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Abstract: In this paper, semi-invariant submanifolds of a generalized Kenmotsu manifold endowed with a semi-symmetric 

non-metric connection are studied. Necessary and sufficient conditions are given on a submanifold of a generalized Kenmotsu 

manifold to be semi-invarinat submanifold with semi-symmetric non-metric connection. Morever, we studied the integrability 

condition of the distribution on semi-invariant submanifolds of generalized Kenmotsu manifold with semi-symmetric non-metric 

connection.  
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1. Introduction 

In 1963, Yano [11] introduced an f-structure on a C
∞

 

m-dimensional manifold M, defined by a non-vanishing 

tensor field ϕ  of type (1,1) which satisfies 0=3 ϕϕ +  and 

has constant rank r . It is know that in this case r  is even, 

r=2n. Moreover, TM splits into two complementary 

subbundles ϕIm  and ϕker  and the restriction of ϕ  to 

ϕIm  determines a complex structure on such subbundle. It is 

also known that the existence of an f-structure on M is 

equivalent to a reduction of the structure group to )()( sOnU ×  

[1] where nms 2= − . 

In [2] , K. Kenmotsu has introduced a Kenmotsu manifold. 

In [9], present autours have introduced a generalized 

Kenmotsu manifold. 

Semi-invariant submanifolds are studied by some authours 

(for examples, M. Kobayashi [3], B. Prasad [6] and B.B. Sinha, 

A.K. Srivastava [7]). In [5] S. A. Nirmala and R.C. Mangala 

have introduced a semi-symmetric non-metric connection, 

they studied some properties of the curvature tensor with 

respect to the semi-symmetric non-metric connection. 

Let ∇  be a linear connection in a n -dimensional 

differentiable manifold M. The torsion tensor T of ∇  is given 

by 

].,[=),( YXXYYXT YX −∇−∇  

The connection ∇  is symmetric if torsion tensor T 

vanishes, othervise it is non-symmetric. A lineer connection 

∇  is said to be semi-symmetric connection if it torsion tensor 

T is of the form  

,)()(=),( YXXYYXT ηη −  

where η  is a 1-form. The connection ∇  is metric 

connection if there is a Riemannian metric g  in M such that 

0,=g∇  otherwise it is non-metric. It is well known that a 

linear connection is symmetric and metric if it is the 

Levi-Civita connection. 

The paper is organized as follows : In section 2, we give a 

brief introduction of generalized Kenmotsu manifold. We 

defined a generalized Kenmotsu manifold with a 

semi-symmetric non-metric connection. In section 3, we give 

some basic results for semi-invariant submanifolds of 

generalized Kenmotsu manifold with a semi-symmetric 

non-metric connection. In last section, we obtained some 

necessary and sufficient conditions for integrability of certain 

distributions on semi-invariant submanifolds of generalized 



 Pure and Applied Mathematics Journal 2015; 4(1-2): 14-18  15 

 

Kenmotsu manifold with a semi-symmetric non-metric 

connection. 

2. Preliminaries 

In [4], a (2n+s)-dimensional differentiable manifold M is 

called metric f-manifold if there exist an (1,1)-type tensor field 

ϕ , s-vector fields 
sξξ ,,1 …

, s 1-forms sηη ,,1
…

 and a 

Riemannian metric g on M such that 

ijj

i

i

i
s

i

I δξηξηϕ =)(,=
1=

2 ⊗+− ∑       (1) 

),()(),(=),(
1=

YXYXgYXg ii
s

i

ηηϕϕ ∑−     (2) 

for any ),(, TMYX Γ∈  },{1,, sji …∈ . In addition, we have 

).,(=),(),,(=)( YXgYXgXgX i

i ϕϕξη −      (3) 

Then, a 2 -form Φ  is defined by ),(=),( YXgYX ϕΦ , for 

any )(, TMYX Γ∈ , called the fundamental 2 -form. 

Moreover, a framed metric manifold is normal if  

0,=2],[
1=

i

i

i

s

d ξηϕϕ ⊗+ ∑  

where ],[ ϕϕ  is denoting the Nijenhuis tensor field associated 

to ϕ  . 

In [10], let M (2n+s)-dimensional metric f-manifold. If 

there exists 2 -form Φ  such that 0...1 ≠Φ∧∧∧ nsηη  on 

M, then M is called an almost s-contact metric structure. 

The almost s-contact metric manifold M  is called a 

generalized Kenmotsu manifold if it satisfies the condition 

})(),({=)(
1=

XYYXgY i

i

s

i

X ϕηξϕϕ −∇ ∑       (4) 

where ∇  denotes the Riemannian connection with respect to 

g [9]. 

From the formula (4) we have 

.= 2 XiX ϕξ −∇                  (5) 

Definition 2.1 An (2n+s)-dimensional Riemannian 

submanifold M of a generalized Kenmotsu manifold M  is 

called a semi-invariant submanifold if iξ  are tangent to M  

and there exists on M a pair of orthogonal distribution 

},{ ⊥DD  such that 

( )i  }.,...,{= 1 sSpDDTM ξξ⊕⊕ ⊥  

( )ii  The distribution D  is invariant under ϕ , that is 

,= xx DDϕ  for all Mx ∈  

( )iii  The distribution ⊥D  is anti-invariant under ϕ , that 

     is ,⊥⊥ ⊂ MTD xxϕ  for all ,Mx ∈  where MTx
 and 

⊥MTx
 are the tangent space of M at .x  

The distribution D  (resp. 
⊥D ) is called horizontal (resp. 

vertical) distribution. A semi-invariant submanifold M is said 

to be an invariant (resp. anti-invariant) submanifold if we have 

{0}=⊥
xD  (resp. {0}=xD ) for each Mx ∈ . We say that M 

is a proper semi-invariant submanifold, which is neither an 

invariant nor an anti-invariant submanifold. 

Let ∇  be the Levi-Civita connection of M  with respect 

to the induced metric g. Then Gauss and Weingarten formulas 

are given by 

),(= YXhYY XX +∇∇ ∗              (6) 

XANN NXX −∇∇ ⊥∗=               (7) 

for any )(, TMYX Γ∈  and )(
⊥Γ∈ TMN . ⊥∇  is the 

connection in the normal bundle, h  is the second 

fundamental from of M  and NA  is the Weingarten 

endomorphism associated with N . The second fundamental 

form h  and the shape operator A  related by  

).,(=)),,(( YXAgNYXhg N          (8) 

Now, a semi-symmetric non-metric connection ∇  is 

defined as 

XYYY i
s

i

XX )(=
1=

η∑+∇∇           (9) 

such that 

)}(),()(),(({=),)((
1=

YZXgZYXgZYg ii
s

i

X ηη +−∇ ∑   (10) 

for any ,, TMYX ∈  where ∇  is induced connection on .M  

From (4) and (9), we have 

})(2),({=)(
1=

XYYXgY i

i

s

i

X ϕηξϕϕ −∇ ∑     (11) 

which is condition for almost s-contact metric manifold to be  

generalized Kenmotsu manifold with semi-symmetric 

non-metric connection. 

Corollary 2.2 Let M  be a semi-invariant  submanifold of 

a generalized Kenmotsu manifold M with semi-symmetric 

non-metric connection, then 

j

j
s

j

jX XX ξηξ )(2=
1=

∑−∇          (12) 

for all ., TMYX ∈   

Proof .  Putting 
jY ξ=  and 

jZ ξ=  in (10) 

).(2=),(),()],([ XgggX j

jXjjjXjj ηξξξξξξ ∇−∇− So 
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).(=),( Xg
j

jjX ηξξ∇           (13) 

Now, using (11)  

})(2),({=)(
1=

XXg j

i

ij

s

i

jX ϕξηξξϕξϕ −∇ ∑  

or 

XjX ϕξϕ 2= −∇−  

from (1) and (13)  

).)(2(=)(
1=1=

j

j
s

j

jjX
j

s

j

jX XX ξηξξηξ ∑∑ +−−∇−∇  

We denote by same symbol g  both metrices on M  and 

M. Let ∇  be the semi-symmetric non-metric connection on 

M  and ∇  be the induced connection on M with respect to 

unit normal N . Then, 

),(= YXmYY XX +∇∇               (14) 

where m  is a tensor field of type (0,2) on semi-invariant 

submanifold M. Using (6) and (9) we have, 

.)(),(=),( XYYXhYYXmY
i

XX η++∇+∇ ∗
 

So equation tangential and normal components  from both 

the sides, we get 

),(=),( YXhYXm  

and 

.)(=
1=

XYYY i
s

i

XX η∑+∇∇ ∗
          (15) 

From (15) and (7) 

XNNN i
s

i

XX )(=
1=

η∑+∇∇ ∗
 

XNXA i
s

i

N )(=
1=

η∑+−  

XaAN )(= +−  

where )(=
1=

Na i

s

i

η∑  is a function on M. 

Now, Gauss and Weingarten formulas for a semi-invariant 

submanifolds of a generalized Kenmotsu manifold with a 

semi-symmetric non-metric connection is 

),(= YXhYY XX +∇∇            (16) 

and 

NXaAN XNX
⊥∇++−∇ )(=        (17) 

for all ),(, TMYX Γ∈  ),( ⊥Γ∈ TMN  h  second 

fundamental form of M and NA  is the Weingarten 

endomorphism associated with N. The second fundamental 

form h  and the shape operator A  related by 

).,(=)),,(( YXAgNYXhg N            (18) 

The projection morphisms of TM to D  and 
⊥D  are 

denoted by P  and Q  respectively. For any 

)(, TMYX Γ∈  and ),( ⊥Γ∈ TMN  we have 

i

i
s

i

XQXPXX ξη )(=
1=

∑++             (19) 

and 

CNBNN +=ϕ                 (20) 

where BN (resp. CN) denotes the tangential (resp. normal) 

component of .Nϕ  

Theorem 2.3 The connection induced on semi-invariant 

submanifolds of a generalized Kenmotsu manifold with 

semi-symmetric non-metric connection is also a 

semi-symmetric non-metric connection.  

3. Basic Results 

Lemma 3.1 Let M be a semi-invariant submanifold of a 

generalized Kenmotsu manifold M  with semi-symmetric 

non-metric connection, then we have 

),()()(=)( YXBhXaAYPY QYXX −+−+∇∇ ϕ    

),(),()( YXChPYXhYQX −+∇+      (21) 

XaAPXaANBN NCNXX )()()(=)( +−++−+∇∇ ϕ  

XaAQBNXhNC NX )(),()( +−++∇+    (22) 

for all ;, TMYX ∈  ⊥Γ∈ )(TMN  where 0.=)(=
1=

CNa
i

s

i

η∑   

Proof. Using (19) and (20), necessary arrangements are 

made to obtain the desired.  

Lemma 3.2 Let M be a semi-invariant submanifold of a 

generalized Kenmotsu manifold M  with semi-symmetric 

non-metric connection, we have 

PXYYXBhXaAYP i
s

i

QYX )(2=),()()(
1=

η∑−−+−+∇

QXYYXChPYXhYQ i
s

i

X )(2=),(),()(
1=

η∑−−+∇  
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0=)()()( XaAPXaANB NCNX +−++−+∇  

0=)(),()( XaAQBNXhNC NX +−++∇  

0=),( YPXg  

0=),( YQXg  

for all ),(, TMYX Γ∈  .)( ⊥Γ∈ TMN   

Proof. Using (11) in (21) and (22), completes the proof.  

Corollary 3.3 Let M be a semi-invariant submanifold of a 

generalized Kenmotsu manifold M  with semi-symmetric 

non-metric connection such that TMi ∈ξ , we have 

PXP iX 2=)( −∇ ξ  

QXQ iX 2=)( −∇ ξ  

0=0,=)( BNB
ii

ξξ ∇∇  

0.=0,=)( CNC
ii

ξξ ∇∇  

For ),(, TMYX Γ∈  we put 

.=),( XAPYYXu QYX ϕϕ −∇  

We begin with the following lemma. 

Lemma 3.4 Let M be a semi-invariant submanifold of a 

generalized Kenmotsu manifold M  with semi-symmetric 

non-metric connection, then  we have 

YPPXYPYXgYXuP X

i

i

s

i

∇+−∑ ϕϕηξϕ })(2),({=)),((
1=

),(})(2),({=)),((
1=

YXBhQXYQYXgYXuQ i

i

s

i

+−∑ ϕηξϕ  

QYPYXhYXChYQ XX ϕϕϕ ⊥∇++∇ ),(=),(  

),(=)),(( YXgYXu
i ϕη  

for all ).(, TMYX Γ∈   

Proof. Easily shown using (11), (16), (17), (19) and (20).  

Lemma 3.5 Let M be a semi-invariant submanifold of a 

generalized Kenmotsu manifold M  with semi-symmetric 

non-metric connection such that TMi ∈ξ , we have 

0=),(,)(2=
1=

ii

i
s

i

iX XhXX ξξηξ ∑−∇     (23) 

0.=0,=),(0,= iNiii
i

Ah ξξξξξ∇   (24) 

Proof. Using (12) and (15) for (22). And 

).,(=),(=)),,((=0 XAgXAgNXhg iNiNi ξξξ  

4. Integrability of Distribution on a 

Semi-Invariant Submanifolds a 

Generalized Kenmotsu Manifold with 

Semi-SymmetricNon-Metric 

Connection 

Theorem 4.1 Let M be a semi-invariant submanifold of a 

generalized Kenmotsu manifold M  with semi-symmetric 

non-metric connection. Then the distribution D  is 

integrable.  

Proof. We have for all )(, DYX Γ∈ , 

),(),(=)],,([ iYiXi XgYgYXg ξξξ ∇−∇  

).,(),(= iYiX XgYg ξξ ∇+∇−  

Using (9) and (12), we have 

),(),(=)],,([ YXgXYgYXg iYiXi −∇+−∇− ξξξ  

))(,2(

))(,2(=

1=

1=

YYYXg

XXXYg

i

i
s

i

i

i
s

i

−−+

−−−

∑

∑

ξη

ξη
 

0.=  

So 0=]),([ YXiη  for i=1,2,…s. Then, we have .],[ DYX ∈   

Theorem 4.2 Let M be a semi-invariant submanifold of a 

generalized Kenmotsu manifold M  with semi-symmetric 

non-metric connection. The distribution }{ 1,..., sSpD ξξ⊕  is 

integrable if and only if  

),(=),( YXhYXh ϕϕ  

is satisfied. 

Proof. Using (6) and (9), then 

)(=]),([ XYYX YX

∗∗ ∇−∇ϕϕ  

)),(),((= XYhXYXhY YX +∇−−∇ϕ  

))()((=
1=1=

YXXXYY i
s

i

Y
i

s

i

X ηηϕ ∑∑ +∇−−∇  

.)()(

)()(=

1=

1=

YXXX

XYYY

i
s

i

YY

i
s

i

XX

ϕηϕϕ

ϕηϕϕ

∑

∑

+∇+∇−

−∇−∇
 

For (11) and (16), we have 
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),(),(

})()(),({2

=]),([

1=

YXhYXh

YXXYYXg

XYYX

ii

i

s

i

YX

ϕϕ

ϕηϕηξϕ

ϕϕϕ

−+

−++

∇−∇

∑  

where ]),([ YXϕ  shows the component of YX∇  from the 

ortogonal complementary distribution of }{ 1,..., sSpD ξξ⊕  in 

M. Then, we have }{],[ 1,..., sSpDYX ξξ⊕∈   if and only if 

).,(=),( XYhYXh ϕϕ  

Theorem 4.3 Let M be a semi-invariant submanifold of a 

generalized Kenmotsu manifold M  with semi-symmetric 

non-metric connection. The distribution }{ 1,..., sSpD ξξ⊕⊥  is 

integrable if and only if  

XAYA YX ϕϕ =  

is satisfied. 

Proof. We have for all )(, ⊥Γ∈ DYX  

),(),(=)],,([ iYiXi XgYgYXg ξξξ ∇−∇  

).,(),(= iYiX XgYg ξξ ∇+∇−  

Using (9) and (12), we have 

),(),(=)],,([ YXgXYgYXg iYiXi −∇+−∇− ξξξ  

))(,2(

))(,2(=

1=

1=

YYYXg

XXXYg

i

i
s

i

i

i
s

i

−−+

−−−

∑

∑

ξη

ξη
 

0.=  

Using (6) and (9) then 

)(=]),([ XYYX YX

∗∗ ∇−∇ϕϕ  

.)()(

)()(=

1=

1=

YXXX

XYYY

i
s

i

YY

i
s

i

XX

ϕηϕϕ

ϕηϕϕ

∑

∑

+∇+∇−

−∇−∇
 

For (11) and (17), we have 

XYaA

XYYXg

YXaAYX

YX

i

i

s

i

XY

ϕ

ϕηξϕ

ϕϕ

ϕ

ϕ

⊥

⊥

∇−+−−

+−

∇++−

∑

)(

})(2),({

)(=]),([

1=

 

})()(

)(2),({
1=

XYYX

YXXYg

ii

i

i

s

i

ϕηϕη

ϕηξϕ

−+

−+∑
 

.

})()(),({2=
1=

XYXAYA

YXXYYXg

YXYX

ii

i

s

i

ϕϕ

ϕηϕηξϕ

ϕϕ
⊥⊥ ∇−∇+−+

−+∑
 

Then we obtain, 

},...,{],[ 1 sSpDYX ξξ⊕∈ ⊥
 .= XAYA YX ϕϕ⇒  

Conversely  

)()(

})()(),({2=]),([ 22

1=

2

XYXAYA

YXXYYXgYX

YXYX

ii

i

s

i

ϕϕϕϕ

ϕηϕηϕξϕϕ

ϕϕ
⊥⊥ ∇−∇+−+

−+∑
 

)()(

})()({})()({=],[
1=1=

XY

XXYXXYYX

YX

k

k

k

k
s

i

ii
s

i

ϕϕϕϕ

ξηξηηη

⊥⊥ ∇−∇+

−++− ∑∑
 

then, we have  

}.,...,{],[ 1 sSpDYX ξξ⊕∈ ⊥  
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