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We present a method to compute efficiently solutions of systems of ordinary dif-
ferential equations that possess highly oscillatory forcing terms. This approach is
based on asymptotic expansions in inverse powers of the oscillatory parameter,
and features two fundamental advantages with respect to standard ODE solvers:
firstly, the construction of the numerical solution is more efficient when the system
is highly oscillatory, and secondly, the cost of the computation is essentially inde-
pendent of the oscillatory parameter. Numerical examples are provided, motivated
by problems in electronic engineering.
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1. General setting

In this paper we are concerned with second order ordinary differential equations
with highly oscillatory forcing terms. More explicitly, we are considering equations
of the form

y'(t) — R(y(t)y'(t) + S(y(t)) = fu(t),  y(0) =wo, ¥'(0) =1y, (1.1)

for t > 0, where the forcing term f,(¢) can be expressed as a modulated Fourier
expansion (MFE), that is

o0

folt) = D am(t)e™", (1.2)

m=—0oQ

We will further assume that R(y) and S(y) are analytic, which ensures the
existence and uniqueness of the solution y(t). This setting includes some differential
equations with important applications, in particular the Van der Pol oscillator:

Y'(t) =l —y? O]y (&) +yt) = fult) t>0,  y(0)=yo, ¥'(0)=uyp (1.3)

where f,(t) is of the form (1.2) and p > 0 is given. The standard forced Van der
Pol oscillator is given by

y'(t) —p 1= y? )] ¥ (1) +y(t) = Asinwt,  y(0) =wo, ¥'(0) =y,
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which is clearly a special case of (1.3), with a_; = —a; =i4/2.
Another important example belonging to this type of differential equation is the
Duffing oscillator:

y" (1) + ky'(8) + ay(t) + by(t)> = fo(t),  y(0) =yo, ¥'(0) =, (1.4)

where d > 0 is the damping constant, b > 0 corresponds to the so called hard spring
case and b < 0 to the soft spring case.

Two particular examples of forcing terms are of importance in electronic engi-
neering:

fu(t) = c1 sinwnt, fu(t) = c1sinwit + ¢o sinwst sinwy ¢, (1.5)

where w; > wy > 1 and c¢1,co # 0 are constants. The first example represents
a simple sinusoidal signal (possibly highly oscillatory), whereas the second one
corresponds to an AM modulated signal (if ¢; = 0 we have a double-sideband
suppressed carrier AM Modulation). The presence of two different frequencies is
motivated by the fact that RF communications circuits are marked by the presence
of signals with widely varying time scales. In particular, for modulated signals low-
frequency information (in this case given by ws) is superimposed on a high-frequency
carrier (given by wy), so that aerials of practical dimensions can be employed. In
addition, different signals can be modulated onto carriers of different frequencies,
thereby enabling a large number of radio transmitters to transmit at the same time.

In both the Van der Pol and Duffing equations, if the forcing term f,(¢) has
period T' > 0, the existence of a non-constant T-periodic solution to the forced
equation is known, see for instance Farkas (1994). These two equations have been
extensively studied, notably in the context of singular perturbation theory, where
the damping parameter is supposed to be small, see for instance Jordan & Smith
(2007) or the classical reference Bogoliubov & Mitropolsky (1961). Both equations
have been widely used as well in the modelling of electronic circuits, for instance in
Hilborn (2000), Pulch (2005) and Volos et al. (2007).

In this paper, we investigate the properties and computation of solutions of
this type of equations when the forcing term is highly oscillatory, that is, when
w > 1. Similarly to what happens in the case of linear systems with nonlinear
highly oscillatory forcing terms (Condon et al. 2009a, 2009b; Condon et al. 2009),
the oscillatory nature of the solution imposes a very small stepsize on standard
numerical methods for ODEs, thereby rendering them exceedingly expensive.

Our approach is a combination of asymptotic and numerical techniques: asymp-
totic expansion in inverse powers of the oscillatory parameter w provides a conve-
nient and fast-converging representation of the solution (especially for large values
of w), while numerical discretization of nonoscillatory differential equations gener-
ates expansion coefficients in an efficient way.

In Sections 2 and 3 we present the construction of our asymptotic-numerical
solvers, and the explicit derivation of the first few terms. As we shall see, the first few
terms in our asymptotic expansion of the solution of the forced ODE preserve the
bandwidth of the original input, which is important for efficiency issues. However, as
we progress to higher order terms we will find that the bandwidth of the solution of
the ODE increases, a phenomenon that we call blossoming. This is an unavoidable
consequence of the nonlinearity of the differential equation, but we are able to
quantify the increase in the number of frequencies in Section 4.
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Highly oscillatory second order ODEs 3

Figure 1. On the left, the limit cycles of the unforced (solid line) and forced (dashed
line) van der Pol oscillators. On the right, the trajectories of the unforced (solid line) and
forced (dashed line) van der Pol oscillator. Here y(0) =1, 4'(0) = 1, p = %, w = 10 and
a—1 = 5i/2, aq = —bi/2, otherwise a,, = 0.

Before we commence with the theory, we display in Fig.1 the limit cycle and the
trajectories of the unforced (solid line) and forced (dashed line) oscillators. Looking
at the limit cycle it is clear that forcing induces oscillations. However, a closer look
at the trajectories indicates that these oscillations follow a pattern. While they
are hardly visible in y(t), the variable y(t) exhibits significant oscillations. This
observation is critical to our analysis.

2. An asymptotic-numerical solver

We seek to represent y(t) as an asymptotic series in inverse powers of the oscillatory
parameter w:

sy~ 3 L) (2.1)
r=0

w

where each term ,.(t) has the form of a modulated Fourier series,

br(t) = Y prm(®)e™, 7 >0. (2.2)

m=—0o0

As already explained in Condon et al. (2009b), modulated Fourier expansions
provide a natural framework for solving differential equations with highly oscillatory
forcing terms. This type of expansions have already been used in the context of
Hamiltonian systems, see Hairer et al. (2006, Ch. XIII) and Cohen et al. (2003),
and also as basic ingredient in the Heterogenous Multiscale Method, see Sanz-Serna
(2009).

It is important to observe that we need to impose pg m,(t) = 0 and p1 ,,(t) =0
for m # 0, since otherwise differentiation with respect to ¢ would produce positive
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powers of w, which are not present in the original equation (1.1). For this reason,
we make the following ansatz:

y(t) ~ poo(t) + plo +Z Z Drom (£)€ (2.3)

m=—0o0

Note also that in this setting the oscillations in y(¢) have amplitude of order
1/w?, whereas in y/(t) they are of order 1/w, consistently with the behaviour that
can be observed in the previous example.

Following the theory presented in Condon et al. (2009), we proceed to expand
the different terms in the ODE and identify those multiplying equal powers of w.
In order to do so, we first observe that term by term differentiation in (2.3) gives

1
y(6) ~ pholt) + —

> mpgym(t)eimwt] (2.4)

o0 1 o0 B
- . " t inu;.)t7
+;wrm;m Phopn (£) + impri1m(t)]
y" () = ppo(t Z M2pam ()™ (2.5)
1 = . imw
+= {p’{,o(t)Jr > [2imph . (1) — m*psm(t)] e t}

oo 1 %)
Z J Z pr m + 21mpr+1 m(t) - m2PT+2,m(tﬂ elth'
r=2 m=—oo

Since we have assumed that R(y) and S(y) are analytic, we can expand in Taylor
series about the function pg ¢ (¢):

|
s=1 n=1 n: kel, s
where
Xe() = Y prm(t)e™ (2.6)
and
L,s={(,...,1,) e N* : |l| = s},

with the standard notation for multi-indices |I| = Iy +13+...+1,. A similar formula
applies to S(y).

For simplicity of notation, in the sequel we suppress the dependence on t of the
different terms in the expansion.
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(a) Separation of orders of magnitude
We now attempt to separate the O(w™") term for » > 0 in the differential
equation. Firstly, the contribution of y”(t) is

o0

Z (p;"/,m + 2imp;“+1,m - m2pr+2,m)eith, (27)

while the term S(y) yields
p
S(y) ~ S(po,o +Z 0.0) Z Xk1* " Xhin - (2.8)
! k€L,

The most complicated expression is given by —R(y)y’. Combining both expan-
sions, we need to extract the O(w™") term from the product

oo
R( Poo
— | R(poo +Z Z > Xkt Xk
n=1 kel, s
1 o0 o 1 oo
oot ( Y maa, ) £ X Gt
m=—0o0 = m=—0o0
The outcome is
o0
_R(p070) Z (pg",m +impr+17m)elmwt
m=—0oQ
RM( Po 0)
—poo Z Z Xk1 kn
kel »
. - p
. i 0,0)
- (p/Lo +1 Z mp2,melth> Z Z Xkq * kn
m=—0o0 =1 keﬂn ,r—1
R( n)( p > ) .
—ZZ 00) D Xk Xk Y P +IMPrsi1m)e ™ (29)
s=1n=1 kel s m=-—o00

Note that the last term is nil for » = 2. Putting (2.7), (2.8) and (2.9) together,
we obtain the whole contribution of the O(w™") level.

(b) Separation of frequencies

Next we want to separate the different frequencies within each O(w™") term.
We first observe that

o0 [e.9]
E i(l++ln)wt
Xkl ce. Xkln — Z “e . pkl,ll .. .pk”)lnel( 1+t )UJ

li=—o0 l,=—00
o0

t
E E Dkody ** Dhy1, €7

m=—00 €Ky m
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where
Kim ={(1,...,0,) €Z" : |l| =m}.

Observe that, unlike the multi-indices in I, 5, in this case the components can
also be nonpositive integers.
Likewise,

o0

Xk1 " Xkn Z (p;"—s,j + ijprferl,j)eith

j=—o00

) [
Z Z Z Pki,ly * Phy ol [pi"fs,qu + l(m - q)pT*Sle,m*q]elmwt

m=—00 qg=—001€K, 4

oo
/ : imwt
Z Z pkl,ll t .pk'r“ln (p7'—s7ln+1 + ll’rb+1p7‘—8+1,ln+1 )e

m=—0o0l€K,11,m

and

oo o0
. ijwt imwt
E Jpo, et = E E Lt 1Py by Py 0n P20 €

j=—o00 m=—00l€K,41,m

Combining everything, we obtain

oo

Z (p;/,m + 2imp;~+1,m - m2pr+2,m)e

m=—0o0

imwt

oo

—R(po.o) Z (Dym + imp, i 1,m)e ™"

m=—0oQ
oo

— > [PooArR] + ph g Ar—1[R] +iBy[R] + Cy[R] + Dy[R] — A,[S]] ™" =0,

m=—0oQ
where

()
Arm_zf Po0) S~ N e,

n=1 kel, - lEK, m

Po 0)
Z Z Z n+1pk'1,l1 o 'pkn,lan,anru

k€ly r—1 €K1, m

(n )
Z Z f po O Z Z Pkt - pkn,lnpiﬂfs,ln_'_la

s=1n=1 kel s I€Kn11,m
f po 0)
=i E E E E Lnt 1Pk 1y Pl Pr—s+1,00 115
s=1n=1 kel, s l€Kn+1,m
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Highly oscillatory second order ODEs 7

This can be somewhat simplified, because

iB,[R] + D, [R]
r—l
. pO 0
=1 Z Z Z Z 7L+1pk1,ll o 'pk717lnp”'_5+1vln+1
n=1 s=nkel, s l€Ky11,m

(n)(
_IZR (Bo0) Z > D Pk PhaProst Ll

s=nke€l, s I€EKn11,m

the last line being justified by the fact that l,11p1,1,,, = 0. Moreover, since, for

j €{0,1} we have p; =0 (unless l,41 = 0), we obtain
Po.0Ar [R] + P g Ar—1[R] + C, [R]

(n )
:ZR (Po,o) Z Z Z Phats " Pl b Pr—s iy

n=1 s=nkecl, s I€Ky11,m

Therefore, separating frequencies, we have for every m € Z

Prm + 2imp$-+1 m = M Dr2.m — R(00,0) (7, + 1MPry1,m) (2.10)
T
po 0)
S SRS S SN DU TR A
n=1 s=n kel 1€Kn+1,m

(n)(
+1ZR (Po,o0) Z Z Z lnt 1Pk s+ Pl L Pr—s+1,1n 11

s= TLkEHn s lEKn+1 m

(n)
—zs P00 §~ S e,

kel , 1€Kn, m
Further simplification is possible, using the following results:
Proposition 2.1. For every r > 1 and m € Z it is true that

R(po,o prm+z pOO Z ST Prad Prad D,

s=nkecl, s I€Ky11,m

(n—
= % Z R pOO Z Z pkl,h Knoln | + (211)

n=1 k€l » €Ky m

Proposition 2.2. For every r > 1 and m € Z it is true that

R(po,o)mprs1,m + Z po o) Z Z Z 1Pk 1)+ Pl 1 Pr—s1,004

n=1 s=n kecl, s leKyt1,m
r+1 p
0, 0
=m E E E Pky iy - Koyl - (212)
n=1 k€l rr1 l€EK, m
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The proofs of both propositions are relegated to the Appendix.
If we substitute (2.11) and (2.12) into (2.10), the outcome is

P 20mpl g = MPPriom (2.13)
d R~ 1) Poo
-3 ZT Do DL P Phid
n=1 kel 1€Kn,m
r+1 p
0,0)

+1mz Z Z Pkyly - Phpln

n=1 kel, . 1 lEKnm

()
_ZS pOO Z Z Pki,ly * Php,ly -

kel, - leKy, m

An important observation is that in each step we obtain from (2.13) both an
ODE for p,o(t), which is nonoscillatory since there is no dependence on w, and
a recursion for p,i2.,(t), m # 0. More precisely, since p,o(t) terms on the right
feature only for n = 1, we have

(n—
Llpro] = ddt ZR poo ST et Pras (2.14)

n=2 kel, - l1€K, o
po 0
- Z Z Z Pkyly =" Pkl
n=2 kel » l€Ky, o
where
1 d !
Lly] =y" — — [R(po,0)y] + 5 (po,o)y

dt

is the linearisation of the original ODE y” — R(y)y’ + S(y) = 0 about y = po 0.
Likewise, for m # 0, we have a recursion for the p; ., (t) terms,

. d i R(n ) poo
m2p7’+2,m = p;*/m + QImp;"—Q—l,m - & Z T Z Z Pkiiy Kn,ln

n=1 kel, - l€Ky m
r+1

1mZ poo Z Z Piq iy - K sln

ke]ln r+1 leKn m

+ZS()pOO S Prat Prod- (2.15)

n=1 kel - 1eKy m

The initial conditions for the ODE (2.14) are determined by imposing
y(0) = poo(0) =0,  ¥'(0) = p(0) = yo, (2.16)
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Highly oscillatory second order ODEs 9

consequently the rest of the p, ., (t) coeficients, together with their derivatives,
should be equal to 0 when t = 0, that is

p1o(0) =0,  plo(0)=—i Y mpam(0), (2.17)
pro(0) == prm(0), r>2, (2.18)
m7#0
Pro(0) == Prn(0) =1 D> mpryaim(0), r>2.
m#0 m=—o0

In the next section we present the first few terms of the expansion, computed
using the differential equation and the recursion presented above.

3. Construction of the asymptotic expansion
(a) The zeroth term
The zeroth term, corresponding to r = 0, is readily available from the differential

equation:

P00 — R(po.0)poo + S(poo) = ao(t),
together with the initial conditions (2.16). It is also possible to show that

Pom(t) = — , m # 0, (3.1)

directly in terms of the modulated Fourier coefficients of the forcing term. We thus
deduce that

o) =0, pho@ =iy 2 (3.2)

m
m#0

in accordance with (2.17). These initial conditions will be used to solve the ODE
for p1,0(t), which is given by the analysis of the O(w™!) terms.

(b) The first term

We now look at the O(w‘l) terms and separate scales. We obtain a differential
equation for py o(t):
/! d !
Llp1o] =pio — E[R(Po,o)pm} + S’ (po,0)p1,0 =0,
and a recursion for the next level:
i
P3m = ﬁ[R(po,o)am —2al], m # 0. (3.3)

Moreover, it follows from (2.18) that

pro) ==Y 0 0= 3 L) - Ruoan ). (3.9
m=#0 m#0
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(¢) The second term
When r = 2 we need the sets
Lao={(2)} L2={(11}
]Il,3 = {(3)}, ]I2,3 = {(172)7 (27 1)}7 ]I3,3 = {(L 1, 1)}

The differential equation for ps o(¢) reads

d
E[R(po,o)Pz,o} + 5" (po,0)p2,0

1d
T oar R/ (po,o) Z Z Pk 11 Pk 1o —*SN (Po,o) Z Z Dk, Pky Lo

kelz 2 I€K2 o kelz 2 1€K2 o

/!
P2o —

However, note that because p1 ., (t) = 0 when m # 0, we have the simplification

D> PeinPrats =11 o(1),

kelz 2 I€K2 o
therefore
/! d ! 1 d / 1!
Do — E[R(Po,o)m,o} + 8 (po,0)p2,0 = 5% [R (po,o)pi o] — *5 (o,0)P3 o-

The recursion for ps ., (t), m # 0, reads

2 // : /
M "Pam = P2.m + 21mp3,m -

1 o0
R(po,0)p2,m + iRl(po,o) Z pl,lpl,m—l‘|

l=—00

4
dt

- {R(POO)P3m+ 3R (o,0) lz PLip2m—1 + Z P2,1P1,m— l‘|

l=—oc0 l=—00

1 oo oo
+ER”(?0,0) Z Z P1,11P1,l2p1,m1112}

11:—00 l2:—OO
1 o0
+ 5" (po,0)p2,m + 55"(p0,0)lz P1,iP1m—1-
=—00

Again, it is possible to simplify this expression, noting that

oo oo o0
Z P1IPLm—1 = Z Z D1,1:P1,12P1,m—1;—1; = 0

l=—00 li=—o00 lz=—00
and

Z P1,iP2,m—1 = Z D2,iP1,m—1 = P1,0P2,m-

l=—00 l=—00

Therefore we obtain

1 . d
Pam = 5 {pg,m + 2impy5 ,, — &[R(po,o)pzm]
— im[R(po,0)P3,m + R'(p0,0)P1,002,m]) + S’(po,o)pz,m} . (3.5)
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(d) The third term

There is an important reason to consider the case r = 3 in detail, and it is
related to the blossoming phenomenon that we consider in the next section. With
the same simplifications that we applied before, the ODE for p3 o(t) reads

d
Pg,o - &[R(po,o)Ps,o] + 5" (po,0)ps,0
d / 1 1" 3 1 " 1 " 3
= & R (p0,0)p1,0p2,0 + ER (p070)p170 - 55 (povo)pLopQ’o — ES (p070)p170.

The recursion for ps,,(t), m # 0, can be deduced from (2.15), setting r = 3.
Again using the fact that p; ,,(t) = 0 except when m = 0, the expressions can be
considerably simplified to yield

1 . d
Psm = 3 {pg}m + 2imp)y ,,, — &[R(po,o)p&m + R'(p0,0)P1,0P2,m)
—1im

1 )
/
R(pO,O)p4,7rL +R (p0,0) <p170p3,’rn + 5 Z p2,lp2,m—l>

l=—0c0

1
+ iR” (P0,0)P oP2,m

+ S(po,0)p3,m + Sl(po,o)pmpz,m}

It is clear that the process can be continued, at the price of increasingly more
complicated algebra. However, it is easy to derive more expansion terms using a
symbolic algebra package, and it is worth noticing that in most important examples
the functions R(y) and S(y) are quite elementary, and hence some terms in the
previous expressions are identically 0.

4. Band-limited input and blossoming

The stage » = 3 in the previous computations has special significance. We note that
the forcing terms in (1.5) share a common feature, namely that they are clearly band
limited, since the number of frequencies is finite. In the case of the AM modulated
signal, this follows from the elementary identities

. . 1 1
sinwytsinwit = B cos(we — wq )t — B cos(wg + w )t

and

. 1. 1 .
sin wat coswit = 3 sin(wg + w1 )t + 3 sin(wg — w1 )t.

In this way, the spectrum of the forcing term will contain the carrier frequency
w1 (unless we implement a suppressed carrier modulation) and the two sidebands
w1 £ wo, together with the negative frequencies —w; and —w; & ws.

If the original oscillator is band limited, i.e., there exists ¢ € N such that a,,, =0
for |m| > ¢+ 1, then it is clear from our narrative that pe m,D3.m,Pa,m = 0 for
|m| > 0+ 1. In other words, the relevant modulated Fourier expansions stay band
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12 M. Condon, A. Deano and A. Iserles

limited with the same original bandwidth p. However, things change with regard
to ps.m. The fact that ps ,, is band limited implies that

o+min{m,0}

0o
Z P2,iP2m—1 = Z DP2,1P2,m—1-

l=—o00 l=—p+max{m,0}
This leads to non-empty range of summation when
max{m, 0} — min{m, 0} < 2p,

hence |m| < 2¢. In other words, ps ,, is band limited of bandwidth 2o: we call this
phenomenon blossoming and note that it has obvious implications in the program-
ming of the method.

The bandwidth of linear systems is the same as of the highly oscillatory input
(i.e. there is no blossoming). It is known, however, that nonlinearity might interfere
with bandwidth, and our analysis quantifies this phenomenon for equations of type
(1.1). Of course, the bandwidth is likely to blossom further as r increases, indicating
that resonance shifts energy between frequencies. What is remarkable is that all this
occurs only once we hit ps ,,,. Consequently, as long as we do not go beyond r = 4,
disregarding error of O (w"r‘), we retain the original bandwidth of the forcing term.
If w is large enough, this is likely to be sufficient for virtually all cases of interest.

(a) Blossoming

How fast does blossoming occur? Let us denote by 6, the bandwidth of the
O(w™") term, therefore

0o =0, =0, Oy =03 =0, =0, 05 = 2p.

Before we state a general theorem, let us acquire basic intuition in manipulating
the relevant expressions. In order to compute the bandwidth 6,1, we need to
consider terms of the form

Z Z Plyly * " Pkl Z Z Pry by " Pknlns

kel r—1 lEKy m kel LEKn m

forn € {1,...,r— 1} and n € {1,...,r} respectively, but clearly it is enough to
consider only the terms in I, ,., since we wish to maximise the bandwidth.

(i) r=5
Now n € {1,...,5}. Because of symmetry, we might assume without loss of

generality that the entries of k € I, , are ordered monotonically.

n = 1: The only possible term is ps ,,, hence the maximal bandwidth that we can
attribute to this term is 5 = 2p;

n = 2: We have two monotone choices: k = (1,4) results in py ;,pa,. But p1;, can
be nonzero only if |I1] < 6; = 0 and p4,, is nonzero only if |i3] < 6, = o.
Hence the bandwidth is at most p.

The second choice is k = (2, 3), whereby the term is ps j, ps,, and the band-
width is maximised by 6 + 03 = 2;
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n = 3: Now there are two monotone possibilities, (1,1,3) and (1,2,2), with maxi-
mal bandwidths of 26, + 63 = p and 6, + 205 = 29 respectively;

n = 4: Just a single monotone choice, (1,1,1,2), leading to 36; + 0 = p;
n = 5: Only one 5-tuple, (1,1,1,1,1), and the maximal bandwidth is 56; = 0.
Therefore g = 2p, the maximum over all possible choices.
(ii) r=6
We now move faster, considering only monotone sequences:
n =1: k= (6), hence 05 = 2p;

n=2: k=(1,5) yields 61 +605 = 20, k = (2,4) results in 03+60, = 2p and k = (3, 3)
in 2603 = 2p;

n=3 k=1(1,1,4) gives 201 + 04 = o, k = (1,2, 3) results in 61 + 62 + 05 = 20 and
k= (2,2,2) in 36, = 30;

n=4: k=(1,1,1,3) yields 30;+03 = pand k = (1, 1, 2, 2) results in 26, +2605 = 2p;
n=>5 k=(1,1,1,1,2) and 46, + 03 = g;
n==6: k=1(1,1,1,1,1,1) results in the bandwidth 66; = 0.

Therefore, 67 = 3p. Note that the bandwidth is obtained from n = 3 and k =
(2,2,2): this observation is crucial in the proof of the theorem.

Now that we have see a number of examples, we can embark on the proof of the
general theorem underlying blossoming:

Theorem 4.1. It is true that

0, = {r ; 1J 0, r > 3. (4.1)

Proof. The theorem is certainly true for » < 5. We continue by induction on 7.
Thus, we assume that it is true up to r > 2 and wish to prove it for r + 1.
Given r > 2, the recurrence relation for p,1,, is a linear combination of terms

of the form
Z Z Pkily " Phyls

keln » lEKn, m

and their derivatives — as the derivative does not change the bandwidth, we can
disregard differentiation in this context. The bandwidth is provided by the largest
m € N such that

Wk, = Pky,ly " Pkn,ly 7& Oa

where ki,...,k, € N, |k| =7, l1,...,l, € Z and |l| = m. Each k; can contribute
at most the bandwidth 6;, hence altogether the bandwidth of @y ; is at most

n
Z Ok,
=1
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14 M. Condon, A. Deano and A. Iserles

therefore
0,41 < max ZGk (4.2)
ke]IIL T .
1<n<rd=1
First we observe that
0r+1 2 0r7 r Z 2.

We deduce this at once by considering n = 1, whence @, »,, = Py, Next, we prove
that

,
Ory1 > bJ 0

If » = 27 then let us choose n = 7 and k = (2,2,...,2) € N". Since 0 = o,
we deduce that the bandwidth of wyg; is maximised by 7p, therefore 0711 > 7p.
Likewise, if » = 27 4+ 1 then we choose n = 7+ 1 and k = (1,2,2,...,2). Since
61 = 0 and 0, = p, it follows again that o710 > 7o.

In order to prove the reverse inequality

Orp1 < {gJ 0,

let kel,,, ne{l,2,...,r}. We may assume without loss of generality that none
of the k;s equals one. The reason is as follows. Suppose that s of the k;s are one and
denote by k € N~ the vector which we obtain after excising these terms. Since
f#1 = 0, the maximal bandwidths of Wk, is the same as the maximal bandwidth
of wy,; for some l € Z"~*. But, since ki + -+ + kn_s + s = 7, the term wj, i has
already featured while forming p,_s11,m for some m € Z. Now, we already know
that 6,1 > 0, > --- > 0,_;, hence this term can be disregarded and we can assume
without loss of generality that k; #1, 5 =1,2,...,n
We write

{k17-"7kn} :{ﬁla-“aﬁnl}U{’Yl)“-a’}/nz}u{517“'75713}’

where 61 =...=0n =2, Y15,y ArE even, y; = 27;, and 01, ...,0,, are odd,
0 f26 +1, Wlthfyj>2 5 > 1. We thus have

n = n;+ng+ns,
n no ns
r = Zk’j =2n +225/j +226j + ns.
j=1 j=1 j=1
(Thus, ns is necessarily of the same parity as r.) Moreover, by induction,

*Zek —nl Q

n ns @ ns
2 92% +Z 2541 1+Z 25]'
= e = e =1

Now,

2 o3 r—mn

5. 5 = 3 _
Z’YJ+Z J 2 ni
Jj=1 Jj=1

and we deduce that
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Highly oscillatory second order ODEs 15

Now we need to maximise the quantity on the right hand side for k € I, ,
because of (4.2). Recalling that r and nz must have the same parity, we distinguish
between even and odd r. If r = 27 then n3 = 2n3, therefore

1 & . - T
fE Hk.:rfngfnggr:{f]
0= 2
Jj=1

Likewise, for r = 27 4+ 1 we have ng = 2n3 + 1 and again
1 & S ~ T
729;6, =T—nNg3—No < T = {,J
0“ ! 2
Jj=1
Taking all this together completes the proof of the theorem. O

The implications for programming the method are clear, since it is possible to
determine in advance how many terms p,.,(t) we need to compute for any given
r> 2.

5. Examples

We consider first the Van der Pol oscillator. In this case we have R(y) = p(1 — y?)
and S(y) =y, and it is not difficult to work out the ODEs for the first few p, o(t)
terms. The base equation is

Poo — (1= p§o)poo +poo =0, poo(0) =0,  Ppo(0) = o
Using the same notation as before, we have for r > 1

d
Llpro] = v/ o — a[R(PO,O)Pr,O] + 5" (po,0)pr.o

= Dl + 21p0,00 0Pr.0 + (1 — BE )P0 + Pros

and
L[p1,0] =0,
Llp2,0) = —p [p(),op%,o + 2p0,0P1,0P1 0] 5
Lps o] = —2p [p/o,opl,opzo +p0,0p/1,op2,0 + po,opl,oplz,o] - Hpiopﬁ,@

We take the initial values y(0) = 0 and 3/(0) = 1, and the forcing term f,,(¢t) =
2 costsinwt. Thus we have ay = —icost, a1 = icost and «,, = 0 for m # =+1,
and the initial values for the system of ODEs can be obtained from (3.2), (3.4) and
(2.18),

p1,0(0) =0, P1,0(0) =2,
p2,0(0) =0,  p5(0) =0,
p30(0) =0,  pse(0) =4.

Moreover, from (3.1) we have

p271(t) = —Ol1(t) = iCOSIf7 p27_1(t) = —Ol_l(t) = —icos t,
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16 M. Condon, A. Deario and A. Iserles

e,

e,(t)

Figure 2. Errors in the approximation of the solution y(t) of the forced Van der Pol
oscillator with forcing term f, (t) = 2costsinwt and w = 100.

consequently

Pa(t) = p2,o(t) +p271(t)ei“’t + pg,_l(t)e_i“’t = pao(t) — 2costsinwt

Also, from (3.3),

ps1(t) = p(l — Pg,o(t)) cost + 2sint = p3 _1(t),

0
P3(t) = ps,o(t) + 2 [u(1 — pg o(t)) cost + 2sint] cos wt.

We will use all this information to assemble the numerical solver up to order 3.
In Figures 2 and 3 we illustrate the errors in the approximation of the solution y(t)
and its derivative y’(t), using different number of terms in the asymptotic expansion
with w = 100. We compare the results with the solution of the original differential
equation in MATLAB, using relative and absolute tolerance equal to 107'2. The
notation that has been used for the errors is

es(t) — ‘y(t) _ Z wrst)
r=0

s> 0.

)
w

The next example illustrates the method applied to the Duffing equation with
damping

Y () + ky'(t) + ay(t) + by(t)® = f.(t), y(0)=1, %(0)=0.
Wetake k = 1/2,a =1,b = —1/3, and a forcing term which is an AM modulated
signal:
fu(t) = c1sinwit + co sinwy t sinwst,
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Figure 3. Errors in the approximation of the derivative of the solution y’(t) of the forced
Van der Pol oscillator with forcing term f, (t) = 2 costsinwt and w = 100.

with ¢; = 40, co = 20 and frequencies w; = 1000 and we = 100. In order to construct
the asymptotic expansion in a modulated Fourier series, we define w := ged(wq, wa),
that is the greatest common divisor of the two frequencies. Additionally, let m; =
w1 /w and my = ws /w.

In this case the base equation is

P60 + kppo + apoo + bph o = o,

and for r > 1:

d
[R(po,0)pro] + S (po,0)pro = o + kpl.o + (a + 3bp3 o)pr.o-

£ N — oo
[p ,0] pr,O dt

Moreover

Lp1,0] =0
Lp2,0] = —3bpo,opi o
Lps,0] = —6bpo,op1,0p2,0 — by} -

We can easily work out the initial values

C1
pl,O(O) = 07 p/IO(O) = ml’
Co 1 1 /
_ - — —kpao(0
p2,0(0) ) (ml — m2)2 (m’l ¥ m2)2 ) p2,0(0) p270( )7
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18 M. Condon, A. Deano and A. Iserles

as well as the other nonzero terms

iCl

P2,m, = 2m% = —P2—mys
C2
P2t = Jl )2 PR
C2
Prmzme = Ty —mg)z o
o)
c1 o
Pa(t) = po,o(t) — —5 sinmywt
my
- ( + ) t 2 ( ) ¢
—=— cos(m1 + mo)wt — cos(my — me)wt.
2(m1 + m2)2 L 2 2(m1 _ m2)2 1 2
Similarly,
0) = kCl ’ 0) — C1 [—k2 b 2]
p?”o()_mi%v Ps,o()—mfi, +a+ 3byg| ,
and
—kq
P3,m, Qm? = P3,—m1>
ikCQ
p3,m1+m2 = m = _p3,7m17m27
o ikCQ .
P3mi—ma = *m = —P3,—mi+ma>
therefore
kCl
V3(t) = p3,0(t) — —5 cosmywt
my
kCQ kCQ

sin(mq + mo)wt + sin(my — ma)wt.

a 2(my 4+ ms3)3 2(my — mg2)3

Figures 4 and 5 display the errors in the approximation of the solution y(t) and
its derivative y’(t), using different number of terms in the asymptotic expansion in
this example.

6. Conclusions and further research

We have presented a combined asymptotic-numerical method to solve efficiently
second order differential equations with highly oscillatory forcing terms. The ap-
proach is based on using asymptotic expansions in inverse powers of the oscillatory
parameter w together with modulated Fourier expansions. With the aid of a com-
puter algebra package such as MAPLE, it is possible to compute all the terms in
this type of expansions to high accuracy.

A key feature of this approach is that, unlike classical numerical algorithms for
ODEs, the performance of this method improves in the presence of high oscillation,
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ey
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Figure 4. Errors in the approximation of the solution y(t) of the forced Duffing oscillator
with forcing term f.,(t) = c1sinwit 4 co2 sinwit sinwat.
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Figure 5. Errors in the approximation of the derivative of the solution 1’ (¢) of the forced
Duffing oscillator with forcing term f,(t) = ¢1 sinwit 4 c2 sinwit sinwat.

that is, when w is large. This is a consequence of the asymptotic methodology that
we have used, instead of the classical algorithms based on Taylor expansion of the
solution.

We have presented numerical examples based on two equations which are very
relevant in applications, the forced Van der Pol and Duffing oscillators. This is
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20 M. Condon, A. Deano and A. Iserles

nothing but one possible application of this type of asymptotic-numerical solvers.
See Condon et al. (2009b) for its use in solving systems of ODEs with a nonoscil-
latory linear part plus a highly oscillatory forcing term. Other scenarios that are
currently being analysed are ODEs where the coefficients depend on w (a situation
which includes important examples such as the inverted pendulum) and differential-
algebraic equations (DAEs), which are highly relevant in the modelling of electronic
circuits.
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Appendix A. Two propositions in subsection 2.2

In this appendix we present the proofs of the two propositions that we used before.

Proposition 2.1. For every r > 1 and m € Z it is true that

(n)
R(po,o) prm+ZR (2o,) Z > Db PrataPresini

s=n kel s €K, 41,m

d | R~
== Z Poo Z Z Py Dk

n=1 kel - €Ky, m

Proof. Direct differentiation yields

d R(n—1
dt Z pOO Z Z DPkily =" P,y

n=1 kel, - 1eEKy m
r
_ R™ (pg0) /
- n Pk, - pkmlnp0,0
k=1 kcl, - 1€Ky,m

R(" po 0)
/
+ E E E [Py 2 Phasls * Pl Dher 1 Py 1,Pks ls " P L
n=1 kel, - leK, m

/
+ - + Dky ity 'pkn71,lnf1pkn,ln]'

However, because of symmetry,

E E Pky,ly * " Phg_1,lq 1pk | pkq+17 a+1 Pkl
kel, , 1€K, m

/
= E : E Pkyly " Pl 1,dn 1Pk 1y

k€l €Ky, m
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therefore
Ly ) 5y
- Z Pkl Pk by,
dt n=1 kel l€EKy m
,
R( ) poo
= > " D D> PRl PhaaPoo
n=1 k€ln  LEKp m
,
R " Po 0)
+ Z | Z Z Dky,ly - pkn_l,ln_lp;cn,ln
n=1 kel » 1€EKy m

= Z poo Z Z Phi s " Pl P00

n=1 kel » l€Kp, m

Po 0)
+  R(po.0)Pym + Z Z Z Dkl - pkn,znpknﬂ,znﬂ'

k€lpt1,r €K f1,m

In the last summation we let s = ky 4 --- + k,,. Since s + k, 11 =r and k; > 1, we
deduce that s € {n,n+1,...,r — 1}. Moreover, k,+; =7 — s and

d |~ RV
= Z% Z Z Doyt - Pl

n=1 ’ keﬂn I leKn m
T
_ po 0) /
= Pky,ly * " Pkn,lnPo,0
n=1 kcl, - 1eKy m

()¢
+ R(po,0) prm+ZR (p0,0) Z S>> P PradiPrsins

s=nkely,s LeEKp+1,m

(n)
= R(po,o) p,«erZR (20,0 Z S0 Pen PP

s=nke€l,, s L€EKyt1,m

The last step follows because, letting n € {1,2,...,r} and s = r and noting that

Po,l,., 7 0 only for [, = 0, we recover the first sum.

The proposition follows. O

Proposition 2.2. For every r > 1 and m € Z it is true that

R(po,o)mprs1,m + Z po o) Z Z Z 1Pk 1)+ Pl 1 Pr—s1,004

n=1 s=n kecl, s leKyt1,m
r+1
_ Po 0)
=m Pkq - Koyl -
n=1 k€l rr1 l€EK, m
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Proof. Similar to the proof of the previous proposition. We let k € I, ,1; and
|k| = s, hence k11 =7 — s+ 1, while s € {n,n+1,...,7}. In other words,

T
E E E I 1Dky 1y " Pl b Pr—st1,ln g1

s=nkel, s €Ky t1,m

= § E ln+1pk1,l1 o 'pkn,+17ln+1 :

kel i1, rr1l€K 11,m

Therefore, shifting the index n,

R(po,0)mpri1,m + Z po 0) Z Z Z bnt1Pky 1y " Pl 1y Pr—s+1,1n 41

s=nke€l, s leKnt1,m
7‘+1

R(pO O)mprJrl m + Z n — fO 0 Z Z lnpk1,11 Kn,l

kel rr1 l€K, m

Finally, for n =1 we have Iy 1 = {(r + 1)}, Ky ,, = {(m)}, therefore

R(po.o)mpri1.m + Z po o) Z Do D Pk P Prost L

s=n kel s I€Knt1,m
r+1

(n=1)(
sz Bl ST S

k€l ryr1l€EKn m

Using the underlying symmetry, it is true for any ¢ € {1,2,...,n} that

Z Z lqpkhll Pl ln Z Z lnpkl,ll kn,ln

kel i1 l€Kn, m kel 41 l€K m
> > (It L) Pty Pty = S0 pea
9 Ly v n b 777
k€l 41 lEK, m k€l 41 lEK, m
The lemma follows by straightforward substitution. O
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