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Abstract. In this note we shall prove that a closed dissipative

operator A with dense domain in a hilbert space H generates a

contraction semigroup if the set

{Akx; k = 0, 1, 2, • • • , x is quasi-analytic j

is total in H.

1. Introduction. Let H be a hilbert space with inner product

(x, y) (\\x\\ = (x, x)112) and A be a linear operator with domain J>(^4)

and range R(A) in H. If a vector xEftD(An) satisfies

2(  infw*)    = »    where mna;||1/n = 0(wn),
n=l \ *än /

then x is called a quasi-analytic vector for A.

In [2] A. E. Nussbaum has introduced the notion of quasi-analytic

vectors and has shown, using a theorem of M. Naimark, that a closed

symmetric operator A is selfadjoint if and only if the set {^4*x;

k=0, 1, 2, • • -, x is quasi-analytic} is total in H.

Now we introduce dissipative operators which have been exten-

sively studied by R. S. Phillips (see, e.g., [3]).

A linear operator A acting in H is said to be dissipative if

(Ax, x) + (x, Ax) gO        (x E D(A)).

In this note we shall show that the above Nussbaum condition

is also sufficient for a closed dissipative operator with dense domain

to generate a strongly continuous semigroup of contraction operators.

For simplicity this semigroup is called a contraction semigroup.

2. Dissipative operators. In the sequel we need the following funda-

mental result (see [3]).

Theorem. Let A be a dissipative operator with dense domain in H.

Then A generates a contraction semigroup if and only if R(kl—A) =H

for some k>0.
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Proof. Since A is dissipative, we see that, for any xED(A),

b\\x\\2 ^ Re(6(*, x) - (Ax, x)) á ||(W - A)x\\ \\x\\

and that {bl — A)~l exists. By hypothesis, R(kI—A)=H so that k

is in the resolvent set of A and ||(&7—^4)_1|| úk~x- Moreover, using

the well-known method based on the formula

(bl - A)'1 = ikl - A)~l(I + ib- k)ikl - A)-1)-1,

we have that RibI-A)=H and ||(W — ̂)_1|| úb~l for any b>0.

Thus the assertion follows from the Hille-Yosida theorem.

Theorem 1. Let k>0 and A be a closed dissipative operator. We define

the operator Ak on the linear manifold Dk, generated by DiA) and the

orthogonal complement Rikl — A) J_ of Rikl — A), by

Akx = Ay — kz   for x — y + z,

where yEDiA) and zERikl — A) _L Then Ak is the generator of a

contraction semigroup.

Proof. Since A is dissipative, we have that DiA)f~\RikI—A) ±

= {0}. It is easy to see that Ak is linear and dissipative:

iAkx, x) + (x, Akx) = (Ay, y) + (y, Ay) - 2k\\z\\2.

Now we note that, since A is closed dissipative, the closure of

Rikl — A) is equal to Rikl — A). It follows from (kI—Ak)x

= (kl—A)y-\-2kz that Rikl — Ak) =77. Thus the assertion is proved.

Theorem 2. A dissipative operator has an extension which is the

generator of a contraction semigroup if and only if it has a closed exten-

sion.

Proof. Since it is known that the generator of a contraction semi-

group is closed, the condition is necessary.

Now we note that the closure of a dissipative operator is also dissi-

pative. Thus it follows from Theorem 1 that the condition is suffi-

cient.

Remark 1. It is known that any dissipative operator with dense

domain has an extension which is the generator of a contraction semi-

group (see [3]). We prove here this fact as a corollary of Theorem 2.

In fact, letting £/(£) be the unique extension of ikl — A)~l which

satisfies || c7(&)|| g<%_1 on the closure of Rikl—A), if x„—*0 and

Axn-^>y as n—»°°, then we have that

II*. + Uik)y\\ á k-i\\ikl - A)xn + y\\
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and that U(k)y=0 for k = i, 2, ■ ■ ■ . Since D(A) is dense in H, it is

easy to see that kU(k)y—*y as k—><x>. It follows that y = 0 and A has

a closed extension. Thus the assertion follows from Theorem 2.

3. Main result.

Theorem 3. Let A be a closed dissipative operator with dense domain.

If the set {Akx; k=0, 1, 2, ■ • ■ , x is quasi-analytic} is total in H,

then A is the generator of a contraction semigroup.

Proof. It is sufficient to prove that R(kl — A) =H for some k>0.

Here we use the argument of Theorem 1. Assume the contrary and

suppose that the closure of R(I—A) and R(2I — A) are properly

contained in H. Since D(A) is dense in H, we see that R(I—A) X

C\R(2I — A) _L = {0} and that J>i and D2 are different sets containing

D(A) properly. Let {T(t); t^O} and {S(t);t^0} be the contraction

semigroups generated by Ai and A2 respectively. Define, for any

quasi-analytic vector x for A and for any y EH,

f(t) = (T(t)x-S(t)x,y),       fèO,

= 0, t < 0.

Then

|/<»)(;) |i/» = | (T(t)Anx - S(t)Anx,y) I1'"

Ú (2\\y\\\\A-x\\y^ = 0(mn)

and

23 (   inf mk
»_1 \ IS»

By the Carleman theorem,/(i) is quasi-analytic and f(t)=0. Thus

we see that, for any quasi-analytic vector x for A,

T(t)Akx = S(t)Akx       (k = 0,1, 2, • • ■ ).

It follows from the hypothesis that T(t)=S(t) and that Ai=A¡¡ which

is a contradiction. Thus the assertion is proved.

Remark 2. Here we shall prove the Nussbaum theorem mentioned

in the introductory part as an application of Theorem 3.

It is easy to see that A is symmetric if and only if i A is conserva-

tive, that is,

(¿Ax, x) + (x, i Ax) = 0       (xE D(A)).

By Theorem 3, i A and —iA generate contraction semigroups. Thus

—
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iA is the generator of a group of unitary operators and hence A is

self adjoint.

Remark 3. Let 77 = L2(0, «) and define {7,; i^OJ by

Ttuix) — uix — t),     x ^ t,

= 0, 0 ^ x < t.

This example was used by E. Nelson [l ] to show that the only ana-

lytic vector for the generator A of this contraction semigroup is 0.

We now remark that the only quasi-analytic vector for A is also 0.

Thus the converse of Theorem 3 does not hold in general.

Remark on Theorem 1. This extension Ak oí a closed dissipative

operator A, in case of A being densely defined, was obtained by S. G.

Kreïn in Linear differential equations in a Banach space, Izdat.

"Nauka", Moscow, 1967. (Russian) The author wishes to express his

hearty thanks to Professor I. Miyadera and Mr. N. Okazawa for call-

ing his attention to this.
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