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Abstract. In this paper we establish four necessary conditions for recognizing visibility
graphs of simple polygons and conjecture that these conditions are sufficient. We present
an O (n?)-time algorithm for testing the first and second necessary conditions and leave it
open whether the third and fourth necessary conditions can be tested in polynomial time.
We also show that visibility graphs of simple polygons do not possess the characteristics of
a few special classes of graphs.

1. Introduction

Let P = (p1, p2, ..., pn) be a simple polygon. We say that a line segment lies inside
P if it does not intersect the exterior of P. Two points are said to be visible if the line
segment joining them lies inside P. Note that if the line segment touches the boundary
of P, they are still considered visible in P. An undirected graph G = (V, E) is called
the visibility graph of P if the vertices V = (vy, v, ..., v,) correspond to the vertices
of P and an edge occurs in E between two vertices v;, v; in V if and only if p; and Pj
are visible in P.

* Part of this work was done when the author visited the Johns Hopkins University and was supported by
NSF Grant DCR83-51468 and a grant from IBM.

Historical note: An earlier version of this paper appeared as [12] where we introduced the three necessary
conditions for recognizing visibility graphs of simple polygons. Everett [8] gave a counterexample to our con-
jecture for sufficiency of these conditions in her Ph.D. thesis, 1990. Her counterexample essentially suggested
strengthening the third necessary condition. She also suggested the stronger version of the third necessary
condition, which has been proved by Srinivasaraghavan and Mukhopadhyay [21]. However, the counterexam-
ple given by Abello ez al. [4] shows that even with the stronger version of the third necessary condition, the
three necessary conditions are not sufficient. In this version we identify another necessary condition which
also circumvents this counterexample.
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The visibility graph is a fundamental combinatorial structure in computational ge-
ometry, that is used in computing shortest paths amidst polygonal obstacles in the plane
[16] and in decomposing two-dimensional shapes into clusters [19]. The problems of
computing, recognizing, and characterizing visibility graphs of simple polygons have
fascinated many researchers in computational geometry. Researchers have also consid-
ered the complexity of solving standard graph-theoretic problems for visibility graphs.
Hershberger [15] proposed an O (E)-time algorithm for computing the visibility graph.
Avis and Rappaport [5] proposed a polynomial-time algorithm for finding the largest
clique in visibility graphs. The minimum dominating set problem in visibility graphs
(known as the art gallery problem) is known to be NP-hard [17]. The maximum indepen-
dent set problem in visibility graphs (known as the hidden set problem) is also known
to be NP-hard [20]. However, there are polynomial-time algorithms for this problem for
visibility graphs of special classes of polygons [13].

Given an undirected graph with a Hamiltonian cycle, the problem of recognizing
visibility graphs is to test whether there exists a simple polygon such that:

1. The Hamiltonian cycle of the graph forms the boundary of a simple polygon.
2. Two vertices of the simple polygon are visible if and only if they correspond to
adjacent vertices in the graph.

Based on the earlier version of this paper [12], Everett and Comneil [9] have proposed
an algorithm for recognizing visibility graphs of spiral polygons. Since then, several
results on characterization, recognition, and reconstruction of visibility graphs have
appeared in the literature. For details, see [18]. However, the problem of recognizing
visibility graphs in general is still an open problem.

In this paper we propose four necessary conditions for visibility graphs and prove
that these conditions are sufficient to determine the convex and refiex vertices of simple
polygons. We conjecture that these four necessary conditions are sufficient to recognize
visibility graphs of simple polygons. We present an O(n?)-time algorithm for testing
Necessary Conditions 1 and 2 and leave it open whether Necessary Conditions 3 and 4
can be tested in polynomial time by exploiting polygonal geometry. Finally, we show
that visibility graphs of simple polygons do not possess the characteristics of perfect
graphs, circle graphs, or chordal graphs.

2. Necessary Conditions

We assume that the vertices of the given visibility graph (denoted by V G) are numbered
from 1 to n and the given Hamiltonian cycle is 1, 2, . . ., n in counterclockwise order. A
cycleiy, iz, ..., ip in VG is said to be ordered if iy, i3, . . ., iy preserve their order in the
Hamiltonian cycle. The Hamiltonian cycle is the longest ordered cycle in VG.

Necessary Condition 1. In a visibility graph every ordered cycle of k > 4 vertices has
at least k — 3 diagonals.

Proof. Assume on the contrary that there exists a simple polygon P which contains an
ordered cycle of k vertices with k — 4 diagonals or less. As the ordered cycle of k vertices
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Fig. 1. The cycle (a, b, ¢, d) is an unordered cycle in the polygon.

corresponds to a subpolygon P’ and k — 3 diagonals are necessary to triangulate P’, P’
must contain at least an ordered cycle a, b, ¢, d without any diagonal. So, the diagonals
(a, ¢) and (b, d) must intersect the exterior of the polygon. Since both diagonals intersect
the exterior of the polygon, a, b, ¢, d is an unordered cycle in the polygon, as shown in
Fig. 1, which contradicts the assumption that a, b, ¢, d is ordered. 0

For any two vertices i and j in VG, the vertices from i to j, including i and j, in
clockwise and counterclockwise (i.e., Hamiltonian) order are referred to as the upper
and lower chain of (i, j), respectively. A pair of vertices (i, j) is said to be a visible
(or invisible) pair if i and j are adjacent (resp. not adjacent) in VG. Without loss of
generality, we assume i is always less than j for an invisible pair (i, j). A vertex a is said
to be a blocking vertex for an invisible pair (i, j) if no two vertices k of chain(i,a — 1)
and m of chain(a+ 1, j) are adjacentin V G. Vertex a is called a blocking vertex because
a can be used to block the line of sight between i and j in the polygon. In Fig. 2, 6 is the
blocking vertex for the invisible pair (1, 5) whereas the graphs in Fig. 3 is not a visibility
graph of a simple polygon because the invisible pair (3, 6) does not have any blocking
vertex. Intuitively, it is easy to see that reflex vertices in the polygon are blocking vertices
and they introduce pockets in the polygonal boundary with no two pockets visible from
each other as shown in Fig. 4. It has been observed by Everett [8] that all blocking
vertices may not be reflex vertices in the polygon and therefore, the notion of blocking
vertices is purely graph-theoretic.

2 3

Fig. 2. Vertex 6 is the blocking vertex for the invisible pair (1, 5).
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2 3

Fig. 3. The invisible pair (3, 6) does not have any blocking vertex.

Necessary Condition 2. Every invisible pair (i, j) in a visibility graph has at least
one blocking vertex.

Proof. Assume on the contrary that there exists a visibility graph of a simple polygon
which does not have any blocking vertex for an invisible pair (i, j). Since there is no
blocking vertex for the invisible pair (i, j) in the visibility graph, it implies that the
Euclidean shortest path between i and j in the polygon does not pass through any vertex
of the polygon. So, the line segment joining i and j lies totally inside the polygon and,
therefore, (i, j) is a visible pair in the visibility graph which is a contradiction. O

An invisible pair can have more than one blocking vertex in either chain; critical anal-
ysis shows that such invisible pairs are redundant constraints. In the following lemmas
we show that it is sufficient to consider blocking vertices for those invisible pairs which
have at most one blocking vertex in each of its lower and upper chains.

Lemma 1. If a and b are blocking vertices in the lower chain for the invisible pair
G, j), wherei < a < b < j, then a and b are blocking vertices for the invisible pairs
(i, b) and (a, j), respectively.

Proof. Since no two vertices between the chains (i, a — 1) and (a + 1, j) are visible
to one another, a is a blocking vertex for the invisible pair (i, ). Symmetrically, b is a
blocking vertex for invisible pair (i, a). [

Fig. 4. No two pockets are visible from each other.
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Lemma 2. Ifa and b are blocking vertices in the lower chain for invisible pairs (i, b)
and (a, j), respectively, where i < a < b < j, then a and b are blocking vertices for
the invisible pair (i, j).

Proof. Since a is a blocking vertex for the invisible pair (i, b), fori <k <a — 1 and
a+1<m <b, (k,m) is an invisible pair. Again, since b is a blocking vertex for the
invisible pair (@, j),fora < p<b—-landb+1<gq < j, (p, g) is an invisible pair.
To prove a and b are blocking vertices for the invisible pair (i, j), it will suffice to show
that there is no visible pair (k,g) suchthati <k <a—-landb+1<gq < j.

Assume on the contrary that (k, g) is a visible pair in VG such that, fork <m <a
andb < p < q,(m, p)isaninvisible pair. Let C be the smallest ordered cycle containing
k,a, b, and q. Since C is the smallest ordered cycle, there is no diagonal in C between any
two vertices of the chain (k, a), between any two vertices of the chain (a, b), and between
any two vertices of the chain (b, ¢). Since a is a blocking vertex, there is no diagonal in
C between the vertices of chains (k, a) and (a, b). Again, since b is a blocking vertex,
there is no diagonal in C between the vertices of the chains (a, b) and (b, g). Moreover,
there is no diagonal between the vertices of the chains (k, a) and (b, g) because visible
pair (k, g) is chosen accordingly. Since there is no diagonal in C, Necessary Condition
1 is contradicted and, therefore, (k, ¢) is an invisible pair in VG. So both a and b are
blocking vertices for the invisible pair (i, f). O

The above lemmas correspond to the fact that some of the blocking vertices in lower
or upper chains of an invisible pair form a chain of reflex vertices in the polygon as
shown in Fig. 5. From now on, we only consider invisible pairs that have at most one
blocking vertex in each of its lower and upper chains; call such invisible pairs minimal.
An assignment is a mapping from vertices to minimal invisible pairs such that

(i) a vertex assigned to any minimal invisible pair must be its blocking vertex,
(i) every minimal invisible pair is assigned to some blocking vertex, and
(iii) if a is assigned to a minimal invisible pair (i, j) where a € lower chain(i, j), then

Fig. 5. Blocking vertices form a chain of reflex vertices in a polygon.
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2

Fig, 6. Vertex 2 cannot block the visibility of separable invisible pairs (1, 6) and (3, 6) simultaneously.

a is also assigned to every minimal invisible pair (k, m) where k € chain(i, a—1)
and m € chain(a + 1, j).

Two invisible pairs (i, j) and (k, [) are said to be separable with respect to a vertex a
if k and [ are encountered before i and j when the Hamiltonian cycle is traversed from
a and a is the blocking vertex for both (i, j) and (k, ). Though it is necessary 1o have
a blocking vertex for each invisible pair, the same blocking vertex cannot block two
separable invisible pairs simultaneously. For example, 2 in Fig. 6 is the only blocking
vertex for both invisible pairs (1, 6) and (3, 6) but 2 cannot block the visibility of both
(1, 6) and (3, 6) as they are separable with respect to 2. This suggests the third necessary
condition.

Necessary Condition 3 [12]. Two separable invisible pairs in a visibility graph must
have distinct blocking vertices.

Proof. Leta be the sole blocking vertex for two separable invisible pairs (i, j) and (k, I)
where g lies in the lower chain of (i, k) (Fig. 7). Since only a can block the visibility
between i and j as well as between k and /, a must be a reflex vertex in the polygon

Fig. 7. Two separable invisible pairs (i, j) and (k, [} of a blocking vertex a.
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Fig. 8. This graph was proposed by Everett as a counterexample to our conjecture for sufficiency.

and lie above both (i, j) and (k, I). Since the interior of the two regions in the polygon
bounded by the ordered cycles i, a, j,...,i and a, k, ..., [, a are disjoint, a cannot lie
above (i, j) as well as above (k, /) in the polygon. Therefore a cannot block the visibility
between i and j as well as between k and /. Hence, no two separable invisible pairs in a
visibility graph can have the same blocking vertex. O

In our earlier version of this paper [12], it was conjectured that these three necessary
conditions are sufficient for a graph to be a visibility graph of a simple polygon. Consider
the graph in Fig. 8. The graph satisfies the three necessary conditions but it is not a vis-
ibility graph since blocking vertices 2 and 4 cannot simultaneously block the visibility
between invisible pairs (1, 8), (3, 8), and (5, 8). This counterexample to our conjecture
was proposed by Everett [8]. She also proposed the following stronger version of Nec-
essary Condition 3, which has been proved by Srinivasaraghavan and Mukhopadhyay
[21].

Necessary Condition 3 [8]. There is an assignment of vertices to all minimal invisible
pairs in a visibility graph such that no blocking vertex a is assigned to two or more
minimal invisible pairs that are separable with respect to a.

Another counterexample (Fig. 9) to our conjecture of sufficiency in [12] was proposed
by Abello et al. [4]. In fact this counterexample shows that the three necessary conditions
are not sufficient even after strengthening Necessary Condition 3 as suggested by Everett.
We now analyze why the graph in Fig. 9 is a counterexample. It can be seen that the
graph satisfies Necessary Conditions 1 and 2. Moreover, there is a unique assignment of
blocking vertices to all minimal invisible pairs. The blocking vertex 1 is assigned to (2, 9)
and (2, 10), the blocking vertex 2 is assigned to (1, 3) and (1, 4), the blocking vertex
5 is assigned to (1, 6), (2, 6), (3, 6), (4, 6), (4,7), and (4, 8), and the blocking vertex 8
is assigned to (1,7), (2,7), (5,9), (6,9), (7,9), and (7, 10). Observe that no blocking
vertex is assigned to two or more of its separable invisible pairs. Therefore, this graph
also satisfies even the stronger version of Necessary Condition 3. However, observe now
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Fig. 9. This graph was proposed by Abello et al. as a counterexample to our conjecture for sufficiency.

that the graph is not a visibility graph. Note that the blocking vertices 1, 2, 5, 8 are reflex
vertices in the subpolygon (1, 2,4, 5, 8,9, 1) because 1, 2, 5, 8 are assigned to minimal
invisible pairs (2, 9), (1, 4), (4, 8), (5, 9), respectively. This implies that there are four
reflex vertices in a polygon of six vertices, which is not possible. This suggests the fourth
necessary condition.

Necessary Condition 4. For any assignment of blocking vertices to all minimal invis-
ible pairs in a visibility graph, the total number of vertices of any ordered cycle C, which
are assigned to the minimal invisible pairs between the vertices of C, is at most |C| — 3.

Proof. Assume on the contrary that, for a given graph, there is an assignment and an
ordered cycle C, such that the assignment maps |C| — 2 or more vertices of C to all
minimal invisible pairs between the vertices of C. Let P’ be the subpolygon of a simple
polygon whose edges on the boundary correspond to the edges of C. Since each of these
blocking vertices is assigned to some minimal invisible pair between the vertices of C, it
is a reflex vertex in P’. So, the sum of internal angles of P’ is more than (|C| — 2)180°,
which contradicts the fact that the sum of internal angles of any simple polygon of |C]|
vertices is (|C| — 2)180°. O

So far we have shown that any visibility graph of a simple polygon must satisfy
the four necessary conditions. Moreover, we have shown in Lemmas 1 and 2 that it is
sufficient to consider only minimal invisible pairs. If a minimal invisible pair (i, j) has
only one blocking vertex a, then a is a reflex vertex in the polygon because only a can
block the line of sight between i and j in the polygon. If a minimal invisible pair (i, j)
has two blocking vertices a and b in opposite chains of (i, j), then at least one of a and
b must be a reflex vertex in the polygon as follows.

Let an invisible pair (i, j) have exactly two blocking vertices a and b in the lower and
upper chains of (i, ), respectively (Fig. 10). Since i, a, j, and b form an ordered cycle
and (i, j) is an invisible pair, (a, ) must be a visible pair in V G by Necessary Condition
1.Let Vi =chain(b+1,...,i), Vo = chain(i,...,a — 1), V3 = chain(a + 1, ..., j),
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Fig. 10. Cross-visibility exists across (a, b) between the vertices of V; and V3.

and V4 = chain(j, ..., b — 1). If there is a visible pair between V; and V; or V; and V4,
we say that there exists cross-visibility across (a, b). If no cross-visibility exists across
(a, b), then the graph can be partitioned into two “independent” subgraphs induced
by vertices i, ...,a,b,...,ianda, ..., j,..., b, a. Note that every visible pairin VG
belongs to either of the subgraphs. So, a or b or both can be reflex vertices in the polygon
to block the visibility between the vertices V; U V, or V3 U V,. If cross-visibility exists
across (a, b), then both a and b must be reflex vertices in the polygon and we prove it in
the following theorem.

Theorem 1. Let a minimal invisible pair (i, j) have exactly two blocking vertices a
and b in the lower and upper chains of (i, j), respectively. If cross-visibility exists across
(a, b), then both a and b are reflex vertices in the polygon.

Proof. Without loss of generality, we assume that cross-visibility exists across (a, b)
between the vertices of V) and Vi. Let (k,[) be a visible pair in VG where k € V),
leVy,k<i,andl > asuchthat, fori >m > kanda < p <1, (m, p) is an invisible
pair in VG (Fig. 10). Let C be the smallest ordered cycle containing k, i, a, and [. Since
C is the smallest ordered cycle, there is no diagonal in C between any two vertices of
the chain (k, i) and between any two vertices of the chain (a + 1, [). Moreover, there
is no diagonal between the vertices of the chain (k, i) and the chain (a + 1, I) because
visible pair (k, /) is chosen accordingly. Therefore, a is an endpoint of every diagonal
in C. As C must contain |C| — 3 diagonals, for all ¢ € C, (a, ¢) is a visible pair and,
therefore, (a, !) is a visible pair in C. Since C is the smallest ordered cycle, vertices a
and / are adjacent in C. Now, no vertex m fori > m > k in C is a blocking vertex for
the invisible pair (i, /) because (i, b) is a visible pairin V G. Therefore, only a can block
the line of sight between i and /. Similarly, there exists an invisible pair in VG for which
b is the sole blocking vertex. Thus, although a or b can block the line of sight between
i and j, both g and b must be reflex vertices in the polygon. a
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3. An Algorithm for Testing Necessary Conditions

Assume that the vertices of the given graph are numbered from 1 to n according to
their order in the Hamiltonian cycle, and their connectivity information is stored in
an adjacency matrix. To test Necessary Condition 1, we have to check the number of
diagonals in every ordered cycle. As the size of an ordered cycle varies from 4 to n,
there are an exponential number of ordered cycles in a visibility graph and, therefore,
the time complexity of the algorithm of the brute-force algorithm grows exponentially.
In [12] it was left open whether Necessary Condition 1 can be tested in polynomial time
by exploiting the polygonal geometry. It has been shown by Everett [8] that Necessary
Condition 1 can be tested in O (n*) time. Here we show that Necessary Conditions 1 and
2 can be tested in O(n?) time.

If we consider all possible assignments of blocking vertices to minimal invisible pairs
in the visibility graph, the brute-force algorithm for testing Necessary Conditions 3 and
4 runs in exponential time. Note that given an assignment, Necessary Conditions 3 and
4 can be tested in O (n?) time. It will be interesting to see whether Necessary Conditions
3 and 4 can be tested in polynomial time by exploiting the polygonal geometry.

Consider any three vertices i, j, and k in Hamiltonian order. Vertices j and k are said
to be consecutive visible vertices of i if (i, j) and (i, k) are visible pairs and (i, /) is an
invisible pair for all / € chain(j + 1, k — 1), Intuitively, j and k are two consecutive
vertices on the boundary of the fan with i as the fan vertex. In order to test Necessary
Condition 1, it is enough to check, for all i, whether every such pair of vertices j and k
is connected by an edge in V G, as shown in the following lemmas.

Lemma 3. [fthe given graph V G satisfies Necessary Condition 1, then, for every vertex
i of VG, any two consecutive visible vertices of i are connected by an edge in VG.

Proof. Assume on the contrary that V G satisfies Necessary Condition 1 but there exist
three vertices i, j, and k in Hamiltonian order such that (i, j) and (i, k) are visible pairs
and (j, k) is an invisible pair. Let C be the smallest ordered cycle containing k, i, j
and vertices of chain(j, k). Since (J, k) is an invisible pair by assumption and C is the
smallest ordered cycle, there is no diagonal between vertices of chain(j, k) occurring in
C and |C| > 4. Moreover, no vertex of chain(j + 1, k — 1) is visible from { because j
and k are two consecutive visible vertices of i. Hence C is an ordered cycle without any
diagonal, contradicting the fact that V G satisfies Necessary Condition 1. O

Lemma 4. Ifthe given graph'V G does not satisfy Necessary Condition 1 but satisfies
the condition that, for every vertex i of VG, any two consecutive visible vertices of i are
connected by an edge in VG, then VG does not satisfy Necessary Condition 2.

Proof. Since VG does not satisfy Necessary Condition 1, there exists an ordered cycle
C of size k which has less than k — 3 diagonals. It implies that there exists another
ordered cycle C’ within C, where |C’| > 4, such that C’ does not have any diagonal. We
show that there exists an invisible pair between two vertices of C’ without any blocking
vertex.
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Fig. 11. The path (im+1, j1, j2, ..., Jp. im—1) and the counterclockwise boundary of C’ from Im+1 10 Imt)
are interleaving.

LetC' = (i1, 1, ..., ;). Consider any vertex i,, € C'. Since any two consecutive vis-
ible vertices of i, are connected by an edge, there is an ordered cycle iy, im+1, jis j2, - - . »
Jp» im—1 such that every vertex of this cycle is connected by an edge to i, (Fig. 11). Since
C' is an ordered cycle without any diagonal and (i, j1), (im, j2), .. ., (im, Jp) are visible
pairs, ji, j2,...,j, are not vertices of C’. Observe that the path
(im+15 J1s J2s - - -+ Jp» im—1) and the counterclockwise boundary of C’ from i1 t0 ims)
are interleaving. So, no vertex of chain(im+1, im-1) is a blocking vertex for the invisible
pair (ipm+1, im—1). It implies that i,, is the only vertex that can block the visibility between
im41 and i,,_y. Since each vertex of C' is the only vertex that can block the visibility
between its two adjacent vertices on C’, to prove the lemma it suffices to show that there
exists a vertex in C’ such that it cannot block the visibility between its two adjacent
vertices on C’.

Let (i, jm) be the visible pair such that i,,.| and j,, are consecutive visible vertices
of iy, where jn, € chain(imy1, im—1) (Fig. 12). X j,, € chain(imsy, imy2), then imy
cannot block the invisible pair (i, im42). So, we assume that j, does not belong to
chain(im+1, im+2) and it belongs to chain(i,, i;4)) for some . Again, let (imy1, jme1)
be the visible pair such that i,,12 and j,4; are consecutive visible vertices of i, ;. So,
Jm+1 must belong to chain(ip2, jm) because (im41, jm) is a visible pair. Further, j,
does not belong to chain(ip.2, im+3) because then i, ., cannot block the invisible pair
(im+1s im+3). SO jm+) must belong to chain(i,+3, jm). This argument can be repeated to
claim that jy,+1( > 1) must lie on chain(im+i+2, jm+1-1)- Observe that by this repetition
we arrive at a vertex ip44) such that j,.;4) lies in chain(imii42, jm+s). Hence Im+1+2
cannot block the visibility between i1 and ipqsq3. I

The above lemmas suggest that, for testing Necessary Condition 1, it is enough to
check whether any two consecutive visible vertices of every vertex are connected by
an edge in VG. The time required to check the visible vertices of a fixed vertex i is
proportional to the number of visible vertices of i. So the time required to check for all
vertices is proportional to the total number of visible pairs in V G, which is O (n?).
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Fig.12. Vertices i1 and j,, are consecutive visible vertices of i,,.

By the definition of a blocking vertex, Necessary Condition 2 can be tested by checking
for every invisible pair (i, j) that there exists a vertex a in the lower (or upper) chain
of (i, j) such that no two vertices between chain(i, a — 1) (resp. chain(a + 1, i)) and
chain(a+ 1, j) (resp. chain(j, a — 1)) are adjacent in V G. Since the number of invisible
pairs in VG is O (n?), this naive method takes O(n*) time. In the following we show
that Necessary Condition 2 can be tested in O(n?) time.

Instead of finding a blocking vertex for every invisible pair, our procedure for every
vertex i of VG locates those invisible pairs that can be blocked by i. If there exists an
invisible pair that cannot be blocked by any vertex, then V G does not satisfy Necessary
Condition 2.

We now state the procedure for locating those invisible pairs that can be blocked
by i. Observe that if i is a blocking vertex for both invisible pairs (j, g) and (j, q")
where q' € chain(q, j), then i is a blocking vertex for all invisible pairs (j, [) where
I € chain(q, q'). This observation suggests that if (i + 1, k) is the visible pair such that
no vertex of chain(k + 1, i — 1) is adjacent to i + 1 in VG, then i is a blocking vertex for
all invisible pairs (i + 1, !) where ! € chain(k+ 1, i — 1) (Fig. 13). Note thatif k = i —1,
then i is not a blocking vertex for any invisible pair in V G. Also note that if i is a blocking
vertex for any invisible pair in V G, then one of the vertices of such an invisible pair must
belong to chain(k + 1,i — 1). So, a variable range is maintained which is initialized by
k. Similarly, let (i + 2, k) be the visible pair such that no vertex of chain(k,i — 1) is
adjacent to i +2in VG. If k belongs of chain (range, i — 1), assign k to range. So, i isa
blocking vertex for all invisible pairs (i + 2, /) where ! € chain(range + 1,i — 1). Thus
by traversing the Hamiltonian cycle in counterclockwise order from i + 1 to i — 3, all
invisible pairs can be located such that i is one of their blocking vertices. Note that after
some iterations if range becomes i — 1, then i cannot block any more invisible pairs.

For locating invisible pairs where j is one of their vertices and i is their blocking
vertex, the visible pair (j, k) is located such that no vertex of chain(k, i — 1) is adjacent
to j in VG. To locate such a visible pair (j, k) in O(1) time, a circular list is maintained
for each vertex j of VG. The circular list for j consists of all pairs (j, j + 1), (j, j +
2),...,(j, j— 1) and each pair has a pointer indicating its next clockwise visible pair in
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k+1

Fig. 13. No vertex of chain(k + 1,i — 1) is adjacent toi + 1 in VG.

the list. In Fig. 14, (5, 7) is the next clockwise visible pair of the invisible pair (5, 1) in
the circular list for vertex 5. Moreover, to locate any pair in the list in O(1) time, there
is a pointer in each location of the adjacency matrix to its corresponding pair in the list.
Since the number of such pairs (j, k) located by the algorithm can be O (n?) in the worst
case, the total time required to locate all of them is O(n?).

If i is found to be a blocking vertex for an invisible pair (j, ¢) and (j, g) already has
a blocking vertex a such that both a and i belong to the upper or lower chain of (j, g),
then (j, ¢) is not a minimal invisible pair. Therefore (j, q) is deleted in O(1) time from
circular lists of j and ¢ and the pair is not considered subsequently by the procedure.
Since the procedure locates at most two blocking vertices for any minimal invisible
pair and at most three blocking vertices for other invisible pairs, the time required is
proportional to the number of invisible pairs, which is O (n?). Since circular lists for
all vertices can be initialized in O(n?) time and subsequent operations require O (n?)
time, the overall time required to test Necessary Condition 2 is O (n?). We summarize
the result in the following theorem.

Theorem 2. Given a graph of n vertices, Necessary Conditions 1 and 2 can be tested
in O(n?) time.

Fig. 14. The circular list for vertex 5.
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4. Characterization Problem

Previous discussions show that visibility graphs of simple polygon have natural struc-
tures and characterizing these structures may turn out to be useful in designing efficient
algorithms for geometric problems. From Necessary Condition 1, it seems that visibility
graphs of simple polygons may fall into one of the known special classes of graphs, e.g.,
perfect graphs, circle graphs, or chordal graphs, but we have found counterexamples in
all cases even for special classes of polygons. For an excellent survey of special classes
of graphs, refer to [14]. :

An undirected graph G is called a perfect graph [14] if X (A) = w(A) for every
induced subgraph A of G (including G itself). Here w(G) denotes the maximum cardi-
nality clique of G and X (G) is the chromatic number of G. Vertices 2, 8, 4, 10, and 6 in
the visibility graph of a simple polygon in Fig. 15 form an odd cycle without a diagonal
and, therefore, the chromatic number is not equal to the maximum cardinality clique.
Even in the case of a convex fan, the visibility graph is not a perfect graph. Vertices 2, 6,
5, 4, and 8 form an odd cycle without a diagonal in the visibility graph of a convex fan
in Fig. 16.

An undirected graph G is called a circle graph [10] if there exists a set of chords C on
a circle and one-to-one correspondence between vertices of G and chords of C such that
two distinct vertices are adjacent in G if an only if their corresponding chords intersect.
A graph G is not a circle graph if G contains a wheel (Fig. 17) as its subgraph [6]. In
Fig. 16, vertex 1 and the cycle 2, 6, 5, 4, and 8 have formed a wheel. This counterexample
also shows that visibility graphs do not belong to the union of perfect graphs and circle
graphs.

An undirected graph G is called a chordal graph [11] if every cycle with four or
more vertices has a diagonal. Since chordal graphs are perfect graphs, visibility graphs
of simple polygons are not chordal graphs. Even in the case of a staircase polygon, the
visibility graph is not a chordal graph. In Fig. 18, vertices 16, 10, 12, and 6 form a cycle
without a diagonal. .

10

4

Fig. 15. Vertices 2, 8, 4, 10, and 6 form an odd cycle without a diagonal.
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Fig. 16. Vertices 2, 6, 5, 4, and 8 form an odd cycle without a diagonal.

2

Fig. 17. Vertices 1, 2, 3, 4, 5, and 6 form a wheel.
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Fig. 18. Vertices 16, 10, 12, and 6 form a cycle without a diagonal.
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The counterexamples demonstrate that visibility graphs of simple polygons are not
highly structured graphs but the possibility of characterizing visibility graphs in terms of
any known class of graphs cannot be totally ruled out. So far, visibility graphs of special
classes of polygons such as spiral polygons [9], staircase polygons [1], and convex
fans [2], [7] have been characterized. However, we feel that visibility graphs of simple
polygons in general form a new class of graphs.

5. Concluding Remarks

We have established four necessary conditions for recognizing visibility graphs of simple
polygons and have identified which vertices must be reflex and which vertices might be
reflex in the polygon. To show that these four conditions are sufficient, we have to
establish that whenever a given graph satisfies the four conditions, there exists a polygon
which satisfies the visibility constraints of the given graph.

Suppose we want to reconstruct the polygon from the graph in Fig. 19. The invisible
pairs are (1, 6), (1, 9), (1, 10), (2, 5), (2, 6), (2, 7), (2, 10), (3, 5), (3, 6), (3, 7), (3, 8), (3,9),
(3,10),(3,11),(4,6),(4,7),(4, 10, (5, 13), (6, 12), (6, 13), (6, 14), (7, 13), (8, 13), (9, 12),
(9, 13), (9, 14), (10, 12), (10, 13), (10, 14), (11, 13), (11, 14). The blocking vertices are
4,5, 11, and 12 and they are visible to one another. Now we place each blocking vertex
at the corner of a square and draw lines through them as shown in Fig. 20. Observe that
lines drawn through blocking vertices divide the plane into regions. The next vertex i
added to the configuration is placed in a region which satisfies the visibility constraints
of i. Thus, at each iteration, we add a vertex i to the configuration and draw lines from i
through the appropriate blocking vertices. However, at some iteration, we may not find
any region which satisfies the visibility constraints of i. For example, it can be seen that

Fig. 19. A given graph.
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13 i0

Fig. 20. Constructing a simple polygon from the graph.

vertex 8 cannot be added to the configuration since there is no region which satisfies the
visibility constraints of vertex 8. In such a situation we have to rearrange the positions
of existing vertices so that an appropriate region is created for i. Though it seems that
such a rearrangement can always be found whenever the four necessary conditions are
satisfied, it is not entirely clear from a topological point of view how to settle this issue.
So, we conclude with the conjecture that the four necessary conditions are sufficient to
recognize visibility graphs of simple polygons.

As pointed out in the Introduction, several results on the problem of recognizing
visibility graphs of various classes of graphs have appeared in the literature. Recently,
Abello and Kumar [3] have independently suggested four new necessary conditions
for recognizing visibility graphs of simple polygons, in addition to the three necessary
conditions proposed in the first version of this paper [ 12]. It can be easily seen that the first
necessary condition of Abello and Kumar, which they call locally inseparable, follows
from Necessary Condition 3 and the definition of the assignment of blocking vertices. In
the following we show that the second, third, and fourth necessary conditions proposed
by Abello and Kumar, which correspond to the properties of the Euclidean shortest path
between any two vertices in a polygon, follow from Necessary Condition 4.

Let ESP(i1, i;) = (i1, {2, . .., i;) denote the Euclidean shortest path from a vertex i;
to another vertex i; of a polygon. It is known that ESP(ij, i1) = (ij, -, ..., 1)), i.e.,
two paths are identical. So, any assignment of blocking vertices to minimal invisible
pairs must ensure that this property of the Euclidean shortest path between any two
vertices in the corresponding polygon is preserved. Abello and Kumar have suggested
this property, which they call path-symmetric, as the second necessary condition. We
show that the second necessary condition of Abello and Kumar follows from Necessary
Condition 4.

Assume on the contrary that there exists an assignment of blocking vertices which
satisfies Necessary Condition 4 but does not satisfy the second necessary condition of
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Fig. 21. Two paths between vertices /; and i;.

Abello and Kumar for paths between two vertices i; and i; (Fig. 21). Let (i1, ia, ..., i,
by, b, ..., bg,igs1, ..., ij) be the path in the graph from iy to i; such that every vertex
(except i; and i;) in the path is the blocking vertex assigned to the minimal invisible pair
formed by its adjacent two vertices on the path. Analogously, let (i;, . . ., ix41, €1, €2, . . .,
ct, ik, . .., i1) be the path in the graph from i; to i; such that every vertex except i; and
i) in the path is the blocking vertex assigned to the minimal invisible pair formed by its
adjacent two vertices on the path. Since these two paths are not identical by assumption,
there exists two subpaths (ig, by, b2, ..., b, ix41) and (ig41, €1, €2, .- ., €1, i) Which
form a cycle C in the graph and all vertices in C are distinct. If C is an ordered cycle,
then all vertices except ix and ir, are reflex in the corresponding subpolygon, which
contradicts the assumption that the assignment of blocking vertices has satisfied Neces-
sary Condition 4. So, we assume that C is an unordered cycle. Let P’ be the crossing
subpolygon corresponding to C. Let z be the first intersection point encountered while
traversing P’ from iy. Let (cp, cp41) and (b;_1, b;) be the visible pairs such that their
corresponding edges in P’ have intersected at z (Fig. 21). So, there exists another ordered
cycle C’ consisting of iy, by, b2, ..., by, dy, da, ..., Cps1, - . ., €1, B such that every ver-
tex of C’ except iy and b, is a blocking vertex assigned to the minimal invisible pair
formed by its adjacent vertices on C’. Since all vertices except i, and b, are reflex in
the corresponding subpolygon of C’, the assignment of blocking vertices cannot satisfy
Necessary Condition 4, which is a contradiction.

We now show that the third necessary condition of Abello and Kumar also follows
form Necessary Condition 4. It is known that if ESP(i, k) passes through vertex j and
ESP(j, 1) passes through vertex k, then ESP(i, I} passes through both j and k. So, any
assignment of blocking vertices to minimal invisible pairs must ensure that this property
of the Euclidean shortest path between any two vertices in the corresponding polygon
is preserved. Abello and Kumar have suggested this property, which they call the first
path-consistent assignment, as the third necessary condition. Assume on the contrary that
there exists an assignment of blocking vertices which satisfies Necessary Condition 4
but does not satisfy the third necessary condition of Abello and Kumar. Using analogous
arguments to those mentioned above, it can be shown that there exists an ordered cycle
C formed by the two subpaths between j and & such that all vertices of C except j and
k are assigned to minimal invisible pairs between the vertices of C, which contradicts
that the assignment of blocking vertices has satisfied Necessary Condition 4.
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We now show that the fourth necessary condition of Abello and Kumar also fol-
lows from Necessary Condition 4. Assume that ESP(i, j) passes through a vertex a. If
a € lower chain(i, j), then, for any two vertices k and / where k € chain(i,a—1)and! €
chain(a + 1, j), ESP(k, l) also passes through a. Analogously, if a € upper chain(i, j),
then, for any two vertices k and / where k € chain(a + 1,i) and I € chain(j,a — 1),
ESP(k, 1) also passes through a. This is a known property of the Euclidean shortest path.
So, any assignment of blocking vertices to minimal invisible pairs must ensure that this
property of the Euclidean shortest path between any two vertices in the corresponding
polygon is preserved. Abello and Kumar suggest this property, which they call the second
path-consistent assignment, as the fourth necessary condition. Assume on the contrary
that there exists an assignment of blocking vertices which satisfies Necessary Condition 4
but does not satisfy the fourth necessary condition of Abello and Kumar. Using analogous
arguments to those mentioned above, it can be shown that there exists an ordered cycle
C formed by the paths from & to [, from / to a, and from a to k such that all vertices of C
except k and ] are assigned to minimal invisible pairs between the vertices of C, which
contradicts that the assignment of blocking vertices has satisfied Necessary Condition 4.

The above discussion shows that if any graph satisfies our four necessary conditions,
then it also satisfies all necessary conditions suggested by Abello and Kumar. Since the
Euclidean shortest path between any two points in a simple polygon is unique and this
property can be proved from the fact that the sum of the internal angles of a simple poly-
gon of n vertices is (n — 2)180°, it is natural that the second, third, and fourth necessary
conditions of Abello and Kumar, which correspond to the uniqueness property of the
Euclidean shortest path, follow from Necessary Condition 4.

In the same paper, Abello and Kumar have introduced a class of graphs called quasi-
persistent graphs and have shown that visibility graphs of simple polygons are contained
in this class. They have pointed out (see Theorem 2 in [3]) that the class of quasi-persistent
graphs is equivalent to the class of graphs satisfying Necessary Conditions 1 and 2. So
Lemmas 3 and 4 give an alternate proof of the equivalence between quasi-persistent
graphs and graphs satisfying Necessary Conditions 1 and 2. Moreover, our algorithm
for testing Necessary Conditions 1 and 2 can be viewed as an algorithm for recognizing
quasi-persistent graphs. In addition, the claim made by Abello et al. [1] that our four
necessary conditions are not sufficient is not correct.
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