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Abstract. In this paper, we shall give some structure equations for RB h-almost
solitons which generalize previous results for Ricci almost solitons. As a consequence of these
equations we also derive an integral formula for the compact gradient RB h-almost solitons
which enables us to show that a compact nontrivial almost Ricci soliton is isometric to a
sphere provided either it has constant scalar curvature or its associated vector field is
conformal.
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1. INTRODUCTION

Ricci solitons generate self-similar solutions of the Hamilton’s Ricci flow, play a
fundamental role in the formation of singularities of the flow. Therefore, considering a
geometric flow, it is natural to analyze the solitons associated with this flow.

Let (M,g) be an n-dimensional, compact, smooth, Riemannian manifold whose
metric g = g(t) is evolving according to the flow equation

%9 = —2(Ric - pRg) (1)
where Ric is a Ricci tensor of the manifold, R its scalar curvature and p is a real constant. The
flow in equation (1) is called a Ricci-Bourguignon flow (RB flow for short) [1]. This family
of geometric flows contains, as a special case, the Ricci flow, setting p = 0. In particular, for
some values of the constant p, we have

* the Ricci tensor, Ric, (p = 0)

* the Einstein tensor, Ric — g g, (p= %)

* the traceless Ricci tensor, Ric — S g, (p= %)
R 1
2(n—1)g’ (b= 2(n—1))'

The study of the concept RB almost soliton is introduced in a recent paper due to
Dwivedi [2], which extends the almost Ricci solitons by Pigola et al. [3]. The author establish
some results for the solitons of the RB flow which generalize some results of Ricci solitons.
He also derive integral formulas for compact gradient RB solitons and compact gradient RB
almost solitons. Using the integral formula he show that a compact gradient RB almost soliton
is isometric to an Euclidean sphere.

« the Schouten tensor, Ric —
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The RB almost soliton is a modification of RB soliton
Ric+%LXg = Ag + pRg (2)

by adding the condition on the parameter A to be a variable function rather than a constant. If
X becomes the gradient of a smooth function f € C* then the RB almost soliton is called
gradient RB almost soliton and is shrinking, steady or expanding accordingas A > 0,4 = 0 or
A < 0, respectively.

On the other hand, Gomes et al. [4] give an extension of the concept of almost Ricci
soliton as h-almost Ricci soliton

Ric + SLXg =g 3)

where A, h: M — R are two smooth functions. They prove that a compact nontrivial h-almost
Ricci soliton of dimension n > 3 with h having defined signal and constant scalar curvature is
isometric to a standard sphere. Moreover, they also give characterizations for a special class
of gradient h-Ricci solitons. Recently, some equations of structure for h-almost Ricci soliton
are shown by Ghahremani-Gol [5]. The author obtain an integral formula for the compact h-
almost Ricci soliton and prove that a compact nontrivial h-almost Ricci soliton is isometric to
a Euclidean sphere. It should be noted here that a h-almost soliton is shrinking, steady or
expanding according as 4 >0,4A=0 or A< 0. If 2 has no define sign then soliton is
undefined.

Inspired by the above definitions of the RB almost soliton and h-almost soliton, we
consider an extension of the concept of Ricci soliton as follows:

Definition 1 A complete Riemannian manifold (M™, g) is called a Ricci-Bourguignon h-

almost soliton (RB h-almost soliton for short) if there exist a vector field X, a soliton function
A:M - R and a function h: M = R such that

Ric + %Lxg = Ag + pRg, 4)
where Ly g denotes the Lie derivative of the metric g along X and p is a constant.

Moreover, if X is a gradient vector field of a smooth function f, i.e. X = Vf, an RB h-almost
soliton is called a gradient RB h-almost soliton

Ric + hV?f = Ag + pRyg. (5)
The RB h-almost soliton is said to be shrinking, steady and expanding according as
A>0,A=00rA<0.Alsoif A has no definitive sign, the RB h-almost soliton will be called
indefinite.
For some computations it will be more convenient to use the classical tensorial form
of the gradient RB h-almost soliton equation as follows:
Rij + hV,V;f = Agi; + pRgi;. (6)

On the other hand, given a vector field X on a compact oriented Riemannian manifold,
the Hodge-de Rham decomposition theorem [6] shows that we can decompose X as X =
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Vu +Y, where divY = 0 and u is a smooth function on M. The function u is called the
Hodge-de Rham potential.

The first aim of this paper is to give some structure equations for gradient RB h-
almost solitons. Here, we obtain extra terms in computations since in our more general setting
A and h are functions. Later, as a main result we obtain that a compact nontrivial RB h-almost
soliton is isometric to the Euclidean sphere. Moreover, we get an integral formula for the
compact gradient RB h-almost Ricci soliton.

Now, we show that the same conclusion obtained in [7] for compact Ricci solitons and
in [8] for compact Ricci almost solitons also holds for compact RB h-almost solitons.

Theorem 2 Let (M", g,X,h, A, p) be a compact RB h-almost soliton with h having defined
signal. If M™ is also a gradient RB h-almost soliton with potential f, then, up to a constant, it
agrees with the Hodge—de Rham potential u.

Taking the Hodge—de Rham decomposition we have the next theorem. This theorem
generalizes Theorem 2 in [8] for RB h-almost soliton.

Theorem 3 If (M", g,X,h,A,p) is a compact RB h-almost soliton with n > 3 and X is a
nontrivial conformal vector field, then M™ is isometric to an Euclidean sphere S™.

Finally, for compact gradient RB h-almost solitons, we present an integral formula
which is a generalization of similar one obtained in [2] and [5].

Theorem 4 Let (M™, g,X, h, A, p) be a gradient RB h-almost soliton. Then
2 1)
n? |vif —Lg|" = CEEDZDAR + (n - 1)AL - ARAf + 2 g(VR, VS)

+ 2 RAf + div(g/* (Vh)V,V,f). (7)
In particular, if M™ is compact, we have
Af |2 -2
[y n2|vF=Lg| am =22, hg(VR,Vf)am. 8)

The next corollary is a consequence of this theorem, Theorem 3 and a classical
theorem due to Tashiro [9].

Corollary 5 Let (M™, g,Vf,h, A, p) be a nontrivial compact gradient RB h-almost soliton,
with h having defined signal and n > 3. M™ is isometric to an Euclidean sphere S"(r) if any
one of the following conditions holds:

1. M™ has constant scalar curvature.
2. fM hg(VR,Vf)dM < 0.
3. M™ is a homogenous manifold.

2. PRELIMINARIES

In this section we shall present some basic formulas for RB h-almost solitons. On a
Riemannian manifold (M", g) we can define the divergence of a (1,1)-tensor S to be the
(0,1)-tensor
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(divS)()(p) = tr(w = (V,,S)(v)(P)), (9)

where v,w € T,M and p € M". If S is a (0,2)-tensor associated with the (1,1)-tensor S, then
forall X,Y € y(M),

g(X),Y) =SX,Y). (10)

Thus, for all ¢ € ¢ (M), we have
s div(¢S) = ¢pdivS + S(V,.),
*V(pS) = PpVS +dp ® S,
«d|V§|? = 2V2p(Ve,.)
« divV?¢ = Ric(Ve,.) + dA¢d
Moreover, div(¢pg)(X) = g(Vp, X) = d¢p(X) for X € y(M) and the twice contracted
second Bianchi identity is 2div(Ric) = VR.
Next we recall that

Lemma 6 Let S be a (0,2)-tensor on a Riemannian manifold (M, g). Then
div(S(¢X)) = ¢(divS)(X) + ¢g(VX,S) + S(Ve, X) (11)
for all X € y(M) and any function ¢ on M™.
We start by proving that RB h-almost solitons provide the following:
Proposition 7 Let (M™, g,Vf, h, A, p) be a gradient RB h-almost soliton, then the following
formulas hold:
1. (1 —np)R + hAf = nA4,

2. (1—-2p(n—1)V;R = 2hR;;V/f + 2(n — 1)V;A — 2V;hAf + 2g7% (V, R)V,V,f,
3. ViR — ViRj — hRyjisVf = (Vi) g — (Vi) gk — (Vi) ViV f

+ (Vi) ViV f + p[(ViR) gir — (ViR) Gjic],
4. (1-2p(n—1))VR + h?V|Vf|? = 2(n— 1)VA = 2h(A + pR)Vf — 2VhAf
+297%(V )V, V,f.
Proof: Taking trace of the equation (5) is enough to conclude (i), i.e.,
tr(Ric) + tr(hV2f) = tr((l + pR)g) = R + hAf = nd + npR.
For a gradient RB h-almost soliton we have

If we think of the Ricci identity, the twice contracted Bianchi identity and the equation
(12), then we get

~V;R = divRic;
= g/*V(Ry;
= g’V (=hV;V;f + Agij + pRg;))
= —g*(V)VV;f — hg/*Vi ViV f + g/* (VD gij + pg’* (ViR) gy
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= —g/*(Ve)V,V;f — hg?* ViV Vi f — hg/*RyijsVEf + Vid + pVR
= —g/* (Vh)V,V,f — RV,Af — hRi VS f + VA + pV(R
= —g*(ViW)V,Vif + (1 + p(1 —n))V;R + (1 —n)V;4
+(V;h)Af — hR; V5. (13)

and hence
(1—-2p(n—1)V;R = 2hR;V/ f + 2(n — 1)V;A — 2V;hAf + 2g7% (V. h)V,V,;f. (14)
Now we need to use (12) and by covariant derivatives of R and Ry, we obtain

ViRy — ViRj = (Vi)V;Vif — (ViR)V Vi f + h[=V; ViV f + V,V;V, f]
+(ViDgik — Vi gjr + p[(ViR) g — (ViR) gjic]
= (Vik)V;Vif — (ViR)V,Vif + hR; sV f

+(Vidgik — (Vi gjk + p[(ViR) g — (ViR) gjic]- (15)

Finally, we prove (iv). By equation (ii) and the fundamental equation as a
(1,1) —tensor, we get

1 1
5 (1= 2p(n ~ DIVR + 5 h2V|Vf|? = hRic(Vf) + h*Vo, Vf + (n — 1)VA

—VhAf + g7 (Ve W)V, V; f
= h(A+ pR)Vf — VhAf + (n — 1)VA
+9’% (Vi )V, V,f, (16)
where
~h2V|Vf|? = h?Vy, V. (17)
Thus, we finish the proof of this proposition. m

With the help of the next theorem (Theorem 4.2 in [10]), we shall show that actually
the above Theorem 3 is provided.

Theorem 8 Let (M™, g) be a compact Riemannian manifold with constant scalar curvature

and M™ admits a nontrivial conformal vector field X. If LyRic = ag, where « is a function,
then M™ is isometric to the Euclidean sphere.

3. PROOFS OF THE RESULTS
Firstly we shall give the proof of Theorem 2.

Proof: Since (M™, g,Vf, h, A, p) is a compact RB h-almost soliton, so taking trace of (4), we
obtain

(1 —np)R + hdivX = nl. (18)
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Hodge-de Rham decomposition implies that divX = Au, hence from the above
equation, we get

(1 —np)R + hAu = nl. (19)

Again if M™ is also a compact gradient RB h-almost soliton, then from equation (i) of
Proposition 7 we have

(1 —np)R + hAf = nA. (20)
Equating the last two equations, we get hA(f —u) = 0. Hence it is enough to use
Hopf’s theorem to conclude f =wu+c, which completes the proof of theorem.
O

Now we present the proof of Theorem 3.

Proof: If X is a nontrivial conformal vector field then we have Lyg = 2ég, & # 0. Thus the
equation (4) becomes

Ric = (A —h& + pR)g. (21)
Now, tracing (21) and taking the covariant derivative we obtain
(1 —np)VR = nV(A — h). (22)

On the other hand, taking the divergence of (21) and using the equality 2div(Ric) =
VR we get

1
(G = P)VR = V(A - hS). (23)
Therefore, (22) and (23) together imply that
(1—np)VR = n(; — p)VR. (24)
So, the scalar curvature R is a constant and hence (A — h¢) is a constant. From
Lemma 2.3 in [10] we conclude that R # 0; otherwise ¢ = 0. Also since (A — h¢), p and R
are all constant we have
LyRic = 2(A — h& + pR)ég. (25)
Now we can apply Theorem 8 (Theorem 4.2 in [10]) to conclude that M™ is isometric
to an Euclidean sphere, the term 2(4 — hé + pR)¢ is corresponding to « in Theorem 8, which
completes the proof of the theorem. |
Using Proposition 7, we shall prove the Theorem 4.

Proof: From the Lemma 6 we have

div(Ric(Vf)) = (divRic)(Vf) + g(V2f, Ric). (26)
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Using the second contracted second Bianchi identity, the equation (5) and the equality
A Af)?
v2f =L gl? = [v2f12 — L=, we get
1
div(Ric(Vf)) = 5 g(VR,Vf) + (A + pRIAS — h|V2f|?

= LgR.V) + (A + pRIAS — h|v2f —2L g 2 apy2

2

1 R AF |?
=2g(VR V) +2af —n|v2f —Lg|" (27)
Since
. _Q-2p(n-D))op —_ gk
hRic(Vf) = ———=VR — (n — 1)VA + VRAf — g/*(V, W)V,V; f (28)

by (ii) of Proposition 7, we also have

hdivRic(Vf) = “_Zl’zﬂAR — (n— 1)AA + ARAf
~div(g’* (Vi) V,V;f). (29)

Comparing the last equation with (27) yields
2 1)
p?|v2f —Lg|" = CEEDDAR + (n— 1)AA - ARAf + 3 g(VR, Vf)
+2RAf + div(g/* (Vh)V,9,1). (30)
Integrating both sides of the above equation over compact M™, we obtain
[, n2|ver - |2dM—lf hg(VR,Vf)dM + = [ hRAfdM
M f n g - 2JIM g( ’ f) nJm f
n-2
= EIM hg(VR,Vf)dM. (31)

This completes the proof of theorem. m
Finally, we shall give the proof of Corollary 5 by using Theorem 4.

Proof: First we notice that the equation (5) and the equation (i) in Proposition 7 yield

Ric — =g = —hV2f + (A+ pR — D) g = —h(V*f - L g). (32)

n
On the other hand, if any one of the conditions of Corollary 5 holds, then the term of

Sy IV f = %gﬁdM is equal to zero. Hence, we have Ric = gg. Considering this with the
equation (5) gives us to

V2f =+ (A+R(p —2))g, (33)
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which implies V£ is a nontrivial conformal vector field. So from Theorem 3 we obtain that
M™ is isometric to an Euclidean sphere S™(r). This completes the proof of corollary.
O

4. CONCLUSIONS

We developed a new extension of the concept of Ricci soliton and gave some structure
equations for this RB h-almost soliton in Riemannian manifolds. We obtained extra terms in
computations since in our more general setting A and h are functions. Later, as a main result
we obtained that a compact nontrivial RB h-almost soliton is isometric to the Euclidean
sphere. Finally, we had an integral formula for the compact gradient RB h-almost soliton.
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