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§ 0. Introduction

Let P,(C) be an n-dimensional complex projective space with Fubini-Study
metric of constant holomorphic sectional curvature 4, and let M be a real hy-
persurface of P,(C). M has an almost contact metric structure (¢, &, n, g) in-
duced from the complex structure J of P,(C) (see, §1). We denote by A4, R, S,
the shape operator, the curvature tensor and the Ricci tensor of type (1,1) on
M, respectively., Many differential geometers have studied M (cf. [1], [6], [2],
and [1Z]) by using the structure (¢, &, 3, g).

Typical examples of real hypersurfaces in P,(C) are homogeneous ones. R.
Takagi ([10]) showed that all homogeneous real hypersurfaces in P,(C) are
realized as the tubes of constant radius over compact Hermitian symmetric spaces
of rank 1 or rank 2. Namely, he showed the following :

THEOREM T ([10]). Let M be a homogeneous real hypersurface of P,(C).
Then M is a tube of radius r over one of the following Kaehler submanifolds :

(A,) hyperplane P,_(C), where 0<r<m/2,

(Ag) totally geodesic Pr(C) (1£k<n—2), where 0<r<=z/2,

(B) complex quadric Qn_,, where 0<r<=m/4,

(C) PyCYXPr_13:(C), where 0<r<m/4 and n(=5) is odd,

(D) complex Grassmann G, (C), where 0<r<n/4 and n=9,

(E) Hermitian symmetric space SO(10)/U(B), where 0<r<m/4 and n=15.

Due to his classification, we find the number of distinct constant principal
curvatures of a homogeneous real hypersurface is 2, 3 or 5. Here note that the
vector £ of any homogeneous real hypersurface M (which is a tube of radius »)
is a principal curvature vector with principal curvature ¢=2 cot 2» with mul-
tiplicity 1 (for further details, see [11]).
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Now it is well-known that there does not exist a real hypersurface M with
parallel second fundamental form A. So the authors introduced the notion of
y-parallel second fundamental form (cf. [6]), which is defined by g((VxA)Y, Z)
=0 for any vector fields X, Y and Z orthogonal to the structure vector field &,
where g and V denote the induced Riemannian metric and the induced Riemannian
connection, respectively. In this paper, we consider another condition on the
derivative of A.

The main purpose of this paper is to classify real hypersurfaces M which
satisfy V.A=0 (, that is, the second fundamental form A is parailel in the direc-
tion of &) in P,(C). Our main result is as follows:

THEOREM. Let M be a real hypersurface in P,(C). If V:A=0, then M is
locally congruent to one of the following:
(i) a non-homogeneous real hypersurface which lies on a tube of radius =n/4
over a certain Kaehler submanifold N in P.(C),
(ii) a homogeneous real hypersurface which lies on a tube of radius r over a
totally geodesic P,(C) (1=k=n—1), where 0<r<x/2.

We here remark that there exist many real hypersurfaces M’s which are of
case (i) in our (for details, see the Proof of [Theorem).

Now it is known that there does not exist a real hypersurface M with
parallel Ricci tensor S in P,(C), n=3 (cf. and [3]). As an immediate con-
sequence of this result, P,(C) (n=3) does not admit a locally symmetric real
hypersurface M. Motivated by their results and our [Theorem, we investigate
real hypersurfaces M in P,(C) by using the conditions “V.S=0"” and “V.R=0".

We have the following:

PROPOSITION A, Let M be a real hypersurface with constant mean curvature
in Po(C). Suppose that § is a principal curvature vector and the corresponding
principal curvature is non-zero. If V:S=0, then M is a tube of radius r over one
of the following Kaehler submanifolds:

(A,) hyperplane P,_(C), where 0<r<=x/2 and r+mn/4,

(Ay) totally geodesic P(C) 1Zk=n—2), where 0<r<xn/2 and r#=n/4,

(B) complex quadric Q,_,, where 0<r<m/4 and cot®2r=n—2,

(C) PUCYXP_1::(C), where 0<r<x/4, cot’2r=1/(n—2) and n(=b) is odd,

(D) complex Grassmann G, (C), where 0<r<=n/4, cot?2r=3/5 and n=9,

(E)Y Hermitian symmetric space SO10)/UB), where 0<r<rn/4, cot®’2r=5/9
and n=15.
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PROPOSITION B. Let M be a real hypersurface in P,(C). Suppose that & is
a principal curvature vector and the corresponding principal curvature is non-zero,
If V:R=0, then M is a tube of radius v over one of the following Kaehler sub-
manifolds :

(A1) hyperplane P,_.(C), where 0<r<n/2 and r+mr/4,

(A,) totally geodesic P,(C) (1£k<n—2), where 0<r<=z/2 and r+=/4.

§1. Preliminaries

Let M be an orientable real hypersurface of P,(C) and let N be a unit
normal vector field on M. The Riemannian connections V in P,(C) and ¥V in M
are related by the following formulas for arbitrary vector fields X and ¥ on M:

(1.1) ViV =YY +g(AX, Y)N,
(1.2) VyN=—AX,

where g denotes the Riemannian metric of M induced from the Fubini-Study
metric G of P,(C) and A is the shape operator of M in P,(C). An eigenvector
X of the shape operator A is called a principal curvature vector. Also an
eigenvalue A of A is called a principal curvature. In what follows, we denote
by V, the eigenspace of A associated with eigenvalue A. It is known that M
has an almost contact metric structure induced from the complex structure J on
P,(C), that is, we define a tensor field ¢ of type (1, 1), a vector field § and a
l-form n on M by g(¢X, Y)=G(JX,Y) and g(§, X)=9(X)=G(JX, N). Then
we have

(1.3) PX=—X+n(X)E, g &)=1, ¢£=0.
It follows from that

(1.4) (Vx)Y =n(Y)AX—g(AX, Y)§,
(1.5) Vib=gAX.

Let B and R be the curvature tensors of P,(C) and M, respectively. Since the
curvature tensor £ has a nice form, we have the following Gauss and Codazzi

equations ;

(1.6) g(R(X,Y)Z W)=g(¥, Z)g(X, W)—g(X, Z)g¥', W)+g(@Y, Z)g(¢ X, W)
—g(pX, Z)g(@Y , W)—2g(¢X, Y)g(¢Z, W)
+g(AY, Z)g(AX, W)—g(AX, Z)g(AY, W),

(1.7) (VxA)Y —(Vr D) X=n(X)QY —n(Y)pX—2g(¢ X, V).
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From (1.6) and we get
(1.8) SX=02n+1)X—-3p(X)6+hAX—A*X,

(L.9) (VxS =—3{g(gAX, Y)E+7(Y)PAX} +(X1)AY
F(hI— ATz AY —(Tx DAY,

where h=trace A, S is the Ricci tensor of type (1, 1) on M and [ is the identity
map.
In the following, we use the same terminology and notations as above unless

otherwise stated. Now we prepare without proof the following in order to
prove our results:

THeEOREM K ([4]). Let M be a real hypersurface of P,(C). Then M has
constant principal curvatures and & is a principal curvature vector if and only if
M 1is locally congruent to a homogeneous real hypersurface.

PROPOSITION 1 ([8]). If &isa principal curvature vector, then the correspond-
ing principal curvature a is locally constant.

PrROPOSITION 2 ([8]). Assume that & is a principal curvature vector and the

corresponding principal curvature is a. If AX=rX for X 1§, then we have ApX
=((ar+2)/(2r—a))$ X,

ProprosITION 3 ([81). Let M be a real hypersurface of P.(C). Then the
following are equivalent :
(i) M is locally congruent to one of homogeneous ones of type (A,) and (A,).
(i) g((VxAY, Z)=—nY)gpX, Z)—n(Z2)g(¢ X, Y) for any vector fields X,
Y and Z on M.

PROPOSITION 4 ([7]). Let M be a real hypersurface of P,(C). Suppose that
& is a principal curvature vector and the corresponding principal curvature is non-

zero. If N:A=0, then M is a tube of radius v over one of the following Kaehler
submanifolds :

(A,) hyperplane P,_,(C), where 0<r<x/2 and r+mx/4,
(A,) totally geodesic P(C) (1£k<n—2), where 0<r<=z/2 and r+r/4.

PrROPOSITION 5 ([71). Let M be a real hypersurface of P,(C). Then “A$
=0" ¢mplies “VeA=0".

ProPOSITION 6 ([1]). Let M be a connected orientable real hypersurface (with

unit normal vector N) in P,(C) on which £ is a principal curvature vector with
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principal curvature a=2 cot2r. Then the following hold :

(i) M lies on a tube (in the direction of n=y'(r), where yY(r)=exp.(rN) and
x is a base point of the normal vector N) of radius r over a certain
Kaehler submanifold N in P.(C).

(ii) Let cot @ be a principal curvature of the shape operator A, at y=r(r)
of the Kaehler submanifold N.  Then the real hypersurface M has a
principal curvature cot(@—r) at x=7y(0).

Finally we prove the following which is the main tool for the proof of our

heoreml

PROPOSITION 7. Let M be a real hypersurface of Pn.(C). Then “V:A=0”

implies “& is a principal curvature vector of M7,

ProOF. First we shall show that A¢ is principal. From [1.5), we find

that the condition V:A=0 is equivalent to

(1.10) (VxA=—0¢X (for any XeTAM),
that is,
(1.11) Vx(A8)=—gp X+ AgAX (for any XeTM).

The equation yields
Vr(Vx(AE) =V oy x(AE)=—Tp(p X)+Vy(APAX)+oVy X— AP AVy X

which, together with [1.4), shows .
(1.12)  Ve(Vx(AE))—Vgpx(AE)=—n(X)AY +g(AY, X)6+(VrA)pAX

+A{(AX)AY —g(AY, AX)H+Ag(Vr A)X.

Exchanging X and Y in (1.12), we have
(1.13)  Vx(Vp(AE) o r{Af)=—n(Y)AX+g(AX, Y6 +(Vx A)p AY

+A{n(AY)AX—g(AX, AY )6} +Ag(Vx A)Y .

It follows from (1.12) and (1.13) that

(1.14) R(X, Y)At=(Vx A)pAY —(Vy A)PAX+ n(AY JARX—p(AX)A%Y .

On the other hand the Gauss equation (1.6) tells us that

(1.15)  R(X, Y)Af=g(Y, ADX—g(X, ADY +g(8Y, ADSX—g($X, AD)GY
—2g( X, V)0 AE+g(AY, AS)JAX—g(AX, A§AY .

Then from (1.14) and (1.15), for any X, Y(€TM) we get
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(VxA)AY —(Ty )P AX+7(AY) A X —n(AX)AY
=AY X—9(AX)Y +n(AgY Yo X —n(Ap X)pY —2g(¢ X, V)P AL

+p(AY)AX— (A2 X)AY .

This, combined with yields

(1.16) g((VxA)E, ¢AY)—g((Vy A)E, pAX)+n(AY )n(A*X)—n(AX)np(A*Y)
=p(X)n(AY)— (Y )n(AX)+n(AX)n(A*Y )—n(AY )n(A%X).

Here, from we find the following:

(1.17) g(VxA), $AY)=—g(X, AY)+n(X)n(AY).

(1.18) g(VrA), pAX)=—g(V, AX)+7(Y)n(AX).

Therefore from (1.16), and we see

N(AX)n(A*Y )=n(AY )n(A*X) (for any X, Y<=TM)
so that
g(Ag, X)As=g(A%, X)AE,
which shows that A¢ is principal. So we can set

(1.19) A*¥=ads.

Next we shall show that & is principal by making use of [1.19). Now we find
the following:

(1.20) Vx(A*)=(Vx A)AE+ ANV AN+ APAX,

(1.21) Vx(aAg)=(Xa)Ab+a(Vx Ae+aAgAX.

Then from and for any X, Y(€TM) we obtain
(1.22) g(As, Vx AY )+g(Vx A, AY)+g(APAX, V)

=(Xa)g(A¢, V) +ag((VxA¥, Y)+ag(A¢AX, V).
Exchanging X and Y in (1.22), we have
(1.23) g(Ag, (W A)X)+g((Vr A, AX)+g(A*pAY, X)

=Y a)g(Aé, X)+ag((VrA), X)+ag(AgAY, X).
The equations (1.7), [1.22) and [(1.23) assert that
(L.24) g(VxA), AY)—g((VrA), AX)

=(Xa)n(AY)—(Y a)p(AX)—2ag(¢pX,Y)+2ag(APAX, Y )—n(X)n(AgY)
+ (Y (A X)+279(AE)g(p X, V) —g(AgAX, AY)—g(gA’X, AY).

By virtue of and (1.24) we find
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(1.25) —g(pX, AY)+g(oY, AX)
=(Xa)(AY )~ (Y a)p(AX)+2ag(A¢AX, Y )—2ag(¢ X, Y )—n(X)n(AdY )
+p(YV)n(AgX)+29(A5g(9 X, Y)—g(AgAX, AY)—g(g A*X, AY).
Setting X=¢ in (1.25), for any (Y =T M) we see
(1.26) (AT a)=(Ea)p(AY )+ag(AgAE, Y)—2n(AgY)—g(AgAE, AY).
Now we put p=g(A¢§, &). In the following, we may assume that p+0.
Suppose that #=0. Since A& is principal, there exists a principal curva-
ture vector X (with principal curvature A) orthogonal to A&. So the
following holds. 0=g(X, A8)=g(AX, &=4g(X, &), which implies that
g(X, £)=0 in the case of 2#0. And hence &é=span{A&}+Ker A. There-
fore the hypothesis =0 shows that £=Ker 4, so that § is principal.
Multiplying (1.25) by u(+0), we get
—pg((PA+AX, Y)=p(Xa)p(AY )~ p(Y @) p(AX)+2apg(APAX, Y)
~20p9(¢ X, ¥)— pun(X)p(AGY )+ pn(Y )n(AgX)
+2p°g(¢X, Y)—pg(AgAX, AY)—pg(pA’X, AY).
This, together with (1.26), yields
(1.27) —w(pA+AG)X={ag(ApAs, X)+2g(pAE, X)—g(A*@AE, X)}AS
—g(A&, XX aAPAE+20A5— AP AE)+2apApAX
—2apd X+pn(X)pAs—pg($AE, X)2+2p26X
—pAPAX—pAPALX.
Now, putting X:Aéin (1.27), we can see that
(1.28) ApAs=3a—mPAEL.
It follows from (1.26) and that
pgrad a=Ea)Aé+a AP AE+20 A5 — A*G AS
=(§a)A§+3ala—mpAS+24 AE —Ha—p)y'pAE.
Namely, setting 8=£&a, we obtain

(1.29) pgrad a=pRAE+ {2—3(p—a)Bp—2a)} P AE.
On the other hand, from [1.5), [1.11) and [1.28) we have
(1.30) Xp=6(n—a)g(pAs, X)

so that

(1.31) grad p=6(u—a)pAL.
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Differentiating with respect to X, we see that
(1.32) Vx(grad p)=6((Xp)—(Xa))p A +6(pt—a)Vx(9AE).
Multiplying (1.32) by g, from (1.26), and we find
¥V x(grad p)=[36pu(p—a)g(p A&, X)—68g(AE, X)
—6{2—3(p~—a)3p—2a)} g(p A&, X)]p AL
+6u(p—a){(Vx )AL+ PV x(AD)} .
This, combined with [1.3), [(1.4) and [1.11), yields
(1.33) pg(Vx(grad p), Y)=—6Bg(A§, X)g(¢AE, Y)
+6{3(p—a)Sp—2a)—2} g(¢ A§, X)g(¢AL, V)
+6p(p—-a){pg(AY, X)—an(AX)n(Y)+g(X,Y)
—(X)n(Y)+g(pAgAX, Y)}.
Since g(Vx(grad p), Y)=g(Vy(grad g), X), the equation (1.33) implies
(1.34) 68{g(Ag, Y)g(¢AE, X)—g(A§, X)g(¢pAE, Y)}
+6pa(p—a){n(AY )n(X)—n(AX)n(Y )}
+6p(n—a){g(pAPAX—APAGX, V)}=0.
Here, from and the following holds:

(1.35) PAPAE=3(p—a)AE—pé).
Setting Y =¢ in (1.34), from we have

(1.36) BPAL+(p—a)Bp—2a)—Aé+p8)=0.
Since g(A&—pé, AS)=ap—p?, the equation (1.36) implies
1.37) (p—a)*@Bp—2a)u=0.

Now we suppose that a=p (, which is equivalent to “£ is not principal”). And

hence, from [(1.37) we find

{1.38) a=(3/2)p

so that

(1.39) grad a=(3/2) grad p.
Since ¢A£x0, the equation (1.36) shows

(1.40) B=0.

From and (1.40) we get
1.41) pgrad a=2¢A4§.
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Now, from [1.31) and [(1.38) we find

(1.42) (3/2)p grad u=(—9/2)p*P AE.

On the other hand, from (1.39) and (1.41) we see

(1.43) (3/2)p grad p=2¢A§.

Since ¢AE=0, the equations [1.42) and [(1.43) give us a contradiction. Therefore
we can conclude that £ is a principal curvature vector. Q.E.D.

§2. Proof of Theorem
By virtue of we find that & is a principal curvature vector

(with principal curvature a). From Propositions 1 and 5, our discussion is
divided into two cases: (i) a=0 and (ii) a=0.

Case of (i) a=0. Statement (i) of Proposition 6 asserts that our real hy-
persurface M lies on a tube of radius n/4 over a Kaehler submanifold Nin P.(C).
But the converse is not true. Note that, in general a tube of radius #/4 over
an arbitrary Kaehler submanifold N is not a real hypersurface of P,(C). In
fact, for example let N be a complex quadric @,... Then a tube of radius z/4
over N is P™R) (which is the real part of P.(C)) (cf. [4]). Statement (ii) of
Proposition 6 shows the following:

Let N be a Kaehler submanifold (with unit normal vector N) in Pn(C).
Suppose that the shape operator (with respect to N) Ay does not have the
principal curvature 1. Then a tube (in the direction of N) of radius n/4 over
N is a real hypersurface M.

As a matter of course the real hypersurface M admits the vector § as a
principal curvature vector with principal curvature 0 {(cf. [1]).

Finally we remark that a homogeneous real hypersurface M with A§=0 lies
on a tube of radius m/4 over a totally geodesic P,(C) (1<k=<n—1) (cf. [11]).

Case of (ii) a=+0. See, Proposition 4. Q.E.D.

REMARK 1. Our Theorem gives the following

COROLLARY. Let M be a real hypersurface of P,(C). Suppose that AE+0.
If VeA=0, then M lies on a tube of radius r over a totally geodesic P,(C)(1=k
<n—1), where 0<r<zm/2 and r+nr/4.

§3. Proof of Proposition A

First of all we shall show that the real hypersurface which satisfies the
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hypothesis of Proposition A must be homogeneous.
The equation together with [Proposition 1] and the hypothesis that
h(=trace A) is constant, shows that
(VeS)E=V(SE)—SVe£

=V(S§)

=V:{2n—24ah—a®){}=0.
And hence “V:S=0" implies
(3.1) g¥:S)X, Y)=0 (for any X, Y 1§).
Then from [[1.9), and the hypothesis that & is principal and £ is constant,

we have to show that the real hypersurface A, which satisfies the following
equation [(3.2), must be homogeneous.

(3.2) gV A)X, (hI—AY)—g((V:A)AX, Y)=0 (for any X, Y 18).

Let X be a principal curvature {unit) vector orthogonal to £ with principal
curvature . Putting ¥Y=¢X in (3.2), we see

{h—r—(ar+2)/@2r—a)} g(V:A)X, ¢ X)=0.
On the other hand, from [(1.7) and Proposition 2 we find
(V. A)X, ¢ X)=g(Vx A +0 X, ¢X)
=g(Vx(ad)—AVxE+¢ X, 6X)
=ar—r(ar+2)/2r—a)+1
=a(r*—ar—1)/2r—e).

By hypothesis that a+0, the above computation yields
h=r+(ar+2)/2r—a) or r*—ar—1=0

so that the principal curvatures » and a are constant. Therefore K
asserts that our real hypersurface must be homogeneous. In the following, we
shall check the equation one by one for six model spaces of type A,, A,
B,C,D and E:

Let M be of type A, or A,. Then [Proposition 3 tells us that V.A=0 so
that holds.

Let M be of type B (which is a tube of radius »). Let x=cotr». Then M
has three distinct constant principal curvatures »,=(1+x)/(1—x) with multiplicity
n—1, r,=(x—1)/(x+1) with multiplicity n—1 and a=x—1/x so that T ,M=
V. +V.,+1{8lr at any point p of M. Here note that ¢V, =V,, (cf. Proposi-
tion 2). It is sufficient to consider the following equations in order to check
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B.2):
3.3) g(T:AX, (hI—A)X)—g(T:ADAX, X)=0  (for any X&V,),

(3.4) g((VeA)X, (hI—AY)—g(VA)AX, Y)=0 (for any X, YeV,, X1V),
(3.5) g(T:AX, (hI—ADpX)—g((VA)AX, X)=0  (for any X<V, ),

3.6) g((V:A)X, (hI—-A)Y)—g(V:A)AX, Y)=0
(for any XV, ,Y<V,, and ¢X17Y).
We shall calculate the left hand side of (3.3).
8((V:A)X, (RI—-A)X)—g(V:ADAX, X)
=(h—2r)g((VeA)X, X)
=(h—2r)g(VxAX+¢X, X)  (from
=(h—2r)g(Vx(A§)— AVxE, X)
=(h—2r)glap AX—ApAX, X) (from and Proposition 1)
=(h—2r,)glar g X—rir.p X, X)=0.
This computation shows that the equation (3.3) holds for any x(>1). Moreover
a similar computation yields that the equations (3.4) and (3.6) hold for any x(>1).
Next we shall calculate the left hand side of (3.5).
g(V:A)X, (hI—A)gX)—g(V:AAX, ¢X)
=(h—r1—r)g((V:A)X, ¢ X)
=(h—r,—7)g(Vx Aé+¢X, ¢X)  (from
=(h—r,~—r;)g(Vx(A8)—~ ApAX+0 X, ¢X) (from [1.5))
=(h—r,—7r:)gadpAX—r ApX+¢X, ¢X) (from [Proposition 1 and [1.5))

:(h—?’l—rg)(a?’l—?ﬂ’g—l-l) .

Note that ar,—r7.-+1=—(x*+1)/x+0. Here we put A—r,—r,=0. Then we
have the following algebraic equation

x*—202n--3)x*4+1=0.
And hence we find x?=2n—34+2+v(n—1¥n—2) so that
r=+vn—14+vn—2, since x >1.

Therefore a homogeneous real hypersurface of type B with x=+vn—14++vn—2

satisfies the hypothesis of Proposition A.
Now Iet M be of type C (which is a tube of radius »). Let x=cot». Then
M has five distinct constant principal curvatures »,=(1+x)/(1—x) with multi-
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plicity 2, r,=(x—1)/(x+1) with multiplicity 2, r,=x with multiplicity n—3,
ry=-—1/x with multiplicity n—~3 and a=x—1/x so that T,M=V, +V. +V. +
V., +1{&}r at any point p of M. Here note that ¢V, =V, , ¢V, , =V, and ¢V,,
=V, For simplicity, we set V,={X|AX=r.X, X1§} for 1<i<4. In the
following, let X, Y,=V,; and | Xi||=|Y =1 for 1</=4.
It sufficies to consider the following equations in order to check [3.2):
(3.7) g(V:A)X, (h1—A)X)—g(V:A)AX,, X)=0 (for 1=i<4),
(3.8)  g((V X, (hI—A)Y )—g(NeAAX;, Yi)=0  (for X;1Y,; =1, 2),
(3.9)  g((V:A)X;, (hI—A)pX:)—g(V:A)AKX;, $X:)=0 (for i==3, 4),
(3.10) g(TeA)X:, (h— A )—g(TAVAX:, Y )=0
(fOI' Xi_LY,: and Yi_L¢Xt; 1.:3, 4),
(3.11) g((V:A)X:, (hl—A)pX:)—g(V: A)AX,, ¢ X)=0 (for i=1, 2),
(3.12) g((N:A)X,, (hI—-A)Y »)—g((N:A)AX,, Y )=0 (for ¢X,1Y,),
3.13) g((V:A)X,, (hI-AY )—g((V:AAX,, Y )=0  (for i=3, 4),
(3.14) g((V:A)X., (hI—A)Y )—g(V:A)AX,, YV :)=0 (for i=3, 4),
(3.15) g((VeA)X;, (hI—A)Y )—gl(N:A)AX,, ¥ )=0.
We- here calculate the left hand side of (3.15).
g{(V:A)X,, (hI—A)Y )—g(V:A)AX,, YV))

=(h—r;—7r)g(V:A)X,, Y0)

=(h—rs—r)g(Vx A+¢X:, Y.)  (from [1.7)

=(h—r;—r gV x (a8)—AVx &, ¥V ,)

=(h—rs—7r)glapAX,—A¢AX,, Y,  (from and [1.5)

:(h’7’3_74)g(a73¢X3‘(?’3)2¢X3, Y,)=0.

This computation shows that the equation (3.15) holds for any x(>1). Moreover
a similar computation yields that the equations (3.7)~(3.10) and (3.12)~(3.14)
hold for any x(>1). Next we shall calculate the left hand side of (3.11) in the

case of 7=1.
g(V:A) Xy, (hl—A)p X1)—g(N:A)AX,, X))
=(h—-?’1—?’z)g((vsz4)X1, ¢X1)
=(h—r,—r)g((Vx, A)¥+0¢X,, pX;)  (from [L.7))
=(h—r,—7r)g(Vx ,(a8)— AV §+0X;, ¢X1)
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:(h"‘7"1_rg)g(a¢AX1—A¢AX1+¢X1, ¢X1)
(from [Proposition 1 and [1.5))

:(h —7’1——?’2)(057’1——}’17’2-{—1) .

Note that ar,—rr.+-1=—(x?+1)/x+0. Here we put hA—r,—r,=0. Then we
have the following algebraic equation

(n—2x*—2nxt+n—2=0.
And hence we find x*=(n+2+n—1)/(n—2) so that
x=(vn—-1+1)/~vn—2, since x >1.

Of course, solving the equation (3.11) in the case of /=2, we obtain the same
solution x. Therefore a homogeneous real hypersurface of type C with x=
(vn—1+1)/vn—2 satisfies the hypothesis of Proposition A.

Let M be of type D (which is a tube of radius »). Let x=cotr. Then M
has five distinct constant principal curvatures »,=(14x)/(1—x) with multiplicity
4, ry=(x—1)/(x+1) with multiplicity 4, »,=x with multiplicity 4, »,—=—1/x with
multiplicity 4 and a=x—1/x. By virtue of the computation in case of type C
we have only to solve the equation Ai—7r,—7,=0. Namely we get the following

5x*—22x24-5=0  so that x=(v8 ++43)/+5.

Therefore a homogeneous real hypersurface of type D with x=(v8++v3)/+5
satisfies the hypothesis of Proposition A.

Let M of be type E (which is a tube of radius ). Let x=cotr. Then M has
five distinct constant principal curvatures »,=(1+x)/(1—x) with multiplicity 6,
ro=(x—1)/(x+1) with multiplicity 6, »,=x with multiplicity 8, »,=—1/x with
multiplicity 8 and a=x-—1/x. Considering the equation 4—r,—7,=0, we have
the following

9x*—38x%+9=0 so that x=(v5 ++/14)/3.

Therefore a homogeneous real hypersurface of type E with x=(v'5 + v14)/3
satisfies the hypothesis of Proposition Al Q.E.D.

§4. Proof of Proposition B
First we note that “£ is principal” is equivalent to “V.¢=0". Since V:R=0,
from (1.6) we have
g((V:A)Y, Z)g(AX, W)+g(AY, Z)g(N.A)X, W)—g(V:A)X, Z)g(AY, W)
—g(AX, Z)g((N . A)Y, W)=0,
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which, together with yields
g((NrA+oY, Z)g(AX, W)+g(AY, Z)g(Nx A+ X, W)
—g((VxA)¥+oX, Z)g(AY, W)—g(AX, Z)g(NyA)+¢Y, W)=0.

Therefore, from and we obtain
(4.1)  glapAY —AQAY +¢Y, Z)g(AX, W)+ g(AY, Z)gladp AX—AgAX+¢X, W)

—gap AX—APAX+¢X, Z)g(AY, W)

—g(AX, Z)g(ap AY —AGAY +¢Y, W)=0 (for any X, Y, Z and WeTM).
Let X be a principal curvature (unit) vector orthogonal to & with principal
curvature r. Putting Y=Z=¢ and W=¢X in (4.1), from we find

ar—r{ar+2)/C2r—a)+1=0.

Since a+#0, we see r’—ar—1=0, that is, r={(ar+2)/(2r—a). This implies that
our real hypersurface M is locally congruent to a homogeneous one of type (A,)
or (A,) (cf. [8]). Of course a homogeneous real hypersurface of type (A,) or
(A;) of any radius »(#r/4) satisfies the hypothesis of [Proposition B. Q.E.D.

REMARK 2. The first author classified real hypersurfaces M which satisfy
¢S=S5¢ in P,(C) (cf. [6]). By virtue of his classification we find the following :

Let M be a homogeneous real hypersurface of P,(C). Then the following
two conditions are equivalent.

(i) V:S5=0.

(i) ¢S=S¢.
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