitivity of X, which thus proves that (AutX), = Z,, as claimed. Note
that (26) and(33)implythatr2=§+ Landso l+r+r24+r3+r=1+r+ 5+
14+ 5 +r+1t=2t=8.Let j €Z,. Then there exist unique a € {0, 1,...,2n; — 1}
and b € {0, 1, ..., 7} such that j = 8a + b. The action of ¢ onu{,i €L, j €Ly, is
given in Table 2 and it depends on i and b.

To see that ¢ is in fact a permutation of V(X), we only need to observe that it
is injective. Consider the vertices of Table 2, which are of the form u(]). There are
precisely eight such vertices. It can be seen that the congruencies modulo 8 of their
superscripts are precisely the eight possibilities 0, 1, ..., 7. For instance, for u, 8a

3, .
we have 0, for u I=r=ri~1=8a e have 1, etc. Similarly, one can check that there

are precisely eight vertices of the form ulj in Table 2 for each i = 1, 2, 3, and that
the corresponding congruencies modulo 8§ of their superscripts are again the eight
possibilities 0, 1, ..., 7. This shows that ¢ is indeed injective and thus also bijective.
It remains to be seen that ¢ preserves adjacency in X. For the outer edges connecting
X; to X;4+1, where i # 3, and for the inner edges of Xy, this is clear, as one only needs
to check that two consecutive vertices in a row or in column 0, respectively, of Table 2
are adjacent. As for the other edges, using the facts that r = 5 + 4, that r?= 5+1,

@ Springer



J Algebr Comb (2008) 28: 365-395 389

Table 2 The entry in b-th row and i-th column represents the image ulj ¢ in the case when
j=8a+b,whereac{0,1,...,2n; — l}and b€ {0, 1,..., 7},

b\i 0 1 2 3
0 uaSa u3—t—8a u3—r3—l—8a u2—r3—l—8u
1 ualf&z ua2*3" u§27t78a u§27r37t78a
) u=1-1-8a u=1-1-8a u2—1—r2—t—8a u1—1—r2—z—8a
3 u3—1—r3—t—8a u3—1—2r3—t—8a u2—1—2r3—t—8a uz—l—r2—2r3—l—8a
4 u;17r37r78a lelfr3ft78a ulflfrfr37t78a ualfr7r37t78a
5 u;lfr271'37t78a u27172r27r37t78a ulf172r27r37t78a u1—72—8(0+1)
6 ul—l—rz—r3—t—8a uo—l—rz—r3—t—8a u0—2—r2—r3—t—8a u3—2—r2—r3—21—8a
7 ulf8(a+l) ulfr78(a+l) uofl'78(a+l) u0—17r78(a+])

and that r =5 (mod 8), checking that they are indeed mapped to edges of X is
just a matter of tedious computation. We leave the details to the reader. Therefore
¢ is an automorphism of X. Since it fixes u8 and maps ué to u, ! it follows that
@p interchanges adjacent vertices ug and u(l) of X, which contradicts Proposition 3.1.
Thus (AutX), = Z, for all v € V(X), as claimed.

Finally, we prove (v). Let us suppose that X is not tightly attached. By Lemma 5.7
m and d,, are both even and by Lemma 5.8, there exists some positive integer 7
such that n = 8n1. We show that n; > 2. Note first that part (iii) of this theorem,
Proposition 3.2 and (29) combined together imply that n; > 1. Moreover, if n; =2,
then m = 4, and so combining together (27) and (30) we have that r € {5, 13}.
Therefore, (28) and Lemma 5.6 combined together imply that t = 12 = 5 + 4. But
then the mapping ¢ introduced in the proof of part (ii) is an automorphism of X,
a contradiction. Thus n; > 2, as claimed. Suppose now, that n; > 2 is odd and
squarefree. Then (26) implies that r — 1 = 5 (recall that r # 1). It follows that
P2=((r—-1)+1D* =0 —-1D*42r —1)+ 1 =1, which contradicts (30). This
completes the proof of Theorem 5.1. [ |

There do exist connected quartic half-arc-transitive weak metacirculants of
Class II which are not tightly attached. Using Theorem 5.1, a computer search has
been performed revealing that there are precisely 18 such graphs of order not ex-
ceeding 1000. The smallest such graph is isomorphic to )Y (4, 48; 13, 44), and is of
order 192, has radius 12 and attachment number 3. Table 3 contains some information
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about these 18 graphs. Observe that in view of existence of these graphs, Theorem 5.1
is best possible.

Table 3 All connected quartic .
half-arc-transitive weak H order ‘ graph ‘ radius ‘ att. num. H
el i a1 o umna [ B ] 3
tightly attached. 256 | V(8,32;9,24) 16 8
320 | Y(4,80;21,76) 20 5
432 | Y(6,72;13,66) 18 9
448 | Y(4,112;29,108) 28 7
512 | YV(8,64;9,56) 32 16
512 | V(8,64;25,56) 32 16
576 | Y(12,48;13,36) 12
576 | YV(4,144;37,140) 36
704 | Y(4,176;45,172) 44 11
768 | Y(8,96;25,56) 16 8
768 | Y(8,96;25,88) 48 24
832 | Y(4,208;53,204) 52 13
864 | Y(12,72;13,60) 36 18
864 | Y(6,144;25,30) 18
960 | YV(4,240;61,44) 12
960 | Y(4,240;61,76) 20
960 | Y(4,240;61,236) 60 15

Recall that a weak (m, n)-metacirculant is not necessarily an (m, n)-metacirculant.
However, as the next proposition shows, quartic half-arc-transitive weak metacircu-
lants of Class II which are not tightly attached do have this property.

Proposition 5.9 Let X be a connected quartic half-arc-transitive weak (m, n)-meta-
circulant of Class Il which is not tightly attached. Then X is an (m, n)-metacirculant.

PROOF: Let r, t € Z,, satisfy part (iv) of Theorem 5.1, in particular X = Y (m, n; r, t),
and let the corresponding automorphisms be p and o. By part (v) of Theorem 5.1 we
have that m and d,,,, where n = md,,, are both even and that n = 8n1, where n1 > 2
is even or not squarefree. Observe that X is a weak (m, n)-metacirculant relative to
the ordered pair (p, op¥) for any k € Z,. We show that there exists some k € Z, for
which op* is of order m, which then completes the proof.

Let k € Z,. Since 6™ = p', equation (1) implies that

m k(14r+--+r

(Upk)m —o"p m=ly _ pt+k(1+r+.,_+rm—1).

Combining together (27) and (32), we have two possibilities for 1 47 + --- 4+ 7"~1,
If | 47 +--- + 7"~ = m, then an appropriate k exists by (28). We can thus assume
that 1 +r+4---+r" l=m+ 5. thatis, 5 (r — 1) = 5. Since d,, is even, it is clear
that (m + ) < (m). If the order do of m + 7 in Z, is also even, then dy = d,,. Thus
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(m + 5) = (m), and we are done in view of (28). Suppose then that dj is odd, that

is dy, = 2dy. Since m"51 = %, we have that r — 1 =2 (mod 4). But then (r — 1)> =
4 (mod 8) which contradicts (26) and the fact that n = 0 (mod 8). This shows that an
appropriate k € Z, does exist, as claimed. [ |

To wrap up this section we construct an infinite family of connected quartic half-
arc-transitive weak metacirculants of Class II which are not tightly attached. These
graphs are constructed as regular Z,-covers, p a prime, of the graph J(4, 48; 13, 44),
the smallest example of such graphs.

Construction 5.10 Let X denote the graph )(4,48; 13, 44) and let Dy denote the
oriented graph corresponding to the half-arc-transitive action of AutX on X in which
ug — u(l). Let p > 5 be a prime. Following the theory developed in [19] we construct
aregular Z,-cover of X by voltage assignments from the cyclic group Z,, letting the
voltage of each dart corresponding to an oriented edge of Dy be 1. Let Cj,(X) denote
the obtained Z,-cover. Note that since X is half-arc-transitive, any automorphism of
X maps a cycle of X with trivial net voltage to a cycle of X with trivial net voltage. By
[19, Corollary 7.2], the automorphism group AutX lifts, that is, there exists a group
A< AutC,(X) projecting to AutX and acting half-arc-transitively on C,(X). We
now show that C,(X) is a connected quartic half-arc-transitive weak metacirculant of
Class II with radius 12 and attachment number 3. This will establish the existence of
infinitely many connected quartic half-arc-transitive weak metacirculants of Class II
which are not tightly attached.

Denote the vertices of C,,(X) by {*u! |i € Zs, j € Zsg, k € Z)}. Let Dc,x) be
the oriented graph corresponding to the half-arc-transitive action of A on C »(X) such
that Oug — lu(]). The orientations of the edges of D¢, (x) are thus

. k+1,0 .
k. J up 3 1#3

uj — k! k1, 7+ (34)

i+44 . and u. —
k+1u6+ =3 i i

where i € Z4, j € Z4g and k € Z,,. We proceed by proving a series of claims.

CLAIM 1: There exist r € stp and t € Zsg, such that C,(X) = Y(4,48p; 1, 1).
For any [ € {0,1,...,48p — 1} let a(l) = (j, k), where j € {0,1,...,47} and
ke{0,1,..., p— 1} aresuch that/ = j (mod 48) and [ = k (mod p). Note that « is a
well defined mapping. Moreover, since p > 5 is a prime we have GCD(48, p) =1,
and so « gives a 1-1 correspondence of {0,1,...,48p — 1} and {0, 1,...,47} x
{0,1,..., p— 1}, and so it also gives a 1-1 correspondence of Z4g, and Zag x Zp.
In fact, o is an isomorphism of these Abelian groups. Let r € Z4g, be the unique
element given by this bijective correspondence such that a(r) = (13, 1). Note that
then r € Zjg . Similarly let ¢ € Zsg, be the unique element such that a () = (44, 4).
We now show that C,(X) = V(4,48p;r,t). Let the vertex set of V(4,48p;r,1)

be {vij | i € Zy4, j € Z4gp}, with edges as in Example 2.3. We let ¢ : C,(X) —
Y(4,48p; r, t) be the mapping defined by the rule ¢ : ku{ > vf, where [ € Zag), is
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the unique element such that « (/) = (j, k —i). Since « is a bijection ¢ is a bijection as
well. We leave the easy verification that ¢ is an isomorphism of graphs to the reader.

CLAIM 2: AutC,(X) = A
By Claim 1 we have that C,(X) = J(4, 48 p; r, t). It may be checked that X has girth
8. As C,(X) is a regular Z,-cover of X and since generic 8-cycles of X have trivial
net voltage, it is clear that C,(X) also has girth 8. Moreover, any 8-cycle of C,(X)
projects to an 8-cycle of X via the corresponding covering projection. It thus follows
that the only 8-cycles of C,(X) are the lifts of 8-cycles of X with net voltage 0. We
now investigate all such 8-cycles of X.

It turns out that X has precisely four AutX-orbits of 8-cycles with net voltage 0.

These are the AutX-orbit 71, which contains generic 8-cycles and 8-cycles of type I

(see Table 1), the AutX-orbit H> containing the 8-cycle ugu(l)u% % ’u% ! % ri=i

2-2r2—t 2-272— 111, 14r2 142

u; ) u;z , the AutX-orbit H3 containing the 8-cycle uououluzu2 u;
i_r +r i_2r+’ and the AutX-orbit H4 containing the 8-cycle uou(l)u%ui rui_zr
ué 7y 1 2r4r? u . As the covering projection p : C,,(X) — X gives a 1-1 correspon-

dence between the 8-cycles of C,,(X) and the 8-cycles of X with voltage 0, we see
that C,(X) has four A-orbits of 8-cycles. They are the lifts of the AutX-orbits H,,
and so we denote the A-orbits of 8-cycles of C,,(X) with H; where H; = p(ﬂi).
Observe that C,(X) has precisely four A-orbits of 2-paths (where no distinction
is made on the orientation of these paths). Let P; be the orbit containing the 2-path

0 81u0 ”0’ let PP, be the orbit containing the 2-path © ”0 “0 “1’ let Pz be the or-

bit containing the 2-path Oug 1u(1)0u§ and let P4 be the orbit containing the 2-path
! (1)0 8 ! 0 . We now consider the bipartite graph Bip, g whose vertex set is the union
of the set of 8-cycles of C,(X) and the set of 2-paths of C,,(X) with a 2-path P being
adjacent to an 8-cycle C if and only if C contains P. It is straightforward to check
that the valency in Bip; g of any 2-path from any one of P», P3 and Py is 8, whereas
the valency of any 2-path from P; is 4.

Suppose now that C,(X) is arc-transitive. Following [22], we assign a letter D,
AT or A” to an internal vertex v of a 2-path P in C p(X) depending on whether v
is the head of one and tail of the other, head of both, or tail of both of the two in-
cident edges in P, respectively. In such a way a code of length 2 can be assigned
to each 3-path in C,(X). For example, a directed 3-path is assigned the code D2
Now, by [22, Lemma 2.1] either every automorphism of C,(X) preserves or reverses
the orientation of every edge or any two codes of length 2 are permutable (by an
automorphism of C,(X)). If the latter occurs then there exists an automorphism of
Cp(X) mapping some 3-path with code DA™ to some 3-path with code A~A™. It
can be seen that any 3-path with code DA™ lies on some 8-cycle from Hs, whereas
the only 8-cycles of C,,(X) which contain 3-paths with code A~ A™ are the 8-cycles
from H,. Therefore, some automorphism of C,(X), mapping an 8-cycle from Hy
to an 8-cycle from 7:{1 exists. However, it may be verified that 8-cycles from 7:(4
contain two 2-paths from P, whereas 8-cycles from H | contain none, which con-
tradicts the fact that the 2-paths from P; are the only 2-paths of C,(X) of valency
4 in Bip,g. Therefore, every automorphism of C,(X) either preserves the orien-
tation of every edge of C,(X) or reverses the orientation of every edge of C,(X).
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More precisely, by assumption about arc-transitivity of C,(X), there must exist an
automorphism reversing the edge orientations. Let G be the subgroup of index 2
of AutC,(X) consisting of all the automorphisms preserving the orientation of the
edges. If A =G, then A is an index 2 subgroup of AutC,(X) and is thus normal.
Since |AutX|=2-4-48 =27 .3, we have that |A| =p- 27 .3, and so the group
of covering transformations CTy = Z, is the unique p-Sylow subgroup of A ltis
now clear that CTy is normal in AutC,(X), and so AutC,(X) projects. Thus X is
arc-transitive, a contradiction. Therefore |éou8| > 4. However, this is also impossible

as then Py and P; are contained in the same G-orbit which is clearly impossible in
view of the valencies of the respective 2-paths in Bip; g. This contradiction finally
proves that AutC,(X) = A, and so C, (X) is half-arc-transitive, as claimed.

CLAIM 3: Y}, has radius 12 and attachment number 3.
By Claim 2 the orientation of the edges of C, (X) given by A is in fact an orientation
given by the half-arc-transitive action of AutC,(X), and so it is clear that an alternat-
ing cycle of X is lifted into an alternating cycle of C,(X). Therefore, the radius of
Cp(X) is 12. The fact that the attachment number is 3 is now also clear.

Combining together Claims 1, 2 and 3 we thus see that C,,(X) is a connected quar-
tic half-arc-transitive weak metacirculant of Class II with radius 12 and attachment
number 3, as claimed. Note that the graph ) (4, 240; 61, 44) from Table 3 is isomor-
phic to Cs(X).

6 Conclusions

Half-arc-transitive metacirculants of Classes III and IV will be studied in a sequel
to this paper, together with their connection to graphs in Classes I and II.

Let us mention, however, the existence of an infinite family of connected quartic
half-arc-transitive metacirculants of Class IV, which are loosely attached, and thus
not in Class I. They arise as certain Z,-covers, p > 7 a prime, in the following way.
We start with X = Z(20, 5; 9, 2), a loosely attached half-arc-transitive metacirculant
of Class IV, as our base graph. (Recall that the graphs Z(m, n; r, t) were defined in
Section 2.) Of the two possible AutX-admissible orientations of the edges of X, we
choose the one in which ug is the tail of the edges ugu(l) and ugug, and denote the
corresponding oriented graph by Dy. Next, to every arc of X assign voltage 1 or —1
in Z,, depending on whether its orientation is or is not compatible with the orientation
of the corresponding edge in Dx. Call the obtained covering graph C,(X). Using
similar techniques as in Construction 5.10 one can show that C,,(X) is isomorphic to
Z(20p, 5; k, 2), where k € Zyg) is the unique element such that £ = 9 (mod 20) and
k =1 (mod p). Moreover, one can also see that C,(X) is a loosely attached half-arc-
transitive graph, thus giving an infinite family of half-arc-transitive metacirculants of
Class IV which are not tightly attached. The technical details are omitted.
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