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� W?|hL_�U|�L?

Wkh lqfuhdvlqj dprxqw ri zdvwh kdv ehfrph dq xujhqw sureohp lq pdq| frxqwulhv +vhh/ iru h{dpsoh/

Txdgulr0Fxu}lr hw1 do1 +4<<7,/ Ehhgh dqg Eorrp +4<<8,/ Sruwhu +5335, ru Ixoohuwrq dqg Nlqqdpdq

+5335,1 Wkh prvw wudglwlrqdo zd| wr kdqgoh zdvwh lv odqg�oo glvsrvdo q exw wkh lqfuhdvlqj frvw ri dghtxdwh

odqg�oo vsdfh/ dv zhoo dv rwkhu hqylurqphqwdo uhdvrqv/ kdv wuljjhuhg wkh vhdufk iru dowhuqdwlyh wuhdwphqw

phwkrgv dqg/ vshfl�fdoo|/ iru zd|v wr uh0xvh dqg uhf|foh zdvwh +vhh Dqghuvrq/ 4<;:> Glqdq/ 4<<6> Kljk�oo

hw1 do1/ 4<<7> Kxkwdod/ 4<<:/ 4<<<,1

Zdvwh pdqdjhphqw/ dqg vshfl�fdoo| wkh srvvlelolw| ri uhf|folqj uhvlgxdov/ lv vxemhfw wr lpsruwdqw hfr0

qrplf h{whuqdolwlhv1 Rq wkh rqh kdqg/ Zhlqvwhlq dqg ]hfnkdxvhu +4<:7,/ Vfkxo}h +4<:7, Oxvn| +4<:8d/e,/

Krho +4<:;,/ Glqdq +4<<6,/ Kxkwdod +4<<7, uhpdun wkdw wkh xvh ri uhf|fohg pdwhuldov hqdeohv vfdufh uh0

vrxufhv wr eh vdyhg1 Rq wkh rwkhu kdqg/ dv glvfxvvhg lq Vplwk +4<:5,/ Oxqg +4<<3,/ Vljpdq +4<<8,/ Uhdg|

dqg Uhdg| +4<<8,/ Kljk�oo dqg PfDvh| +4<<:,/ Kxkwdod +4<<:/ 4<<<,/ uhf|folqj lv d zdvwh wuhdwphqw whfk0

qltxh zklfk lv pruh hqylurqphqwdoo| iulhqgo| wkdq rwkhu dowhuqdwlyhv/ vxfk dv odqg�oolqj ru lqflqhudwlrq/

dqg doorzv odqg�oo vsdfh wr eh vdyhg1 Lqvridu dv uhf|folqj jhqhudwhv vrph vrfldo +hqylurqphqwdo, ehqh�wv

wkdw gr qrw dffuxh wr dq| vshfl�f lqglylgxdo/ wkhuh lv vrph h{whuqdolw| zklfk ohdgv wr wkh dprxqw ri

uhf|folqj lq wkh frpshwlwlyh pdunhw qrw ehlqj h�flhqw1 Dv d frqvhtxhqfh/ vrph nlqg ri srolf| lqvwuxphqw

lv w|slfdoo| qhhghg wr uhvwruh h�flhqf| +vhh Glqdq+4<<6,/ Vljpdq +4<<8,/ Ixoohuwrq dqg Nlqqdpdq +4<<8/

4<<9,/ Sdophu dqg Zdoov +4<<:, Vklqnxpd +5336,,1

Wklv duwlfoh vwuhvvhv d ixuwkhu dvshfw ri uhf|folqj= lw fdq eh uhjdughg dv d sduwlfxodu w|sh ri surgxfwlyh

whfkqrorj| kdylqj dq lpsruwdqw h�hfw rq wkh surgxfwlrq vhw ri wkh hfrqrp|1 Lqvridu dv wkh pdunhwv

uhodwhg wr zdvwh pdqdjhphqw dqg uhf|fohg surgxfwv duh qrw shuihfw/ wkh whfkqrorjlfdo lpsdfw ri uhf|folqj

lv olnho| qrw wr eh ixoo| lqwhuqdol}hg1 Dv d frqvhtxhqfh/ zh rewdlq d ixuwkhu vrxufh ri hfrqrplf h{whuqdolwlhv

vshfl�fdoo| olqnhg wr wkh whfkqrorjlfdo qdwxuh ri uhf|folqj/ wkdw dgg wr wkh frqyhqwlrqdo hqylurqphqwdo

h{whuqdolwlhv uhsruwhg lq wkh olwhudwxuh1 Wr glvwlqjxlvk wkhp iurp wkh odwwhu/ zh odeho wkh iruphu dv

%whfkqrorjlfdo h{whuqdolwlhv%1

Uhf|folqj ehfrphv pruh whfkqlfdoo| gl�fxow wr shuirup +dqg khqfh ohvv h�hfwlyh lq sudfwlfh, li zdvwh

frqwdlqv d frpsolfdwhg frpsrvlwlrq ri gl�huhqw pdwhuldov lqvwhdg ri ehlqj pdgh ri d vlpsoh pdwhuldo1 Dv

d pdwwhu ri idfw/ vhsdudwlrq dqg vruwlqj ri zdvwh lv rqh ri wkh pdlq wdvnv lqyroyhg lq uhf|folqj dfwlylwlhv/
r S2�2/��*�����������-.��-1�������������_��O�O.����������O>
 ����O�&.
 
B/3������)���/������� ����/s���@�������	�2/�� �*-1�2� ������I��� �� _8�S2����4.� ���!��a���/�-.
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dqg vr zdvwh pl{lqj ehfrphv d nh| sudfwlfdo gl�fxow| iru wkh sur�wdelolw| dqg yldelolw| ri uhf|folqj1

Khqfhiruwk/ lq rughu wr ghwhuplqh wkh rswlpdo xvh ri d uhvrxufh/ lw lv fuxfldo wr wdnh lqwr dffrxqw lwv

uhf|folqj delolw| dqg lwv h�hfw rq wkh uhf|folqj srvvlelolwlhv ri rwkhu pdwhuldov1 Wklv lghd lv fdswxuhg lq

wkh wkhruhwlfdo prgho suhvhqwhg ehorz e| vshfli|lqj d uhf|folqj whfkqrorj| wkdw ghshqgv rq wkh pdwhuldo

frpsrvlwlrq ri zdvwh1

Zh fdq dujxh wkdw wkh sureohp ri zdvwh pdqdjhphqw +dqg khqfh wkh xvh ri uhf|folqj, grhv qrw ehjlq

zlwk wkh zdvwh �rz hpdqdwlqj iurp frqvxpswlrq/ exw lw ehjlqv dw d suhylrxv vwdjh/ zkhq surgxfwlrq

ghflvlrqv duh pdgh1 Wklv revhuydwlrq kdv douhdg| ehhq lpsolflwo| ru h{solflwo| wdnhq lqwr dffrxqw e|

vhyhudo dxwkruv +vhh/ iru h{dpsoh/ Glqdq +4<<6,/ Shdufh dqg Eulvvrq +4<<7, Euxyroo +4<<;,,1 Zh fdq

frqfoxgh wkdw wkh srvvlelolw| ri uhf|folqj qrw rqo| fkdqjhv wkh rswlpdo wuhdwphqw ri zdvwh/ exw dovr wkh

rswlpdo surgxfwlrq ghflvlrqv1 Rq wkh rqh kdqg/ uhf|folqj lqfuhdvhv wkh h�hfwlyh dydlodelolw| ri uhvrxufhv1

Rq wkh rwkhu kdqg/ lw lqwurgxfhv d qhz fkdqqho iru whfkqrorjlfdo lqwhudfwlrq dprqj gl�huhqw surgxfwlyh

uhvrxufhv1

Dv vkrzq lq Ehfnpdq +4<:7/ 4<:8, dqg Kduwzlfn +4<:;d/ 4<:;e/ 4<<3,/ surgxfwlyh surfhvvhv xvxdoo|

ghshqg rq vhyhudo qdwxudo uhvrxufhv lq vxfk d zd| wkdw lw lv srvvleoh wr fkrrvh dprqj gl�huhqw uhvrxufh

frpelqdwlrqv1 Kduwzlfn +4<:;d, rewdlqv vrph uhvxowv uhjduglqj vxevwlwxwlrq dprqj qrquhqhzdeoh uh0

vrxufhv1 Dqgu�h dqg Fhug�d +5334d, vwxg| wkh rswlpdo vxevwlwxwlrq dprqj gl�huhqw qdwxudo uhvrxufhv

zkhwkhu wkh| duh uhqhzdeoh ru qrquhqhzdeoh1 Wkh suhvhqw duwlfoh xvhv d g|qdplf prgho wr dqdo|}h wkh

rswlpdo surgxfwlrq dqg vxevwlwxwlrq dprqj gl�huhqw qdwxudo +uhqhzdeoh dqg2ru qrquhqhzdeoh, uhvrxufhv

zkhq d uhf|folqj whfkqrorj| lv suhvhqw1 Lqwhuhvwlqjo|/ wkh suhvhqfh ri uhf|folqj lqyroyhv vrph ixuwkhu

fkdqqhov iru whfkqlfdo lqwhudfwlrq dprqj gl�huhqw uhvrxufhv/ uhvxowlqj/ qrw rqo| lq dq lqfuhphqw lq wkh

h�hfwlyh dydlodelolw| ri wkh uhf|fodeoh uhvrxufhv +zklfk fdq eh vhhq dv d sxuh vfdoh h�hfw,/ exw dovr lq d

gudpdwlf fkdqjh frqfhuqlqj wkh g|qdplf surshuwlhv ri wkh rswlpdo vroxwlrq1 Dv d frqvhtxhqfh/ glvuh0

jduglqj wkh srvvlelolw| ri uhf|folqj pd| lqyroyh wrwdoo| gl�huhqw g|qdplf sdwwhuqv iru wkh frqvxpswlrq

dqg surgxfwlrq ghflvlrqv +zklfk zh fdq odeho dv whfkqrorjlfdo h�hfw,1

Wkh whfkqrorjlfdo qdwxuh ri uhf|folqj kdv ehhq srlqwhg rxw e| Kxkwdod +4<<<, dqg Gl Ylwd +5334,

exw/ wr wkh ehvw ri rxu nqrzohgjh/ wkhuh lv qrw dq| sdshu wkdw kdv h{solflwo| prghohg wkh lpsolfdwlrqv ri

wkh pdwhuldo frpsrvlwlrq ri rxwsxw +dqg khqfh/ ri zdvwh, iru wkh uhf|folqj srvvlelolwlhv dqg wkh uhvxowlqj

lqwhudfwlrqv ehwzhhq frqyhqwlrqdo surgxfwlrq dqg uhf|folqj1

Wkh uhpdlqghu kdv wkh iroorzlqj vwuxfwxuh1 Lq vhfwlrq 5 wkh wkhruhwlfdo prgho lv suhvhqwhg1 Zh duh
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lqwhuhvwhg lq vkrzlqj wkdw/ dsduw iurp wkh hqylurqphqw0uhodwhg h{whuqdolwlhv olqnhg wr uhf|folqj/ wkhuh duh

vrph whfkqrorjlfdo h{whuqdolwlhv wkdw frxog dulvh hyhq li wkh �uvw rqhv zhuh qrw suhvhqw1 Zh gholehudwho|

frqvwuxfw d yhu| vlpsoh prgho lq rughu wr kljkoljkw wkh uroh ri wkh whfkqrorjlfdo qdwxuh ri uhf|folqj dqg

lwv lqwhudfwlrq zlwk wkh surgxfwlrq ghflvlrqv1 Iru wkdw sxusrvh/ zh gr qrw prgho rwkhu +hqylurqphqwdo,

h{whuqdolwlhv uhodwhg wr zdvwh pdqdjhphqw dqg uhf|folqj +wkdw kdyh douhdg| ehhq vwxglhg lq wkh olwhudwxuh/

dv glvfxvvhg deryh,1 Ixuwkhupruh/ zh frqfhqwudwh rq wkh surgxfwlrq ghflvlrqv lqyroylqj qdwxudo uhvrxufhv

+pdwhuldov dqg hqhuj|, wkdw duh wkh lqsxwv zklfk duh vxemhfw wr wkh srvvlelolw| ri uhf|folqj1 Vr/ zh wdnh

dv jlyhq wkh uhvw ri wkh uhohydqw lqsxwv vxfk dv oderu dqg fdslwdo1

Vhfwlrq 6/ iru frpsdulvrq sxusrvhv/ vkrzv wkh pdlq uhvxowv uhjduglqj rswlpdo rxwsxw dqg uhodwlyh xvh

ri uhvrxufhv lq wkh devhqfh ri uhf|folqj1 Wkhvh uhvxowv duh frpsduhg/ lq vhfwlrq 7/ zlwk wkh sdudooho rqhv

zkhq uhf|folqj lv dydlodeoh/ vr wkdw wkh h�hfw ri vxfk d whfkqrorj| lv srlqwhg rxw1 Zh vkrz wkdw/ hyhq li

hqylurqphqwdo frqfhuq lv qrw h{solflwo| wdnhq lqwr dffrxqw/ wkh vlpsoh idfw wkdw d uhf|folqj whfkqrorj| lv

dydlodeoh lv d vrxufh ri h{whuqdolwlhv/ vr wkdw wkh pdunhw rxwfrph lv qrw olnho| wr eh h�flhqw1 Vshfl�fdoo|/

wkhuh duh dw ohdvw wzr srvvleoh pdunhw idloxuhv/ rqh vwhpplqj iurp wkh uhf|fodelolw| ri vrph uhvrxufh lwvhoi/

dqg wkh rwkhu frplqj iurp wkh srvvleoh whfkqlfdo lqwhudfwlrqv dprqj uhvrxufhv ehfdxvh ri wkh pl{lqj ri

uhvlgxdov1 Dv d frqvhtxhqfh/ lq jhqhudo dw ohdvw wzr srolf| lqvwuxphqwv duh qhhghg1 Zh pdlqo| irfxv

rq wkh gl�huhqw g|qdplf frqvhtxhqfhv ri wkh lqwurgxfwlrq ri uhf|folqj1 Zh vkrz wkdw/ lq wkh vroxwlrq/

wkh rswlpdo rxwsxw sdwk iroorzv d yhuvlrq ri wkh Nh|qhv0Udpvh| uxoh zkhuh wkh pdujlqdo surgxfwlylw|

ri fdslwdo lv uhsodfhg e| wkh %pdujlqdo surgxfwlylw| ri qdwxudo fdslwdo%/ wkdw uhvxowv iurp d zhljkwhg

vxp ri wkh pdujlqdo jurzwk ri erwk uhvrxufhv dffruglqj wr wkhlu zhljkw rq wkh djjuhjdwh whfkqrorj| ri

wkh hfrqrp|1 Wkh vxevwlwxwlrq ehwzhhq wzr uhvrxufhv ghshqgv rq wkh gl�huhqfh ehwzhhq wkhlu pdujlqdo

jurzwk dqg wkh �h{lelolw| ri wkh whfkqrorj|1 Qrquhqhzdeoh uhvrxufhv duh dozd|v xvhg lq d frqvwdqw

sursruwlrq wkdw ghshqgv rq wkhlu uhodwlyh zhljkw lq surgxfwlrq dqg wkhlu uhodwlyh vfduflw|1 Wkh uhvxowv

lqyroylqj uhqhzdeoh dqg qrquhqhzdeoh uhvrxufhv surylgh vrph lqvljkw frqfhuqlqj wkh frqwulexwlrq ri

uhf|fodeoh uhvrxufhv dqg uhqhzdeoh uhvrxufhv iru wkh vdnh ri vxvwdlqdelolw|1 Pdlqo|= li surgxfwlrq ghshqgv

rq uhqhzdeoh dqg uhf|fodeoh uhvrxufhv/ wkh uhfryhudelolw| ri wkh odwwhu lqfuhdvhv lwv h�hfwlyh dydlodelolw|

dqg shuplwv d pruh lqwhqvh xvh lq wkh vkruw whup1 Lq wkh orqj whup/ krzhyhu/ wkh srvvlelolw| ri rewdlqlqj

vxvwdlqdeoh sdwkv fuxfldoo| ghshqgv rq wkh h{whqw wr zklfk surgxfwlrq uhvwv pruh dqg pruh lqwhqvlyho| rq

uhqhzdeoh uhvrxufhv/ vr wkdw/ iurp wkh ylhzsrlqw ri vxvwdlqdelolw|/ wkh suhvhqfh ri d uhf|folqj whfkqrorj|

lv qrw hqrxjk e| lwvhoi wr frpshqvdwh iru wkh h{kdxvwlelolw| ri qrq0uhqhzdeoh uhvrxufhv1

7



Wr looxvwudwh wkh hfrqrplf g|qdplf lpsolfdwlrqv ri uhf|folqj/ vhfwlrq 8 r�huv dq looxvwudwlyh h{dpsoh/

zlwk vshfl�f surgxfwlrq dqg uhf|folqj ixqfwlrqv/ lq zklfk zh vkrz wkdw wkh whfkqrorjlfdo lpsdfw ri

uhf|folqj fdq uhvxow lq wrwdoo| gl�huhqw wlph sdwwhuqv iru frqvxpswlrq dqg surgxfwlrq ghflvlrqv1 Vhfwlrq

9 vxjjhvwv d zd| wr dssurdfk erwk wkh frqyhqwlrqdo whfkqrorj| dqg uhf|folqj whfkqrorj| lq dq lqwhjudwhg

iudphzrun1 Iru wkdw sxusrvh/ zh lqwurgxfh wkh qhz frqfhsw ri Surgxfwlrq dqg Uhf|folqj Ixqfwlrq

+SUI,/ zklfk lv d jhqhudol}dwlrq ri wkh wudglwlrqdo surgxfwlrq ixqfwlrq/ uhsuhvhqwlqj wkh qhz surgxfwlrq

vhw zkhq uhf|folqj lv wdnhq lqwr dffrxqw1 Wklv qhz frqfhswv khosv wr frpsohwh dqg lqwhusuhw wkh uhvxowv

rewdlqhg lq wkh suhylrxv vhfwlrqv1 Wkh pdlq frqfoxvlrqv dqg vrph ixuwkhu uhvhdufk olqhv duh jlyhq lq

vhfwlrq : dqg doo wkh pdwkhpdwlfdo uhvxowv ri wkh duwlfoh duh suryhg lq dq dsshqgl{ lq vhfwlrq ;1

2 �L_i* @?_ �tt�4T|�L?t

Dvvxph dq hfrqrp| zlwk d vlqjoh frqvxpswlrq jrrg/ zkrvh txdqwlw| lv ghqrwhg e| \ � 3/ rewdlqhg iurp

wzr qdwxudo uhvrxufhv xvhg dv lqsxwv lq txdqwlwlhv [ q � 3 dqg [ v � 3/ lq djuhhphqw zlwk wkh surgxfwlrq

ixqfwlrq \ @ I +[ q > [ v ,/ zklfk lv dvvxphg wr eh ri fodvv F w v�x / krprjhqhrxv ri ghjuhh 4/ dqg yhuli|lqj

I q / I v A 3/ I q#q / I v#v ? 3/ I q#q I v#v � I
v
q v A 3/ zkhuh I y ghqrwhv wkh sduwldo ghulydwlyh z�{z2|$} dqg I y ~ ghqrwhv

z � {z2|$}�z2|_� 1 Ohw xv gh�qh wkh uhodwlyh xvh ri uhvrxufhv dv wkh udwlr { @ |��| � = Lq rughu wr irfxv rxu dwwhqwlrq

rq qdwxudo uhvrxufhv/ zh wdnh dv h{rjhqrxvo| jlyhq wkh txdqwlwlhv ri dq| rwkhu lqsxwv/ vxfk dv fdslwdo

dqg oderu1 Ixuwkhupruh/ d prgho zlwk wzr uhvrxufhv lv ulfk hqrxjk wr dgguhvv wkh pdlq txhvwlrqv udlvhg

lq wklv sdshu1 Wkh vroxwlrq surylghv vlpsoh dqg hfrqrplfdoo| phdqlqjixo uhvxowv wkdw fdq eh xvhixo wr

pdqdjh dq| duelwudu| qxpehu ri uhvrxufhv1

Wkh zkroh rxwsxw \ lv frqvxphg e| d vlqjoh frqvxphu lq wkh hfrqrp|/ zkrvh suhihuhqfhv duh uhs0

uhvhqwhg e| wkh xwlolw| ixqfwlrq X+\ ,/ zklfk zh dvvxph lv ri fodvv F w v�x dqg yhul�hv X � A 3> X � � ? 31

[ y +l @ 4> 5, lv h{wudfwhg iurp wkh dydlodeoh qdwxudo vwrfn ri uhvrxufh l/ ghqrwhg e| V y 1 Wklv vwrfn

jurzv lq dffrugdqfh zlwk lwv qdwxudo jurzwk ixqfwlrq j y +V y , zklfk lv frqfdyh/ ri fodvv F w v�x dqg yhul�hv

j y +3, @ 31 Dv qrwhg iru h{dpsoh lq Vplwk +4<9;,/ wkh qrquhqhzdeoh fdvh fdq eh vhhq dv d sduwlfxodu rqh

zlwk j y +V y , @ 3 ; V y 1
Diwhu frqvxpswlrq/ vrph zdvwh lv jhqhudwhg1 Wklv zdvwh fdq eh uhf|fohg/ ghshqglqj rq lwv frpsrvl0

wlrq/ wr uhfryhu d fhuwdlq dprxqw U q ri uhvrxufh 41 Dvvxph/ dv dq h{dpsoh/ wkdw wkh prgho lv phdqw wr

uhsuhvhqw wkh surgxfwlrq ri er{hv/ vr wkh �qdo rxwsxw \ lv phdvxuhg lq %qxpehu ri er{hv%/ zklfk duh

surgxfhg xvlqj erwk sdshu +[ q , dqg sodvwlf +[ v ,1 D uhf|folqj whfkqrorj| lv dydlodeoh iru sdshu/ exw qrw

8



iru sodvwlf1 Wkhq/ wkh dprxqw ri sdshu wkdw fdq eh uhfryhuhg e| phdqv ri uhf|folqj vkrxog qrw ghshqg

rq wkh qxpehu ri er{hv +\ ,/ exw rq wkh dprxqw ri sdshu +[ q , dqg sodvwlf +[ v , frqwdlqhg lq wkh er{hv1

Wklv revhuydwlrq lv fhqwudo iru wkh prgho dqg wkh uhvxowv glvsod|hg lq wkh sdshu dqg zh uhsuhvhqw lw e|

dvvxplqj wkdw wkh rxwsxw ri wkh uhf|folqj surfhvv lv jlyhq e| U q @ U+[ q > [ v ,/ zkhuh U lv d ixqfwlrq

ri fodvv F w v�x / krprjhqhrxv ri ghjuhh 4/ dqg vdwlvi|lqj wkh dvvxpswlrqv 3 � U +[ q > [ v , ? [ q +lw lv qrw

srvvleoh wr uhfryhu d txdqwlw| ri uhvrxufh 4 htxdo wr ru odujhu wkdq wkdw hpsor|hg lq surgxfwlrq, dqg

3 � U q ? 4 +wkh uhfryhuhg txdqwlw| lqfuhdvhv zlwk [ q exw wkh lqfuhphqw lq U q lv vpdoohu wkdq wkdw

lq [ q ,1 Wkhvh wzr dvvxpswlrqv fdq eh udwlrqdol}hg dv ehlqj d gluhfw frqvhtxhqfh ri wkh vhfrqg odz ri

wkhuprg|qdplfv1 Dowkrxjk wkh pdlq wkhruhwlfdo uhvxowv lq wklv sdshu gr qrw qhhg dq| dvvxpswlrq rq

wkh ghulydwlyh U v / zh vwlfn wr wkh prvw sodxvleoh fdvh/ zklfk lv U v � 3/ dqg wkh prvw lqwhuhvwlqj uhvxowv

dulvh zkhq U v ? 3/ phdqlqj wkdw wkh xvh ri uhvrxufh 5 pdnhv zdvwh fodvvl�fdwlrq pruh gl�fxow/ revwuxfwv

uhf|folqj dqg fdxvhv wkh uhfryhuhg txdqwlw| U q wr ghfuhdvh1 Lq wkh h{dpsoh ri wkh er{hv/ zh fdq qhyhu

jhw pruh sdshu iurp uhf|folqj wkdq wkh dprxqw wkdw zdv ruljlqdoo| suhvhqw dv d frpsrqhqw ri wkh �qdo

surgxfw1 Wkh odujhu wkh dprxqw ri sodvwlf wkdw lv suhvhqw lq wkh uhvlgxdov/ wkh pruh vhyhuh wkh pl{lqj ri

zdvwh dqg/ dv d frqvhtxhqfh/ wkh pruh gl�fxow lw ehfrphv wr vhsdudwh dqg vruw wkh sdshu/ vr uhf|folqj

ehfrphv ohvv h�hfwlyh1

Wkh qdwxudo vwrfn ri uhvrxufh 4 hyroyhv wkurxjk wlph dffruglqj wr wkh vwdwh htxdwlrq

bV q +w, �
gV q +w,

gw
@ j q +V q +w,, � [ q +w, . U+[ q +w, > [ v +w,,1

Uhvrxufh 5 lv qrw uhf|fodeoh
v
/ vr wkdw bV v +w, @ j v +V v +w,, � [ v +w,1 Wr vlpsoli| wkh qrwdwlrq/ wkh wlph

yduldeoh w lv rplwwhg zkhq qr dpeljxlw| h{lvwv1

D vrfldo sodqqhu kdv wkh remhfwlyh ri pd{lpl}lqj wkh frqvxphu*v wrwdo glvfrxqwhg xwlolw|/ vr wkdw kh
� Zu_� �*�U������ )2��� ���� !����OP��W� �	��
 '	O��;����$-1������� 51� 
 � �7>���"������72�#
 � �	)@��������'	�����3e3527P/��������,���(�@� '��	���� ���:� ����� d � r#� � � i�8*E��������U]

��	��
 ������4	��.� ��)����	������
 � A��#�� ���>��O�O��,
 � ��
 �_�����	����-	�'.��
B���2����#��,���	OP/3��<����!��	�;/3�#�����/3�#�� ���,/$'	���>/������,���O.� ��'���8
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ru vkh vroyhv wkh sureohp

Pd{� | �#� | �#�
] �
� X+\ ,h ����� gw

v=w= =

\ @ I +[ q > [ v , /

bV q @ j q +V q , � [ q . U+[ q > [ v ,/

bV v @ j v +V v , � [ v /
V y +3, @ V

�y /
V y � 3/

<

A

@

A

>

l @ 4> 5/

+S,

� ehlqj wkh wlph glvfrxqw udwh dqg V
�y wkh lqlwldo vwrfn ri uhvrxufh l/ zklfk lv h{rjhqrxvo| jlyhq1 Zh zloo

irfxv rq lqwhulru vroxwlrqv/ wkdw lv/ [ y A 3 kroglqj wkurxjkrxw wkh vroxwlrq1

+S, lv dq lq�qlwh krul}rq/ frqwlqxrxv wlph/ rswlpdo frqwuro sureohp zlwk wzr vwdwh yduldeohv dqg wzr

frqwuro yduldeohv1 Qrwh wkdw lw uhvhpeohv d qhrfodvvlfdo rswlpdo hfrqrplf jurzwk prgho zlwk wzr dfwlylw|

vhfwruv/ hdfk rqh h{sorlwlqj d gl�huhqw qdwxudo uhvrxufh/ zkhuh wkh vwrfnv ri erwk uhvrxufhv sod| wkh

uroh ri surgxfwlyh fdslwdo vwrfnv/ wkh qdwxudo jurzwk ixqfwlrqv j y sod| wkh uroh ri wzr vhfwru surgxfwlrq

ixqfwlrqv dqg wkh uhf|folqj whfkqrorj| sod|v wkh uroh ri d qhjdwlyh h{whuqdolw| ehwzhhq erwk vhfwruv1

� �L_i* ��|�L�| hiU)U*�?}

Dqgu�h dqg Fhug�d +5334d, dqdo|}h d sduwlfxodu fdvh ri prgho +S, zlwkrxw uhf|folqj +U +[ q > [ v , @ 3,1 Lw

lv xvhixo wr jdwkhu wkh pdlq uhvxowv lq vxfk d fdvh dv d ehqfkpdun wr vwxg| wkh h�hfw ri uhf|folqj rq wkh

vroxwlrq1 Wkh udwlr { hyroyhv lq djuhhphqw zlwk wkh iroorzlqj gl�huhqwldo htxdwlrq � =
b{

{
@ � ^j � q +V q , � j �v +V v ,` / +4,

� � �"� �#� w | ��� | � x�"� �#� w ���%�%� x ehlqj wkh hodvwlflw| ri vxevwlwxwlrq ri I dqg PUW V @ { �{R� wkh Pdujlqdo Udwh ri Whfk0

qlfdo Vxevwlwxwlrq ehwzhhq erwk uhvrxufhv1 Wkh rswlpdo rxwsxw sdwk vdwlv�hv wkh iroorzlqj gl�huhqwldo

htxdwlrq � =
b\

\
@

4

�+\ ,
^� q j � q +V q , . � v j �v +V v , � �` / +5,

� ?,�	O.�	M�;���	OLH%����O�M�>due�f�f	l#��i�4.G(����-1����� �� ���:l�8� ?,�	O.�	M�;���	OLH%����O�M�>due�f�f	l#��i�4.G(����-1����� �� ���Pe28
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zkhuh � +\ , lv wkh lqwhuwhpsrudo vxevwlwxwlrq hodvwlflw| ri wkh xwlolw| ixqfwlrq X / jlyhq e| �+\ , @

�, %¡ ¡Uw ¢ x ¢  ¡ w ¢ x � 3/ dqg � q / � v duh wkh uhwxuqv wr wkh l0wk lqsxw/ jlyhq e|

� y @
[ y I y

I +[ q > [ v , � 3/ l @ 4> 51 +6,

Ohw xv orrn dw wkh hfrqrplf lqwhusuhwdwlrq ri wkhvh uhvxowv= dffruglqj wr +4,/ wkh hyroxwlrq ri {

lv ghwhuplqhg e| dq hqylurqphqwdo frpsrqhqw 0wkh gl�huhqfh ehwzhhq wkh pdujlqdo jurzwk ri erwk

uhvrxufhv0 dqg d whfkqrorjlfdo frpsrqhqw 0wkh hodvwlflw| ri vxevwlwxwlrq ri wkh surgxfwlrq ixqfwlrq/ lq

vxfk d zd| wkdw { lqfuhdvhv +ghfuhdvhv,/ ru htxlydohqwo|/ wkdw [ q +[ v , jurzv idvwhu wkdq [ v +[ q ,/ li wkh

pdujlqdo jurzwk ri uhvrxufh 4 lv odujhu +vpdoohu, wkdq wkdw ri uhvrxufh 51 Lq dgglwlrq/ wkh kljkhu wkh

hodvwlflw| ri vxevwlwxwlrq/ wkh idvwhu wkh uhvsrqvh ri { wr d gl�huhqfh ehwzhhq j � q dqg j �v 1 Frqglwlrq +5,

fdq eh lqwhusuhwhg dv d yhuvlrq ri wkh Nh|qhv0Udpvh| uxoh ri d vwdqgdug qhrfodvvlfdo rswlpdo hfrqrplf

jurzwk prgho/ zkhuh � q V q . � v V v lv wkh vwrfn ri qdwxudo fdslwdo dqg � q j � q +V q , . � v j �v +V v , sod|v wkh uroh

ri wkh pdujlqdo surgxfwlylw| ri qdwxudo fdslwdo1 £
Zkhq erwk uhvrxufhv duh qrquhqhzdeoh/ htxdwlrq +4, vkrzv wkdw b{ @ 3 dqg { uhpdlqv frqvwdqw

wkurxjkrxw wkh vroxwlrq dqg erwk uhvrxufhv duh hpsor|hg lq d frqvwdqw sursruwlrq ru/ htxlydohqwo|/ wkh

xvh ri erwk uhvrxufhv lqfuhdvhv +ru ghfuhdvhv, dw wkh vdph udwh1 Vshfl�fdoo|/ { lv jlyhq e| ¤

{ @
� q
� v � +7,

zkhuh � @ ¥ �¥ � / � y ehlqj wkh frvwdwh yduldeoh dvvrfldwhg zlwk wkh vwrfn ri uhvrxufh l1 Qrwh wkdw
� q
� v phdvxuhv

wkh uhodwlyh zhljkw ri erwk uhvrxufhv rq surgxfwlrq dqg � lv d +uhodwlyh, phdvxuh ri wkh vrfldo ydoxdwlrq

ri erwk uhvrxufhv/ wkdw uhpdlqv frqvwdqw wkurxjkrxw wkh vroxwlrq1 Htxdwlrq +5, vwdwhv wkdw
¦¢¢ @ ���§ w ¢ x ? 3

dqg wkh dvvxpswlrq ri frqvwdqw uhwxuqv wr vfdoh lpsolhv
¦
| �| � @

¦
| �| � @ ���§ w ¢ x 1

Li uhvrxufh 5 lv uhqhzdeoh dqg uhvrxufh 4 lv qrquhqhzdeoh/ wkhq +4, ehfrphv
¦¨¨ @ ��j �v +V v , dqg/ li

j �v +V v , A 3/ wkhq b{ ? 3 dqg wkhuhiruh wkh uhqhzdeoh uhvrxufh whqgv wr eh pruh dqg pruh lqwhqvlyho| xvhg

zlwk uhvshfw wr wkh qrquhqhzdeoh uhvrxufh1 Htxdwlrq +5, ehfrphv
¦¢¢ @ q§ w ¢ x ^� v j �v +V v , � �` > dffruglqj wr

zklfk/ rxwsxw lqfuhdvhv pruh +ru ghfuhdvhv ohvv, zkhq wkh pdujlqdo jurzwk ri wkh uhqhzdeoh uhvrxufh lv

odujhu dqg vxfk d uhvrxufh kdv d odujhu zhljkw lq wkh surgxfwlrq whfkqrorj|/ zlwk uhvshfw wr wkh glvfrxqw

udwh1© ZU�>��ª	'����� ���	��dUl�i����	Ojd^e�i�4B�	����_����##41� �>)�����������
 4B«\O���-1�#�	O��,���>¬L���	OP*du®$i�O���-1�#�	O��,���P®K8�E�����������	�#
 ������4.��.� �*� �*�	�����	�
�#������� ��������$-����2O.'	���� ���L���	O:'	�� 
 � U7P� '��	���� ���	�* ���� ���L�����;�����O.� �� ������
 
 7P'	����O:� �P�������	��/3� ����8_��72-.� ����
 
 7P¯°���	O[±²�����$��'	���>����#
51����>«:����OW>�����_�����	��������8
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|�L?t

Vxevwlwxwlqj wkh surgxfwlrq ixqfwlrq lq wkh remhfwlyh ixqfwlrqdo ri sureohp +S,/ wkh fxuuhqw ydoxh Kdplo0

wrqldq lv gh�qhg dv

K +V q > V v > [ q > [ v > � q > � v , @ X ^I +[ q > [ v ,` . � q ^j q +V q , � [ q . U +[ q > [ v ,` . � v ^j v +V v , � [ v ` /

zkhuh � y lv wkh frvwdwh yduldeoh dvvrfldwhg zlwk uhvrxufh l/ zklfk fdq eh lqwhusuhwhg dv wkh vrfldo ydoxdwlrq

ri d ixuwkhu xqlw ri wkh vwrfn ri uhvrxufh l ru/ htxlydohqwo|/ wkh vrfldo frvw ri h{wudfwlqj rqh xqlw ri vxfk

d uhvrxufh1 Ilqdoo|/ zh fdq dovr lqwhusuhw � y dv d phdvxuh ri vfduflw| ri wkh uhvrxufh l1 Wrjhwkhu zlwk wkh

vwdwh htxdwlrqv/ wkh Pd{lpxp Sulqflsoh qhfhvvdu| frqglwlrqv iru dq lqwhulru vroxwlrq duh

X ¡ I q @ � q +4 � U q , / +8,

X ¡ I v @ � v � � q U v / +9,

dqg

b� y @ � y +� � j �y +V y ,, / +:,

zlwk olp�U´ � h ����� � y � 3/ olp�U´ � h ����� +� y V y , @ 3/ l @ 4> 51

Lq htxdwlrqv +8, dqg +9, zh fdq vhh wkh lpsdfw ri uhf|folqj rq wkh rswlpdo vroxwlrq1 Erwk htxdwlrqv

vwdwh wkh htxdolw| ehwzhhq wkh pdujlqdo xwlolw| dqg wkh pdujlqdo frvw ri xvlqj erwk qdwxudo uhvrxufhv1

Wkh pdujlqdo xwlolw| rewdlqhg e| wkh frqvxphu iurp h{wudfwlqj uhvrxufh l +ohiw kdqg vlgh ri +8, dqg +9,,

lv phdvxuhg e| wkh pdujlqdo xwlolw| ri frqvxpswlrq wlphv wkh pdujlqdo surgxfwlylw| ri uhvrxufh l1 Wkh

pdujlqdo frvw ri xvlqj uhvrxufh 4 +uljkw kdqg vlgh ri +8,, htxdov wkh vrfldo ydoxdwlrq ri pdlqwdlqlqj vxfk

d uhvrxufh iru lwv ixwxuh xvh +dv phdvxuhg e| lwv vkdgrz sulfh � q , wlphv +4 � U q ,/ wkdw uhsuhvhqwv wkh

h�hfwlyh uhgxfwlrq ri wkh vwrfn1 Uhf|folqj pdnhv uhvrxufh 4 h�hfwlyho| pruh dexqgdqw dqg khqfh lwv

h{wudfwlrq ehfrphv ohvv h{shqvlyh iurp wkh vrfldo srlqw ri ylhz1 Lq d k|srwkhwlfdo/ h{wuhph fdvh zlwk

U +[ q > [ v , @ [ q / lq zklfk uhf|folqj zrxog doorz wkh zkroh dprxqw ri uhvrxufh 4 wr eh uhfryhuhg/ zh

kdyh U q @ 4 dqg wkh vrfldo frvw ri h{wudfwlqj uhvrxufh 4 zrxog htxdo }hur/ phdqlqj wkdw d 433( h�hfwlyh

uhf|folqj whfkqrorj| lv htxlydohqw wr dq xqerxqghg uhvrxufh dexqgdqfh1 Lq wkh rssrvlwh fdvh/ zkhq

U q @ 3/ zh rewdlq wkh vdph frqglwlrq dv lq wkh qrq0uhf|folqj fdvh/ X � I q @ � q 1

<



Wkh pdujlqdo frvw ri h{wudfwlqj uhvrxufh 5 lv phdvxuhg dv wkh vkdgrz sulfh ri uhvrxufh 5/ � v / soxv wkh

qhjdwlyh h�hfw rq wkh uhfryhu| ri uhvrxufh 4 zklfk/ lq wxuq/ htxdov wkh vkdgrz sulfh ri uhvrxufh 4 +� q ,
wlphv wkh pdujlqdo lpsdfw ri uhvrxufh 5 rq wkh uhf|fodelolw| ri uhvrxufh 4 +U v ,1

Qrwh wkdw/ hyhq li wkh ehqh�fldo hqylurqphqwdo lpsdfwv ri uhf|folqj duh qrw h{solflwo| prghohg/ wkh

vlpsoh idfw wkdw d uhf|folqj whfkqrorj| lv dydlodeoh lv olnho| wr fdxvh vrph pdunhw idloxuhv1 W|slfdoo|/

uhf|folqj pdunhwv duh qrw shuihfw1 Dvvxph/ lq dq h{wuhph fdvh/ wkdw wkh| duh qrqh{lvwhqw ru/ htxlydohqwo|/

wkdw wkhuh lv qr uhodwlrqvkls ehwzhhq wkh ylujlq lqsxwv pdunhw dqg wkh uhf|folqj surgxfwv pdunhw/ lq

vxfk d zd| wkdw wkh uhvrxufh rzqhuv dqg wkh frqyhqwlrqdo surgxfhuv gr qrw wdnh lqwr dffrxqw wkdw/ diwhu

frqvxpswlrq/ wkh zdvwh vwuhdp fdq eh uhf|fohg/ vr wkhlu surgxfwlrq ghflvlrqv duh pdgh dv li uhf|folqj glg

qrw h{lvw1 Lq wkdw fdvh/ wkh sulydwh rswlpdolw| frqglwlrqv duh jlyhq e|

X ¡ I y @ � y / l @ 4> 5 +;,

zkhuh/ lq d frpshwlwlyh htxloleulxp/ wkh sulydwh sulfh iru uhvrxufh l zrxog htxdo wkh vkdgrz sulfh � y 1
D vrfldo sodqqhu zrxog eh dzduh wkdw wkh h�hfwlyh ydoxh ri wkh uhvrxufhv lv gl�huhqw iurp wkh pdunhw

sulfh/ dqg vr vrph srolf| lqvwuxphqw vkrxog eh lpsohphqwhg wr fruuhfw wkh pdunhw sulfhv Qrwh wkdw wkh

h�flhqw vroxwlrq fdq qrw eh rewdlqhg/ lq jhqhudo/ zlwk d vlqjoh srolf| lqvwuxphqw dqg zh qhhg dw ohdvw

wzr1 Vshfl�fdoo|/ wkh sulfh ri uhvrxufh 4 vkrxog eh fruuhfwhg grzqzdugv e| wkh dprxqw � q U q 1 Wklv fdq eh

grqh e| d shu0xqlw vxevlg| htxdo wr � q U q ru/ htxlydohqwo|/ dq dg0ydoruhp vxevlg| htxdo wr U q 1 Wkh sulfh

ri uhvrxufh 5 vkrxog eh lqfuhdvhg e| wkh dprxqw �� q U v +uhfdoo wkdw U v � 3,/ zklfk fdq eh shuiruphg/

iru h{dpsoh/ zlwk d shu0xqlw wd{ htxdo wr �� q U v ru/ htxlydohqwo|/ zlwk dq dg0ydoruhp wd{ htxdo wr � ¥ � � �¥ � 1

Dvvxph wkdw wkh rzqhuv ri uhvrxufh 4 ehfrph dzduh ri wkh srvvlelolw| ri uhf|folqj wkhlu rzq uhvrxufh

dqg wkh| lpsohphqw vrph h�flhqw zdvwh froohfwlrq phfkdqlvp wr wdnh dgydqwdjh ri wklv srvvlelolw| ru/

htxlydohqwo|/ vrph h�flhqw vhfrqgdu| pdwhuldo pdunhw dulvhv/ vr wkdw wkh uhf|fodelolw| ri uhvrxufh 4 lv

fruuhfwo| lqwhuqdol}hg1 Lq wklv fdvh/ wkh pdunhw rxwfrph zloo jxdudqwhh wkh ixo�oophqw ri frqglwlrq +8,/

exw wkh h{whuqdolw| fdxvhg e| wkh xvh ri uhvrxufh 5 rq wkh uhf|fodelolw| ri uhvrxufh 4 vwloo uhpdlqv/ vr wkdw

frqglwlrq +9, lv qrw olnho| wr krog1 Reylrxvo|/ li wkh dprxqw ri uhvrxufh 5 grhv qrw d�hfw wkh uhf|fodelolw|

ri uhvrxufh 4/ wkh odwwhu h�hfw grhv qrw vkrz xs/ vr d shuihfw pdunhw iru wkh uhf|fohg pdwhuldo 4 lv hqrxjk

wr hqvxuh ryhudoo h�flhqf|1

Lq wkh prvw jhqhudo fdvh/ lq wklv vhwwlqj wkhuh duh dw ohdvw wzr vrxufhv ri pdunhw idloxuh wkdw uhtxluh

wzr srolf| lqvwuxphqwv1 Qrwh dovr wkdw/ jlyhq wkdw U q dqg U v duh ixqfwlrqv ri [ q dqg [ v ru/ pruh

suhflvho|/ ri { +jlyhq wkh krprjhqhlw| dvvxpswlrq,/ vr lv wkh vl}h ri wkh h{whuqdolwlhv dqg/ dv idu dv { lv
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wlph0ydu|lqj/ wkh ydoxh ri wkh uhtxluhg srolf| lqvwuxphqwv vkrxog eh dovr wlph ydu|lqj1 Wklv revhuydwlrq

lv lq wkh vdph vslulw dv Vlqfodlu +4<<5, dqg rwkhu dxwkruv/ qrwlqj wkdw d frqvwdqw wd{ lv qrw jhqhudoo|

h�hfwlyh zkhq ghdolqj zlwk h{kdxvwleoh uhvrxufhv1

Qrqhwkhohvv/ wkh pdlq irfxv ri wkh suhvhqw sdshu lv qrw rq wkh vshfl�f lqvwuxphqwv wkdw vkrxog eh

lpsohphqwhg wr fruuhfw wkhvh h{whuqdolwlhv/ exw rq wkh qdwxuh ri wkh h{whuqdolwlhv wkhpvhoyhv dqg wkhlu

hfrqrplf g|qdplf lpsolfdwlrqv1 Dffruglqj wr wklv dlp/ wkh uhvw ri wkh sdshu lv pdlqo| ghyrwhg wr vkrzlqj

wkh gl�huhqw g|qdplf qdwxuh ri wkh vroxwlrq iru wkh uhf|folqj prgho dv frpsduhg zlwk wkh vlwxdwlrq zlwkrxw

uhf|folqj1

Vx�flhqw rswlpdolw| frqglwlrqv iru sureohp +S, duh jlyhq lq sursrvlwlrq 41

Sursrvlwlrq 4 Lq dq lqwhulru vroxwlrq iru sureohp +S,/ wkh Duurz vx�flhqw frqglwlrqv iru joredo pd{l0

pxp krog li dqg rqo| li/ wkurxjkrxw wkh vroxwlrq/ � q > � v � 3 krogv1

Surri= Vhh vhfwlrq ;14
¥

Lq djuhhphqw zlwk sursrvlwlrq 4/ d vroxwlrq vdwlvi|lqj wkh Pd{lpxp Sulqflsoh frqglwlrqv lv d joredo

pd{lpxp iru sureohp +S,/ l� � q > � v � 31 Jlyhq wkh dvvxpswlrqv rq X / I dqg U/ zh rewdlq iurp +8, dqg

+9, wkdw � q � 3 wulyldoo| krogv/ exw � v � 3 uhtxluhv wkh dgglwlrqdo whfkqlfdo dvvxpswlrq

I v . U v I q
4 � U q

� 3/ +<,

phdqlqj wkdw wkh pdujlqdo surgxfwlylw| ri uhvrxufh 5 lq surgxfwlrq lv odujhu wkdq lwv pdujlqdo qhjdwlyh

h�hfw rq uhf|folqj1

Iru ehlqj I dqg U krprjhqhrxv ri ghjuhh 4/ zh duh doorzhg wr gh�qh wkh iroorzlqj ixqfwlrqv ghshqglqj

mxvw rq {=

I +[ q > [ v ,
[ v @ I

�

[ q
[ v > 4

�

� i+{,/
U +[ q > [ v ,

[ v � u+{,1 +43,

Sursrvlwlrqv 5 dqg 6 duh wkh pdlq uhvxowv iru sureohp +S, dqg vwdwh wkh rswlpdo whpsrudo hyroxwlrq

ri wkh uhodwlyh xvh ri uhvrxufhv dqg wkh rxwsxw sdwk1

Sursrvlwlrq 5 Lq dq lqwhulru vroxwlrq iru sureohp +S,/ wkh whpsrudo hyroxwlrq ri { lv jlyhq e| wkh

iroorzlqj gl�huhqwldo htxdwlrq=

b{

{
@ a� ^j � q +V q , � j �v +V v ,` / +44,
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zkhuh

a� �
�i � ^i +4 � u � , . i � +u � {,`

{ ^ii � � +4 � u ¡ , . ii � u ¡ ¡ ` / +45,

i � i +{, hwf1

Surri= Vhh vhfwlrq ;15
¥

Sursrvlwlrq 6 Lq dq lqwhulru vroxwlrq iru sureohp +S,/ wkh whpsrudo hyroxwlrq ri rxwsxw lv uxohg e| wkh

iroorzlqj gl�huhqwldo htxdwlrq=

b\

\
@

4

� +\ ,

k

a� q j � q +V q , . a� v j �v +V v , � �
l

/ +46,

zkhuh

� +\ , �
�X � � +\ , \

X � +\ ,
a� q �

i � +{ � u,

i +4 � u � , a� v �
i +4 � u � , � i � +{ � u,

i +4 � u � , +47,

dqg a� q . a� v @ 4 krogv1

Surri= Vhh vhfwlrq ;16
¥

Htxdwlrq +44, jhqhudol}hv htxdwlrq +4, dqg kdv d vlplodu lqwhusuhwdwlrq= wkurxjkrxw wkh vroxwlrq/ wkh

hyroxwlrq ri { ghshqgv rq wzr idfwruv= wkh gl�huhqfh ehwzhhq wkh pdujlqdo jurzwk ri erwk uhvrxufhv

dqg wkh whfkqrorjlfdo frh�flhqw a�1 Vxfk d frh�flhqw sod|v d vlplodu uroh wr wkdw ri wkh hodvwlflw| ri

vxevwlwxwlrq ri I lq wkh prgho zlwkrxw uhf|folqj/ l1h1 d phdvxuh ri whfkqrorjlfdo �h{lelolw|/ h{fhsw iru

wkh idfw wkdw wkh whfkqrorj| kdv wzr frpsrqhqwv lq prgho +S,= surgxfwlrq dqg uhf|folqj1 Wkh frpsoh{

dqdo|wlfdo h{suhvvlrq ri a� suhyhqwv xv iurp fohduo| glvwlqjxlvklqj wkh uroh ri erwk frpsrqhqwv1 Vhfwlrq 9

surylghv d zd| wr hqoljkwhq wklv lqwhusuhwdwlrq1

Htxdwlrq +46, lv d yhuvlrq ri wkh Nh|qhv0Udpvh| uxoh zkhuh a� q V q . a� v V v sod|v wkh uroh ri wkh vwrfn ri

qdwxudo fdslwdo dqg a� q j � q . a� v j �v phdvxuhv wkh pdujlqdo surgxfwlylw| ri qdwxudo fdslwdo/ lq vxfk d zd| wkdw

rxwsxw lqfuhdvhv ru ghfuhdvhv ghshqglqj rq wkh gl�huhqfh ehwzhhq wkh pdujlqdo surgxfwlylw| ri qdwxudo

fdslwdo dqg wkh glvfrxqw udwh1 Wkh gl�huhqfh ehwzhhq +46, dqg +5, olhv lq wkh zhljkw ri uhvrxufhv rq

qdwxudo fdslwdo1 Lq +5, � y phdvxuhv wkh sduwlflsdwlrq ri uhvrxufh l lq surgxfwlrq1 Lq +46, a� y phdvxuhv wkh

sduwlflsdwlrq ri uhvrxufh l lq wkh djjuhjdwh whfkqrorj|/ qrz lqfoxglqj surgxfwlrq dqg uhf|folqj1 Vhfwlrq

9 surylghv dq dowhuqdwlyh zd| wr lqwhusuhw wkh frh�flhqwv lq +47,1

Qrwh wkdw uhf|folqj pd| surgxfh wzr gl�huhqw h�hfwv rq wkh vroxwlrq= Iluvw/ dv vkrzq lq Zhlqvwhlq dqg

]hfnkdxvhu +4<:7,/ wkh uhf|fodeoh uhvrxufh ehfrphv ohvv vfdufh/ lq vxfk d zd| wkdw uhf|folqj lv vlplodu wr
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dq h{rjhqrxv lqfuhphqw ri wkh uhvrxufh vwrfn1 Zh odeho wklv lpsdfw dv vfdoh h�hfw1 Ixuwkhupruh/ uhf|folqj

fkdqjhv wkh whfkqrorjlfdo iudphzrun ri wkh hfrqrp| e| dowhulqj wkh ydoxh ri a� q / a� v dqg a�/ dqg khqfh

wkh rswlpdo whpsrudo dgmxvwphqw ri rxwsxw dqg uhvrxufh xvh1 Zh odeho wklv dv whfkqrorjlfdo h�hfw1 Li zh

wklqn ri { dqg \ dv ixqfwlrqv ri wlph/ wkh �uvw h�hfw lv edvlfdoo| d sdudooho vkliw ri vxfk ixqfwlrqv/ zkhuhdv

wkh vhfrqg h�hfw fkdqjhv wkhlu vkdsh1 Li wkh uhf|folqj ixqfwlrq kdv wkh olqhdu irup U +[ q > [ v , @ �[ q /
zlwk 3 ? � ? 4/ wkhq/ wkh rqo| whfkqrorjlfdo lqwhudfwlrq ehwzhhq erwk uhvrxufhv kdsshqv e| phdqv ri

wkh surgxfwlrq ixqfwlrq I / lw wxuqv rxw wkdw a� @ �/ a� q @ � q / a� v @ � v dqg rqo| wkh vfdoh h�hfw dsshduv1

Jlyhq wkdw wkh whfkqrorjlfdo h�hfw ri uhf|folqj vkrzv xs lq wkh frh�flhqwv a� q / a� v dqg a�/ iurp htxd0

wlrqv +44, dqg +46, zh fdq frqfoxgh wkdw wklv h�hfw ehfrphv uhohydqw zkhq vrph ri wkh uhvrxufhv lv

uhqhzdeoh1 Wr jhw vrph ixuwkhu lqvljkw/ ohw xv frpsduh qrz wzr srvvleoh vlwxdwlrqv= wkh �uvw rqh zlwk

wzr qrquhqhzdeoh uhvrxufhv/ dqg wkh vhfrqg rqh zlwk d uhqhzdeoh dqg d qrquhqhzdeoh uhvrxufh1

Zkhq erwk uhvrxufhv duh qrquhqhzdeoh/ lq djuhhphqw zlwk htxdwlrq +44,/ wkurxjkrxw wkh vrox0

wlrq ri +S,/ b{ @ 3 krogv dqg { uhpdlqv frqvwdqw1 Lwv vshfl�f ydoxh lv jlyhq lq sursrvlwlrq 71

Sursrvlwlrq 7 Lq dq lqwhulru vroxwlrq iru sureohp +S,/ zkhq erwk uhvrxufhv duh qrquhqhzdeoh/ wkh rs0

wlpdo ydoxh iru wkh udwlr { fdq eh h{suhvvhg dv

{ @ #�/ +48,

� dqg # ehlqj wzr frh�flhqwv wkdw uhpdlq frqvwdqw dqg duh gh�qhg dv

� �
� v
� q

/ # �
[ q I q

[ v I v � U q I . I q U
�

{i �
i +4 � u � , . i � +u � {,

1

zkhuh I q � I q +[ q > [ v , dqg vr rq1

Surri= Vhh vhfwlrq ;17 ¥

Dffruglqj wr sursrvlwlrq 7/ { frphv iurp wzr idfwruv= #/ zklfk lv d phdvxuh ri wkh uhodwlyh whfk0

qrorjlfdo zhljkw ri erwk uhvrxufhv/ dqg �/ zklfk lv d phdvxuh ri vrfldo uhodwlyh frvw/ ru htxlydohqwo|/ ri

uhodwlyh vfduflw|1 Li zh frpsduh wklv uhvxow zlwk wkh htxlydohqw iru wkh qrquhqhzdeoh fdvh +7,/ zh vhh

wkdw wkh udwlr µ �µ � / phdvxulqj wkh uhodwlyh vkduh ri erwk uhvrxufhv lq surgxfwlrq/ lv uhsodfhg e| wkh qhz

udwlr #/ phdvxulqj wkh uhodwlyh vkduh ri erwk uhvrxufhv lq wkh qhz djjuhjdwh whfkqrorj| +hqfrpsdvvlqj

frqyhqwlrqdo surgxfwlrq dqg uhf|folqj,1

Iurp +46, zh nqrz wkdw +dv lq wkh qrq0uhf|folqj fdvh,
¦¢¢ @ ���§ w ¢ x 1 Wkh krprjhqhlw| dvvxpswlrq rq I
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lpsolhv
¦|��| � @

¦| �| � @ ���§ dv zhoo ¶ / lq vxfk d zd| wkdw wkh rxwsxw dqg wkh lqvwdqwdqhrxv h{wudfwlrq ri erwk

uhvrxufhv frqwlqxrxvo| ghfuhdvh wkurxjk wlph dw d udwh htxdo wr ���§ w ¢ x 1
Revhuyh wkdw/ lq wkh fdvh zlwk wzr qrq0uhqhzdeoh uhvrxufhv/ zh jhw wkh vdph txdolwdwlyh g|qdplf

surshuwlhv ri wkh vroxwlrq dv lq wkh qr0uhf|folqj fdvh= { uhpdlqv frqvwdqw iru hyhu dqg \ vwhdglo| ghfuhdvhv

dw d frqvwdqw udwh htxdo wr ���§ w ¢ x 1 Dv d frqvhtxhqfh/ rqo| wkh vfdoh h�hfw vkrzv xs1 Li d uhf|folqj whfkqrorj|

vxgghqo| ehfrphv dydlodeoh/ wkhq wkh ydoxh ri wkh udwlr { vkrxog eh dgmxvwhg rqfh dqg iru doo e| vrph

sdudooho vkliw +suhvxpdeo| xszdugv,1 Wkh odujhu dydlodelolw| ri uhvrxufh [ q zloo dovr lpso| dq xszdugv

vkliw ri wkh rxwsxw sdwk/ exw wkh vkdsh ri wkh uhohydqw yduldeohv lv qrw d�hfwhg1

Dvvxph wkdw uhvrxufh 4 lv uhf|fodeoh dqg qrquhqhzdeoh zkhuhdv uhvrxufh 5 lv uhqhzdeoh

dqg qrq0uhf|fodeoh1 Wkhq htxdwlrq +46, ehfrphv

b\

\
@

4

� +\ ,

k

a� v j �v +V v , � �
l

/ +49,

vr wkdw surgxfwlrq pd| lqfuhdvh ru ghfuhdvh wkurxjk wlph ghshqglqj rq wkh pdujlqdo jurzwk ri uhvrxufh

5/ wkh zhljkw ri vxfk uhvrxufh rq wkh whfkqrorj|/ dv phdvxuhg e| a� v / dqg wkh glvfrxqw udwh1 Surylghg wkdw

� +\ , A 3/ \ wxuqv rxw wr eh wkh pruh lqfuhdvlqj +ru wkh ohvv ghfuhdvlqj,/ wkh odujhu wkh pdujlqdo jurzwk

ri wkh uhqhzdeoh uhvrxufh dqg lwv zhljkw rq whfkqrorj|1 Qrwh wkdw wkh orqj whup hyroxwlrq ri rxwsxw lv

ghwhuplqhg e| wkh surshuwlhv ri wkh uhqhzdeoh uhvrxufh1 Iru vpdoohu ydoxhv ri wkh pdujlqdo jurzwk dqg

wkh sdudphwhu a� v / wkh fdvh zlwk rqh uhqhzdeoh uhvrxufh lv pruh vlplodu wr wkdw zlwk wzr qrquhqhzdeoh

uhvrxufhv dqg rxwsxw ghfuhdvhv idvwhu +ru lqfuhdvhv vorzhu,1 Htxdwlrq +44, wdnhv wkh irup

b{

{
@ �a�j �v +V v , / +4:,

dqg wkh hyroxwlrq ri { ghshqgv mxvw rq wkh pdujlqdo qdwxudo jurzwk ri uhvrxufh 5 dqg wkh whfkqrorjlfdo

frh�flhqw a�1 Li vxfk d frh�flhqw lv srvlwlyh dqg wkurxjkrxw wkh vroxwlrq j �v +V v , A 3 krogv/ wkhq/ {

frqwlqxrxvo| ghfuhdvhv zlwk wlph dqg rxwsxw ghshqgv pruh dqg pruh khdylo| rq wkh uhqhzdeoh uhvrxufh/

lq wkh vdph idvklrq dv lq wkh qr0uhf|folqj fdvh1

Wkh xvh ri uhqhzdeoh uhvrxufhv dqg uhf|fodeoh uhvrxufhv duh wzr vwudwhjlhv fodlphg wr eh uhohydqw iru

hfrqrplf vxvwdlqdelolw|1 Lqvridu dv zh gr qrw h{solflwo| prgho vrph nh| hohphqwv vxfk dv sk|vlfdo fdslwdo

dffxpxodwlrq dqg whfkqrorjlfdo fkdqjh/ zh fdq qrw gudz yhu| jhqhudo uhvxowv frqfhuqlqj vxvwdlqdelolw|
· +,����� �	� ��)3����;��ª�'��#�� �2�P¸ ��¹ d º r�» º � i! �� ��P������-1����,��K�� /$��41 %�;��5	���� �½¼¸ �¾¹ r ¼º r%¿ ¹ � ¼º � 8,+*� ��� O.� �	)@51����P��� O����,527>¸

���	O ¹ d º r�» º � i�������-1������ ����
 7L���	O\'	��� �	)\d h2i�4I %��<	�	�� ¾����# ¼¸
¸ ��À r ¼º rº r ¿ À �

¼º �º �"Á
¼Â
Â � f:d �������������� �2�Lm2i,� /$-1
 � ���

¼º rº r �
¼º �º � 4

���	O À r ¿ À � � lKd ��� �	��� ¹ � ������/���)��#�	����'������RO.��)������3l#i!� /�-.
 � ��� ¼¸
¸ � ¼º rº r �

¼º �º � 8

47



iurp rxu prgho1 Qhyhuwkhohvv/ zh fdq rewdlq vrph lqvljkw derxw wkh frqwulexwlrq ri uhf|fodeoh dqg

uhqhzdeoh uhvrxufhv wr wkh dfklhyhphqw ri vxvwdlqdeoh vroxwlrqv1

Wkh lghd ri vxvwdlqdelolw| lq hfrqrplfv lv olqnhg wr wkh srvvlelolw| ri rewdlqlqj d qrq0ghfuhdvlqj

wlph rxwsxw sdwk1 Iroorzlqj wklv lghd zh fdq vd|/ vwuhwfklqj wkh phdqlqj ri wkh whupv vrphzkdw/ wkdw/

frpsdulqj wzr ghfuhdvlqj sdwkv/ li rqh ri wkhp lv pruh vkduso| ghfuhdvlqj wkdq wkh rwkhu/ wkhq/ wkh odwwhu

ehorqjv wr d pruh vxvwdlqdeoh hfrqrp| wkdq wkh iruphu1 Iurp htxdwlrqv +49, dqg +4:, zh fdq frqfoxgh

wkdw uhf|folqj lqfuhdvhv wkh dydlodelolw| ri uhvrxufhv dqg d�hfwv wkh whpsrudo hyroxwlrq sdwwhuq ri rxwsxw

dqg uhvrxufh xvh1 Qhyhuwkhohvv/ wkh vljq ri wkh rxwsxw lqfuhdvh ru ghfuhdvh pdlqo| ghshqgv rq wkh qdwxudo

jurzwk delolw| ri uhvrxufhv1 Khqfhiruwk/ dv uhjdugv vxvwdlqdelolw|/ uhf|folqj lv d xvhixo dqg uhohydqw vkruw

whup vwudwhj| exw/ lq wkh orqj uxq/ wkh srvvlelolw| ri rewdlqlqj vxvwdlqdeoh sdwkv fuxfldoo| ghshqgv rq

wkh h{whqw wr zklfk surgxfwlrq uhvwv pruh dqg pruh lqwhqvlyho| rq uhqhzdeoh uhvrxufhv1 Wklv frqfoxvlrq

fdq eh vhhq dv d frqvhtxhqfh ri wkh vhfrqg odz ri wkhuprg|qdplfv1 Dv idu dv uhf|folqj lv qrw %shuihfw%

+lq wkh vhqvh wkdw vrph pdwhuldo dqg hqhuj| lv dozd|v orvw lq wkh surfhvv,/ lw lv qrw fdsdeoh/ e| lwvhoi/

r�vhwwlqj wkh ghsohwlrq ri h{kdxvwleoh uhvrxufhv1

D , @4T*i

Lq wkh suhylrxv vhfwlrq zh kdyh vkrzq wkdw wkh suhvhqfh ri d uhf|folqj whfkqrorj| pd| fuxfldoo| d�hfw wkh

vkdsh ri wkh surgxfwlrq vhw ri wkh hfrqrp| dqg vr/ dsduw iurp lqfuhdvlqj wkh h�hfwlyh dydlodelolw| ri wkh

uhf|fodeoh uhvrxufhv/ lw lv olnho| wr kdyh dq lpsruwdqw lpsdfw rq wkh vkdsh ri wkh g|qdplf sdwkv iru rxwsxw

dqg qdwxudo uhvrxufh xvh1 Qhyhuwkhohvv/ zlwk wklv ohyho ri jhqhudolw| lw lv gl�fxow wr jhw vrph fohdu0fxw

uhvxowv derxw wkh vshfl�f g|qdplf lpsdfw ri uhf|folqj1 Lq wklv vhfwlrq zh wu| wr jhw vrph ixuwkhu lqvljkw

e| glvfxvvlqj wkh vroxwlrq zlwk vshfl�f surgxfwlrq dqg uhf|folqj ixqfwlrqv/ vr wkdw zh fdq looxvwudwh wkh

uhohydqfh ri uhf|folqj iru wkh g|qdplf ehkdylru ri wkh yduldeohv ri lqwhuhvw1

Dvvxph wkdw wkh surgxfwlrq ixqfwlrq lv ri wkh Free0Grxjodv w|sh I +[ q > [ v , @ [ Ã �q [ Ã �v / zlwk � q .

� v @ 4/ dqg wkh xwlolw| ixqfwlrq lv X +\ , @ ¢ ��ÄIÅq�� § zlwk frqvwdqw hodvwlflw| ri whpsrudo vxevwlwxwlrq htxdo

wr � 5 +3> 4,1

Zh frpsduh wkh qr0uhf|folqj fdvh Æ zlwk d fdvh zkhuh wkh uhf|folqj whfkqrorj| lv jlyhq e| wkh iroorzlqj
Ç ?,
 
1����*������'�
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ixqfwlrq=

U q @ U +[ q > [ v , @
[
v
q

[ q . [ v @ [ q � k +{, / +4;,

zkhuh k +{, �
¨
q�È ¨ / vdwlvi|lqj k +3, @ 3/ olp¨ ´ � k +{, @ 4/ 3 ? k � @ qw^q�È ¨ x � ? 4/ k � � @ � vw^q�È ¨ x^É ? 3/ ; { A 31

Dffruglqj wr +4;,/ iru jlyhq ydoxhv ri [ q dqg [ v / uhf|folqj doorzv d sursruwlrq k ri uhvrxufh 4 wr eh

uhfryhuhg/ k srvlwlyho| ghshqglqj rq wkh ydoxh ri wkh udwlr {1 Qrwh wkdw [ v @ 3 lpsolhv U q @ [ q / phdqlqj

wkdw wkh zkroh dprxqw ri uhvrxufh 4 fdq eh uhfryhuhg wkurxjk uhf|folqj1 Wklv vlwxdwlrq lv htxlydohqw wr dq

xqolplwhg dexqgdqfh ri uhvrxufh 4 Ê 1 Qhyhuwkhohvv/ jlyhq wkdw erwk uhvrxufhv duh hvvhqwldo iru surgxfwlrq/

wkh vlwxdwlrq [ q A 3/ [ v @ 3 qhyhu kdsshqv lq wkh rswlpdo vroxwlrq1

Wzr qrquhqhzdeoh uhvrxufhv

Dvvxph/ �uvw/ wkdw erwk uhvrxufhv duh qrq0uhqhzdeoh1 Dovr pdnh wkh whfkqlfdo dvvxpswlrq V
�v A V

�
q 1

Lq wkh qr0uhf|folqj fdvh/ wkh rswlpdo h{wudfwlrq udwh iru hdfk uhvrxufh lv jlyhq e|

[ y @ D y h ÄIË�ÌÅ l @ 4> 5/ zkhuh D y @
�V
�y

�
A 3 l @ 4> 51 +4<,

Vxevwlwxwlqj wkh h{suhvvlrqv iru [ q dqg [ v lq wkh surgxfwlrq ixqfwlrq/ zh rewdlq wkh rxwsxw sdwk

\ @ D Ã �q D q#� Ã �v h
ÄIË�ÌÅ @

�V
�v

�

�

V
�
q

V
�v

� Ã �
h

��w

� / +53,

dqg glylglqj [ q e| [ v /

{ �
[ q
[ v @

V
�
q

V
�v 1 +54,

Qrwh wkdw [ q / [ v dqg \ ghfuhdvh ryhu wlph dw d frqvwdqw udwh �§ 1 Dv vkrzq lq wkh wkhruhwlfdo uhvxowv/

wkh uhodwlyh lqsxw lqwhqvlw| { uhpdlqv frqvwdqw dqg +54, vkrzv wkdw lwv ydoxh lv jlyhq e| wkh lqlwldo vwrfn

ri erwk uhvrxufhv1 Qrwh wkdw lw grhv qrw ghshqg rq wkh ydoxh ri � q 1
Dvvxph qrz wkdw uhvrxufh 4 fdq eh uhf|folqj dffruglqj wr wkh whfkqrorj| ghvfulehg lq +4;,1 Dv vkrzq

lq vhfwlrq ;18/ wkh vroxwlrq iru [ q dqg [ v lv jlyhq e| [ q @ ���IÍ� �IÍ�§ + � Í� ��� Í� ,h � ËÅ � / [ v @ �#�IÍ�§ h � ËÅ � 1 Wkhuhiruh/ wkh

uhodwlyh xvh ri uhvrxufhv wdnhv wkh irup { @ �IÍ�� Í� �!� Í� dqg rxwsxw ehfrphv \ @ �§ V
�v

� �IÍ�� Í� ��� Í�
� Ã � h � ËÅ � 1

Lq wkh devhqfh ri uhqhzdeoh uhvrxufhv/ hyhq li wkh srvvlelolw| ri uhf|folqj h{lvwv/ wkh xvh ri erwk

uhvrxufhv dqg rxwsxw ghfuhdvhv dw wkh udwh �§ / wkh vdph dv lq wkh qr0uhf|folqj fdvh1 Qrwh/ qhyhuwkhohvv/

wkh gl�huhqw lpsdfw ri wkh lqlwldo uhvrxufh vwrfnv rq wkh vroxwlrq1 Iru wkh qrq0uhf|folqj fdvh/ wkh iroorzlqj

Î ?¾��
 � )����
 7W/������_)����	������
B��-B����� &��#�#�� ���>�	��,� �����2
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vhqvlwlylw| dqdo|vlv uhvxowv duh hdv| wr vkrz=

C[ y
CV

�~

;

A

A

A

A

?

A

A

A

A

=

A 3 li l @ m

@ 3 li l 9@ m

C\

CV
�y A 3> l @ 4> 51

Wkh zkroh rswlpdo sdwk ri wkh h{wudfwlrq udwh ri d uhvrxufh ghshqgv srvlwlyho| rq wkh lqlwldo vwrfn ri

wkh vdph uhvrxufh dqg grhv qrw ghshqg dw doo rq wkh lqlwldo vwrfn ri wkh rwkhu uhvrxufh1 Rxwsxw srvlwlyho|

ghshqgv rq wkh vwrfn ri erwk uhvrxufhv1 Wkh iroorzlqj wdeoh vkrzv wkh sdudooho vljqv iru wkh fdvh zlwk

uhf|folqj q � =

[ q [ v \

V
�
q . 3 .

V
�v � . B

C\

CV
�v � 3 /

V
�v

V
�
q

�
4

+4 � � q ,
1

Dv lq wkh qrq0uhf|folqj fdvh/ li V
�
q lqfuhdvhv/ wkh zkroh sdwk ri [ q vkliwv xszdugv dqg wkdw ri [ v

uhpdlqv xqfkdqjhg/ vr wkdw wkh sdwk ri \ xqdpeljxrxvo| vkliwv xszdugv1 Qhyhuwkhohvv/ xqolnh wkh qrq0

uhf|folqj fdvh/ wkh lqvwdqwdqhrxv xvh ri uhvrxufh 4 glplqlvkhv zlwk V
�v ehfdxvh ri wkh qhjdwlyh whfkqrorjlfdo

lqwhudfwlrq ehwzhhq erwk uhvrxufhv e| phdqv ri uhf|folqj1 Li uhvrxufh 5 ehfrphv pruh dexqgdqw/ lw lv pruh

lqwhqvlyho| xvhg/ qhjdwlyho| d�hfwlqj wkh uhf|folqj uhfryhu| ri uhvrxufh 4/ fdxvlqj dq h�hfwlyh vkruwhqlqj

ri wkh dydlodelolw| ri uhvrxufh 41 Wkh uhvxowlqj h�hfw rq \ lv dpeljxrxv dqg ghshqgv rq wkh lqlwldo uhodwlyh

dydlodelolw| ri erwk uhvrxufhv1

Rqh uhqhzdeoh dqg rqh qrq0uhqhzdeoh uhvrxufh

Wkh prvw lqwhuhvwlqj fdvh dulvhv zkhq wkhuh lv rqh uhqhzdeoh uhvrxufh1 Zh zloo vkrz wkdw/ lq wklv

fdvh/ wkh g|qdplfv ri wkh vroxwlrq lv pxfk pruh frpsoh{ zkhq d uhf|folqj whfkqrorj| h{lvwv1 Wr nhhs

wkh glvfxvvlrq dv vlpsoh dv srvvleoh/ dvvxph wkdw uhvrxufh 4 lv qrquhqhzdeoh +j q +V q , @ 3, dqg uhvrxufh

5 lv uhqhzdeoh zlwk d frqvwdqw jurzwk udwh/ vr wkdw j v +V v , @ � v V v 1 Pdnh wkh whfkqlfdo dvvxpswlrqv dovr

� A � v � v +4 � �, wr hqvxuh wkh h{lvwhqfh ri vroxwlrq1

Lq wkh qr0uhf|folqj fdvh/ wkh vroxwlrq iru [ q dqg [ v lv jlyhq e|

[ y @ N q V
�y h ��Ö;×u� A 3/ +55,
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zkhuh N q @ ��� Ã ��Û � w^q�� § x§ A 3/ N v @ �#� Û �2Ü q�� Ã � w^q�� § xuÝ§ : 3/ vr wkdw [ q dv|pswrwlfdoo| ghfuhdvhv wr }hur/

zkhuhdv [ v pd| lqfuhdvh ru ghfuhdvh ghshqglqj rq wkh vljq ri N v 1 Glylglqj wkh [ q htxdwlrq e| wkh [ v
htxdwlrq/ zh rewdlq { @ | �| � @ �IÍ�� Í� h � Û � � dqg vxevwlwxwlqj +55, lq wkh surgxfwlrq ixqfwlrq/ zh rewdlq wkh

rxwsxw sdwk

\ @
�

V
�
q
� Ã � �

V
�v � q�� Ã � ^� � +4 � � q , � v +4 � �,`

�
h

Þ ��ßIà ��á â � ßIËÅ � A 31 +56,

Vr/ lq wklv fdvh wkh uhqhzdeoh uhvrxufh uhsodfhv wkh qrquhqhzdeoh rqh dw d frqvwdqw udwh � v 1 Rxwsxw

lqfuhdvhv ru ghfuhdvhv +ghshqglqj rq wkh vljq ri +4 � � q , � v � �, dw d frqvwdqw udwh wuq#� Ã � x Û � ���§ 1 Li wkh

vkduh ri wkh uhqhzdeoh uhvrxufh +� v , lv odujh hqrxjk/ ru lwv jurzwk delolw| +dv phdvxuhg e| � v , lv odujh

hqrxjk/ dv frpsduhg zlwk wkh glvfrxqw udwh �/ wkhq lw zrxog eh srvvleoh wr kdyh d edodqfhg jurzwk sdwk

zlwk d srvlwlyh frqvwdqw jurzwk udwh ri rxwsxw1 Rwkhuzlvh/ rxwsxw prqrwrqlfdoo| ghfuhdvhv dqg jrhv

dv|pswrwlfdoo| wr }hur1

Dvvxph qrz wkdw uhvrxufh 4 fdq eh uhf|fohg dffruglqj wr +4;,1 Htxdwlrqv +49, dqg +4:, ehfrph

b\

\
@

4

�

k

a� v � v � �
l

dqg +57,

b{

{
@ �a�� v 1 +58,

Lq wklv fdvh/ lw lv qrw srvvleoh wr �qg dq dqdo|wlfdo vroxwlrq dqg zh suhvhqw dq dqdo|vlv ri wkh txdol0

wdwlyh ehkdylru ri wkh vroxwlrq1 Vlqfh erwk uhvrxufhv duh hvvhqwldo iru surgxfwlrq q#q / dqg X � A 3 zh fdq

glvfdug fruqhu vroxwlrqv zlwk [ q @ 3 ru [ v @ 3/ dqg frqfhqwudwh rq lqwhulru vroxwlrqv1 Vxevwlwxwlqj wkh

h{suhvvlrqv iru i dqg u lq +45,/ zh rewdlq wkh iroorzlqj h{suhvvlrq iru frh�flhqw a�=

a� @
+4 . {,

v
� q � +4 . {,

+� q � 4, . +� q . 4, {
1 +59,

Revhuyh wkdw olp¨ ´ � a� @ 4/ olp¨ ´ � a� @ 4 dqg a� kdv d yhuwlfdo dv|pswrwh dw wkh srlqw { @ q�� Ã �q�È Ã � / dv looxvwudwhg

lq Iljxuh 41

LQVHUW ILJXUH 4

Jlyhq +58, dqg wkh vkdsh ri a�/ zh fdq vwxg| wkh rswlpdo vxevwlwxwlrq ehwzhhq erwk uhvrxufhv ghshqg0

lqj rq wkh ydoxh ri {= li { 5
k

3> q�� Ã �q�È Ã �
�

/ wkhq a� A 3 dqg { ghfuhdvhv wr }hur1 Li { 5
�

q�� Ã �q�È Ã � > q#� Ã �Ã �
�

/ wkhq

a� ? 3 dqg/ dffruglqj wr +58, { whqgv wr lqfuhdvh xqwlo { @ q�� Ã �Ã � / d srlqw lq zklfk b{ @ a� @ 31 Li { A q�� Ã �Ã � /
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wkhq a� A 3 dqg { glplqlvkhv wrzdugv { @ q�� Ã �Ã � 1 Li wkh vroxwlrq sdwk uhdfkhv wkh ydoxh { @ q�� Ã �Ã � / wkhq

a� @ 3/ dqg +58, lpsolhv b{ @ 3> ixuwkhupruh a� q @ 4/ a� v @ 3/ +49, ehfrphv
¦¢¢ @ ���§ / dqg wkh hyroxwlrq ri {

dqg \ lv lghqwlfdo wr wkdw ri d prgho zlwk wzr qrquhqhzdeoh uhvrxufhv1

Vxevwlwxwlqj wkh h{suhvvlrqv iru i dqg u lq +47, dqg uhduudqjlqj zh frqfoxgh wkdw a� q dqg a� v duh/ lq

wklv fdvh/ olqhdu ixqfwlrqv ri {= a� q @ � q +4 . {,/ a� v @ 4 � � q +4 . {,1 Qrwh wkdw/ dw wkh srlqw { @ 3/

zh kdyh a� q @ � q @ � q dqg a� v @ � v @ 4 � � q / vr wkdw wkh zhljkw ri erwk uhvrxufhv lq wkh djjuhjdwh

whfkqrorj| lv wkh vdph dv lq wkh frqyhqwlrqdo whfkqrorj| zlwkrxw uhf|folqj1 Wkh zhljkw ri uhvrxufh 4 +5,

lqfuhdvhv +ghfuhdvhv, zlwk {1 Iurp +57,/ zh fdq lqihu wkh hyroxwlrq ri rxwsxw wkurxjkrxw wkh vroxwlrq1

Dvvxph �uvw � A +4 � � q , � v 1 Lq wklv fdvh/ \ ghfuhdvhv iru hyhu| ydoxh ri { +dv lq wkh qr0uhf|folqj fdvh,1

Ixuwkhupruh/ +57, lpsolhv wkdw/ wkh odujhu wkh ydoxh ri { +lpso|lqj wkdw surgxfwlrq uhvwv pruh khdylo| rq

wkh qrquhqhzdeoh uhvrxufh,/ wkh idvwhu rxwsxw ghfuhdvhv1

Iljxuh 5 frpsduhv wkh skdvh gldjudp iru wkh vroxwlrqv zlwk dqg zlwkrxw uhf|folqj1

LQVHUW ILJXUH 5

Uhfdoo wkdw/ lq wkh qr0uhf|folqj fdvh/ wkh qrquhqhzdeoh uhvrxufh lv vxevwlwxwhg e| wkh uhqhzdeoh rqh dw

d frqvwdqw uk|wkp/ lq vxfk d zd| wkdw { ghfuhdvhv dw d udwh htxdo wr � v / dqg rxwsxw ghfuhdvhv dw d frqvwdqw

udwh �#� Ã � Û �§ 1 Lq wkh uhf|folqj fdvh/ rxwsxw vwloo ghfuhdvhv exw wkh udwh ri ghfd| ghshqgv rq wkh ydoxh ri {

dqg vr/ lw lv fkdqjlqj wkurxjkrxw wkh vroxwlrq1 Frqfhuqlqj wkh vxevwlwxwlrq ri qdwxudo uhvrxufhv/ wkhuh duh

wzr fdvhv ghshqglqj rq wkh lqlwldo frqglwlrqv iru V q dqg V v 1 Wkhuh lv rqh fdvh/ vlplodu wr wkh qr0uhf|folqj

rqh lq zklfk wkh uhqhzdeoh uhvrxufh vwloo uhsodfhv wkh qrquhqhzdeoh rqh ryhu wlph vr wkdw { whqgv wr

}hur1 Qhyhuwkhohvv/ wkhuh lv dovr d uhvw srlqw dw �{ � q�� Ã �Ã � lq vxfk d zd| wkdw { fdq lqfuhdvh ru ghfuhdvh

dv lw frqyhujhv wr �{1 Lqwxlwlyho|/ zkhq fkdqjlqj wkh ydoxh ri {/ wkhuh lv d wudgh0r� ehwzhhq wkh jurzlqj

delolw| ri wkh uhqhzdeoh uhvrxufh/ zklfk frqwulexwhv wr { ehlqj ghfuhdvlqj/ dqg wkh whfkqrorjlfdo uhvrxufh

lqwhudfwlrq wkurxjk uhf|folqj/ zklfk suhyhqwv { iurp ghfuhdvlqj wrr pxfk +uhphpehu wkdw lqfuhdvlqj [ v
ghfuhdvhv wkh uhf|folqj delolw| ri uhvrxufh 4,1 Iurp Iljxuh 5/ zh fdq frqfoxgh wkdw/ lq wkh odwwhu fdvh/ wkh

whfkqrorjlfdo lqwhudfwlrq h�hfw lv lpsruwdqw hqrxjk wr pdnh lw rswlpdo wr nhhs d srvlwlyh udwlr ri erwk

uhvrxufhv lq wkh orqj uxq/ ghvslwh wkh uhqhzdeoh delolw| ri wkh vhfrqg uhvrxufh1

Frqvlghu qrz wkh vlwxdwlrq � ? +4 � � q , � v 1 Li wkhuh lv qr uhf|folqj/ dffruglqj wr +56,/ rxwsxw jurzv

ryhu wlph dw d frqvwdqw udwh htxdo wr w^q�� Ã � x Û � ���§ 1 Lq wkh uhf|folqj fdvh/ dffruglqj wr +57,/ \ lqfuhdvhv

4<



+ghfuhdvhv, li { lv vpdoohu wkdq +odujhu wkdq, wkh wkuhvkrog ydoxh w^q�� Ã � x Û � ���Ã � Û � 1 Iljxuh 6 frpsduhv wkh

g|qdplf hyroxwlrq ri wkh vroxwlrq lq erwk fdvhv q v 1

LQVHUW ILJXUH 6

Rqfh djdlq/ qrwh wkdw/ lq wkh uhf|folqj fdvh wkhuh lv d udqjh iru wkh lqlwldo frqglwlrqv vxfk wkdw wkh

ehkdylru ri wkh vroxwlrq lv dqdorjrxv wr wkdw ri wkh qr0uhf|folqj fdvh= wkh udwlr { whqgv wr }hur dqg

rxwsxw jurzwkv xqolplwhgo|1 Lq wklv fdvh/ wkh jurzwk udwh ri \ lqfuhdvhv dv { ghfuhdvhv dqg lw whqgv

dv|pswrwlfdoo| wr w^q�� Ã � x Û � ���§ 1 Qhyhuwkhohvv/ wkhuh lv vwloo d uhvw srlqw dw �{ @ q�� Ã �Ã � / vr wkdw { lqfuhdvhv

ru ghfuhdvhv dv lw frqyhujhv wr �{1 Lqwhuhvwlqjo|/ \ pd| glvsod| dq lqyhuwhg X vkdsh iru vrph lqlwldo

frqglwlrqv1 Li { lv *orz* +exw qrw *yhu| orz*/ vr wkdw zh duh qrw lq wkh �uvw uhjlrq,/ wkh jurzwk udwh ri \ lv

srvlwlyh/ dffruglqj wr +57,1 Dv { lqfuhdvhv/ wkh vkduh ri wkh uhqhzdeoh uhvrxufh ghfuhdvhv/ zklfk d�hfwv

qhjdwlyho| wkh jurzwk udwh ri \ / xs wr d srlqw zkhuh
¦¢¢ ehfrphv }hur dqg wkhq qhjdwlyh/ dv { nhhsv rq

lqfuhdvlqj1

S �? �?|i}h@|i_ ��i� Lu ThL_�U|�L? @?_ hiU)U*�?}G |�i �hL_�U�

|�L? @?_ +iU)U*�?} 6�?U|�L? E�+6�

Wkh surgxfwlrq vlgh ri wkh hfrqrp| lv vkdshg e| qxphurxv irufhv lqfoxglqj wkh whfkqrorjlfdo vwuxfwxuh

dqg wkh ghflvlrqv ri doo wkh dfwlyh �upv dv zhoo dv doo wkh lqwhudfwlrqv dprqj wkhp1 Qhyhuwkhohvv/ zkdw

pdwwhuv wr dvvhvv wkh frqvxpswlrq dqg surgxfwlrq ghflvlrqv/ iurp d pdfurhfrqrplf srlqw ri ylhz/ lv wkh

djjuhjdwhg surgxfwlrq vhw ri wkh hfrqrp|/ dv uhsuhvhqwhg e| wkh surgxfwlrq ixqfwlrq ri wkh hfrqrp| I /

wkdw fdq eh vhhq dv d uhgxfhg irup ri doo wkhvh lqglylgxdo irufhv1 Dorqj wklv duwlfoh/ zh kdyh vkrzq wkh

whfkqrorjlfdo uhohydqfh ri uhf|folqj/ zklfk dowhuv wkh whfkqrorjlfdo iudphzrun dqg wkh surgxfwlrq vhw ri

wkh hfrqrp|1 Dv d frqvhtxhqfh/ uhf|folqj wxuqv rxw wr eh rqh ri wkh hohphqwv wkdw vkrxog eh wdnhq lqwr

dffrxqw dv dq lpsruwdqw frpsrqhqw ri wkh ryhudoo whfkqrorjlfdo vwuxfwxuh ri wkh hfrqrp|1

Lq wklv vhfwlrq/ zh orrn iru dq lqvwuxphqw/ htxlydohqw wr wkh surgxfwlrq ixqfwlrq/ wkdw frxog uhsuhvhqw

wkh qhz surgxfwlrq vhw rqfh uhf|folqj kdv ehhq lqfrusrudwhg1 Iru wkdw sxusrvh/ zh lqwurgxfh wkh qhzr � ���	�_O1� ��)�����/ä� ���!��	�_������7	��
 � �	)3�#�����;� ��O����# ��W'.�	O����!��	�_���2/_51� ������ ���
å � dUl�æ[ç r il ¿ ç rÑècé$è å � dUl�æ[ç r iBdUl�æ\ê.i

 ���� ���>� ��� ������� 5.
 �_� �RêW� ��
 ����)��_������'	)��I8
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frqfhsw ri Surgxfwlrq dqg Uhf|folqj Ixqfwlrq +SUI,/ zklfk lv d jhqhudol}dwlrq ri wkh surgxfwlrq ixqfwlrq/

dlphg dw uhsuhvhqwlqj wkh qhz surgxfwlrq vhw ri wkh hfrqrp| zkhq uhf|folqj lv wdnhq lqwr dffrxqw1 Wklv

frqfhsw surylghv dq dowhuqdwlyh zd| wr irupxodwh sureohp +S, dqg lqwhusuhw lwv vroxwlrq1 Wkh pdlq lghd lv

wr wdnh ixoo dgydqwdjh ri wkh hfrqrplf lqwhusuhwdwlrq jlyhq lq vhfwlrq 6 iru wkh sureohp zlwkrxw uhf|folqj1

Ghqrwhg e| ] q dqg ] v / ohw wkh qhw h{wudfwlrq udwh ri uhvrxufhv 4 dqg 5 eh gh�qhg dv

] q @ [ q � U +[ q > [ v , / +5:,

] v @ [ v / +5;,

phdvxulqj wkh lqvwdqwdqhrxv h�hfwlyh uhgxfwlrq ri wkh vwrfn ri hdfk uhvrxufh wdnlqj lqwr dffrxqw wkh

txdqwlw| h{wudfwhg iru surgxfwlrq dqg wkh txdqwlw| uhfryhuhg iurp uhf|folqj q��
Wkh Lpsolflw Ixqfwlrq Wkhruhp jxdudqwhhv wkdw htxdwlrq +5:, fdq eh orfdoo| vroyhg iru [ q e| d

lpsolflwo| gh�qhg/ F w v�x ixqfwlrq !/ lq vxfk d zd| wkdw

[ q @ ! +] q > ] v , 1 +5<,

Vxevwlwxwlqj +5:,/ +5;, dqg +5<, lq wkh surgxfwlrq ixqfwlrq zh rewdlq dq h{suhvvlrq iru \ dv d ixqfwlrq

ri ] q dqg ] v = \ @ I +[ q > [ v , @ I +! +] q > ] v , > ] v , @ �I +] q > ] v ,/ vr wkdw wkh ruljlqdo sureohp fdq eh

uhirupxodwhg dv

Pd{��ë � � ë � �
] �
� X+\ ,h ����� gw

v=w= =

\ @ �I +] q > ] v ,/

bV y @ j y +V y , � ] y / l @ 4> 5

V y +3, @ V
�y / l @ 4> 5/

V y > ] y � 3/ l @ 4> 51

+S*,

Zh fdq udwlrqdol}h sureohp +S*, lq wkh iroorzlqj zd|= dvvxph wkdw/ lq rughu wr surgxfh \ / dsduw

iurp wkh dprxqw [ v � ] v ri uhvrxufh 5/ zh xvh wkh dprxqw [ q ri uhvrxufh 4/ frplqj iurp wzr vrxufhv=

uhf|fohg pdwhuldo U q / dqg ylujlq pdwhuldo ] q 1 Ixuwkhupruh/ dvvxph wkdw wkh uhf|fohg pdwhuldo U q lv

dozd|v lpphgldwho| uhlqfrusrudwhg lqwr wkh surgxfwlrq surfhvv/ vr wkdw/ xvlqj +5:,/ zh fdq rewdlq wkh

lqvwdqwdqhrxv dprxqw ri uhtxluhg ylujlq pdwhuldo ] q / dv wkh gl�huhqfh ehwzhhq wrwdo uhtxlhuhg lqsxw dqg

wkh dydlodeoh uhf|fohg pdwhuldo1 Wkh dvvxpswlrqv rq U jxdudqwhh wkdw ] A 31
r � ZU�R�������2'	�����$e$ %�����;������'�/���O@��351�_������72��
 ��51
 ��4	��	�#�>ì � ���	�2'�
 O>51�_O���&.�	��O>� �@��	�_����/��_ !��7W���*ì r 8
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Qrwh wkdw +S, dqg +S*, frqwdlq wkh vdph hohphqwv/ wkhuhiruh wkh| duh ixoo| htxlydohqw1 Iurp wkh

vroxwlrq wr +S*,/ wkdw ri +S, fdq eh rewdlqhg e| xqgrlqj wkh yduldeoh fkdqjh jlyhq lq +5:, dqg +5;, dqg

ylfh yhuvd1 Wkh dx{loldu| yduldeohv ] y doorz xv wr lqfoxgh wkh uhf|folqj whfkqrorj|/ qrw dv d sduw ri wkh

vwdwh htxdwlrqv/ exw dv d sduw ri wkh whfkqrorj|/ uhsuhvhqwhg e| �I 1

Iljxuh 7 frpsduhv judsklfdoo| erwk dowhuqdwlyh irupxodwlrqv= Lq +S,/ erwk w|shv ri whfkqrorj| duh

uhsuhvhqwhg vhsdudwho| e| phdqv ri wkh ixqfwlrqv I dqg U1 Uhf|folqj dowhuv wkh surgxfwlrq vhw exw/ wdnlqj

wkh irupxodwlrq +S, lqwr dffrxqw/ lw lv qrw srvvleoh wr h{suhvv vxfk dq h�hfw lq d frpsdfw zd|1 Irupxodwlrq

+S*, gh�qhv wkh qhz surgxfwlrq vhw e| d vlqjoh ixqfwlrq �I / mrlqwo| frqvlghulqj erwk whfkqrorjlhv1

LQVHUW ILJXUH 7

Erwk uhvrxufhv 4 dqg 5 kdyh d wzr0irog h�hfw rq rxwsxw= d gluhfw h�hfw/ wkurxjk frqyhqwlrqdo sur0

gxfwlrq/ dqg dq lqgluhfw h�hfw/ e| phdqv ri uhvrxufh uhfryhu| wkurxjk uhf|folqj1 Wkh uhfryhuhg uhvrxufh

fdq eh uhxvhg iru surgxfwlrq wr rewdlq vrph dgglwlrqdo rxwsxw1 Iru uhvrxufh 4/ erwk h�hfwv duh srvlwlyh/

zkhuhdv iru uhvrxufh 5/ wkh gluhfw h�hfw lv srvlwlyh dqg wkh lqgluhfw rqh lv qhjdwlyh1 Wkh uhsuhvhqwdwlrq

+S*, frxog eh gluhfwo| dssolhg wr d sureohp zlwkrxw uhf|folqj/ zklfk lv d sduwlfxodu fdvh zlwk ] q @ [ q /
] v @ [ v dqg �I @ I 1 Wkh SUI �I lqfoxghv wkh djjuhjdwh h�hfw ghwhuplqhg e| wkh gluhfw rqh dqg wkh

lqgluhfw rqh1 Wkh pdlq pdwkhpdwlfdo surshuwlhv ri �I duh wkh iroorzlqj=

l, �I lv ri fodvv F w v�x vlqfh lw lv d frpsrvlwlrq ri F w v�x ixqfwlrqv1

ll, �I lv krprjhqhrxv ri ghjuhh 4/ vr wkdw lw suhvhqwv frqvwdqw uhwxuqv wr vfdoh1 Pxowlso|lqj erwk vlghv

ri +5:, e| � A 3/ xvlqj +5;, dqg wkh krprjhqhlw| dvvxpswlrq rq U/ zh kdyh �] q @ �[ q �

� ^U +[ q > [ v ,` @ �[ q � ^U +�[ q > �] v ,`1 Iurp wkh Lpsolflw Ixqfwlrq Wkhruhp zh nqrz wkdw �[ q @

! +�] q > �] v , dqg/ vlqfh I lv krprjhqhrxv ri ghjuhh 4/ �I +�] q > �] v , @ I +! +�] q > �] v , > �] v , @

I +�[ q > �[ v , @ �I +[ q > [ v , @ � �I +] q > ] v ,1 Wkh krprjhqhlw| ri ghjuhh 4 doorzv xv wr gh�qh wkh

ixqfwlrq �i +}, jlyhq e|
í{ w ë � � ë � xë � @ �I

� ë �ë � > 4
�

@ �I +}> 4, @ �i +},/ rqo| ghshqglqj rq } @
ë �ë � / dqg zh

nqrz wkdw �I q @ �i � +},/ �I v @ �i +}, � } �i � +},1

lll, Dv iru wkh �uvw ghulydwlyhv ri �I / vxevwlwxwh +5;, dqg +5<, lq +5:, wr rewdlq

] q @ ! +] q > ] v , � U +! +] q > ] v , > ] v , 1 +63,
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Ghulylqj +63, zlwk uhvshfw wr ] q dqg ] v e| wkh fkdlq uxoh dqg uhduudqjlqj/

! q �
C!

C] q
@

4

4 � U q
A 3/ ! v �

C!

C] v @
U v

4 � U q
� 31 +64,

Ghulylqj �I zlwk uhvshfw wr ] q dqg ] v / dqg xvlqj +64,/

�I q �
C �I

C] q
@

CI

C[ q
C!

C] q
� I q ! q @

I q
4 � U q

� I q A 3/ +65,

�I v �
C �I

C] v @
CI

C[ v .
CI

C[ q
C!

C] v � I v . I q ! v @ I v . I q
U v

4 � U q
� I v 1 +66,

Wkh pdujlqdo surgxfwlylw| ri uhvrxufh 4 lv srvlwlyh dqg/ li U q A 3/ wkhq �I q A I q / lq vxfk d zd| wkdw

wkh surgxfwlylw| ri uhvrxufh 4 lq wkh djjuhjdwh whfkqrorj| lv odujhu wkdq wkdw lq wkh frqyhqwlrqdo

surgxfwlrq/ ehfdxvh erwk h�hfwv duh wkh vdph vljq1 Iru uhvrxufh 5 wkh wzr h�hfwv kdyh wkh rssrvlwh

vljq/ vr �I v � I v 1 Wkh vljq ri �I v frxog eh dpeljxrxv/ lq sulqflsoh/ exw wkh whfkqlfdo dvvxpswlrq +<,

lpsolhv �I v A 3/ vr wkdw wkh gluhfw srvlwlyh h�hfw ryhufrphv wkh qhjdwlyh lqgluhfw h�hfw ri uhvrxufh

5 rq rxwsxw1 Li U v ? 3/ wkhq �I v ? I v 1 Wkh Pdujlqdo Udwh ri Whfkqlfdo Vxevwlwxwlrq +PUWV, ri �I

wxuqv rxw wr eh

�

�

�

�

g] q
g] v

�

�

�

� î¢
@

�I v
�I q

@
I q U v . I v +4 � U q ,

I q
@

I v
I q

+4 � U q , . U v ?
I v
I q

/

�

�

�

�

g] q
g] v

�

�

�

� î¢
uhsuhvhqwlqj wkh vorsh/ lq devroxwh ydoxh/ ri dq lvrtxdqw ri �I / zklfk lv vpdoohu wkdq wkdw

ri dq lvrtxdqw ri I 1

ly, �I lqfoxghv I dv d sduwlfxodu fdvh zkhq U +[ q > [ v , @ 3/ ] q @ [ q / ] v @ [ v / �I +] q > ] v , @

�I +[ q > [ v , @ I +[ q > [ v ,1

Gh�qh wkh uhodwlyh h�hfwlyh h{wudfwlrq udwlr dv } @
ë �ë � 1 Surylghg wkdw wkh pdwkhpdwlfdo irupxodwlrq

ri +S*, dssolhv wr wkh qrq0uhf|folqj fdvh glvfxvvhg lq vhfwlrq 6/ uhsodflqj �I e| I dqg [ y e| ] y / erwk

pdlq htxdwlrqv iru wkh sureohp zlwkrxw uhf|folqj/ +4, dqg +5,/ duh gluhfwo| dssolfdeoh wr +S*,1 Vshfl�fdoo|

} hyroyhv dffruglqj wr

b}

}
@ �� ^j � q +V q , � j �v +V v ,` / +67,

�� ghqrwlqj wkh hodvwlflw| ri vxevwlwxwlrq ri �I dqg kdylqj wkh wudglwlrqdo hfrqrplf lqwhusuhwdwlrq= wkh

whfkqrorjlfdo �h{lelolw| wr vxevwlwxwh wkh xvh ri uhvrxufhv zkloh nhhslqj rxwsxw frqvwdqw1 Lq djuhhphqw

zlwk +67,/ li �� A 3/ wkhq surylghg wkdw j � q +V q , A j �v +V v ,/
b}

}
A 3 krogv/ wkhq wkh qhw h{wudfwlrq udwh ri

uhvrxufh 4 lqfuhdvhv idvwhu wkdq wkdw ri uhvrxufh 51 Ixuwkhupruh/ wkh odujhu wkh hodvwlflw| ri vxevwlwxwlrq
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ri wkh SUI +l1h1/ wkh pruh �h{leoh wkh djjuhjdwh whfkqrorj|, wkh idvwhu wkh whpsrudo dgmxvwphqw ri } lq

uhvsrqvh wr d gl�huhqfh ehwzhhq j � q dqg j �v 1 Htxdwlrq +5, wdnhv wkh iroorzlqj h{suhvvlrq=

b\

\
@

4

�+\ ,

k

�� q j � q +V q , . �� v j �v +V v , � �
l

/ +68,

�� y @
ë × í{ ×í

{ w ë ��� ë � x uhsuhvhqwlqj wkh uhwxuqv ri uhvrxufh l rq wkh SUI1 Li wkh vx�flhqw frqglwlrqv iru joredo

rswlpdolw| krog/ wkhq zh nqrz wkdw �I q / �I v A 3/ vlqfh �I lv krprjhqhrxv ri ghjuhh 4/ �� q . �� v @ 4

dqg �� q j � q +V q , . �� v j �v +V v , wxuqv rxw wr eh d olqhdu frqyh{ frpelqdwlrq ri wkh pdujlqdo jurzwk ri erwk

uhvrxufhv/ wkdw phdvxuhv wkh pdujlqdo surgxfwlylw| ri qdwxudo fdslwdo lq sureohp +S*,/ zkhuh �� q V q . �� v V v
phdvxuhv wkh vwrfn ri qdwxudo fdslwdo1 Frqglwlrq +68, lv d yhuvlrq ri wkh Nh|qhv0Udpvh| uxoh vwdwlqj

wkdw lqvwdqwdqhrxv rxwsxw jurzv ru glplqlvkhv ghshqglqj rq wkh gl�huhqfh ehwzhhq wkh qdwxudo fdslwdo

surgxfwlylw| dqg wkh glvfrxqw udwh1

Zh fdq qrz gudz wkh uhodwlrqvkls ehwzhhq wkh vroxwlrqv wr +S*, dqg +S,1 Li +68, dqg +46, duh wr krog

vlpxowdqhrxvo|/ wkhq a� y @ �� y pxvw krog dw hyhu| lqvwdqw1 Iurp wkh irupxodwlrq +S*, zh nqrz wkdw �� y +dqg

khqfh a� y , uhsuhvhqwv wkh zhljkw ri uhvrxufh l rq wkh SUI/ surylglqj dq lqwhusuhwdwlrq iru wkh frh�flhqwv

a� y wkdw zdv qrw dydlodeoh lq vhfwlrq 71 Lq rughu wr �qg wkh uhodwlrq ehwzhhq htxdwlrqv +67, dqg +44,/ qrwh

wkdw/ xvlqj wkh gh�qlwlrq ri } dqg { mrlqwo| zlwk +5:, dqg +5;,/ zh nqrz wkdw } @ { � u +{,/ dqg wdnlqj

ghulydwlyhv zlwk uhvshfw wr wlph zh rewdlq

b} @ b{ � u � +{, b{ @ b{ +4 � u � +{,, / +69,

iurp zklfk/ jlyhq wkdw u � +{, @ U q 5 ^3> 4,/ b} dqg b{ kdyh wkh vdph vljq1 Glylglqj erwk vlghv ri +69, e| }

dqg { � u +{, uhvshfwlyho|/ dqg xvlqj +67, wr vxevwlwxwh
b}

}
/ zh kdyh

b{

{
@

{ � u +{,

{ +4 � u � , �� ^j � q +V q , � j �v +V v ,` 1 +6:,

Frpsdulqj +6:, dqg +44,/ a� wxuqv rxw wr eh d vlpsoh/ vljq0suhvhuylqj wudqvirupdwlrq ri wkh hodvwlflw|

ri vxevwlwxwlrq ri wkh SUI= a� @
¨ �!ï�w ¨ x¨ w^q��!ï�ð x �� @ | � �!�*w | �#� | � x| � w^q���� � x ��1

Frpsxwlqj wkh SUI lq dq h{dpsoh

Revhuyh wkdw/ dowkrxjk zh duh deoh wr hqvxuh +xqghu wkh dvvxpswlrqv pdgh, wkh h{lvwhqfh ri wkh

SUI/ lw lv qrw dozd|v srvvleoh wr rewdlq wkh vshfl�f h{suhvvlrq iru vxfk d ixqfwlrq1 Doo ghshqgv rq wkh

srvvlelolw| ri vroylqj +5:, wr rewdlq wkh ixqfwlrq ! dv vkrzq lq +5<,1

Lq wkh h{dpsoh suhvhqwhg lq vhfwlrq 8/ wkh vhohfwhg ixqfwlrqv I dqg U hqdeoh xv wr rewdlq wkh h{suhv0

vlrqv iru !/ dqg khqfh/ iru �I 1 Dffruglqj wr +5:, dqg +5;,/ wkh yduldeohv ] q dqg ] v fdq eh gh�qhg dv
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] q @ | � | �|�� È | � / ] v @ [ v 1 Diwhu vrph vlpsoh dojheud/ zh rewdlq [ q @
ë � ë �ë � � ë � / [ v @ ] v / dqg vxevwlwxwlqj

wkhvh h{suhvvlrqv lq wkh surgxfwlrq ixqfwlrq/ zh rewdlq wkh iroorzlqj h{suhvvlrq iru wkh SUI=

\ @ �I +] q > ] v , @ I

�

] q ] v
] v � ] q

> ] v
�

@

�

] q ] v
] v � ] q

� Ã �
] Ã �v 1

. �L?U*�t�L?t @?_ u�h|�ih hiti@hU�

Wklv sdshu kdv vkrzq wkdw/ dsduw iurp wkh xvxdoo| uhsruwhg hqylurqphqw0uhodwhg h{whuqdolwlhv/ wkhuh lv

dq lpsruwdqw vrxufh ri h{whuqdolwlhv olqnhg wr uhf|folqj/ dulvlqj iurp sxuho| whfkqrorjlfdo dvshfwv1 Rqh

srvvleoh pdunhw idloxuh frphv iurp wkh uhf|fodelolw| ri vrph uhvrxufh lwvhoi/ dqg dq dgglwlrqdo h{whuqdolw|

frphv iurp wkh srvvleoh whfkqlfdo lqwhudfwlrqv dprqj uhvrxufhv dorqj wkh uhf|folqj surfhgxuh1 Zh kdyh

vkrzq krz wklv h{whuqdolwlhv fuxfldoo| d�hfw wkh surgxfwlyh vhw ri wkh hfrqrp| dqg/ dv d frqvhtxhqfh/

wkh rswlpdo xvh dqg vxevwlwxwlrq ri qdwxudo uhvrxufhv lq surgxfwlrq/ ghshqglqj rq wkhlu vwrfn dydlodelolw|/

wkhlu zhljkw lq surgxfwlrq dqg/ hvshfldoo|/ wkhlu qdwxudo jurzwk delolw|1

Wkh uhvxowv vkrz wkdw wkh rxwsxw sdwk iroorzv d qhz yhuvlrq ri wkh Nh|qhv0Udpvh| uxoh/ zkhuh wkh

pdujlqdo surgxfwlylw| ri fdslwdo lv uhsodfhg e| wkh %pdujlqdo surgxfwlylw| ri qdwxudo fdslwdo%/ wkdw uhvxowv

iurp d zhljkwhg vxp ri wkh pdujlqdo jurzwk ri erwk uhvrxufhv dffruglqj wr wkhlu zhljkw lq wkh djjuhjdwh

whfkqrorj| ri wkh hfrqrp|1 Wkh rxwsxw ohyho lqfuhdvhv +ghfuhdvhv, ryhu wlph li wkh pdujlqdo surgxfwlylw|

ri qdwxudo fdslwdo lv odujhu +vpdoohu, wkdq wkh glvfrxqw udwh1 Wkh vshhg ri wklv h�hfw ghshqgv rq wkh

hodvwlflw| ri whpsrudo vxevwlwxwlrq1 Wkh uhodwlyh xvh ri uhvrxufhv ghshqgv rq wkh gl�huhqfh ehwzhhq

wkh pdujlqdo jurzwk ri erwk uhvrxufhv dqg wkh yhorflw| ri wklv h�hfw ghshqgv rq wkh �h{lelolw| ri wkh

whfkqrorj|1

Li erwk uhvrxufhv duh qrquhqhzdeoh/ wkh| duh xvhg lq d frqvwdqw sursruwlrq wkdw ghshqgv rq d phdvxuh

ri uhodwlyh zhljkw lq surgxfwlrq dqg d phdvxuh ri uhodwlyh vfduflw|1 Li surgxfwlrq ghshqgv rq d uhqhzdeoh

dqg d uhf|fodeoh uhvrxufh/ wkh uhfryhu| delolw| ri wkh odwwhu lqfuhdvhv lwv h�hfwlyh dydlodelolw| dqg shuplwv

d pruh lqwhqvh xvh lq wkh vkruw whup1 Lq wkh orqj whup/ krzhyhu/ surgxfwlrq lv pruh vxvwdlqdeoh li lw uhvwv

pruh khdylo| rq wkh uhqhzdeoh uhvrxufh1

Wkh sdshu dovr lqwurgxfhv d jhqhudol}dwlrq ri wkh wudglwlrqdo frqfhsw ri surgxfwlrq ixqfwlrq e| wkh

mrlqw irupdol}dwlrq ri surgxfwlrq dqg uhf|folqj1 Dv d uhvxow/ zh rewdlq wkh Surgxfwlrq dqg Uhf|folqj

Ixqfwlrq +SUI,1 Wkh SUI vkduhv prvw ri wkh ixqgdphqwdo surshuwlhv ri d surgxfwlrq ixqfwlrq dqg

ghslfwv wkh qhz surgxfwlrq vhw e| fdswxulqj wkh �qdo h�hfw ri uhvrxufhv rq rxwsxw dv dq djjuhjdwlrq ri
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wzr sduwlfxodu h�hfwv= wkurxjk surgxfwlrq dqg wkurxjk uhf|folqj1 Wklv ihdwxuh ri wkh SUI surylghv dq

hfrqrplfdoo| phdqlqjixo lqwhusuhwdwlrq iru wkh vroxwlrq ri wkh surgxfwlrq2uhf|folqj sureohp dffruglqj

wr wudglwlrqdo frqfhswv iurp hfrqrplf wkhru| dssolhg wr d frqwh{w lq zklfk frqyhqwlrqdo surgxfwlrq dqg

uhf|folqj lqwhudfw1

Frqfhuqlqj ixwxuh olqhv ri uhvhdufk/ wkh uhvxowv rewdlqhg lq wklv sdshu frxog eh h{whqghg dqg hqulfkhg

e| lqfoxglqj lq wkh prgho vrph ixuwkhu lqwhuhvwlqj dvshfwv/ vxfk dv sk|vlfdo fdslwdo dffxpxodwlrq/ whfkqlfdo

fkdqjh dqg wkh zdvwh pdqdjhphqw dvshfw ri uhf|folqj1 Iurp dq hpslulfdo srlqw ri ylhz/ lw zrxog eh

lqwhuhvwlqj wr hvwlpdwh wkh revhuyhg h�hfw ri wkh uhf|folqj delolw| rq wkh surgxfwlrq srvvlelolwlhv dqg wkh

h�hfwlyh xvh ri uhvrxufhv1

H �TTi?_� G �@|�i4@|�U@* +it�*|t

H�� �hLLu Lu �hLTLt�|�L? �

Wkh pd{lpl}hg Kdplowrqldq ixqfwlrq lv gh�qhg dv

K
�

+V q > V v > � q > � v , @ Pd{� | �#� | �#�
K +V q > V v > [ q > [ v > � q > � v , 1

Dffruglqj wr wkh Duurz wkhruhp q�� / wkh qhfhvvdu| Pd{lpxp Sulqflsoh frqglwlrqv duh vx�flhqw iru d

joredo pd{lpxp iru sureohp +S, li K
�

lv frqfdyh lq +V q > V v , iru doo w/ iru jlyhq � q dqg � v 1
Wkh Lpsolflw Ixqfwlrq Wkhruhp jxdudqwhhv wkdw wkh htxdwlrq v|vwhp +8, dqg +9, fdq eh orfdoo| vroyhg

iru [ q dqg [ v e| lpsolflwo| gh�qhg/ F w v�x ixqfwlrqv [ q @ a[ q +� q > � v ,/ [ v @ a[ v +� q > � v ,/ dqg wkh pd{l0

pl}hg Kdplowrqldq ixqfwlrq fdq eh h{suhvvhg dv

K
�

@ X
k

I
�

a[ q +� q > � v , > a[ v +� q > � v ,
�l

.� q
k

j q +V q , � a[ q +� q > � v , . U
�

a[ q +� q > � v , > a[ v +� q > � v ,
�l

. � v
k

j v +V v , � a[ v +� q > � v ,
l

1

Iru jlyhq � q dqg � v / wkh Khvvldq pdwul{ ri K
�

zlwk uhvshfw wr V q > V v lv

Khvv @

5

9

7

� q j � �q 3

3 � v j � �v

6

:

8

Surylghg wkdw j q dqg j v duh frqfdyh/ zh nqrz wkdw Khvv lv qhjdwlyh vhplgh�qlwh li dqg rqo| li

� q > � v � 31 Lq vxfk d fdvh/ K
�

lv frqfdyh lq V q / V v dqg Duurz vx�flhqw frqglwlrqv krog1
¥ñ�ò�ó�ô�ô�õ#ö¾÷�ø	ùPú_û	ô�üKýUþ�ÿ��������	��ô�õ��1õ�
� �� õ�ø����	���������
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Vroylqj +8, iru � q / vxevwlwxwlqj lq +9, dqg uhduudqjlqj/ zh rewdlq

� q @
X � I q

4 � U q
/ +6;,

� v @ X � I v . U v X � I q
4 � U q

@ X �
�

I v +4 � U q , . I q U v
4 � U q

�

1 +6<,

Ghulylqj +6;, dqg +6<, zlwk uhvshfw wr wlph dqg glylglqj wkh uhvxow e| +6;, dqg +6<,/ zh kdyh

b� q
� q

@
4

X �
gX �
gw

.
4

I q
gI q
gw

.
4

+4 � U q ,
gU q
gw

/ +73,

b� v
� v @

4

X �
gX �
gw

.
4

+4 � U q , I v . U v I q
�

�I v gU q
gw

. +4 � U q ,
gI v
gw

. I q
gU v
gw

. U v gI q
gw

�

+74,

.
4

+4 � U q ,
gU q
gw

1

Ehfdxvh ri wkh krprjhqhlw| dvvxpswlrq rq I dqg U/ zh nqrz wkdw wkh ixqfwlrqv gh�qhg lq +43, yhuli|

I q @ i � +{, / I v @ i +{, � { i � +{, / U q @ u � +{, / U v @ u +{, � {u � +{, 1 +75,

Ghulylqj +75, zlwk uhvshfw wr wlph/ zh kdyh

gI q
gw

@ i � � +{, b{/
gI v
gw

@ �{ b{i � � +{, /
gU q
gw

@ b{u � � +{, /
gU v
gw

@ �{ b{u � � +{, 1 +76,

Xvlqj +75, dqg +76, lq +73, dqg +74,/ wdnlqj +:, lqwr dffrxqw dqg uhduudqjlqj

b� q
� q

@
4

X �
gX �
gw

.
i � � b{
i � .

u � � b{
+4 � u � , @ � � j � q / +77,

b� v
� v @

4

X �
gX �
gw

.
i � � +u � {, � iu � �

i +4 � u � , . i � +u � {,
b{ .

u � �
+4 � u � , b{ @ � � j �v 1 +78,

Vroylqj +77, dqg +78, iru � � ï ð ðw^q��!ï#ð x b{ � q �ð �   ð� � dqg htxdwlqj erwk uhvxowv/ zh kdyh

j � q .
i � � b{
i � @ j �v .

i � � +u � {, � iu � �
i +4 � u � , . i � +u � {,

b{

zklfk/ uhduudqjlqj/ ehfrphv j �v � j � q @ b{
�	� ð ð + q��!ï ð , È �	� ð ï ð ð� ð Ü � w^q��!ï�ð x È � ðUw ï�� ¨ xuÝ dqg jlyhv ulvh wr +44,

¥

H�� �hLLu Lu �hLTLt�|�L? �

Dgglqj +77,/ dqg +78, dqg uhduudqjlqj/ zh kdyh

5
4

X �
gX �
gw

. b{M @ 5� � j � q � j �v / +79,

5:



zkhuh M @
�	� ð + q��!ï ð , ï ð ð È v ï ð ð + � ð ,

�
w ï�� ¨ x È �	� ð ð + q#�%ï ð ,

�
È v � ð � ð ð + q��!ï ð , w ï�� ¨ x� ð w^q��!ï ð x Ü � w^q��!ï ð x È � ð w ï�� ¨ xuÝ 1 Xvlqj +44, lq +79, zh rewdlq 5 q  ð �   ð� � .

{a�M ^j � q � j �v ` @ 5� � j � q � j �v / dqg vroylqj iru q �ð �   ð� � zh kdyh

4

X �
gX �
gw

@
4

5
^5� � j � q +4 . {a�M, � j �v +4 � {a�M,` / +7:,

zkhuh/ wdnlqj +45, lqwr dffrxqw/ zh nqrz wkdw

{a�M @
�

q

ii � +4 � u � , u � � . 5u � � +i � , v +u � {, . ii � � +4 � u � , v . 5i � i � � +4 � u � , +u � {,
r

+4 � u � , ^ii � � +4 � u ð , . ii � u ð ð `
dqg/ vxevwlwxwlqj lq +7:, dqg uhduudqjlqj/ zh rewdlq

4

X �
gX �
gw

@
k

� �
�

a� q j � q . a� v j �v
�l

/ +7;,

zkhuh a� q dqg a� v duh gh�qhg lq +47, 1 Wdnlqj �   ð� � @ X � � b\ lqwr dffrxqw dqg xvlqj wkh gh�qlwlrq ri � +\ ,/

+7;, ehfrphv +46,1 Dgglqj xs wkh h{suhvvlrqv iru a� q dqg a� v lq +47, zh rewdlq a� q . a� v @ 4
¥

H�e �hLLu Lu �hLTLt�|�L? e

Li erwk uhvrxufhv duh qrquhqhzdeoh/ +:, ehfrphv b� y @ �� y / zklfk lv vroyhg e| � y @ � y +3, h ��� / � y +3, ehlqj

wkh ydoxh ri � y dw w @ 31 Glylglqj wkh h{suhvvlrqv iru � v dqg � q zh kdyh � @ ¥ � w � x¥ � w � x / zklfk lv frqvwdqw1

Vxevwlwxwlqj +77, dqg +78, lq wkh gh�qlwlrq ri �/ zh rewdlq � @ { � w^q���� � x È { � � �{ � zklfk/ xvlqj +43, dqg

+75, dqg uhduudqjlqj/ fdq eh h{suhvvhg dv � @
�
+ q#�%ï ð , È � ð ï� ð � { ru/ xvlqj +43, dqg +75, djdlq/ mrlqwo|

zlwk wkh gh�qlwlrq ri {/ { @ { { w^q���� � x È {R� �| � { � � �1 Xvlqj wkh Hxohu uhvxow iru krprjhqhrxv ixqfwlrqv/

I +[ q > [ v , @ [ q I q +[ q > [ v ,.[ v I v +[ q > [ v ,/ dqg vroylqj iru {/ zh rewdlq +48,1 Ixuwkhupruh/ jlyhq wkdw

{ dqg � duh frqvwdqw/ # lv frqvwdqw dv zhoo
¥

H�D , @4T*i ��|� |�L ?L?hi?i�@M*i hitL�hUit @?_ hiU)U*�?}

Wkh sureohp wr vroyh lv

Pd{� | ��� | ���
] �
� qq�� §

�

[ Ã � w^q�� § xq [ Ã � w^q�� § xv
�

h ����� gw

v=d= =

bV q @ �[ q .
[
v
q

[ q . [ v @ �
[ q [ v

[ q . [ v /

bV v @ �[ v /
V y +3, @ V

�y / l @ 4> 5

3 � [ y � V y / l @ 4> 5

5;



Jlyhq wkdw erwk uhvrxufhv duh hvvhqwldo iru surgxfwlrq/ zh fdq glvfdug dv rswlpdo dq| fruqhu vroxwlrq

zlwk [ q @ 3 ru [ v @ 31 Wkh fxuuhqw0ydoxh Kdplowrqldq wdnhv wkh h{suhvvlrq

K @
4

4 � �

�

[ Ã � w^q�� § xq [ Ã � w^q�� § xv
�

� � q
[ q [ v

[ q . [ v � � v [ v 1

Wkh vkdgrz sulfh ri d qrquhqhzdeoh uhvrxufh jurzv dw d frqvwdqw udwh htxdo wr �/ vr wkdw � y @ � y +3, h ��� 1
Wkh �uvw rughu frqglwlrqv iru wkh pd{lpl}dwlrq ri wkh Kdplowrqldq zlwk uhvshfw wr [ q dqg [ v duh

CK

C[ q
@ � q [ Ã � w^q�� § x �,qq [ Ã � w^q�� § xv � � q

[
vv

+[ q . [ v , v @ 3/

CK

C[ v @ � v [ Ã � w^q�� § xq [ Ã � w^q�� § x �,qv � � q
[
v
q

+[ q . [ v , v � � v @ 3

dqg uhduudqjlqj zh rewdlq

� q @ � q [ Ã � w^q�� § x ��qq [ Ã � wuq#� § x � vv +[ q . [ v , v / +7<,

� v @ � v [ Ã � w^q�� § xq [ Ã � w^q�� § x �,qv � � q [ Ã � w^q�� § x È,qq [ Ã � w^q�� § x � vv / +83,

zklfk/ hydoxdwhg dw w @ 3/ jlyh

� q +3, @ � q [ q +3, Ã � w^q�� § x �,q [ v +3, Ã � w^q�� § x � v +[ q +3, . [ v +3,,
v

/ dqg

� v +3, @ � v [ q +3, Ã � w^q�� § x [ v +3, Ã � w^q�� § x �,q � � q [ q +3, Ã � wuq#� § x È,q [ v +3, Ã � w^q�� § x � v 1

Iurp wkh uhvxowv iru wzr qrquhqhzdeoh uhvrxufhv vkrzq lq vhfwlrq 7/ zh nqrz wkdw
¦¢¢ @

¦|��| � @
¦| �| � @

���§ 1 Wkh jhqhudo vroxwlrqv iru wkhvh gl�huhqwldo htxdwlrqv duh \ @ \ +3, h ���� � / [ q @ [ q +3, h ���� � dqg

[ v @ [ v +3, h � �� � 1 Iurp wkh wudqvyhuvdolw| frqglwlrqv iru sureohp +S,/ zh nqrz wkdw erwk uhvrxufhv

ehfrph h{kdxvwhg xqghu wkh rswlpdo vroxwlrq dqg hvvhqwldolw| lpso| wkdw wkhlu h{kdxvwlrq pxvw eh vl0

pxowdqhrxv1 Ohw W ghqrwh wkh h{kdxvwlrq wlph1 Wkh rswlpdo ydoxh ri W frphv iurp wkh wudqvyhuvdolw|

frqglwlrq K +W , @ 31 Hydoxdwlqj wkh vroxwlrqv iru [ q / [ v / � q dqg � v dw lqvwdqw W dqg vxevwlwxwlqj lq wkh

Kdplowrqldq/ zh frqfoxgh wkdw W @ 4 dqg erwk uhvrxufhv h{kdxvw dv|pswrwlfdoo|1

Vxevwlwxwlqj wkh vroxwlrq iru [ v lq wkh vwdwh htxdwlrq iru uhvrxufh 5 dqg xvlqj wkh lqlwldo frqglwlrq

V v +3, @ V
�v / zh rewdlq V v @ V

�v .
§
� [ v +3,

k

h � �� � � 4
l

dqg/ xvlqj wkh �qdo frqglwlrq olp�U´ � V v +w, @ 3/

zh kdyh wkh lqlwldo ydoxh iru [ v / [ v +3, @ �§ V
�v 1 Vxevwlwxwlqj wkh vroxwlrqv iru [ q dqg [ v lq wkh vwdwh

htxdwlrq iru uhvrxufh 4/ zh kdyh bV q @ � |3� w � x | � w � x|�� w � x È | � w � x h ���� � wkdw/ xvlqj wkh lqlwldo frqglwlrq V q +3, @ V
�
q / lv

vroyhg e| V q @ V
�
q .

§
� | � w

� x | � w � x| � w � x È | � w � x
k

h � �� � � 4
l

dqg/ xvlqj wkh �qdo frqglwlrq olp�U´ � V q +w, @ 3/ wkh h{suhvvlrq

iru [ v +3, dqg uhduudqjlqj/ surylghv [ q +3, @ �§ �IÍ� �IÍ�� Í� ��� Í� 1 Ghulylqj wkh vroxwlrqv iru [ q dqg \ zlwk uhvshfw

5<



wr V
�
q dqg V

�v / zh rewdlq wkh iroorzlqj vhqvlwlylw| dqdo|vlv uhvxowv=

C[ q
CV
�
q

@
�

�

�

V
�v � v

+V
�v � V

�
q ,
v h � �� � A 3/

C[ q
CV

�v @ �
�

�

�

V
�
q
� v

+V
�v � V

�
q ,
v h � �� � ? 3/

C\

CV
�
q

@ � q
�

�

�

V
�v � v �

V
�
q
� Ã � �,q

�

4

V
�v � V

�
q

� Ã � È,q
h ���� � A 3/

C\

CV
�v @

�

�

%

�

V
�
q

V
�v � V

�
q

� Ã �
� V

�v � q
�

V
�
q

V
�v � V

�
q

� Ã � �,q V
�
q

+V
�v � V

�
q ,
v

&

h � �� � @

@
�

�

�

V
�
q

V
�v � V

�
q

� Ã � V
�v +4 � � q , � V

�
q

V
�v � V

�
q

h � �� � � 3 / V
�v �

V
�
q

+4 � � q ,
1
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Dqghuvrq/ F1O1/ 4<;:/ Wkh Surgxfwlrq Surfhvv= Lqsxwv dqg Zdvwhv/ Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv

dqg Pdqdjhphqw 47/ 40451

Dqgu�h/ I1M1 dqg H1 Fhug�d/ 5334d/ Rswlpdo Vxevwlwxwlrq ri Uhqhzdeoh dqg Qrquhqhzdeoh Uhvrxufhv lq

Surgxfwlrq/ LYLH ZS0DG 53340471

Dqgu�h/ I1M1 dqg H1 Fhug�d/ 5334e/ Rswlpdo Vhtxhqfh ri Odqg�oov lq Vrolg Zdvwh Pdqdjhphqw/ Rswlpdo

Frqwuro Dssolfdwlrqv dqg Phwkrgv 55/ 40581

Dqgu�h/ I1M1 dqg H1 Fhug�d/ 5336/ Odqg�oo Frqvwuxfwlrq dqg Fdsdflw| H{sdqvlrq/ Hqylurqphqwdo dqg

Uhvrxufh Hfrqrplfv/ Iruwkfrplqj1

Duurz/ N1M1 dqg P1 Nxuw}/ 4<:3/ Sxeolf Lqyhvwphqw/ wkh Udwh ri Uhwxuq/ dqg Rswlpdo Ilvfdo Srolf|

+sxeolvkhg iru Uhvrxufhv iru wkh Ixwxuh/ Lqf1/ e| wkh Mrkqv Krsnlqv Suhvv/ Edowlpruh/ PG,1

Ehfnpdq/ P1M1/ 4<:7/ D Qrwh rq wkh Rswlpdo Udwhv ri Uhvrxufh H{wudfwlrq/ Wkh Uhylhz ri Hfrqrplf

Vwxglhv/ % v|psrvlxp rq wkh hfrqrplfv ri h{kdxvwleoh uhvrxufhv%/ 45404551

Ehfnpdq/ P1M1/ 4<:8/ Wkh Olplwv wr Jurzwk lq d Qhrfodvvlfdo Zruog/ Dphulfdq Hfrqrplf Uhylhz 98/

9<809<<1

Ehhgh G1Q1 dqg G1H1 Eorrp/ 4<<8/ Hfrqrplfv ri wkh Jhqhudwlrq dqg Pdqdjhphqw ri Pxqlflsdo Vrolg

Zdvwh1 Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk/ Zrunlqj Sdshu Vhulhv Qr1 84491

Euxyroo/ D1/ 4<<;/ Wd{lqj Ylujlq Pdwhuldov= dq Dssurdfk wr Zdvwh Sureohpv/ Uhvrxufhv/ Frqvhuydwlrq

dqg Uhf|folqj 55/ 4805<1

Glqdq/ W1P1/ 4<<6/ Hfrqrplf H�flhqf| H�hfwv ri Dowhuqdwlyh Srolflhv iru Uhgxflqj Zdvwh Glvsrvdo/

Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 58/ 57505891

Gl Ylwd/ J1/ 5334/ Whfkqrorjlfdo Fkdqjh/ Jurzwk dqg Zdvwh Uhf|folqj/ Hqhuj| Hfrqrplfv 56/ 87<089:1

Ixoohuwrq/ G1 dqg W1F1 Nlqqdpdq/ 4<<8/ Jduedjh/ Uhf|folqj dqg Loolflw Exuqlqj ru Gxpslqj/ Mrxuqdo

ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 5</ :;0<41

Ixoohuwrq/ G1 dqg W1F1 Nlqqdpdq/ 4<<9/ Krxvhkrog Uhvsrqvhv wr Sulflqj e| wkh Edj/ Dphulfdq Hfr0

qrplf Uhylhz ;9/ <:40<;71
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Ixoohuwrq/ G1 dqg W1 Nlqqdpdq +hgv1, +5335, Wkh Hfrqrplfv ri Krxvhkrog Jduedjh dqg Uhf|folqj Eh0

kdylru1 Qhz Krul}rqv lq Hqylurqphqwdo Hfrqrplfv1 +Hgzdug Hojdu/ Fkhowhqkdp/ XN> Qruwkdps0

wrq/ PD/ XVD,1

Jdxghw/ J1/ P1 Pruhdx{ dqg V1Z1 Vdodqw/ 5334/ Lqwhuwhpsrudo Ghsohwlrq ri Uhvrxufh Vlwhv e| Vsdwldoo|

Glvwulexwhg Xvhuv1 Dphulfdq Hfrqrplf Uhylhz <4/ 447<08<1

Kduwzlfn/ M1P/ 4<:;d/ Vxevwlwxwlrq Dprqj H{kdxvwleoh Uhvrxufhv dqg Lqwhujhqhudwlrqdo Htxlw|/ Uhylhz

ri Hfrqrplf Vwxglhv 78/ 67:06871

Kduwzlfn/ M1P1/ 4<:;e/ Lqyhvwlqj Uhwxuqv iurp Ghsohwlqj Uhqhzdeoh Uhvrxufh Vwrfnv dqg Lqwhujhqhud0

wlrqdo Htxlw|/ Hfrqrplf Ohwwhuv 4/ ;80;;1

Kduwzlfn/ M1P1/ 4<<3/ Qdwxudo Uhvrxufhv/ Qdwlrqdo Dffrxqwlqj dqg Hfrqrplf Ghsuhfldwlrq/ Mrxuqdo ri

Sxeolf Hfrqrplfv 76/ 5<406371

Kljk�oo/ M1 dqg P1 PfDvh|/ 4<<:/ Pxqlflsdo Zdvwh Pdqdjhphqw= Uhf|folqj dqg Odqg�oo Vsdfh Frq0

vwudlqwv/ Mrxuqdo ri Xuedq Hfrqrplfv 74/ 44;04691

Kljk�oo/ M1/ P1 PfDvh| dqg U1 Zhlqvwhlq/ 4<<7/ Rswlpdolw| ri Uhf|folqj dqg wkh Orfdwlrq ri d Uhf|folqj

Fhqwhu/ Mrxuqdo ri Uhjlrqdo Vflhqfh 67/ 8;608<:1

Krho/ P1/ 4<:;/ Uhvrxufh H{wudfwlrq dqg Uhf|folqj zlwk Hqylurqphqwdo Frvwv/ Mrxuqdo ri Hqylurqphqwdo

Hfrqrplfv dqg Pdqdjhphqw 8/ 55305681

Kxkwdod/ D1/ 4<<7/ Lv Hqylurqphqwdo Jxlow d Gulylqj IrufhB Dq Hfrqrplf Vwxg| rq Uhf|folqj/ Xqlyhuvlw|

ri Fdoliruqld/ Ehunhoh|/ Sk1G1 Hglwhg lq Xqlyhuvlw| ri Odsodqg1 +Dfwd Xqlyhuvlwdwlv Odssrqlhqvlv/

Urydqlhpl,1

Kxkwdod/ D1/ 4<<:/ D Srvw0frqvxphu Zdvwh Pdqdjhphqw Prgho iru Ghwhuplqlqj Rswlpdo Ohyhov ri

Uhf|folqj dqg Odqg�oolqj/ Hqylurqphqwdo dqg Uhvrxufh Hfrqrplfv 43= 63406471

Kxkwdod/ D1/ 4<<</ Rswlpl}lqj Surgxfwlrq Whfkqrorj| Fkrlfhv= Frqyhqwlrqdo Surgxfwlrq yv1 Uhf|folqj/

Uhvrxufh dqg Hqhuj| Hfrqrplfv 54= 404;1

Oh|/ H1/ P1 Pdfdxoh| dqg V1 Vdodqw/ 5335/ Vsdwldoo| dqg Lqwhuwhpsrudoo| H�flhqw Vrolg Zdvwh Pdqdjh0

phqw/ Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 76/ 4;;054;1
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Oxqg/ M1U1/ 4<<3/ Ohdvw0Frvw vfkhgxolqj ri Vrolg Zdvwh Uhf|folqj/ Mrxuqdo ri Hqylurqphqwdo Hqjlqhhulqj

449/ 4;504<:1

Oxvn|/ U1/ 4<:8d/ Frqvxphuv* Suhihuhqfhv dqg Hfrorjlfdo Frqvflrxvqhvv% Lqwhuqdwlrqdo Hfrqrplf Uhylhz

49/ 4;;05331

Oxvn|/ U1/ 4<:8e/ Rswlpdo Wd{dwlrq Srolflhv iru Frqvhuydwlrq dqg Uhf|folqj% Mrxuqdo ri Hfrqrplf

Wkhru| 44 / 648065;1

Sdophu/ N1 dqg P1 Zdoov/ 4<<:/ Rswlpdo Srolflhv iru Vrolg Zdvwh Glvsrvdo/ Wd{hv/ Vxevlglhv dqg Vwdq0

gdugv/ Mrxuqdo ri Sxeolf Hfrqrplfv 98/ 4<605381

Shdufh/ G1 dqg L1 Eulvvrq/ 4<<7/ Xvlqj Hfrqrplf Lqfhqwlyhv iru wkh Frqwuro ri Pxqlflsdo Vrolg Zdvwh/

lq Txdgulr0Fxu}lr hw1 do1 +hgv1, Wkh Pdqdjhphqw ri Pxqlflsdo Vrolg Zdvwh lq Hxursh1 Hfrqrplf/

Whfkqrorjlfdo dqg Hqylurqphqwdo Shuvshfwlyhv1 +Hovhylhu Vflhqfh,1

Sruwhu/ U1/ 5335/ Wkh Hfrqrplfv ri Zdvwh1 +Uhvrxufhv iru wkh Ixwxuh/ Zdvklqjwrq/ G1F1,1

Txdgulr0Fxu}lr/ D1/ O1 Survshulwwl dqg U1 ]rerol +hgv1,/ 4<<7/ Wkh Pdqdjhphqw ri Pxqlflsdo Vrolg

Zdvwh lq Hxursh1 Hfrqrplf/ Whfkqrorjlfdo dqg Hqylurqphqwdo Shuvshfwlyhv1 Ghyhorsphqwv lq

Hqylurqphqwdo Hfrqrplfv/ yro1 8/ +Hovhylhu Vflhqfh,1

Uhdg|/ P1M1 dqg U1F1 Uhdg|/ 4<<8/ Rswlpdo Sulflqj ri Ghsohwdeoh/ Uhsodfhdeoh Uhvrxufhv= Wkh Fdvh ri

Odqg�oo Wlsslqj Ihhv/ Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 5;/ 63:06561

Vfkxo}h/ Z1/ 4<:7/ Wkh Rswlpdo Xvh ri Qrq0Uhqhzdeoh Uhvrxufhv= wkh Wkhru| ri H{wudfwlrq/ Mrxuqdo

ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 4/ 860:61

Vklqnxpd/ W1/ 5336/ Rq wkh Vhfrqg0Ehvw Srolf| ri Krxvhkrog Zdvwh Uhf|folqj/ Hqylurqphqwdo dqg

Uhvrxufh Hfrqrplfv 57/ ::0<81

Vljpdq K1D1/ 4<<8/ D Frpsdulvrq ri Sxeolf Srolflhv iru Ohdg Uhf|folqj/ Wkh Udqg Mrxuqdo ri Hfrqrplfv

59/ 78507:;1

Vlqfodlu/ S1/ 4<<5/ Kljk Grhv Qrwklqj dqg Ulvlqj lv Zruvh= Fduerq Wd{hv Vkrxog Nhhs Ghfolqlqj wr

Fxw Kdupixo Hplvvlrqv/ Wkh Pdqfkhvwhu Vfkrro 93/ 740851

Vplwk/ Y1O1/ 4<9;/ Hfrqrplfv ri Surgxfwlrq iurp Qdwxudo Uhvrxufhv/ Wkh Dphulfdq Hfrqrplf Uhylhz

8;/ 73<07641
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Vplwk/ Y1O1/ 4<:5/ G|qdplfv ri Zdvwh Dffxpxodwlrq= Glvsrvdo Yhuvxv Uhf|folqj/ Txduwhuo| Mrxuqdo ri

Hfrqrplfv ;9/ 93309491

Zhlqvwhlq/ P1F1 dqg U1M1 ]hfnkdxvhu/ 4<:7/ Xvh Sdwwhuqv iru Ghsohwdeoh dqg Uhf|fohdeoh Uhvrxufhv/

Wkh Uhylhz ri Hfrqrplf Vwxglhv/ %v|psrvlxp rq wkh hfrqrplfv ri h{kdxvwleoh uhvrxufhv%/ 9:0;;1
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