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Abstract

In this paper, we give the exponential generating functions for the generalized
Fibonacci and generalized Lucas quaternions, respectively. Moreover, we give some
new formulas for binomial sums of these quaternions by using their Binet forms.
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1 Introduction
The well-known Fibonacci and Lucas sequences are defined by the following recurrence
relations: for n > 0,

Fypo=Fya+Fy
and
Lywy =Ly +Ly
where Fy =0, F; =1, Ly = 2, and L; =1, respectively. Here, F, is the nth Fibonacci number

and L, is the nth Lucas number.
The Binet formulas for the Fibonacci and Lucas sequences are given by

E o' — "
a-p
and
L,=da"+p8",
where
o= 1+2ﬁ and B = 1_2ﬁ.

The numerous relations connecting Fibonacci and Lucas numbers have been given by
Vajda [1].
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Carlitz, Ferns, Layman and Hoggatt studied many properties of binomial sums of these
numbers (see [2-5]).
The generalized Fibonacci and Lucas sequences, {U,} and {V,}, are defined by the fol-

lowing recurrence relations: for n > 0 and any nonzero integer p,
Uyyo =pUyg + Uy,
and
Virz =PV + Vi,
where Uy =0, U; =1, V =2, and V; = p, respectively. If we take p =1, then U, = F, (nth
Fibonacci number) and V, = L,, (nth Lucas number).

Let A and i be the roots of the characteristic equation x> — px — 1 = 0. Then the Binet
formulas for the sequences {U,,} and {V,,} are given by

L
u, -~ —*
A—p

and
Vie=A"+u",

where L = (p+/p*+4)/2and u = (p — \/p? +4)/2.
From these equalities, by putting A = p? + 4, we see that 1+ 1> = Av/A and 1 + u? =

-uvA.

The generating function and the exponential generating function of a sequence {a,} are
defined by

o0
a(x) = Z a,x"
n=0

and
0 n
A X
ﬂ(x) = § ap _')
n:
n=0

respectively.

Now, we would like to explain how the generating function of a given sequence {a,} is
derived: Firstly, we write down a recurrence relation which is a single equation expressing
ay in terms of other elements of the sequence. This equation should be valid for all integers
n,assuming thata_; =a_y = - - - = 0. Then we multiply both sides of the equation by x” and
sum over all 7. This gives, on the left, the sum ) a,x", which is the generating function
a(x). The right-hand side should be manipulated so that it becomes some other expression
involving a(x). Lastly, if we solve the resulting equation, we get a closed form for a(x). For
more details and properties related to the generating functions and special functions, we
refer to [6—12].



Polatli and Kesim Advances in Difference Equations (2015) 2015:169 Page 3 of 8

A quaternion p with real components ay, a;, as, as, and basis 1, i, j, k is an element of
the form

p =aol + mi+ arj + ask = (ag,a1,a2,a3) (aol = ap),
where

=’ =K=-1,

ij =k = —ji, jk =1i=-kj, ki=j = -ik.
Throughout this paper, we work in the real division quaternion algebra without specific
references being given.
The nth Fibonacci and the nth Lucas quaternions were defined by Horadam in [13] as
Qn =F, +Fn+1i+Fn+2j +Fn+3k
and
1<n = Ln + Ln+1i + Ln+2j + Ln+3kv
respectively, where F, and L, are the nth Fibonacci number and the nth Lucas number.
Similar to Horadam, the nth generalized Fibonacci quaternion and nth generalized
Lucas quaternion are defined by
Qn = un + un+1i + Un+2j + Un+3k
and
ICn = Vn + Vn+1i + Vn+2j + Vn+3k,
respectively [14]. Here, U, and V,, are the nth generalized Fibonacci number and the nth

generalized Lucas number.
For n > 0, the following recurrence relations hold:

Qni2=pQui1 + Qn
and

Kz =P’Cn+1 + Ky
where

Qo= (0,Lpp*+1),  Qi=(Lpp*+1Lp*+2p),

Ko=(2.pp*+2.0° +3p),  Ki=(p.p*+2,p°+3p,p* +4p* +2).
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In [15], Iakin gave the Binet formulas for the generalized Fibonacci and generalized
Lucas quaternions as follows:

AT — ™
A—p

=
and
ﬁ:n = &An'+££ﬂﬁr

where & =1+ Ai+ A% + A’kand p =1+ pi + p?j + k.

Iyer [16] gave some relations connecting the Fibonacci and Lucas quaternions. In [17],
Swamy derived the relations of generalized Fibonacci quaternions. Iakin [18, 19] intro-
duced the concept of a higher order quaternion and generalized quaternions with quater-
nion components. Horadam [20] studied the quaternion recurrence relations. In [21],
Halici derived generating functions and many identities for Fibonacci and Lucas quater-
nions. In [22], Flaut and Shpakivskyi investigated some properties of generalized Fibonacci
quaternions and Fibonacci-Narayana quaternions. Very recently, Ramirez [14] has ob-
tained some combinatorial properties of the k-Fibonacci and the k-Lucas quaternions.

Inspired by these results, in the present paper we give the exponential generating func-
tions for the generalized Fibonacci and generalized Lucas quaternions. Moreover, we de-

rive some new formulas for binomial sums of these quaternions by using their Binet forms.

2 Some properties of generalized Fibonacci and Lucas quaternions
Theorem 2.1 ([14]) The generating functions for the generalized Fibonacci and generalized
Lucas quaternions are

Qo +(Q1—-pQo)t

F(t) =
© 1-pt—1t2
and
Ko + (K1 = pKo)t
L =T PRt
-pt—t
respectively.

Proof Let F(£) =) o2y Qut" and L(t) = > oo K,t". Then we get the following equation:

oo o0 oo
D Q" —pty Qut" =) Qut”
n=0 n=0 n=0

o]

= Qo +(Q1-pQo)t + Y (Qn—pQu1— Q)"

n=2

Since, for each n > 2, the coefficient of t” is zero in the right-hand side of this equation,
we obtain

Qo + (1 —PQo)t.

F(t) =
© 1-pt—¢2
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Similarly, we obtain

Ko + (K1 — pKo)t

L(¢) = .
® 1-pt—¢2 O

Theorem 2.2 The exponential generating functions for the generalized Fibonacci and gen-
eralized Lucas quaternions are

(o] At ot
Q n_ re - pe

1 _
pardR A=l
and
o0
K
E 2= a6+ et
n! —
n=0

Proof By the Binet formula for the generalized Fibonacci quaternions, we get

n! - Coa—u

n!

n=0 : n=0 )\'_M
Ao ()" B o ()"
=A—u; ! _A—M; !

&ekt_ﬂeut

:ﬁ

Similarly, by the Binet formula for the generalized Lucas quaternions we obtain

o0 ’C o0 tn
Dot =) ()

!
n=0 n=0 n:

00 00

()" (nt)"

=AY n)
n=0 n=0

= re™ + pet. O

Now, we give the following theorems in which the first formulas are proved, and the
remaining formulas can be obtained similarly.

Theorem 2.3 For n,k > 0, we have

i (n) Oy = AZQ,k if n is even,
i) T A Kk ifnisodd,

i=0

n . .
n A2k ifniseven,

E . K:2i+k = n+l . .
i AT Qi ifnisodd,

(D' Kaisk = (=p)" Kons-

()
)3 (")(—w@m = (1) Qs
(%)
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Proof If we use the Binet formula for the generalized Fibonacci quaternions, we get

n n )L)\ZHk EM2i+k
Z Q21+k = Z ; T
i=0 i=0
n k n
_ ank Z mY,2 KR ") 2
A—W“ i A= prS i

k
o
S B uvay
A—p
~ { A Q,.k ifniseven,

AHT_IIC,H/( if nis odd. 0

Theorem 2.4 ([14]) For n > 0, we have

; (?)Pi Q; = Qoyy
Z (7)[)1’6; = K:z,,.

i=0

Proof By the Binet formula for the generalized Fibonacci quaternions, we have

(Mo 3 (M) (2 e
;('gpg,:;(f;)p( )

R (e -5 (o

"
1+p0)" - ——(1 "
)\—u( PN = = M( +Pi)

1
)\l p ()\‘)\‘2}’1 _M2}’l)
= Q2n' O

Theorem 2.5 For n > 0, we have

i(n)gl_ %(A%+p”)Q,, if n is even,
S \2i) 7" | 3A T K -p"Q)) ifnisodd,

n %(A% +p" K, if nis even,
]CZL[ = 1 n+1
2

(A Q,-p"K,) ifnisodd,

N IC +p"Q,) ifnisodd,

(A2 -p"K, if nis even,
n+l

(A2 Q,+p"K,) ifnisodd.

>(

i=0

Zn: <2in+ 1) Quis1 = { e -, if nis even,
i=0

N
<
+ =N
—
v
e
=
=
=
Il
PR
NI NI
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Proof By Theorem 2.3, we obtain
"\ (n 1 (7 :
§ i = = E 1 -1 ¢ i
i=0 <2i)g4 25 (l>( e

[;<>Qm+z<>u%}

n

(A2 + ")Qn if n is even,
(AT K,-p"Q,) ifnisodd. O

e,
D= =

Theorem 2.6 For n > 0, we have

Xn: <n>(Q4)2 ~ AT 2K, — (Vs +P)Vua — (Va+ Vo)V,)  ifniseven,
i) | A 2Qu— (Vs + Pyt = (Va+ Vo)) if nis odd,

i=0

i A" (2Q, ~ (Vs + )yt — (Va + Vo)) if n is odd.

i <n>(’Ci)2 { AT K, — (Vs +p)Viia— (Vo + Vo) V) if nis even,

i=0
Proof From the quaternion multiplication, we have
(2)* =22~ ((Vs + )i + Va + Vo),
(W2 =2 = ((Vs + P+ Va + V).
If we consider the Binet formula for the generalized Fibonacci quaternions, we have
Ny ‘ AN — N2
2 (-2 ()(5)

”)[(A)W‘ (W21 221 00)']

_ln” 2426 2 2 z&ﬂn” i
el .)[(w + (W2 ]—T;(l.)(—n

_ (&)2 " (n 2 (&)2  (n 2i
vl (5) e 52 (7

i=0

2
=T(1+k2)"+%(1+u2)"

2
&6 vay e vy

= AT (WP + (WP (-p)")
_ T2( ~ (Vs +p)Vyi1— (Vo + Vo)V,) ifniseven,
%(29,1 (Vs + p) Ut — (Va + Vo)) if mis odd. 0

Note that, by taking p =1 in Theorem 2.6, we obtain

Xn: (”‘)(Q‘)z _ 57 (2K, -L,—4L,,,) ifniseven,
o \i c 5%(2Qn —F,—4F,.4) ifnisodd
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and
; <n> (K;)? = 52(2K, — Ly —4Lnya)  if nis even,
' \i O (2Qu - F, —4F,.4) ifnisodd,

where Q; and K; are the ith Fibonacci quaternion and the ith Lucas quaternion, respec-
tively.
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