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Hochschule, Zurich

(Communicated by P.A. M. Dirac, F .R .S .— Received 31 M a y  1939)

1. In t r o d u c t i o n

The investigations o f D irac (1936) on re la tiv is tic  w ave equations for 

partic les w ith  a rb itra ry  spin  have recen tly  been followed up by  one o f us 

(F ierz, 1939 , referred  to  as (A)) I t  was there  found possible to  set up a 

schem e o f second q u an tiza tio n  in th e  absence of an  ex ternal field, and  to  

derive expressions for th e  cu rren t vecto r and  th e  energy-m om entum  tensor. 

These considerations will be ex tended  in  th e  p resen t paper to  th e  case w hen 

th ere  is an  ex te rn a l e lectrom agnetic field, b u t we shall in the  first instance 

d isregard  th e  second q u an tiza tio n  and  confine ourselves to  a c-num ber 

theory .

The difficulty o f th is  problem  is illu s tra ted  by  the  fact th a t  the  m ost 

im m ediate  m ethod  of tak ing  in to  account th e  effect o f th e  electrom agnetic 

field, proposed by  D irac (1936), leads to  inconsistent equations as soon as 

th e  spin is g rea ter th a n  1. To m ake th is  clear we consider D irac’s equations 

for a partic le  o f spin 3 /2 , which in the  force-free case run  as follows:

Vol. 173. A.

K b =  p^PaPp = p0Pa“p, 

Kat /3 =  V * p b f  =  PppbPi,

14

( 1 )
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212 M. Fierz an d  W. P au li

w here a\p  =  ajj0L an d  b ff  =  b^d are  sy m m etrica l spinors. D irac a

ta k e  th e  ex te rn a l e lec trom agnetic  field in to  accoun t b y  rep lacing  th e  sp inor 

p af5 by  U ap, w hich arises from  i t  b y  su b s titu tin g  for

— id jdxk ((f)k being th e  e lec trom agnetic  po ten tia ls) . T he 77a  ̂ a re  th e n  n o n ­

com m uting  opera to rs  satisfy ing  th e  re la tio n s (cf. A ppendix)

=  < * / / / + V / / >  <2- i )

w here f a/}an d  f d̂  are  th e  tw o sym m etrica l sp inors ( f aa = f d =  0 ) associated  

w ith  th e  an tisym m etrica l field ten so r B y  c o n trac tin g  th is  re la tio n  i t  

follows th a t
n ^ w e - n w n ^  =  2/ / .

On th e  o th e r h and , ju s t  as in  th e  force-free case, we hav e

n ^ n ^ + m n ^  (2 -2 )

an d  so 77a/5/ 7 ^  =  — (2*3)

F rom  D ira c ’s proposed equations

Kb f  = n dpJyp =  7 7 ( 3

Katfi = H apbY  =  

how ever, i t  w ould follow th a t

^ a p ^ a.a% — K̂ <x.p =

a n d  so from  (2-3) -  n 2a l/j+ f / a } (7 =  l fi.

Since th e  rig h t-h an d  side is sym m etrica l in  a  an d  yd i t  follows th a t  th e  sub- • 

s id iary  condition

f . ’ «%  =  f / atr>

or / " o j ,  =  0 , (3-3)

m u st be satisfied by  th e  sp inor field b u t th is  canno t in general be 

satisfied s im ultaneously  w ith  th e  o th e r equations.

One m igh t a t  first hope to  avo id  th is  ob jection  by  replacing  (3T ), (3-2) 

by  th e  w eaker conditions

2Kb = n t p a ^  + nfoâ,(4-1)

2*»& = n ^ b y + n ^ b f / .  (4-2)
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I t  is to  be rem arked , how ever, th a t  even  in  th e  force-free case such a  

system  no longer leads to  a  w ave eq u a tio n  o f second order. (A closer d is­

cussion show s th a t  these  eq u ations describe, besides partic les  o f sp in  3/2 

a n d  rest-m ass k , also p artic les  o f sp in  1/2 an d  rest-m ass 2k ). A nd fu rth e r ,

th e  expression  for th e  to ta l  charge tu rn s  o u t to  be no longer positive  defin ite, 

a n d  th is  m akes q u an tiz a tio n  consisten t w ith  th e  exclusion princip le  im ­

possib le  (for q u an tiza tio n  consisten t w ith  Bose s ta tis tic s  th e  to ta l  energy  is, 

on  th e  o th e r  h and , n o t positive  for th e  case o f ha lf-in teg ra l spins).

T his m odification  w as therefo re  aban d o n ed  an d  th e  equations ( 1) w ere 

re ta in ed  for th e  force-free case. T he problem  th e n  arose, besides rep lacing  

th e  p a/} b y  th e  ITa/5, o f add ing  to  these  equations e x tra  term s, depending on 

th e  field s treng ths, in  such a  w ay th a t  th e y  rem ained  self-consistent in th e  

presence o f a n  ex te rn a l field.

A com pletely  analogous problem  arises for in teg ra l spins. F o r instance, 

th e  field equations for spin  2 , involving according to  (A) a sym m etrical 

ten so r A ik, whose tra c e  ^ A u  vanishes, are
i

(5 -1 )

Particles of arbitrary spin in an electromagnetic field 213

The second set o f conditions is indispensable if  th e  to ta l energy is to  be 

positive definite. I n  fac t if  th ey  were o m itted  those w aves w ith  only  com ­

ponen ts o f th e  ty p e  A4> w ould give rise to  negative values o f th e  

energy. On th e  o th e r hand , th e  equations w hich arise from  (5T), (5-2) w hen 

djdxk is replaced by d/dxk — ie<j)klhc are n o t com patib le, for th e  opera to rs 

772=  2  n%an d  TIk are n o t com m utative  (ITk =  —id/dxk — erf>k/hc).
k

W e shall n o t a tta c k  th e  problem  of deriv ing such add itional term s to  m ake 

th e  equations com patible d irectly  b u t solve it  by an  artifice. This consists 

in  in troducing  auxiliary  tensors or spinors of lower ran k  th a n  the original 

ones (for spin  3/2  th ey  will be simple spinors ca and  dd] for spin 2 a scalar C) 

an d  deriving all equations from  a v a ria tio n  princip le w ithou t having to  

in troduce  ex tra  conditions. B y su itab ly  choosing th e  num erical coefficients 

in  th e  L agrange function  it  will follow from th e  field equations (derived from 

th e  varia tion) th a t  in th e  absence of an ex ternal field the  auxiliary  quan tities  

vanish and  the  add itional conditions (5 -2 ) or (1) are satisfied au tom atica lly  

(cf. § 2 , equations (10), (11)).

T h a t such a procedure is reasonable seems to  be shown by the fact th a t, 

for vanishing rest-m ass, our equations for the  case of spin 2 go over in to  those

I - i - 2
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214 M. Fierz and  W. P auli

of th e  re la tiv ity  th eo ry  of w eak g ra v ita tio n a l fields (i.e. =  S ^  + y ^ ,

neglecting  te rm s o f o rder h igher th a n  th e  first in  y A„); th e  “ g au g e-tran s­

fo rm a tio n s” are  iden tica l w ith  th e  changes induced  in  y  b y  in fin itesim al 

co-ord inate  tran sfo rm a tio n s  (§ 6 ).

A lthough  th e  following only deals in  de ta il w ith  th e  in te ra c tio n  of the 

partic les  an d  an  e x te rn a l e lectrom agnetic  field, th e  in te ra c tio n  w ith  o th e r 

p a rtic les  w hich can be absorbed  a n d  em itte d  could  be fo rm u la ted  an a lo ­

gously . F o r instance , th e  in te rac tio n  w ith  a new  scalar field ^  could  be 

in tro d u ced  b y  e x tra  te rm s in  th e  L agrange fu n c tio n  w hich arise  from  those  

in  th e  L ag rang ian  o f th e  following pages con tain ing  a fac to r k 2 by  rep lace­

m e n t o f k 2 by  ijr. O n th e  o th e r han d , i t  is im p o rta n t th a t  a one-to-one co rre­

spondence should  be possible betw een th e  s ta te s  (e igenfunctions) w ith  th e  

e x te rn a l field a n d  w ithou t. This is eq u iv a len t to  say ing  th a t  th e  n u m b er o f 

conditions w hich th e  field a n d  au x ilia ry  variab les  (and th e ir  tim e-d eriv a tiv es  

for in teg ra l spins) m u st satisfy  at a definite tim e  is 

presence o f an  ex te rn a l field. O therw ise, as is illu s tra te d  in  A ppendix  I  by  

a special exam ple w ith  partic les  o f sp in  1, s ingularities occur w hen th e  

e x te rn a l field is m ade to  van ish  slowly. In  th e  m ain  te x t, how ever, th is  

req u irem en t o f th e  con tinued  existence o f su b sid ia ry  conditions in  an  

e x te rn a l field is alw ays fulfilled.

This req u irem en t also seems im p o rta n t for th e  second q u a n tiz a tio n  o f th e  

fields, a top ic  n o t tre a te d  in  d e ta il here. I t  enables one, nam ely , s ta r tin g  

from  th e  co m m uta tion  rules o f (A), to  m ake an  expansion  o f th e  com ­

m u ta tio n  b rack ets  o f  all field q u an titie s  in  pow ers o f th e  charge e. I t  is 

to  be rem arked  th a t  w ith  partic les of spin  g rea te r th a n  1 th e  charge-densities 

a t  different po in ts  no longer com m ute. A closer s tu d y  o f th is  c ircum stance, 

w hich s trong ly  d istinguishes th e  sp in  values o f 0 , 1/ 2 , 1 (cf. A, In tro d u c tio n ) 

is to  be desired.

As m ay  be seen from  our la s t section  (§ 8 ), ou r aim  w as n o t so m uch  to  set 

up  th e  m ost general possible re la tiv is tic  eq uations for p artic les  o f h igher 

sp in  b u t ra th e r  to  show th a t ,  in  th e  p resen t s ta te  o f th e  th eo ry , th e  ex istence 

o f e lem en tary  partic les  o f sp in  h igher th a n  1 canno t be excluded, a lth o u g h  

th e  th eo ry  for such partic les is considerab ly  m ore com plicated  th a n  for 

sm aller sp in  values. In  th is  connexion i t  m ay  be m en tioned  th a t  we have 

been unable  to  generalize th e  field-equations w hich in  th e  n o ta tio n  o f (A) 

correspond  to  k  ̂ l ,or th e  cu rren t-vecto rs  s(a) for w hich 1 (cf. (A)

an d  (5-6)).
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Particles of arbitrary spin  in  an electromagnetic field 215

I .  S P I N  2

2. D e r i v a t i o n  o f  t h e  f o r c e -f r e e  e q u a t i o n s  f r o m

A  V A R IA T IO N  P R IN C IP L E

As a n  exam ple  o f th e  th e o ry  o f a  w ave-field corresponding to  p a rtic les  

o f sp in  h igher th a n  1 in  in te ra c tio n  w ith  o th e r fields le t us first consider th e  

th e o ry  for sp in  2 .

As w as show n in  (A) such a  field is described in  th e  absence o f e x te rn a l 

fields by  a  sym m etrica l ten so r A ik o f second ran k , w h

satisfy ing  th e  w ave eq u a tio n

^ A ik = K2A ik, (5*1)

a n d  for w hich th e  ad d itio n a l condition

is fulfilled. In  th is  th e  indices i, k  ru n  from  1 to  4. s tan d

an d  □  =  V2 —(1/c2) d2/dt2. S um m ation  over indices occurring tw ice is to

understood . I t  can  be show n th a t  th e  to ta l  energy o f th e  field is positive  

only if  th e  e x tra  condition  (5*2 ) is satisfied, i.e. i f  th e  v ecto r dA ikjdxi does 

n o t van ish  i t  describes partic les o f negative  energy. I f  one in troduces 

ex te rn a l fields, th is  m u st be done in  such a  m anner th a t  a fte r th e y  have been 

sh u t off th e  condition  (5*2 ) is again  fulfilled, so th a t  no new  partic les o f 

negative  energy should be created .

In  order to  discover a correct generalization  of equations (5 -1), (5-2) for 

ex tern al forces we shall look for a v a ria tio n  princip le

8 JLdQ =  0,

from  w hich (5 -1) an d  (5*2 ) can be derived. A t th is  p o in t i t  is useful to  in tro ­

duce an  aux ilia ry  scalar field C, on w hich L  will be ta k en  to  depend an d  

which is to  be varied  independen tly  of A ik. The in troduction  of C is an  artifice 

w hich enables one to  derive th e  add itional condition (5 -2 ) from  th e  Lagrange 

function  by  varia tion . F o r sim plicity  le t us assum e th a t  A ik and  C are 

“ re a l” fields, i.e.
A fk = A ik- C* = C.

(H ere th e  tensor A*k hconjugate to  th e  tensor A ik h is equal 

( — )n A  ik hw here n  is th e  num ber o f tim es 4 appears am ong th e  indices 

i, k, and  th e  b a r denotes th e  complex conjugate. “ R e a l” tensors are 

those for w hich A*k t =  A ik ,.)
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216 M. Fierz an d  W. P au li

F o r th e  function  L  we m ake th e  following choice:

L  — K 2A i k A
dAju i

+ a
dxt dx( 1 dxr dxs dxt dXf dxr dxk

A ik is o f course sym m etrical a n d  fulfils th e  tra c e  cond ition  A u  =  0 , a  fac t 

w hich m u st be rem em bered  w hen perform ing  th e  v a ria tio n . B y  v ary ing  

A ik a n d  C we o b ta in  th e  following equations:

2K2A ik — 2\ —( d*A k
\dxr dxt

a 2A d2A s )

+  dxr dxk 2 ̂ lk dxr a

_ a 2

dxi dxk
+ l t ikn c  = o, (7*i)

Pj2 A

2a2K2C  — 2aJ3C  — =  0. (7-2)
VXj. VXfc

L et us now  determ ine th e  th ree  co n stan ts  a v  az in  such a  w ay  th a t  

dA ik/dxi an d  C v an ish  as a consequence of (7 -1) a n d  (7*2 ). F o r  th is  we 

d ifferen tia te  (7*1) w ith  respec t to  x i a n d  o b ta in

dxi dx{
: +  a ,{ n

]Auc 1 \

dxt 2 dxidxs d x j
+  ■

I f  we now  p u t ax =  — 2 , th e  rig h t-h an d  side will only  con tain  de riv a tiv

th e  scalars C and  d2A ik/dxi dxk,w hich la t te r  we shall deno te

d2A ik .
= A -oxi oxk

T he eq u a tio n  (8 ) th e n  becom es

Ofr-2
dx,

( 8 ' )

This eq u a tio n  m eans th a t  th e  v ecto r d A ikjdxi is th e  g rad ien t o f a  scalar, 

an d  can  therefore  describe only partic les o f sp in  zero.

N ow  le t us d ifferen tia te  (8) w ith  respect to  x k a n d  o b ta in  to g e th e r w ith  

(7 -2 ) th e  tw o equations

2k 2A + U A - I U U C  = 0 , (9)

- A  + 2a2K2C - 2 a 3U C  0. (7-2')

This is a linear, hom ogeneous system  o f equations for A  an d  W e now  

choose a2 an d  a3 in  such a m an n er th a t  th e  o p era to r d e te rm in a n t o f th e  

system  shall never van ish ; A  an d  C will th e n  vanish , an d  th u s  according to  

(8) also dA ik/dXi.
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Particles of arbitrary spin  in an electromagnetic field 217

O ne o b ta in s  th e  following expression  fo r th e  d e te rm in a n t

4«2k 4 +  2/c2(«2 — 2 a 3)D  — (2 a 3 +  f  ) □  □ .  (10)

I f  we p u t  a3 = — §, 2 

th e n  th e  d e te rm in a n t has th e  value  — 3x4, a n d  since k  is supposed to  be 

d ifferen t from  zero, i t  will never be zero. W e therefo re  have

A  =  0, (7  =  0, =  0.
dxc

W e are  th u s  led to  th e  L agrange fu nc tion

d-^rk ^A
K*Aa A ik + SA ihdA ■ — 2 -

3 0 ( 7 0 ( 7  0 ( 7

dX[ dxt

a n d  th e  corresponding field equations

dxr dxs 8̂ dx{dxt dxr dxk ’

2,K2A ik — 2U\Aik +  2
d*A., _____

\dxs dxi dxs dxk 2 l k dxr d x J

0 2 (7  

0^  0a;fc
-  + is ikn c  = o, ( i 2 - i )

- ^ c + ^ - a ^  =  0’ ‘12'2>

from  w hich one can  derive equations (5*1) an d  (5*2), an d  also th e  equation  

(7  =  0 .

As we are  in te rested  in  th e  influence of ex te rn a l forces on th e  field A ik 

i t  will be useful to  use a  n o ta tio n  in  w hich th e  tim e is sep ara ted  from  th e  

o th e r co-ordinates. W e shall therefore  discuss equations (12-1), (12*2 ) from  

th is  po in t o f view.

The field in  th e  exam ple considered belongs to  th e  spin  value /  =  2 , an d  

therefore  gives 2/ +  1 =  5 s ta tes  for a  given d irection  and  frequency. The 

differential equations for th e  fields A ik an d  (7  are o f second order. A t a  given 

tim e, therefore, one can prescribe th e  values o f 5 com ponents o f A ik an d  th e ir 

tim e-derivatives a t  all po in ts o f space. Since th e  field A ik has a ltoge ther 

( / +  l )2 =  9 com ponents, th e re  rem ain, to g e th e r w ith  th e  one com ponent of 

( 7 ,  5 com ponents and  th e ir  first tim e-derivatives w hich cannot be given a t  

will. T h a t is to  say, th e re  m u st be 10 subsid iary  conditions,* contain ing

*  W e  w o u l d  l i k e  t o  p o i n t  o u t  t h a t  w e  u s e  t h e  t e r m  “ a d d i t i o n a l  c o n d i t i o n s ”  i n  

t h e  s e n s e  o f  e q u a t i o n s  n o t  f o l l o w i n g  f r o m  a  v a r i a t i o n  p r i n c i p l e  g i v i n g  t h e  m a i n  

e q u a t i o n s  ( § 2 , § 4 ) ,  w h e r e a s  t h e  t e r m  “ s u b s i d i a r y  c o n d i t i o n s ”  r e f e r s  t o  e q u a t i o n s  

d e r i v e d  f r o m  t h e  v a r i a t i o n  b u t  w h i c h  h a v e  t h e  e f f e c t  o f  r e d u c i n g  t h e  n u m b e r  o f  

d e g r e e s  o f  f r e e d o m .
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218 M. Fierz and  W. Pauli

perhaps h igher space-derivatives, b u t  only  first de riv a tiv es w ith  respec t to  

tim e, from  w hich, if  5 com ponents o f A ik an d  th e ir  tim e-deriva tives are 

given, one can calculate th e  rem ain ing  te n  q u an titie s . These conditions 

can  be derived  from  equations (12T) an d  (12-2).

In  th e  above-defined sense th e  following equations are  to  be reg ard ed  as 

subsid ia ry  conditions:
C  0 , (13-1)

(13-2)

L e t us fu rth e r consider (12T) for # 4 ,  =  4. To be able to  w rite  th e

eq u a tio n  convenien tly  in  th is  form  we in tro d u ce  G reek indices a , /? , . . . ,  

w hich ru n  only from  1 to  3. W e th e n  get

2 k 2A
d 2 „

‘

+  2

+  2

d2A
A*

dxa dxp 

d2A AA

+  2
82A a.p

dxp dxi

d2C

dx„ dxA dx.
0, (a  = 1 , 2 ,  3). (13-3 )...(13 -5 )

These c o n stitu te  th ree  m ore conditions, since th e  second tim e-d eriv a tiv es  

o f A a4have d ropped  ou t. B y  add ing  th e  (4, 4 )-com ponent o f (12T ) a n d  (12-2 ) 

we get a s ix th  condition :

2k 2A u  — 2
d*Aafi d^C

dx2 dX'fixp dxjj
k 2C

D ifferen tia ting  (12T ) w ith  respec t to  x i we o b ta in

0 . (13-6)

2KzdAik +

d*A, 3  0

dxi dxk dxt dxs 4 dxk

C om bining th is  w ith  (12-2 ) we o b ta in

O C 0 .

2 ! H £ = 0' (13-7)...(13-10)

T he above eq u a tio n  holds for k = .1, . . . ,  4. W e have the

sid ia ry  conditions.

3. In t r o d u c t i o n  o f  i n t e r a c t i o n s

T he th e o ry  as p resen ted  up  till now  is eq u iv a len t to  th e  th eo ry  in  (A). 

B y  add ing  su itab le  te rm s to  th e  L agrang ian  we can  in tro d u ce  in te rac tio n s  

w ith  o th e r fields. One m u st tak e  care, how ever, th a t  th e  su b sid ia ry  con-
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Particles of arbitrary spin in  an electromagnetic field 219

d itio n s a re  n o t im paired . T his w ould m ean  th a t  th e  d im ensionality  o f th e  

m anifo ld  o f s ta te s  w as a lte red  b y  “ sw itching o n ” th e  forces, a n d  i t  tu rn s  

o u t th a t  these  new  s ta te s  give rise to  singularities w hen th e  field is “ sw itched  

o ff” , as we shall illu s tra te  b y  m eans o f an  exam ple in  th e  A ppendix . W e shall 

here  consider th e  effect o f a n  e lec trom agnetic  field.

I n  th is  case we m u st n a tu ra lly  assum e th a t  th e  fields a n d  C  a re  com ­

plex. L e t <j)kbe th e  fou r-p o ten tia l o f th e  e lec trom agnetic  field, e th e  charge 

o f th e  partic les. T hen  we have

m k
d ie ,

dxk ~ h c ™ >

an d  U - I J M - n M - *  ( g - g ) .

W e ta k e  th e  following form  for L:

L  =  K2A*kA ik + IT̂̂IT*A*k — 2ITrA rkn *

+ \ { n rA rkn% c *  +  n

T he te rm  f irA rkA*k (p roportional to  th e  field streng ths) has been added

because th e n  th e  de riv a tio n  of th e  subsid iary  conditions is p a rticu la rly  

sim ple, b u t i t  is n o t necessary. T he L agrange function  can also be b rough t 

in to  an o th er form  b y  p a rtia l in teg ra tion , nam ely,

L — K2A*kA ik +  ̂ {77;Aifc— TIi A lk}{T[*A*k — II* A*k} — ITrA rkn *  Afk

-  %k 2c *c  +  \ { n rA rkn t  +  

Perform ing  th e  v aria tio n s w ith  respect to  an d  C* one ob ta ins th e  

equations

2K2A jk +  2I l 2A ik — 2{ n i TIsA sk + n kI I sA si — ^ 

+ firA rk + fkr-Ari + i  [Hi + 17k /7 J  C — \8 ik I

-%K2C - i n 2C + n r17sA rs =  0 . (15-2)

W e shall now  show th a t  again  10 subsid iary  conditions follow from  these 

equations. W e o b ta in  th ree  such conditions from  (15T) by  p u ttin g  4 

k  — 4:

2k 2 a  + 2/t |  A ai — 2  n ^ n p A ^  — 2 —

+far^-ri+ fi/3A/}a + n oin ^ C + f ia C =  0. (16-3) ... (16’5)

(a ,/?  = 1 , 2 ,  3; r  =  1, 2, 3, 4).

A dding th e  (4, 4)-com ponent o f (15-1) to  (15-2) gives ano ther:

2K*Au + 2n )A tA+ 2i i an fiAct/t- n s c - i K * c  o . ( 16 - 6 )
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220 M. Fierz and  W. P auli

A pplying th e  o p era to r ITk to  (15-1) an d  using  (15-2) gives four m ore :

2* u r (A a  + 3fa n , A a  + \| ffA-  3

1, 2 ,3 , 4).

A pplying ITk to  these  equations once m ore gives

0 , (16-7)... (16-10)

2K2n i n kA ik-  %k 2i+j ^ n tA3 3 / « r r  a

i k~ i ^

~  ^fikfkl^-li +  n k —77j
l s£ ^ - n 4 w A - ' + ^ n ’c

A , 3  3 

A r i+ 2 i fa k “ 1'

+ l U M O + n k \ dJ & c

U sing (15-2) we o b ta in  from  th is  th e  subsid ia ry  condition

J % l a

dx,dxh ik

ik f u l f i l —— 0 . (16-1)

T he te n th  condition  is found  b y  d ifferen tia ting  (16-1) w ith  resp ec t to  th e  

tim e . One th e n  o b ta in s  a n  expression  con tain ing  th e  second tim e-d eriv a tiv e  

o f C, A  ap, A  a4 a n d  A 44, b u t these  can  be e lim inated  w ith  th e  help  o f  eq u a tio n s  

(15-1), (15-2) a n d  th e  tim e-d eriv a tiv es  o f  (16-3)-(16-6). W e shall n o t give 

these  ra th e r  confusing  ca lcu la tions b u t  c o n ten t ourselves w ith  th e  know ­

ledge th a t  th e  10 su b sid ia ry  conditions exist.

T he expression  for th e  electric  charge-cu rren t v ec to r is o b ta in ed  by  

form ing th e  deriva tives o f L  w ith  respect to  th e  fou r-po ten tia l. One finds

sk — — B*ki]lA u} + A fk ITrA rl + A lk IT? A *

-  \{c*n rA rk +  a %+A t a  c  +  c*}

+ l{c*nkc+cn*c*},

w here B[ik]l = i(ITkA il—IJi A kl).F o r th e  force-free case, w hen 77fc becom es

— id /dxk, th is  tak es  on  th e  form  given in  (A). I f  one om its from  L  th e  te rm  

p ro p o rtio n a l to  th e  field s tren g th s  one o b ta in s  an  expression  w hich is d ifferent 

from  th e  above even in  th e  force-free case, nam ely ,
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T his show s th a t  th e  expression  for th e  cu rren t in  th e  lim iting  case o f no 

forces is n o t un ique, a p o in t w hich  inc iden ta lly  arises a lread y  for th e  case 

o f sp in  1.

Particles of arbitrary spin in an electromagnetic field 221

I I .  S P I N  3 / 2

4. Th e o r y  w i t h  n o  f o r c e s

In  (A) i t  w as show n th a t  a  force-free w ave field corresponding to  partic les 

o f sp in  3/2  w as described  b y  spinors

a jy = a«fi, b f  = ,

w hich go in to  one a n o th e r b y  reflexion. T h ey  satisfy  th e  equations

p ^ a dpy+ p dpJpy =  2*6“/*, = 2icaZfi, (17-1)

to g e th e r w ith  th e  conditions

p / a j y  = 0, p # b * t = 0, 

1 0
w here p Afi =  with  <j % =  (o *  a?', a*, U )ifi

(cf. also th e  exp lana tions in  th e  A ppendix . W e only w ish to  p o in t o u t here 

th a t  crjf is th e  H erm itian  con jugate  o f —cr^). T he second order w ave 

eq u atio n  for a\p  an d  6“  ̂ follows from  these  equations.

The ad d itiona l conditions (17-2) m ean  th a t  no partic les o f spin  1/2 are to  

be p resen t. F ields w hich con tain  partic les o f sp in  1/2 as well as o f sp in  3/2 

have no longer a  definite form  for th e  to ta l  charges in  th e  c-num ber th eo ry  

a n d  so canno t be q u an tized  in  accordance w ith  th e  exclusion princip le. On 

th e  o th e r h an d  th e  la tte r .is  physically  necessary in  order th a t  th e  energy 

should  be positive in  th e  ^-num ber th eo ry  (cf. (A)). E q u a tio n s  (17T) an d  

(17-2) can, as in  th e  previous case, be derived from  a v a ria tio n  principle if  

one in troduces aux ilia ry  variab les ca an d  dd. A su itab le  choice o f th e  con­

s tan ts  in  L  again  causes th e  q u an tities  ca, dd, p ^ a j y, (which belong to

th e  sp in  value to  van ish  as a consequence o f th e  field equations in  th e  

force-free case. One has to  choose for L  th e  following:

L  = K{a*ljb«t + b * f a 7fi} - { a * l ^ P a « p + b * f p ^ b 7P}

+  {a *d^P^ydd + b * f p f fiCa +  conjugate}

+  3{d*a p aJ$dt + c* Ap AP Cp 6/c{d*aca +  d'i c

 D
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222 M. Fierz an d  W. P au li

V aria tion  gives th e  equations

2 a“p-  jpaf> atyp+ jpt = 0,1

2 Ka,ifi- p af i b p - p fifib M + p tficet+ p*acfl =  O.J

- p fiya%fi+ S p a/idJi + 6KCa = 0 ,\

—p yfib*t + 3p aPcp +  6 = 0 . /

One can now  deduce from  these  eq u ations th a t  ca a n d  da van ish , as well as 

th a t  (17-2) is valid . To do th is  le t us ap p ly  to  th e  first o f eq u ations (19-1) 

and  p ai to  th e  first o f equations (19-2), rem em bering  th a t

V « f r V h  =  P a f i P ^ y  =  6 * y d -

One finds 2Kpy^by^ ~ P ApPy/}a 3Dd® =  0,1

—p App y^ciyp +  3 D d “ +  6KpdPcp =  O.J
( 2 0 )

B y su b tra c tio n  i t  follows th a t

2K{pVftb*P-3pAtcfi} =  0 .

C om paring th is  w ith  th e  second o f eq u ations (19-2) we see th a t

dd = 0 .

S im ilarly  one shows th a t  th e  reflected  q u a n tity  ca vanishes. E q u a tio n s  

(17-2) th e n  follow from  (19-2). E q u a tio n s  (19*1) ta k e  th e  form

Kb f  =  pPpadpA

™ t / } =  Pap

from  w hich follows th e  w ave e q u a tio n  for a jy an d

5. In t r o d u c t i o n  o f  f o r c e s

One can now  again  in troduce  elec trom agnetic  forces b y  replacing  by  

77a/j, w here 77a/$ is th e  sp inor corresponding to  th e  I7k a lread y  defined. One 

th e n  has th e  following e q u a tio n s :

2 K b f - f f lP a « p- n APafip +  n t ydd +  I ldyd t  =  0,1

2K at4-nafib p - n „ b t * + m f ca+n*„cfi =  o , J  

— + z n afidft+ 6 / c c a  =  o , i

-  nVfib*t + +  6/cd“ =  0 . /

( 2 1 * 1 )

( 2 1 - 2 )

E ig h t subsid iary  conditions m u st follow from  these  equations, w hich in  th e  

force-free case m u st lead  to  th e  van ish ing  of ca, dd, a n d  th e  v a lid ity  o f (17*2).
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As th e  eq u a tio n s  (21*1), (21 -2 ) a re  o f first o rder in  th e  tim e  de riv a tiv es th e  

su b sid ia ry  conditions m u st n o t c o n ta in  a n y  tim e  d eriva tives a t  all. A pplying 

IJrp to  (21*1), 77““ to  (21 -2 ) we find, analogously  to  th e  p rev ious case,

2 * 7 7 ^ 6 ^ “ — \{W fillp P  +  TlPpWP) a dp — n r ^ n dpa^p

-  7 7 ^ 7 7 rfia tp +  3\ f f d t  -  3 7 7 2d “ +  6  * 7 7 ^  0 ,

w here we h ave  su b s titu te d

fPs, / “? being th e  sym m etrical sp inors corresponding to  th e  e lec trom agnetic  

field s treng ths.

S u b trac tin g  th e  tw o equations we o b ta in

. 2 * 7 7 -  2fypadp — 2 f f d f t  -  6*77^cp =  0 . 

I f  we now  com pare th is  w ith  th e  second of equations (21-2) we find

H K t f - U f d t  =  ; / " < •  (23)
K K

Sim ilarly  th e  reflected  eq u a tio n  fo llow s:

= \ f n hV-  (24)

T his gives four subsid iary  conditions. To be able to  find four m ore we m ust 

separa te  tim e  an d  space derivatives in  (21-1), (21-2 ). F o r th is  we consider 

these  equations in  a co-ordinate system  in  w hich th e  tim e  co-ordinate is 

fixed an d  therefore  only  requ ire  invariance  u nder ro ta tio n s  o f space. The 

spinor sd is th e n  equ ivalen t to  s a, an d  77“^ is equ ivalen t to  77a/?, w here

n ap — 2
k= 1

W hen w ritte n  in  th is  form  th e  equations con tain  774 explicitly  as well. The 

first equations in  (21 -1), (21*2 ) becom e

bafi,y — 7 7 / a a> yp — iIJ i a a yp — 77/ yp — i7 /4a/?> ya

+ n p yd x + iepyn f i a + I l ^ d p  + i e ^ I I f i p  = 0 , (25)

— T I ^ a y ap +  illay +  3I I J d p  +  3i774d a +  6*ca =  0 . (26

W e now m u lt ip ly  (25) by  and  ob ta in

2*6a/?> fi -  IIpPaa/  -  7 7 / fip -  \ a fitPp

+ IIp@dx +  3 iII i d a + TI J d p  — 0 .

Particles of arbitrary spin  in an electromagnetic field 223

( 2 7 )
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224 M. Fierz and  W. P auli

F orm ing  th e  difference of (27) an d  (26) we o b ta in

2 Kbafi P + H " o , , ,,,, +  n<voA to +  / / ^ a r , „

+  n ^  0. (2

S im ilarly  for th e  reflected eq u a tio n  we find

2« t„ A f + n to  b._ „ + n , e bfi t o + n py  by_ „

+  / / / ( ' ,  -  i n j C j ,  -  t»;dr =  0. (29)

E q u a tio n s  (28) an d  (29) c o n stitu te  4 m ore subsid ia ry  conditions. As a 

consequence of these  8 conditions th e  d im ensionality  o f th e  s ta te s  is u n ­

a lte red  by  a field, an d  we can  develop th e  th eo ry  in  pow ers o f th e  charge. 

In  conclusion we give th e  cu rren t-charge  d ensity  v ecto r

+  ^  + h*/l,.Ip c“ + conjugate} -  3{d*df +  c jc ,}

F o r th e  force-free case th is  reduces to  th e  expression w hich w as d eno ted  by  

s«} in  (A).

III. REST-MASS ZERO 

6. Sp in  2

One can set k  equal to  zero in th e  form ulae derived  above for an d  C 

an d  so o b ta in  a  th eo ry  for zero rest-m ass. T he equations th e n  ru n

204*1. +  2
\dxs dxi dxs dxk 2 lk dxrdxs) dxi dxk

22

tnc-
oxr oxk

0 .

+  ̂ * * ^ 0  — 0, (30-1)

(30-2)

I t  no longer follows from  these equations th a t  C an d  d A ikjdxi van ish . 

N evertheless, th ere  are four iden tities  w hich follow from  them . F o r if  we 

d ifferen tia te  (30-1) w ith  respect to  x {,(30-2) w ith  

in  e ith e r case
dc a

dxk dxr dX[
0, (k = 1, 2, 3, 4). (31)

T hus by  su b trac tin g  th e  tw o we ge t iden tically  zero for each value of 

As a resu lt o f these  iden tities  i t  is possible to  co n stru c t q u an titie s  A°ik, C°
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Particles of arbitrary spin  in an electromagnetic field  225

from  a n  a rb itra ry  v ec to r f i e l d f i ,which sa tisfy  th e  field eq u a tio n s  id

L e t us w rite

dfi dfk dfi
r  o  2

dxt d x ’

M
dx{

(32)

One can  easily  verify  th a t  th e  L agrange func tion  to  w hich ( 11) reduces on 

se ttin g  k  equal to  zero is a lte red  b y  th e  “ gauge tran sfo rm atio n  ”

A'ik — +  1

C' = C + C°, j
(33)

only to  th e  e x te n t o f a  com plete differential.

T he fo rm u lation  in  (A) is th e  sam e as th e  one here  if  one chooses th e  

gauge in  such a w ay  th a t

w hich is analogous to  th e  L oren tz  condition  for th e  electrom agnetic  p o te n ­

tia ls. This condition  res tric ts  th e  gauge tran sfo rm atio n s  to  th e  group d is­

cussed in  (A). T he p resen t schem e is iden tical w ith  E in ste in ’s “ first a p p ro x i­

m a tio n ” of th e  g rav ita tio n a l equations.

E in ste in  (1916) considers th e  equations for th e  g rav ita tio n a l field in  th e  

cases w hen th e  dev iations from  a E uclidean  m etric  are sm all qu an titie s  o f 

th e  first order. W e w rite

9ik =  &ik +  Yik l =

Now le t us w rite  y ik =  A ik + \8 ikC\ y  = C.

W e o b ta in  th e  following differential equations for y ik .

---- :---- 1---- _|------- ..... ’■ ■„
?jxi dxk dx( dxi dxl dxk

□ y  _
dx( dxr

V X r )

(34)

These equations are th e  sam e as those th a t  E inste in  gave for space con­

ta in ing  no m a tte r.

T he gauge tran sfo rm atio n  (33) occurs in the  g rav ita tiona l theo ry  as an 

infinitesim al co-ordinate transfo rm ation . W hen in teractions w ith  m a tte r  

occur and it is no longer sufficient to  res tric t oneself to  the  linear term s the
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226 M. Fierz and  W. P auli

gauge group  is a ltered . T his keeps th e  d im ensionality  o f th e  possib le  t r a n s ­

form ations unchanged; four functions o f position  alw ays rem ain  a rb itra ry . 

I t  is well know n th a t  th e  existence of an  energy-m om entum  ten so r is 

closely connected  w ith  th e  invariance  o f th e  g ra v ita tio n a l th e o ry  u n d er 

these  transfo rm ations. S im ilarly , th e  gauge invariance  o f M axw ell’s th eo ry  

is connected  w ith  th e  conservation  o f charge.

7. Sp in  3/2

S etting  k  equal to  zero in  th e  eq uations for sp in  3/2  gives

- P ^ d y p  - V i f > a yf> + p t y d d + p dy d $  =  0 , j

- P a p t f* -P f ip bP*i'+ P i'/}c* + P 1'ocCfi 0;}

- p ^ a i fi + 3pa^  = 0A

+ 3 p Aficfi O.J '

F rom  these  equations th e re  follow four, or if  we follow th e  procedure  o f 

M ajorana (1937) an d  im pose rea lity  conditions on th e  field q u an titie s , tw o 

iden tities. F o r, d ifferen tia ting  (35) w ith  (36) w ith  we find in  b o th  

cases
+  3Ddfi =  0 ( /? =  1, 2),.

a n d  sim ilarly  for th e  reflected equations. One can  therefo re  find so lu tions 

w ith  th e  help  o f sp inor fields o f first r a n k / a, gd, w hich satisfy  th e  eq u atio n s 

iden tically . L e t us w rite

=  p . %  + p / L ;=

= p yi gt + p ytg*; e",, =

T he effect o f th e  tra n sfo rm a tio n  a'\ =  

function  is again  to  ad d  a com plete  differential.

W hereas th e  th eo ry  for th e  spin  value  2 has an  im p o rta n t generalization  

for force fields, nam ely  th e  g rav ita tio n a l th eo ry , we here have no such 

connexion w ith  a know n theo ry . To ge t a  generalization  of th e  th eo ry  

w ith  in te rac tions, one w ould first o f all have to  find a physical in te rp re ta tio n  

of th e  gauge group, an d  of th e  conservation  theo rem  connected  w ith  th is  

group.

8. Ge n e r a l  c a s e  o f  a r bi t r a r y  s pi n

To set up  a th eo ry  w ith  forces for partic les o f a rb itra ry  sp in  one again  

first looks for a v a ria tio n  principle from  w hich th e  equations o f (A) can be 

derived. T he forces can  th e n  be in troduced  by  su itab le  m odifications o f th e
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Particles of arbitrary spin  in  an electromagnetic field 227

L agrange  function . F o r instance , th e  effect o f a n  e lec trom agnetic  field can  

be described  b y  rep lacing  — id /dxk b y  IJk. I n  generalizing  th e  m eth o d  w hich 

we h av e  a lread y  u sed  for th e  sp in  values 2 an d  3/2  we m u st again  in troduce  

au x ilia ry  fields, w hich, in  th e  force-free case, van ish  as a  consequence o f th e  

field equations. To illu s tra te  th e  m eth o d  i t  will be sufficient to  discuss th e  

case o f in teg ra l spin .

W e s ta r t  from  a  ten so r A {k bof r a n k / ,  sym m etrical in  all

a n d  w hose tra c e  A fu  A vanishes. L e t us fu r th e r  in tro d u ce  au x ilia ry  fields 

o f r a n k / —2 , . . . ,  s,.. . ,  1 , 0 w hich are  likew ise all sym m etrical a n d  o f zero 

tra c e ; th e re  m ay  be several fields w ith  th e  sam e ran k , w hich we shall d is­

tingu ish  by  an  index  t. T he general field occurring  in  th e  L agrange fu nc tion  

we shall th u s  deno te  b y  A sik h i,Jc,...,l being ten so r indices, w i

to  w hich th e  field is sym m etrical, a n d  t distinguishes th e  different fields o f 

ra n k  s. T he index  s ta k es  th e  values 0 , 1 , . . . , / — 2 , / .  In  general w ith  a  field A s 

o f ra n k  s one can  associate  5 + 1  k inds o f partic les, i.e. those  o f spin  s, 

s — 1, ..., 1, 0 . T he L ag rang ian  m u st be so constructed  th a t  in  th e  end only 

those  o f sp in  /  occur. O r we can  say  th a t  as a  consequence of th e  field 

equations all th e  fields corresponding to  partic les o f sp in /  — 1, . . . ,  1 ,0  v an ish . 

F o r L  we choose th e  fo llow ing:

r  „ „  . , 3  A &  „  d A ^ ' d A t i 1 ' 1

8  t  L

+ z h lr^ t A v i ’r + a i 'r^ 3- ^ ] }  (37)

w here a f , a^, af* >r, asf r are constan ts  w hich m u st be so chosen th a t  partic les 

o f sp in  s do n o t occur. I n  o rder to  get th e  requ isite  num ber o f constan ts  we 

in troduce  aux iliary  fields whose num ber is given b y  th e  following tab le :

N u m b e r  o f

N u m b e r  o f  

p a r t i c l e s  o f

C o r r e s p o n d i n g  

n u m b e r  o f

f i e l d s  o f s p i n  s  t o  b e c o n s t a n t s  a t

8 r a n k  s r e m o v e d o u r  d i s p o s a l

/ - 1 0 1 1

/ — 2 1 2 2

/ - 3 1 3 3

/ - 4 1 4 4

/ -  5 2 6 7

/ - 6 3 9 1 4

f - n n — 3 i ( » - 2 ) ( n  — 3 ) +  3 2 ( n  — 3 ) 2 — n +  2

One sees from  th e  tab le  th a t  in  th is  w ay there  are m ore constan ts th a n  are 

necessary . One can therefore  construct the  Lagrange function  in m any  ways

V o l. 173. A . 15
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228 M. Fierz and  W. P au li

such th a t  th e  sam e force-free th eo ry  follows as in  (A). W e have n o t y e t been  

able to  find any  sim ple w ay  o f avoid ing  th is  am bigu ity . In  p a rticu la r, i t  is 

im possible to  m anage w ith  only  one field o f each  ran k , for one w ould th e n  

o b ta in  n  partic les o f s p in /  — n  a n d  for n  ̂5 only  4

A com pletely  analogous procedure  also w orks for ha lf-in teg ra l spin . T he 

only difference lies in  th e  fac t th a t  th e  L ag rang ian  con tains d eriva tives o f 

first order only, leading to  a slight difference in  th e  n u m b er of co n stan ts . I t  is 

to  be rem arked  th a t  a lread y  for 5/2  one m u st in tro d u ce  fields co rre­

sponding to  spin  1/ 2 . As th e  m ethod  is o therw ise th e  sam e as for in teg ra l 

sp in  th e re  is no need to  go in to  th e  details.

Appe n d i x

(1) Form s o f Lagrangian leading to singular solutions

As we have a lread y  stressed, if  one w an ts  to  m odify  th e  L agrange fu nc tion  

o f th e  field for partic les  o f sp in  ^  1 in  a m an n er corresponding to  th e  in te r ­

action  w ith  o th e r fields, one m u st ta k e  care th a t  th e  nu m b er o f re s tric tiv e  

conditions is n o t dim inished. F o r th e n  th e  sw itching on o f th e  forces w ould  

create  new partic les whose corresponding p a rtic u la r so lu tions o f th e  

equations becom e singular w hen th e  field is sw itched  off again .

As an  exam ple o f th is  we shall give an  inadm issible form  of in te ra c tio n  o f 

partic les of spin  1 w ith  a scalar field fr. L e t us w rite

T he field equations are

F rom  these  follows

■2M S ) 2- O M S ) 2

(38)

_  d*A i _ * 2  A  _ 3
dxi dxk k dxk y  8xi J '

(39)

t  - ° m

W hen i/r = 0 th is  is a subsid iary  condition  for A i w hich is, how ever, rem oved

b y  th e  in te rac tio n .

To s tu d y  th e  ch arac te r o f th e  new solu tions arising from  th e  in te rac tio n  

w ith  \]r le t us m ake th e  assum ption  th a t  A t an d  ijr d epend  only  on th e  tim e. 

T hen  we have
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Particles of arbitrary spin  in  an electromagnetic field 229

T he e q u a tio n  for A4 is o f in te re s t since i t  con tains I t  runs

(40)

L e t us suppose th a t  \]r changes so slowly th a t  can be neglected. W e

h ave  th e n  ap p ro x im ate ly
/c2 _  d*Aj

\]r 4 ’

T he w aves A 4 therefore  correspond to  a m ass K/ftijr. This m ass is im ag inary  

for negative  i]s\ for \Jr — 0 i t  becom es infinite. One therefore  ob ta ins strong

singular solutions in  th e  lim it 0 . E q u a tio n  (40) can  be solved exp lic itly  

if  one ta k es  for i]r th e  form

rft = ± e~at, a  > 0 .

One finds A 4
_ const.

Z x(2Kjccft\jr),

w here 3  denotes th e  im ag inary  p a rt, and  is a Bessel function  o f first 

order. A 4 diverges exponen tia lly  as ^  approaches zero from  negative 

values.

(2) Rules fo r  sjpinor calculus

In  th e  following we shall collect a few definitions and  rules o f sp inor 

calculus w hich have been used in  th e  previous pages.

(1) Spinor indices are ra ised  and  low ered according to  th e  following ru le :

vx — — v2; 

T he scalar p ro d u c t o f tw o spinors is accordingly

v au a = - v “u a = vxu  2- v 2u v(2)

This can be expressed in te rm s of th e  in v a rian t spinor

ex2 — e2x — e^2 — e21 — 1, €22 0 .

v* =  va =

vau x =  eâ vaUp

T hus to  raise a suffix one applies eaP on th e  left, to  lower, on the  right.

The tran sitio n  from spinors to  four-dim ensional tensors is done by 

m eans of th e  m atrices cr^, where k  runs from  1 to  4, a  and  from 1 to  2. 

T hey are defined by

15-2
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230 M. F ierz an d  W. P au li

(This differs from  th e  n o ta tio n  o f v. d. W aerden  (1932), w ho uses cr4 =  1. 

T he above is m ore convenien t here  as we a re  using  th e  im ag in ary  co-o rd inate  

x 4 =  id.)Fro m  (1) i t  follows th a t

or*2 =  —crk’i2, a ki =  —

crfi =  a k- 22, a k2 =  a k' 41.

As th e  trace  o f a k van ishes for k = 1, 2 , 3 we h av e  th e  follow ing ru le :

(j-k.dp _  —crk0 for 1, 2 ,3 ,  

o ' 4 >&P =  cr\fr.

T he a k sa tisfy  th e  co m m u ta tio n  ru les

a \pa 1’ fir +  

oifiCfir* +  a ldpa k>r« _  2Skld / . )

One p u ts  a fou r-vec to r ak in  correspondence w ith  a sp inor a ijS w ith  th e  

help  o f th e  a d/3 as fo llow s:

a ifi =  (5)

C onversely  we have aA/3ork’dfi =  - 2 a * . (6)

T he four-vecto r ak can  also be an  opera to r, for in stance  

com ponents o f ak com m ute w ith  one an o th er,

— id /dxk. I f  th e

ai ak ~ akai =  °>

th e n  it  follows from  (4) th a t

a ^ a fir  =

aa/3aya = ~
( 7 )

w here a 2 =  2  a*  =  -  \o ,^a fid.
/C= 1

I n  p a rtic u la r for th e  sp inor 1 9 k
(8)

i t  follows from  (7) th a t =  w ( 9 )

w here
4 02

□  =
k=l OX%

A gain, if
% dxk he

( 10 )

th e n  we have n k IJl —
ie/ dfa _

l l l l l k ~ h c \ d ^ ~ ~ d ^ )  = h l ' ( 11 )
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As th e  com ponen ts o f TIk do n o t com m ute w ith  one a n o th e r we have, 

from  (4)

n Afim  = o % ^ t » n k n t

=  \(r\^al’^ {n kn l+ n ln k + / w }

Particles of arbitrary spin  in an electromagnetic field 231

=  - I P S J + f f , (12)

w here VdfiG*’* Sflcl ~fa? +  $0? f /

= n i f w ‘ (13)

is th e  sp inor corresponding to  th e  field s tren g th s  (cf. U h lenbeck  an d  L ap o rte  

1931), w ith  th e  p ro p e rty  th a t

/ . * = / /  =  »•

Besides th e  co m m u ta tio n  ru les (4) th e  cr\p also satisfy  th e  re la tions

2  crdpcrj'8 — 2($d$Syp — S&pS =  
k=l

L et us now  consider th e  ten so r bkl o f second ra n k  corresponding to  th e  

sym m etrica l sp inor

^d/S.yS ~bfa yS =  6^  Sy.

I t  follows a t  once from  (14) th a t  its  tra c e  vanishes,

bjck = 0 -

Su mma r y

T he force-free th eo ry  of partic les w ith  a rb itra ry  spin  values a lready  

published  b y  one o f th e  au th o rs  is generalized to  th e  re la tiv istic  w ave 

equations of such partic les in  an  electrom agnetic field, w ith  a p re lim inary  

restric tio n  to  th e  c-num ber theory . The spin  values 3/2  an d  2 are  tre a te d  in  

detail, a n d  for th e  general case i t  is m erely  p roved  th a t  consistent w ave 

equations exist. T he consistency of th e  system  of field equations is a tta in e d  

b y  deriv ing th em  from  a Lagrange function  contain ing  suitable  add itional 

te rm s w hich depend on new aux ilia ry  quan tities. All th e  differential 

equations o f th e  field are derived b y  v a ria tio n  of th e  action  in tegral an d  

th e  vanishing of th e  aux ilia ry  quan tities  in  th e  absence of an  ex ternal field 

is m ade to  follow as a consequence of them .

In  th e  special case of zero rest-m ass th ere  exist iden tities betw een th e  

equations, which are now in v a rian t under a group of transfo rm ations w hich 

is th e  generalization of th e  group of gauge transfo rm ations in  M axw ell’s
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232 M. Fierz and  W. P auli

theo ry . In  th e  p a rtic u la r case o f spin  2 , rest-m ass zero, th e  eq u ations agree 

in  th e  force-free case w ith  E in s te in ’s equations for g ra v ita tio n a l w aves in 

general re la tiv ity  in first app ro x im atio n ; th e  corresponding group  of t r a n s ­

form ations arises from  th e  infin itesim al co-ordinate tran sfo rm atio n s .
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D efec t la ttic e s  in  som e te rn a ry  a lloys

By  H . Li ps o n , D .S c .,

Crystallographic Department, Cavendish Laboratory, Cambridge 

a n d  A. Ta y l o r , Ph .D.,

Chemistry Department, K in g 's  College, N ew castle-upon-Tyne  

(Communicated by A . J . Bradley, F .R .S .— Received 9 J u n e  1939)

In  th e  w ork on te rn a ry  alloys w ith  w hich th e  au th o rs  have been asso­

c iated  (B radley, G oldschm idt, L ipson and  T ay lo r 1937), th e  m ost o u t­

s tan d in g  fea tu re  has been th e  large range o f com position  over w hich th e  

/? (body-cen tred  cubic) s tru c tu re  exists. This w as n o t unex p ec ted  in  th e  

system  Fe-N i-A l (B radley  and  T ay lo r 1938), w here FeA l an d  N iA l b o th  

have th is  s tru c tu re  an d  th u s  m ay  be expected  to  be isom orphous; b u t 

CuAl has qu ite  a d ifferen t s tru c tu re , an d  i t  w as therefo re  su rp rising  to  

find th e  (3 phase-fields ex tend ing  tow ards th is  com position  in  th e  system s

Cu-N i-Al (B radley  and  L ipson 1938) and  Fe-C u-A l (B rad ley  an d  G old­

schm id t 1939).

These extensive phase-fields prov ide an  o p p o rtu n ity  for a  m ore detailed  

exam ination  o f th e  phenom enon o f th e  occurrence o f defect la ttices  w hich 

tak es  place in  th e  N i-Al system  (B radley  an d  T ay lo r 1937). In  th e  /?
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