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ABSTRACT

In this paper we study some soliton types on a quasi-Sasakian 3-manifold with respect to the
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1. Introduction

One of the important classes of almost contact metric manifolds is the class consisting of those which are
normal. However, the curvature nature of such manifolds is not known in general, except for Sasakian or
cosymplectic manifolds. If the almost contact metric structure of an almost contact metric manifold is normal
and the fundamental 2-form is closed then the manifold is said to be quasi-Sasakian manifold. Quasi-Sasakian
structures can be considered as unifying Sasakian and cosymplectic structures and first examples were given
by Blair [4]. Some characterizations related to quasi-Sasakian manifolds were given by Tanno [34] (see also [14],
[20, 21], [26]). Kim proved that fibred Riemannian spaces endowed with invariant fibres normal to the structure
vector field do not admit neither nearly Sasakian nor contact structure but such spaces admit a quasi-Sasakian
or a cosymplectic structure [19]. Recently, due to the significant applications to physics, in particular to super
gravity and magnetic theory, and the applications in the mathematical analysis of string theory, quasi-Sasakian
manifolds have been studying intensively.

Olszak defined the structure function β on a quasi-Sasakian 3-manifold and obtained the necessary and
sufficent conditions for such manifolds to be conformally flat via structure function. Also, he proved that if the
manifold is additionally conformally flat with β = constant, then (a) the manifold is locally a product of R and
a two-dimensional Kaehlerien space of constant Gauss curvature (the cosymplectic case), or, (b) the manifold
is of constant positive curvature (the non-cosympletic case, here the quasi-Sasakian structure is homothetic to
a Sasakian structure) [24].

The Schouten-van Kampen connection is one of the most natural connections adapted to a pair of
complementary distributions on a differentiable manifold endowed with an affine connection [5, 16, 28].
Solov’ev has investigated hyperdistributions in Riemannian manifolds using the Schouten-van Kampen
connection [30, 31, 32, 33]. Olszak studied the Schouten-van Kampen connection to adapted to an almost
contact metric structure in [25]. He also characterized some classes of almost contact metric manifolds endowed
with the Schouten-van Kampen connection by giving certain curvature properties of this connection on such
manifolds.

As a generalization of Einstein metrics, a Riemannian metric g on a Riemannian manifold is called a Ricci
soliton [15] if there exists a smooth vector field υ on the manifold satisfying

Lυg + 2Ric+ 2ρg = 0, (1.1)
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where L is the Lie derivative, Ric is the Ricci tensor, and ρ is a real constant. A Ricci soliton is said to be
shrinking, steady and expanding according as ρ is negative, zero and positive, respectively. Compact Ricci
solitons are the fixed points of the Ricci flow ∂

∂tg = −2Ric projected from the space of metrics onto its quotient
modulo diffeomorphisms and scalings, and often arise as blow-up limits for the Ricci flow on compact
manifolds. . Also Cho and Kimura introduced the notion of η-Ricci soliton [8]. A Riemannian manifold (M, g)
is called an almost η-Ricci soliton if there exist a smooth vector field υ such that the Ricci tensor satisfies the
following equation

Lυg + 2Ric+ 2ρg + 2ση ⊗ η = 0, (1.2)

where ρ and µ are real constants. If the vector field υ is the gradient of a potential function −k, then g is called
a gradient Ricci soliton and equation (1.1) assumes the form

∇∇k = Ric+ µg. (1.3)

In dimension 2 and in dimension 3, a Ricci soliton on a compact manifold has constant curvature [15, 17]. For
details we refer to Chow and Knopf [9] and Derdzinski [12]. We also recall that a Ricci soliton on a compact
manifold is a gradient Ricci soliton [27].

In order to obtain self-similar solutions for Yamabe problem which seem to be as singularity models, the
notion of Yamabe flow was firstly defined by Hamilton [15]. Yamabe solitons have been studied intensively
and for further reading we refer [1, 6, 7, 13, 22]. If there exists a vector field υ on a Riemannian manifold (M, g)
satisfying [1]

1

2
(Lυg) = (scal − δ)g, (1.4)

where scal is the scalar curvature of M , δ is a real constant, υ is a soliton field and L is the Lie-derivative,
then the manifold is said to be a Yamabe soliton and we denote a Yamabe soliton by (M,υ, δ). Also, a Yamabe
soliton is said to be steady, expanding or shrinking, if δ = 0, δ < 0 or δ > 0, respectively. If δ is a constant, then
an almost Yamabe soliton becomes a Yamabe soliton. Note that, if (M, g) is of constant scalar curvature scal
then the Riemannian metric g is called a Yamabe metric.

This paper has been organized as follows: After preliminaries in section 3, we have introduced quasi-
Sasakian 3-manifolds endowed with the Schouten-van Kampen connection. In section 4, we have studied
Ricci solitons, η-Ricci solitons, gradient Ricci solitons and Yamabe solitons in a quasi-Sasakian 3-manifold with
respect to the Schouten-van Kampen connection. In section 5, we have reconstructed examples of a quasi-
Sasakian 3-manifold endowed with the Schouten-van Kampen connection.

2. Preliminaries

A connected differentiable manifold M of dimension (2n+ 1) is called an almost contact metric manifold, if
there exist tensor fields ϕ, ξ, η on M of types (1, 1), (1, 0), (0, 1), respectively, such that [2, 3, 35]

ϕ2 = −I + η ⊗ ξ, η(ξ) = 1, (2.1)

g(ϕU,ϕV ) = g(U, V )− η(U)η(V ), U, V ∈ TM, (2.2)

where TM is the Lie algebra of vector fields of the manifold M. In this case we have ϕξ = 0, η ◦ ϕ = 0 and
η(U) = g(U, ξ). The fundamental 2-form Φ of M is defined by

Φ(U, V ) = g(U,ϕV ) U, V ∈ TM.

An almost contact metric manifold (M,ϕ, ξ, η) is said to be quasi-Sasakian manifold [4] if the almost contact
structure is normal and the fundamental 2-form is closed, that is, for every U, V ∈ ε(2n+1),

[ϕ,ϕ](U, V ) + dη(U, V )ξ = 0,

dΦ = 0, Φ(U, V ) = g(U,ϕV ),

where ε(2n+1) denotes the module of vector fields onM . There exist different types of quasi-Sasakian structures
ranging from the cosymplectic case, dη = 0(rankη = 1), to the Sasakian case, η ∧ (dη)n 6= 0 (rankη = 2n+ 1,
Φ = dη). The 1-form η has rank r = 2p if dηp 6= 0 and η ∧ (dη)p = 0, and has rank r = 2p+ 1 if dηp = 0 and
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η ∧ (dη)p 6= 0, where r is called the rank of the quasi-Sasakian structure. Blair also proved that there is no
quasi-Sasakian manifold of even rank [4].

Now we consider a quasi-Sasakian 3-manifold (i.e, a quasi-Sasakian manifold of dimension 3). An almost
contact metric manifold M is a quasi-Sasakian 3-manifold if and only if [23]

∇Uξ = −βϕU, U ∈ TM, (2.3)

for a certain function β on M, such that ξβ = 0 and ∇ being the operator of the covariant differentiation with
respect to the Riemannian connection ofM. Clearly, such a quasi-Sasakian manifold is cosymplectic if and only
if β = 0 [18]. As a consequence of (2.3), we have [23]

(∇Uϕ)V = β(g(U, V )ξ − η(V )U), (2.4)

(∇Uη)V = −βg(ϕU, V ). (2.5)

Using (2.3) and (2.4), we find

∇U (∇V ξ) = −U [β]ϕV − β2{g(U, V )ξ − η(V )U} − βϕ∇UV,

which implies that
R(U, V )ξ = −U [β]ϕV + V [β]ϕU + β2{η(V )U − η(U)V }. (2.6)

Moreover (2.3) and (2.4) give the following relations:

R(U, ξ)ξ = β2{U − η(U)ξ} (2.7)

R(U, ξ)V = −U [β]ϕV − β2{g(U, V )ξ − η(V )U}. (2.8)

It is well known that in a Riemannian 3-manifold, we always have

R(U, V )W = g(V,W )QU − g(U,W )QV +Ric(V,W )U −Ric(U,W )V

−scal
2
{g(V,W )U − g(U,W )V }, (2.9)

where Q is the Ricci operator, that is, Ric(U, V ) = g(QU, V ) and scal is the scalar curvature of the manifold.
The Ricci tensor Ric of a quasi-Sasakian 3-manifold M is given by

Ric(V,W ) = (
scal

2
− β2)g(V,W ) + (3β2 − scal

2
)η(V )η(W )

−η(V )dβ(ϕW )− η(W )dβ(ϕV ), (2.10)

where scal is the scalar curvature of M . As a consequence of (2.10), for the Ricci operator Q, one can write

QU = (
scal

2
− β2)U + (3β2 − scal

2
)η(U)ξ

+η(U)(ϕgrad β)− dβ(ϕU)ξ, (2.11)

where dβ(U) = g(grad β, U). From (2.10), we also have

Ric(U, ξ) = 2β2η(U)− dβ(ϕU). (2.12)

On the other hand we have two naturally defined distribution in the tangent bundle TM of M as follows:

H = ker η, H̃ = span{ξ}.

Then we have TM = H ⊕ H̃ , H ∩ H̃ = {0} and H ⊥ H̃ . This decomposition allows one to define the Schouten-

van Kampen connection
F
∇ over an almost contact metric structure. The Schouten-van Kampen connection

F
∇

on an almost contact metric manifold with respect to Levi-Civita connection ∇ is defined by [30]

F
∇UV = ∇UV − η(V )∇Uξ + (∇Uη)(V )ξ. (2.13)

Thus with the help of the Schouten-van Kampen connection (2.13), many properties of some geometric objects
connected with the distributions H, V can be characterized [30, 31, 32]. For example g, ξ and η are parallel with

respect to
F
∇, that is,

F
∇ξ = 0,

F
∇g = 0,

F
∇η = 0. Also the torsion

F
T of

F
∇ is defined by

F
T (U, V ) = η(U)∇V ξ − η(V )∇Uξ + 2dη(U, V )ξ. (2.14)
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3. Quasi-Sasakian 3-manifolds with respect to the Schouten-van Kampen connection

In a quasi-Sasakian 3-manifold using (2.4) and (2.5) in (2.13), we have

F
∇UV = ∇UV + βη(V )ϕU + βg(U,ϕV )ξ. (3.1)

LetR and
F
R be the curvature tensors of the Levi-Civita connection∇ and the Schouten-van Kampen connection

F
∇,

R(U, V ) = [∇U ,∇V ]−∇[U,V ],
F
R(U, V ) = [

F
∇U ,

F
∇V ]−

F
∇[U,V ].

If we substitute equation (2.13) in the definition of the Riemannian curvature tensor

F
R(U, V )W =

F
∇U

F
∇VW −

F
∇V

F
∇UW −

F
∇[U,V ]W. (3.2)

Using (3.1) in (3.2), we have

F
R(U, V )W =

F
∇U (∇VW + βη(W )ϕV + βg(V, ϕW )ξ)

−
F
∇V (∇UW + βη(W )ϕU + βg(U,ϕW )ξ) (3.3)
−(∇[U,V ]W + βη(W )ϕ[U, V ] + βg([U, V ], ϕW )ξ.

Using (2.4) and (2.5) in (3.3), we obtain the following formula connecting R and
F
R on M

F
R(U, V )W = R(U, V )W + U [β]{g(V, ϕW )ξ + η(W )ϕV }

−V [β]{g(U,ϕW )ξ + η(W )ϕU}
+β2{g(U,W )η(V )ξ − g(V,W )η(U)ξ + η(U)η(W )V (3.4)
−η(V )η(W )U + g(U,ϕW )ϕV − g(V, ϕW )ϕU}.

Now taking the inner product in (3.4) with a vector field W , we have

g(
F
R(U, V )W,Z) = g(R(U, V )W,Z)

+U [β]{g(V, ϕW )η(Z) + g(ϕV,Z)η(W )}
−V [β]{g(U,ϕW )η(Z) + g(ϕU,Z)η(W )} (3.5)
+β2{g(U,W )η(V )η(Z)− g(V,W )η(U)η(Z)

+g(V,Z)η(U)η(W )− g(U,Z)η(V )η(W )

+g(U,ϕW )g(ϕV,Z)− g(V, ϕW )g(ϕU,Z)}.

If we do summation over i by choosing U = Z = ei in (3.5), {i = 1, 2, 3}, where ei is an orthonormal basis of the
tangent space at each point of the manifold, we get

F
Ric(V,W ) = Ric(V,W ) + (ϕV )[β]η(W )− 2β2η(V )η(W ), (3.6)

where
F
Ric and Ric denote the Ricci tensor of the connections

F
∇ and ∇, respectively. As a consequence of (3.6),

we get for the Ricci operator
F
Q

F
QV = QV + (ϕV )[β]ξ − 2β2η(V )ξ.

Also if we take summation over i, where V = W = ei in (3.6), we get

F
scal = scal − 2β2, (3.7)

where
F
scal and scal denote the scalar curvatures of the connections

F
∇ and ∇, respectively.
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4. Soliton types on quasi-Sasakian 3-manifolds with respect to the Schouten-van Kampen
connection

In this section we study Ricci solitons, η-Ricci solitons and Yamabe solitons on a quasi-Sasakian 3-manifolds
with respect to the Schouten-van Kampen connection. In a quasi-Sasakian 3-manifold endowed with the

Schouten-van Kampen connection, since
F
∇g = 0 and

F
T 6= 0, by using (3.1), we get

(
F
Lυg)(U, V ) = g(∇U υ, V ) + g(U,∇V υ) = (Lυg)(U, V ), (4.1)

for any U, V ∈ TM.
Now we consider a non-cosymplectic quasi-Sasakian 3-manifold M bearing a Ricci soliton defined by (1.1)

with respect to the Schouten-van Kampen connection. Let υ be a pointwise collinear vector field with the
structure vector field ξ, that is υ = fξ, where f is a function on M . From (1.1) and (4.1) we write

g(∇U fξ, V ) + g(U,∇V fξ) + 2
F
Ric(U, V ) + 2ρg(U, V ) = 0. (4.2)

Then by using (2.3), we have

U [f ]η(V ) + V [f ]η(U) + 2
F
Ric(U, V ) + 2ρg(U, V ) = 0, (4.3)

which implies

U [f ]η(V ) + V [f ]η(U) + 2Ric(U, V ) + 2(ϕU)[β]η(V )− 4β2η(U)η(V ) + 2ρg(U, V ) = 0, (4.4)

by virtue of (3.6). By putting V = ξ in (4.4) and using (2.12) we obtain

U [f ] + (ξf)η(U) + 2ρη(U) = 0. (4.5)

Taking U = ξ in (4.5) gives
ξf = −ρ. (4.6)

If we replace (4.6) in (4.5), we get
U [f ] = −ρη(U),

which yields
df = −ρη. (4.7)

Applying d on both sides of the last equation, we have

ρdη = 0.

In a non-cosymplectic quasi-Sasakian 3-manifold, since dη 6= 0, then we have

ρ = 0, (4.8)

which implies
df = 0, that is f = constant,

by virtue of (4.7). Thus using constancy of f in (4.4), we obtain

F
Ric(U, V ) = −ρg(U, V ), (4.9)

for any U, V ∈ TM .
Hence we have the following:

Theorem 4.1. Let M be a non-cosymplectic quasi-Sasakian 3-manifold. If M admits a Ricci soliton (υ, ρ, g) with respect
to the Schouten-van Kampen connection and υ is pointwise collinear with the structure vector field ξ, then υ is a constant
multiple of the structure vector field, M is an Einstein manifold with respect to the Schouten-van Kampen connection
and the Ricci soliton is steady.
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Let us assume the converse, that is, let M be an Einstein quasi-Sasakian 3-manifoldwith respect to the
Schouten-van Kampen connection and υ = ξ. Then we can write

F
Ric(U, V ) = σg(U, V ), (4.10)

where σ is a scalar and U, V ∈ TM . From (2.3) and (4.1) we have (
F
Lξ g) (U, V ) = 0,which implies that

(
F
Lξ g) (U, V ) + 2

F
Ric(U, V ) + 2ρg(U, V ) = 2(σ + ρ)g(U, V ). (4.11)

From the previous equation it is obvious that M admits a Ricci soliton (ξ, ρ, g) if

σ + ρ = 0.

Thus we get the following:

Theorem 4.2. Let M be a non-cosymplectic quasi-Sasakian 3-manifold. If M is an Einstein manifold with equation
F
Ric = σg, then the manifold admits a Ricci soliton (ξ,−σ, g) with respect to the Schouten-van Kampen connection.

Now using (3.6) in (4.9), we get

Ric(U, V ) + (ϕU)[β]η(V )− 2β2η(U)η(V ) + ρg(U, V ) = 0. (4.12)

Using (2.10) in (4.12), we obtain

(
scal

2
− β2 + ρ)g(U, V ) + (β2 − scal

2
)η(U)η(V )− (ϕV )[β]η(U) = 0. (4.13)

Taking U = ξ in (4.13), since ρ = 0, we get (ϕV )[β] = 0. Now putting V = ϕV , then we have

V [β] = 0,

that is β is a constant. Then we state the following:

Theorem 4.3. A quasi-Sasakian 3-manifold bearing a Ricci soliton (ξ, ρ, g) with respect to the Schouten-van Kampen
connection is a β-Sasakian manifold.

From (3.7), we also state the following:

Theorem 4.4. A quasi-Sasakian 3-manifold bearing a Ricci soliton (ξ, ρ, g) with respect to the Schouten-van Kampen
connection is of constant scalar curvature scal = 2β2.

Now we consider η-Ricci soliton on a quasi-Sasakian 3-manifold with respect to the Schouten-van Kampen
connection. Then we have

(
F
Lυg + 2

F
Ric+ 2ρg + 2ση ⊗ η)(U, V ) = 0,

that is

g(∇Uυ, V ) + g(U,∇V υ) + 2
F
Ric(U, V ) + 2ρg(U, V ) + 2ση(U)η(V ) = 0. (4.14)

Putting υ = ξ in (4.14), we obtain

F
Ric(U, V ) = −ρg(U, V )− ση(U)η(V ). (4.15)

Hence we state the following:

Theorem 4.5. A quasi-Sasakian 3-manifold bearing an η-Ricci soliton is an η-Einstein manifold with respect to the
Schouten-van Kampen connection.
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Taking V = ξ in (4.15), we get ρ+ σ = 0. Also using (3.6) in (4.15), we have

Ric(U, V ) + (ϕU)[β]η(V )− 2β2η(U)η(V ) + ρg(U, V ) + ση(U)η(V ) = 0. (4.16)

Using (2.10) in (4.16), we obtain

(
scal

2
− β2 + ρ)g(U, V ) + (β2 − scal

2
+ σ)η(U)η(V )− (ϕV )[β]η(U) = 0. (4.17)

Taking U = ξ in (4.17), since ρ+ σ = 0, we get (ϕV )[β] = 0. Now replacing V by ϕV and using ξ[β] = 0 gives

V [β] = 0.

Thefore we can state:

Theorem 4.6. A quasi-Sasakian 3-manifold bearing an η-Ricci soliton (ξ, ρ, σ, g) with respect to the Schouten-van
Kampen connection is a β-Sasakian manifold with ρ+ σ = 0.

If the vector field υ is the gradient of a potential function −k, then g is called a gradient Ricci soliton that is
υ = −grad k. In this case equation (1.3) becomes

∇grad k = Ric+ ρg,

where ∇ is the Levi-Civita connection. Now assume that M is a quasi-Sasakian 3-manifold bearing a gradient
Ricci soliton with respect to the Schouten-van Kampen connection. If we take υ = −grad k in (4.1), we write

(
F
Lgrad kg)(U, V ) = (Lgrad kg)(U, V ) = g(∇Ugrad k, V ) + g(U,∇V grad k).

We can easily see that
g(∇Ugrad k, V ) = g(U,∇V grad k),

which implies that
F
Lgrad kg + 2

F
Ric+ 2ρg = 0,

is equal to

g(∇Ugrad k, V ) =
F
Ric(U, V ) + ρg(U, V ).

This reduces to

∇Ugrad k =
F
QU + ρU.

Now we will compute R(U, V )grad k = (∇UQ)V − (∇VQ)U . Then we get

∇UQV = ∇U{(
scal

2
− β2)U + (3β2 − scal

2
)η(U)ξ + η(U)(ϕgrad β)− ϕU [β]ξ}

= (
1

2
U [scal]− 2βU [β])V + (6βU [β]− 1

2
U [scal])η(V )ξ

+(
scal

2
− β2)∇UV + (3β2 − scal

2
) ((η(∇UV ) + g(V,∇Uξ))ξ + η(V )∇Uξ)

+ (η(∇UV ) + g(V,∇Uξ))ϕgrad β + η(V )∇U ϕgrad β
−U((ϕV ) [β])ξ − ϕV [β]∇Uξ,

and

Q∇UV = (
scal

2
− β2)∇UV + (3β2 − scal

2
)η(∇UV )ξ

+η(∇UV )ϕgrad β − dβ(ϕ∇UV )ξ.
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Then we have

(∇UQ)V = ∇UQV −Q∇UV

= (
1

2
U [scal]− 2βU [β])V + (6βU [β]− 1

2
U [scal])η(V )ξ

+(3β2 − scal

2
) (g(V,∇Uξ)ξ + η(V )∇Uξ)

+ (η(∇UV ) + g(V,∇Uξ))ϕgrad β + η(V )∇U ϕgrad β
−U((ϕV ) [β])ξ − ϕV [β]∇Uξ
−η(∇UV )ϕgrad β + dβ(ϕ∇UV )ξ.

which is equal to

(∇UQ)V = ∇UQV −Q∇UV (4.18)

= (
1

2
U [scal]− 2βU [β])V + (6βU [β]− 1

2
U [scal])η(V )ξ

−β(3β2 − scal

2
) (g(V, ϕU)ξ + η(V )ϕU)

−βg(V, ϕU)ϕgrad β + η(V )∇U ϕgrad β
−g(∇Ugrad β, ϕV )ξ + β (ϕV ) [β]ϕU − dβ((∇Uϕ)V )ξ.

Putting U = ξ in (4.18), we have

(∇ξQ)V =
1

2
ξ[scal] (V − η(V )ξ) + η(V )∇ξ ϕgrad β − g(∇ξgrad β, ϕV )ξ − dβ((∇ξϕ)V )ξ. (4.19)

Similarly, if we take V = ξ in (4.18), we also have

(∇UQ)ξ = 3βU(β)ξ − β(3β2 − scal

2
)ϕU +∇U ϕgrad β. (4.20)

Using (4.19) and (4.20), we obtain

g((∇UQ)ξ − (∇ξQ)U, ξ) = 3βU(β) + g(∇ξgrad β, ϕU) + dβ((∇ξϕ)U).

Thus we can write
g(R(ξ, U)grad k, ξ) = 3βU(β) + g(∇ξgrad β, ϕU) + dβ((∇ξϕ)U). (4.21)

Now we have
R(U, ξ)grad k = −U [β]ϕ (grad k)− β2{g(U, grad k)ξ − η(grad k)U}

which implies that
g(R(ξ, U)grad k, ξ) = β2{g(U, grad k)− g(ξ, grad k)η(U)}. (4.22)

From (4.21) and (4.22), we obtain

3βU [β] + g(∇ξgrad β, ϕU) + dβ((∇ξϕ)U) = β2{g(U, grad k)− g(ξ, grad k)η(U)}. (4.23)

If f is a constant, then we have grad k = ξ[k]ξ. Using g(∇V grad k, U) =
F
Ric(U, V ) + ρg(U, V ), we get

F
Ric(U, V ) + ρg(U, V ) = g(∇V ξ(k)ξ, U) (4.24)

= V (ξk)η(U) + (ξk)g(U, V )− (ξk)η(U)η(V ).

Putting U = ξ in (4.24), we obtain
V (ξk) = ρη(V ). (4.25)

Now using (4.25) in (4.24), we get

F
Ric(U, V ) = (−ρ+ (ξk)) g(U, V ) + (ρ− (ξk)) η(V )η(U).

Hence we give the following:
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Theorem 4.7. A quasi-Sasakian 3-manifold bearing a gradient Ricci soliton with respect to the Schouten-van Kampen
connection is an η-Einstein manifold provided β is a constant.

In the last of this section, we consider a non-cosymplectic 3-dimensional quasi-Sasakian manifold M bearing
a Yamabe soliton defined by (1.4). Let υ be a pointwise collinear vector field with the structure vector field ξ,
that is υ = fξ, where f is a function on M . From (1.1) and (4.1) we write

g(∇U fξ, V ) + g(U,∇V fξ) = 2(
F
scal − δ)g(U, V ). (4.26)

Using (2.3) in (4.26), we have

(Uf)η(V ) + (V f)η(U) = 2(
F
scal − δ)g(U, V ), (4.27)

by virtue of (3.6). By putting V = ξ in (4.27), we obtain

Uf + (ξf)η(U) = 2(
F
scal − δ)η(U). (4.28)

Taking U = ξ in (4.28), we have

ξf =
F
scal − δ. (4.29)

If we replace (4.29) in (4.28), we get

Uf = (
F
scal − δ)η(U),

which yields

df = (
F
scal − δ)η.

Applying d on both sides of the last equation, we have

(
F
scal − δ)dη = 0. (4.30)

In a non-cosymplectic quasi-Sasakian 3-manifold, since dη 6= 0 then we have

δ =
F
scal,

which implies
df = 0, that is f = constant,

by virtue of (4.7).
Hence we state the followings:

Theorem 4.8. Let M be a quasi-Sasakian 3-manifold bearing a Yamabe soliton (υ, δ, g) with respect to the Schouten-van
Kampen connection. If υ is pointwise collinear with the structure vector field ξ, then υ is a constant multiple of ξ and M
is of constant scalar curvature with respect to the Schouten-van Kampen connection.

Corollary 4.1. A β-Sasakian 3-manifold bearing a Yamabe soliton (ξ, σ, g) with respect to the Schouten-van Kampen
connection is a manifold of constant scalar curvature with respect to the Levi-Civita connection.

5. Examples

In this section, we reconstruct examples of quasi-Sasakian 3-manifolds with respect to the Schouten-van
Kampen connection.

Example 5.1. We consider the 3-manifold M = {(x, y, z) ∈ R3, (x, y, z) 6= 0} where (x, y, z) are standard
coordinate of R3. The vector fields

e1 =
∂

∂x
− y ∂

∂z
, e2 =

∂

∂y
, e3 =

∂

∂z
,
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are linearly independent at each point of M . Let g be the Riemannian metric defined by

g(e1, e1) = g(e2, e2) = g(e3, e3) = 1,

g(e1, e2) = g(e1, e3) = g(e2, e3) = 0.

Assume that η is a 1-form given by η(Z) = g(Z,X3), for any Z ∈ χ(M), and ϕ is a (1, 1) tensor field defined by

ϕ(e1) = −e2, ϕ(e2) = e1, ϕ(e3) = 0.

Then one can easily show that the quadruple (ϕ, ξ, η, g) is an almost contact metric structure on M by choosing
ξ = e3. Also, the Riemannian connection ∇ of the metric g is given by

2g(∇XY,Z) = Xg(Y, Z) + Y g(X,Z)− Zg(X,Y ) (5.1)
−g(X, [Y,Z])− g(Y, [X,Z]) + g([X,Y ], Z).

By direct calculations, we see that the non-zero components of the ∇ on M are

∇e1e3 = −1

2
e2, ∇e1e2 =

1

2
e3, ∇e2e3 =

1

2
e1,

∇e2e1 = −1

2
e3, ∇e3e2 =

1

2
e1, ∇e3e1 = −1

2
e2.

We see that the structure (ϕ, ξ, η, g) satisfies the formula ∇Xξ = −βϕX for β = − 1
2 . Hence the manifold is a

quasi-Sasakian 3-manifold with the constant structure function β [11]. Now with help of (3.1), we get the

non-zero components of the
F
∇ on M are

F
∇e1e3 = −(

1

2
+ β)e2,

F
∇e1e2 = (

1

2
+ β)e3,

F
∇e2e3 = (

1

2
+ β)e1,

F
∇e2e1 = −(

1

2
+ β)e3,

F
∇e3e2 =

1

2
e1,

F
∇e3e1 = −1

2
e2.

Using above equations, we can calculate the non-zero components of the curvature tensor
F
R with respect to

the Schouten-van Kampen connection

F
R(e1, e2)e1 =

1

2
e2,

F
R(e1, e2)e2 = −1

2
e1,

F
R(e1, e3)e1 = −(

1

4
+
β

2
)e3,

F
R(e1, e3)e2 = −(

1

4
+
β

2
)e3. (5.2)

Using (5.2), we see that the non-zero components of the Ricci tensor
F
Ric with respect to the Schouten-van

Kampen connection as follows:

F
Ric(e1, e1) = (

β

2
− 1

4
),

F
R(e2, e2) = (

β

2
− 1

4
). (5.3)

For any X,Y ∈ χ(M), we write

X = a1e1 + a2e2 + a3e3,

Y = b1e1 + b2e2 + b3e3.

Then from (5.3), we have

(Lξg)(X,Y ) + 2
F
Ric(X,Y ) + 2ρg(X,Y ) + 2ση(X)η(Y ) = (

β

2
− 1

4
+ ρ)a1b1

+(
β

2
− 1

4
+ ρ)a2b2

+(ρ+ σ)a3b3.

If ρ = 1
4 −

β
2 and σ = β

2 −
1
4 , then M admits an η-Ricci soliton (ξ, ρ, σ, g)with respect to the Schouten-van

Kampen connection.
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Example 5.2. Let P be an open finite interval. Choose contants a, b, c, d such that

b 6= 0, y > a, d+ 2cy > y2,

for any y ∈ P . Let
M = R× P ×< ⊂ R3,

and suppose that (x, y, z) are coordinates on M adapted from the Cartesian coordinates of R3. Define g to be
the Riemannian metric on M given by

g = (d+ 2cy)dx⊗ dx+ y(dx⊗ dz + dz ⊗ dx)

+b−2(y − a)−1(d+ 2cy − y2)−1dy ⊗ dy + dz ⊗ dz.

Let {e1, e2, e3} be linearly independent global frame on M given by

e1 = (d+ 2cy − y2)−1/2(
∂

∂x
− y ∂

∂z
), e2 = b(y − a)1/2(d+ 2cy − y2)1/2

∂

∂y
, e3 =

∂

∂z
. (5.4)

The Poisson brackets of these vector fields are of the form

[e1, e2] = −αe1 + 2βe3, [e1, e3] = 0, [e2, e3] = 0,

where α, β are the functions on M given by

α = b(y − c)(y − a)1/2(d+ 2cy − y2)−1/2,

β =
b

2
(y − a)1/2.

Let η be the 1-form defined by
η(X) = g(X, e3) (5.5)

for any U ∈ TM and ϕ be the (1,1) tensor field defined by

ϕe1 = e2, ϕe2 = −e1, ϕe3 = 0. (5.6)

Then using the linearity of ϕ and g, we have

η(e3) = 1, ϕ2U = −U + η(U)e3

and
g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ), X, Y ∈ TM.

Using the above formula for Riemannian metric g, we can show that the non-zero components of the ∇ on M
are

∇e1e3 = −βe2, ∇e2e3 = βe1, (5.7)
∇e3e1 = −βe2, ∇e1e2 = −αe1 + βe3, ∇e2e1 = −βe3,
∇e3e2 = βe1, ∇e1e1 = αe2.

Hence from (2.3), the manifold M is a 3-dimensional quasi-Sasakian manifold with β = 1 [24].With help of

(3.1), we get the non-zero components of the
F
∇ on M are

F
∇e3e2 = βe1,

F
∇e1e1 = αe2,

F
∇e3e1 = −βe2,

F
∇e1e2 = −αe1, (5.8)

Using (5.8), we can calculate the non-zero components of its curvature tensor with respect to the Schouten-van
Kampen connection as follows:

F
R(e1, e2)e1 = (α2 + 2β2)e2,

F
R(e1, e2)e2 = −(α2 + 2β2)e1, (5.9)
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From (5.9), we see that the non-zero components of the Ricci tensor with respect to the Schouten-van Kampen
connection as follows:

F
Ric(e1, e1) = −(α2 + 2β2),

F
Ric(e2, e2) = −(α2 + 2β2).

For any X,Y ∈ χ(M), we write

X = a1e1 + a2e2 + a3e3,

Y = b1e1 + b2e2 + b3e3.

Then we have

(Lξg)(X,Y ) + 2
F
Ric(X,Y ) + 2ρg(X,Y ) + 2ση(X)η(Y ) = −(α2 + 2β2 + ρ)a1b1

+(−α2 − 2β2 − ρ)a2b2

+(ρ+ σ)a3b3.

If ρ = −α2 − 2β2 and σ = α2 + 2β2, then M admits an η-Ricci soliton (ξ, ρ, σ, g)with respect to the Schouten-van
Kampen connection.
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