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This  thesis  is  concerned  with  the  properties  of  sequential 

binomial  estimation.  It  illustrates  the  construction  of  optimal 

sequential  binomial  sampling  plans  for  point  estimation  problems 

in which,  according  to  custom,  each  loss  function  is  taken  to  be 

a  constant  times  the  square  of  the  error.  The  way  such  a  constant 

affects  the  sizes  of  the  constructed  sampling  plans  is  also  within 

the  scope  of  this  thesis. 
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PREFACE 

The  first  part  of  this  thesis  deals  with  the  uniqueness 

of  unbiased  estimate  of  p,  proportion  of  defectives  in  the 

(binomial)  population;  the  efficiP.nt  estimators  and  sampling 

plans;  the  characterizations  of  simple  binomial  sampling  plans. 

In  the  second  part,  we  summarize  some  properties  of  the 

truncatedsequential  game  and  illustrate  the  construction  of 

optimal  sequential  binomial  sampling  plans  for  point  estimation 

problems• 

• 
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Part  I  BINOMIAL  SAMPLING  PLANS 

1.1  Introduction 

By  a  sample  of  size  N drawn  from  a  binomial  distribution  we 

mean  a  vector  Y = Cu
1

,  u
2

, ••• ,  uN)  in  which  the  independent  observations 

u
1

,  u
2

, ••• ,  ~are to  be  taken  on  the  random  variable  f.J so  distributed 

that 

Prob(  U = l/p)  = p,  Prob(  U =O/p)  =q  =1   p 

where  0 < p <1.  By  letting 

X(Y)  =  number  of  zeroes  in Y 

Y(Y)  =number  of  ones  in Y, 

samples  of  this  type  may  be  referred  to  points  in  the  xyplane  with 

nonnegative  integral  coordinates.  The  index  N(Y)  = X(Y)  +  Y(Y)  of 

the  point  Y will  be  the  size  of  that  sample  Y.  We  shall  interpret 

a  sampling  plan  as  a  rule  that  specifies  at  each  stage  of  a  sequential 

sampling  process  whether  sampling  is  to  cease  or  another  observation 

is  to be  taken  and  our  main  attention will  be  devoted  to  the  development 

of  certain criteria  for  the  selection  of  an  appropriate  sampling  plan 

for  the  family  of  binomial  distributions. 

l. 
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1.2  Definitions  and  fundamental  facts 

Consider  the  plane  lattice  ;I:.. of  points  Y whose  coordinates 

X(Y)  and  Y(Y)  are  nonnegative  integers. 

Definition 1.2.1.  A sampling  plan  is a  function  S  defined  on  ~ taking 

only  the  valueG  0  and  1,  and  such  that 

s(e)  =S((O,O))  =1. 

Definition 1.2.2.   A path  to Y is  a  sequence  of  points e  = Y
0

,  Y
1

, ••• , 

Yn  =:'such  that  S(Yk)  = 1  fork= O,  1, ••• ,  n   l 

and  either  X(Yk+l)  =  X(Yk)  +l,  Y(Yk+l)  =Y(Yk) 

or  X(Yk+l)  =X(Yk)'  Y(Yk+l)  =  Y(Yk)  +  1. 

Under  a  given  sampling  plan s,  points  of  .i!:. are  decomposed  into 

the  following  three  mutually  exclusive  classes: 

Definition 1.2.3.   Y is a  boundary  point  if there  exists  a  path  to Y 

and  S(Y)  =O. 

Definition  1.2.4.   Y is a  continuation  point  if there  exists  a  path 

to  Y and  S(Y)  =1  so  that  at  least  one  path  exists 

"through"  Y. 

Definition 1.2.5.   Y is an  inaccessible  point  if no  path  exists  to Y 

and  S(Y)  =1 • 

• 
It should  be  noted  that  the  origin e  is  ~ways a  continuation 

point.  It is  seen  that  if Yk  = ('1t,  yk)  is a  continuation  point  then 

('1t  +  1,  yk)  and  ('1c,  yk  +  1)  are  accessible.  The  values  of  S  at 

inaccessible  points  are  irrelevant  to  the  sampling  process.  However, 

it is useful  to  take  S(Y)  •  l  for  inaccessible  points  Y to  facilitate 



j, 

3 

the  phrasing  of  certain  definitions.  

Definition  1.2.6.  The  boundary  B of  S  is  the  set  of  all boundary  

points  of  S. 

Let  C denote  the  set  of  all continuation  points  of  s. 

Paths  may  be  regarded  as  arising  by  a  random  process  such  that 

a  path  reaching  Yi  = (xi'  yi)'  a  continuation  point,  will  be  extended 

to  (xi'  yi  +  1)  with  probability  p  or  to  (xi  +  1,  yi)  with  probability 

q  =1   p.  When  a  path  is  extended  to  a  boundal'Y'  point,  the  process 

ceases. 

A sampling  plan  is completely  determined  by  its boundal'jl',  so 

that  any  reasonable  estimator  depends  on  the  observed  sample  sequence 

only  through  the  boundary  point  reached  by  the  sequence. 

Definition 1.2.7.   A sampling  plan  is said  to  be  bounded  if there  is an 

integer  n  such  that  all points Y with 

N(Y)  = X(Y)  +  Y(Y) >n 

are  inaccessible  points. 

The  smallest  such  n  is called  the  ~ of  the  plan. 

The  probability  of  reaching  a  particular  point  Y is 

where  K(Y)  is  the  number  of distinct  paths  from  the  origin  to Y. 

Definition  1.2.8.   A sampling  plan  with  boundary  B is said  to  be  closed 

if 
LP(p, Y). 1 

YE  B 

for  all  p,  o~ p~ l. 
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For  a  bounded  sampling  plan  of  size  n,  it  is  cle11r  from  the 

definitions  that  paths  from  the  origin  cannot  include  more  than  n  +  1 

points•. This  implies  that  a  path  from  the  origin  strikes  some  boundary 

points  with  probability  one.  Thus,  bounded  sampling  plans  are  closed. 

Their  connection  may  be  expressed  in  the  following  Venn  diagram: 

•  

sampling  plans 

Wolfowitz  f5J  assured  the  closure  of  some  infinite  sampling 

plans  by  proving  the  assertion  that  a  sampling  plan  is  closed  if 

lim  inf A(n)  ~ 0o 

n.oo  JD" 

where  A(n)  is  the  number  or  continuation  points  of  index  n. 

Definition 1.2.9.  A boundary  point r
0 

of  a  bounded  sampling  plan S 

is said  to  be  essential  if the  sampling  plan  SY 

0 

where 

Sy  (Y)  =S(Y)  for  Y  ~ Y 
0  0 

with  Y a  continuation  point,  is not  bounded.
0 

Example  1.2.1.  Consider  the  follOWing  sampling  plan S  where  dots  denote 

boundary  points: 
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0  5 

The  boundary  point  (3,2)  is  essential.  Indeed,  (3,2)  is  a  continuation 

point  of  the  sampling  plan s( )  so  that  there  is  at  least  one  path
3

,
2

in s(
3

,
2

)  from  the  origin  to  (3,2)  which  can  be  extended  to  (4,2) 

or  (3,3).  Similarly,  (4,~), (4sl),  (2,3),  (1,4),  and  (0,5)  are 

essential  boundary  points..  On  the  other  hand,  (11 3)  is  a  nonessential 

boundary  point,  for  removal  of  the  boundery  point  does  not  destroy 

the  bottr.dedness  of  the  r:am:Jlirjg  plan. 

Definition 1.2.10.   A boundary  B  is  said  to  be  essential  if· all its 

points  a~ 0 ecsential. 

Clearly,  if  (xCJ'  y
0

)  is an  essential  boundary  point,  then 

(x
0 

+1,  y
0

)  and  (x
0

,  ~O +  1)  cannnt  both  be  accessible. 

DefiniUon  1.2.11.   An  estimator  f  is a  realvalued  function  defined  on  B. 

The  only  estimators  to  be  considered  are  those  for 

which 

g(p)  =E(f/p)  = ~ f(Y)K(Y)pY(y)qX(Y) 

Y€ B 

is  absolutely  convergent. 

Conventions 

(i)  For  every  sampling  plan  to  be  considered, 
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E(N2/p)  = L  N2(Y)K(Y)pY(Y) qX{Y) 

ye. B 

is  uniformly  convergent  on  every  closed  interval  of  values  of  p. 

(ii)  For  every  estimator  f  to  be  considered,  E(f/p)  is differen-

tiable  termwise  in  the  open  interval,  0 <. p <. 1,  and  the  derived  series 

is absolutely  convergent. 

A  wellknown  and  useful  sufficient  condition  for  the  termwise 

differentiability  of  the  series E(f/p)  is  that  the  formal  termwise 

u  .
derivative  be  absolutelyAttlformly  convergent  on  every  closed  subinterval. 

The  functions  defined  on  B  and  taking  the  values  X(Y),  Y(Y),  and 

N(Y)  are  denoted  by  X,  Y,  and  N,  respectively.  Then  we  have  the  following: 

Lemma  1.2.1.  E(y2/p),  E(X
2
/p),  and  E(XY/p)  all exist  and  are  at  most 

E(N
2
/p). 

Proof.  Since  0' X ~ N and  0  'Y ~ N,  the  results  follow  from  (i). 

Lemma  1.2.2.  N,  X,  and  Y,  considered  as  estimators,  satisfy  (ii). 

Proof.  E(N/p)  =L  N(Y)K(Y)pY(Y) qX(Y). 

YE:  B 

IIP  (N(Y)K(Y)pY(Y) qX(Y» I= IN(Y)K(Y)pY(Y)lqX(Y)l(qY(Y)   pX(Y))l 

=.!. N(Y)K(Y)pY(Y)qX(Y)f qY(Y)  •  pX{Y)I
pq   . 

~ .!. ~(Y)K(Y) Y(Y)  X(Y)
pq  p  q 

for  0 <. p ~ l  and  YE B.  Then,  by  Weierstrass'  Mtest  for  uniform 

convergence  and  bJ'  (i),  the  series 
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~ (..!!...  N(Y)K(Y)  Y(Y)  X(Y)) 
~ dp  p  q  
ye. B  

converges  uniformly  on  every  closed  interval  and,  hence,  according 

to  the  remark  following  (ii),  E(N/p)  is  termwise  differentiable.  The 

proofs  for  X and  Y are  similar. 

Definition 1.2.12.  A sampling  plan  is  said  to  be  simple  if every  set 

ck  =  {  (x,y):  x  +  y  =  k} 

meets  the  class  C of  continuation  points  in an 

interval  (possibly  trivial  or  empty). 

The  sampling  plan  given  in Example  1.2.1  is not  simple, 

since  the  intersection  of  the  sets C4  and  C  is not  an  interval. 

However,  the  following  s~mpling plans  are  simple • 

•  



1.3  The  estimate " p 

Girshick,  Mosteller,  and  Savage  (1)  have  shown  how  to  construct 

an  unbiased  estimator  of  the  parameter  p,  the  fraction  defective,  from 

samples  drawn  from  a  binomial  distribution.  The  estimator  constructed 

is  applicable  to  samples  whose  items  are  drawn  and  classified  one 

at  a  time  until  the  number  of  defectives  and  the  number  of  nondefectivee 

simultaneously  agree  with  one  of  a  set  of  preassigned  number  pairs. 

When  this  agreement  takes  place,  the  sampling  process  ceases  and  an 

•unbiased  estimate  of  the  proportion  p  of  defectives  in  the  population 

may·be  made.  Several  results  concerning  this  construction  have  also 

been  discussed. 

Construction:   For  a  closed  sampling  plan S,  let 
/\
p(Y)  =  K•(Y)/K(Y),  

where  Y is a  boundary  point  and  

K(Y)  •number  of  paths  in S  from  e  to Y. 

K•(y)  =number  of  paths  in S  from  (O,l)  to Y. 

,... 
Theorem  1.3.l:  p(Y)  is an  unbiased  estimate  of  p. 

Proof.  
E(p/p)  =L, p(Y)P(p,Y)  

ye B  

=  ~ K*(Y)pY(Y)qX(Y) 

ye B 

If  (O,l)EB,  then  K*((O,l))  =  1  and  K•(y)  =0  for Y #  (O,l),  in which 

case 

E(p/p)  •  P• 

8  
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If  (O,l)~B, consider  the  plan  S'  obtained  from  S  by  taking  the  point 

(O,l}  as  a  boundary  point  and  K'(Y),  the  number  of  paths  in S'  from 

the  origin  to  the  boundary  points  Y of s.  We  see  that  except  for  (O,l) 

every  boundary  point  of  S'  is a  boundary  point  of  S  and  that  K'(Y)  = 0 

except  for  the  boundary  points  of  S'.  Now 

K• (Y)  = K(Y)   K' (Y)  

E(p/p) =L  K(Y)pY(Y) qX(Y)   c  K' (Y)pY(Y) qX(Y)  

Y~ B   YE  B 

= l  _  l=: K'(Y)pY(Y)qX(Y). 

YE  B 

But  S'  is closed  since  S  contains  s•.  So 

p  +  ~ K'(Y)pY(Y)qX(Y)  = l 

YE:  B 

and  the  proof  is complete. 

I'
Theorem  1.3.2.  A necessary  condition  that  p(Y)  be  the  unique  unbiased 

estimate  of  p  is  that  S  be  simple. 

Proof.  For  a  nonsimple  sampling  plan ve  shall  construct  a  function 

m(Y),  not  identically  zero,  such  that 

(1.3.1)   E(m/p)  =~ m(Y)P(p, Y)  =O. 

YEB 

,.
Howe•er,  p(Y)  +  m(Y)  will  be  an  unbiased  estimate  of  p  different  from 
,.. 
p(Y). 
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Suppose  we  have  a  closed  sampling  plan  S  which  is  not  simple. 

We  consider  the  lowest  index  n  where  the  continuation  points  are 

separated.  There  will  be  at  least  one  uninterrupted  sequence  of 

points  between  some  pair  of  continuation  points  that  are  not  continua-

tion  points.  By  assumption  of  n,  the  points  immediately  below  the 

points  in  this  sequence  are  continuation  points  and  hence  all  the 

points  of  this  sequence  are  boundary  points.  Let  this  sequence  be 

the  points Yi  =  Cx
0 

 i,  y
0 

+  i),  i  = 0,1, ••• ,  t,  x
0 

+Yo=  n. 

'  ..,. 
"ft 

I.,.., 
For  boundary  points  in  this  sequence,  let 

0' j  ~ t. 

While,  for  those  not  in  this  sequence  we  proceed  as  follows: 

Take 

Y"  =  (x  t,  Yo  +  t  + 1) and  Y'  a  (x
0 

+  1,  y
0

)
0 

which  are  accessible. 

Let 
..("(Y)  =number  of  paths  from  Y"  to YE B 

..(' (Y)  •  number  of  paths  from  Y'  to YE  B, 

with 

,("(Y")  =1  = J.. '(T')  

if Y"  and  Y'  are  boundary  points. 
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To  complete  the  construction,  let 

m(Y)  U·<Y>  +  <1>t ""<r>J 
=   KCY)  

for all boundary points Y not in the mentioned sequence. 

1 x  +l(  )  (  )
Note that L "'(Y)py y  qx y  = p oq  0 

YE:B 

y
0

+t+l x
0
tY(y) X(y) 

and L  .f'(Y)p  q  =p  q  • 

Y~B 

By symmetry, it is enough to show the first equality. Indeed, if 

Y' EB, J..' (Y') =1 and l..' (y) =  0 for Y ~ Y', and the sum is the single 

Yo x0+1 
term p q • If Y' ¢ B, consider the sampling plan S' obtained 

from S by taking Y' as a boundary point and K'(Y), the number of 

paths in S' from the origin to the boundary points Y of S. Every 

boundary point of S' except Y' is a boundary point of Sand K'(Y)  =0 

for Y not in the boundary of s•. Then it is easy to see that 

K(Y)  =K'(Y') ,(•(y) +  l<'(Y), 

and 

l  = ·~ K(Y)~Y(Y)qX(Y) 

Y~B 

J'(Y)pY(Y)qX(Y)  + L. K'(Y)pY(Y)qX(Y). 

YE B 

Thus 

K'(Y')L:  ,('(Y)pY(Y)qX(Y)  = l   L K'(Y)pY(Y)qX(Y) 

YE B YE B 

=K'(Y')pYOqxo+l 
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Hence  L ~'(Y)pY(Y)qX(Y) =  PYoqxo +  l• 

YE B 

We now check that m(Y) satisfies equation (1.3.1): 

t  1  +j x j  (  )  (  ) (  )  (  ) L  m(Y)K(Y)py  y  qx T  =L  Cl)jp 0  q  0   EJ' (Y)py y  qx y  -

YEB  j=O YE.B 

L, (-l) t,f n(y)pY(Y) qX(Y) 

Y6B 

t 1o xo+l - t Yo+t+l xo-tj  Yo+j  ~-j (-1) p  q. L, (1)  p  q   p  q 

j  =0 

'1 x t [  t   .  l0 0 ~ ( l)j j  bj  t+l ( l)t t+l 
=pq   ~- pq  q   p 

j  =0 

• o. 

Savage (6) found that simplicity is also a sufficient condition 

that ensures p" to be the unique unbiased estimate of p for a closed 

sampling plan s. 

Theorem 1.3.3. If S is simple there is at most one bounded unbiased 

estimate of any given function of p. 

Proof. If the lemma were false, the difference of two unbiased estimates 

would yield a non-trivial bounded unbiased estimate of zero, i.e. m(Y) 

such that jm(Y)j is bounded by  a constant m•, m(Y) not identically zero 

and 
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E(m/p) =  ~ m(Y)K(Y)pY(Y)qX(Y) =  O. 

YE B 

But this will be shown·to be impossible. If m(Y) were not identically 

zero, there would be an Y =  (x
0

, y  ) EB such that m(Y
0

) /. O and 
0 0

(a) m(Y) =0 for all. boundary points Y of index less than that of Y0• 

and (b) one of the coordinates of Y
0 

is less than the corresponding 

coordinate of any other boundary point Y for which m(Y) /. O. 

This follows from the simplicity requirement which implies that the 

boundary points of index n =x
0 

+  y
0 

are broken into two sets, 

{c)  those whose y  coordinates are less than the y coordinates 

of the continuation points of index n. 

and {d) those whose x coordinates are less than the x coordinates 

of the continuation points of index n. 

Since the situations (c) and {d) are symmetrical, we may suppose that 

~ a boundary point such that m{Y
0

) # O, r is below all continuationY
0 0  

points of its own index and also below every other Y ·for which m(Y) # o.  

Equation {1.3.2) may be written 

Thus 

YEB 

m{Y)K{Y)pY{Y) qX(Y) 

Y(Y)>y
0 

~ m•  _L  k{Y)pY{Y) qX(Y) • 

YE B 

Y{Y) > Yo 
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Let M denote the set of all accessible points at which X(Y)< x
0 

and Y(Y) =y
0 

+  1. There are at most x
0 

points in M, say p
1

, P
2

, ••• , Pn· 

Considering the way in which Y has been chosen, every path from the origin
0  

to a Y for which Y(Y)) y
0 

passes through or to at least one point of M.  

Therefore when Y(Y)) Yo 

=P(p,Y/M)P(M) 

n  y0+1 X(~ ) . 
'P(p,Y/M) L K(PJ'P  q j 

l 

y
0

+1 
n 

~ p  L  K(P .)P(p,Y/M). 
.  J 

1 

From inequalities (1.3.3) and (1.3.4), 

(1.3.5) jm<Y >1  K(Y 0 )pl\"o~ m•/0+1(t K(~j>] L P(p,Y/H)
0 

l  YEB 
Y(Y)) Yo 

. But this is impossible that (1.3.5) should be satisfied for small P• 

Cl)Dlbining Theorems 1.3.1, 1.3.2, and 1.3.3 we have the 
,.

Theorem 1.3.4.  A necessary and sufficient condition that p(Y) be the  

unique (bounded) unbiased estimate of p for a closed  

sampling plan S is that S be simple.  



1.4 Efficient Estimators and Sampling Plans 

The following inequality serves as a basic tool of determinine 

the efficiency of an estimator. It provides a lower bound for the variance 

of an estimator in terms of its expected value and the average sample 

size of the sampling plan. If, at p
0

, this lower bound is attai~ed for a 

particular estimator and sampling plan, we say that they are efficient 

of p
0

• An estimator is efficient at Po if it is unbiased and if it 

possesses minimum variance among all unbiased estimators at Po• 

Lemma 1.4.1. For any estimator f, 

. (1.4.1) , g(p) =E(f/p) • 

Equality holds at a particular value of p, say p
0

, if and 

only if there exist constants a and b such that 

for all boundary points Y, where 'lo = l - Po• 

A brief history of this inequality with references is given by  

Savage in ( 8) , Pg. 238. It was first proved for sequential plans by  

Wolfowitz (7]• Following Savage, (1.4.1) will be called the  

information inequality.  

15 
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De Groot (2) has shown that the only efficient sampling plans are 

the single sample plans and the inverse binomial sampling plans. In a 

single sample, plan, B =~ Y: N(Y) = n \ , n being a positive integer, and 

any non-constant function of the form a +  bY is an efficient estimator 

of a + b np, and these are the only efficient estimators. In an inverse 

binomial sampling plan, either B =  \ Y: Y(Y) = c} or B =i Y: X(Y) =c} , 

c being a positive integer. When B  = \ Y: Y(Y) =cl , any non-constant 

function of the form a +  bN is an efficient estimator of a +  bc(l/p), and 

the;e are the only efficient estimators. When B  = { Y: X(Y) = c} , any 

non-constant function of the form a + bN is an efficient estimator of a + 

bc(l/q), and these are the only efficient estimators. 

The name "inverse binomial sampling" was suggested by Tweedie in 

(9) and this type of plan was first treated formally by Haldane in (10) 
' 

and (11)  • .  We see that these plans are closed. 

For the single sample plan with boundary B = { Y: N(Y) = n l , 

Y/n is an efficient estimator of p with var ( ~P) =pq/n. For any estimator 

f 
n 

E(f/p) = L  f(Y) ( ,) PY(Y) qX(Y)' 

YE: B Y(Y) 

which is a polynomial in p of degree at most n, say 

Clearly, polynomials in p of degree at most n are the only functions which 

may be estimated unbiasedly. In addition, 
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E(Y(Y-1) ••• (Y-Y+l) I )  y y - l 2 
• • •' n.n(n-1) ... Cn-Y+l) P   P  '   '  ' 

Thus every such polynomial is estimable unbiasedly. 

The analogous properties of an inverse binomial sampling plan 

are less famiJiar. ·De Groot (2)  proved the following theorem for inverse 

binomial sampling plans which provides a rule for finding unbiased estimator 

of a given function h(q). For convenience, the functions are written as 

functions of q rather than of P• 

Consider now the plan with boundary B ={Y: Y(Y) =  c} • For each 

non-negative integer·k, there exists a unique point Yk of B  such that 

N(Yk) =c + k. Then we have: 

Theorem 1.4.1.  A function h(q) is estimable unbiasedlz if and only if 

it can be expressed in a Taylor's series in the interval 

!qi< 1. If h(q) is estimable unbiasedly, then its unique 

estimator is given by 

h(q) ) k =o, 1, 2, •••• 
[ (1-q)c q=O 

Proof. We note that if h(q) can be expanded in Taylor's series in the 

given interval, then so also can h(g) , and conversely. 
(1-q)c 

h(q)cJ I kJ
[ (1-q) 0 

q  = 
t>o 

Then h(q) =pc L, 
k  0:II 
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Taking 

we have 
"°  ( k+ck1)  c  k

E(f/p) =2= f(Yk) P q 

k  =0 

=  h(q). 

Conversely, suppose that h(q) is estimable unbiasedly. Then 

there exists an estimator r  such that 

h(q) =E(f/p) 

=pc z f(Yk)  (k:1)  qk 

k  =  0 

( )  00 (k+c1)  kor h 9 ~ ( )
(1q)c  = L.....J. f  y k  .  k  q  • 

k  =0 

( k+c1)  dk1  h(q) ]Then \ k  f(Yk)  =kT k 
dq [ . (1-q)c 

q  =0 

(c1)1   dk 
or  (  )  h(q) J 

.r yk  •  Ck+c1)1  k 
dq  [ . (1q)c 

q  =o. 

h(q) =  ~ 1  dk  h(g) ] kThus  • q . 
(l-q)c ~ kT  dqk [ (1q)c

k  =0 
q  =0 
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which is the required expansion. The uniqueness of f follows from  

the uniqueness of the Taylor's series.  

We have just discussed unbiased estimators for the efficient 

sampling plans. The rest of the present section will be devoted to 

the relationships betwee.n sampling plans and efficiently estimable 

functions. We have stressed before that, for a given sampling plan, 

the only estimators that are efficient at a given value p are the non-
0 

constant  functions  r•  of  the  form 

f* ('Y)  = a  ( <toY(Y)  •  p X(Y)  ] +  b,
0

for  some  constants  a  and  band  for  all boundary  points  Y.  The  next 

theorem,  developed  by  De  Groot  (2)  determines  the  class  of  functions 

that  are  estimable  efficiently  at  a  given  point,  simply  by  evaluating 

E(f•/p) • 

• 
Theorem  1.4.2.  For  a  given  sampling  plan,  a  non~constant function 

g(p)  is  estimable  efficiently  at  p if and  only  if  there
0 

exists  a  constant  k  FO,  such  that 

(1.4.2)  E(N/p)  =k  ( g(p)   g(p )J /(p   p )  for  p  F Po
0 0

E(N/p )  =k  g'(p
0
).

0

Proof.  Suppose  that  g(p)  is estimable  efficiently at  p
0

,  then  its 

estimator  is  of  the  form 

t• (Y)  =  a  ( <loY(Y)   Po  X(Y))  +  b 
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for some constants a and b, a IO, and all boundary points Y. 

g(p)  =E(f"' /p)  

=  a E(<loY   PoX/p)  +  b  

=a E(Y   Po  Y   p
0
X/ p)  +  b  

= a E(qY + pl - Po~/p) + b  
• 

=a E( qY   pX  + pN   PoN/p)  +  b  . 

=a E(~Y - pX/p) + a(p - Po)E(N/p) + b. 

By  symmetry, qE(Y/p) =pE(X/p), so that 

(1.4.3) g(p) =a(p - Po)E(N/p) +  b 

E(N/p) = (g(p) - g(p0>) ,/aCp - p0)Thus 

1 
=  k  (g(p) - g(po) J /  (p - Po>, P #Po' k  = -a • 

Differentiating both sides of (1.4.3) at p0, gives 

and the  proof qf necessary part is complete.  

The reverse steps prove the sufficient part.  

From theorem 1.4.2 we see that there does not always exist a 

. sampling plan that admits estimation of a given function efficiently 

at a given value of P• In order to estimate a function g(p) efficiently 

at p , a sampling plan must be selected such that (1.4.2) hold. Then 
0

the efficient estimator will be of the form 
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(1.4.4) f(Y) =a (~Y(Y) - Po X(Y)) +  g(p0), a=~· 

For a given g(p), p
0

, and k, there does exist more than one 

sampling plan satisfying (l.4.2). Let R denote the class of such 

plans. Since every plan of R yields the same E(N/p), and since, for 

every plan of R, the estimator f  given by (1.4.4) is efficient at 

p
0

, it follows from th~ information inequality that Var(f/p0) is the 

same under each plan of R. In general, however, for ~alues of p other 

then p
0

, Var(f/p) will be different under the various plans of R. 

We are now interested in determining the plan of R for which Var(f/p) 

is smallest at some values of p other than Po• De Groot (2) claimed 

in the following theorem that this is equivalent to determining the 

plan for which Var(N/p) is minimized at the relevant values of P• 

Theorem 1.4.}. Let f = a(~Y - p
0

X) +  b. 

Let p* be a value of p other than Po• 

Let s
1 

and s
2 

be two sampling plans such that 

{. . 
Then Var(f/p*, s ) ) Var(f/p*, s

2
) if and only if

1

Var(N/p*, s
1

) ~ Var(N/p•, s2). 

Proof. . f  = a(~Y - p0X) +  b =a(qY - pX) +  a(p - p0)N +  b 

_2 2 2 2 2 __2 2 2 
r  •  a (qY - pX) +  a (p - Po)rf  +  b +  2a (p - Po)(qY   pX)N 

+  2ab(qY - pX) +  2ab(p - p0)N. 

We note that (a) E ( (qY - pX)f/p J • pq g'(p) 
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(b) E ((qY - pX)2/p) =pq E(N/p). 

Indeed,  pq g• (p) s pq 1p  [ L  f(Y)K(Y)l(Y) q1(Y) J 
y  E.  B 

=  pq 2=::  f(Y)K(Y)  [ ~ (pY(Y) qX(Y)~ 
YEB 

=  pq  L  f(Y)K(Y) (  Y(Y)pY(Y)lqX(Y)   PY(Y)X(Y)qX(Y)1]' 

YEB 
q = 1-p 

= 2=:. qY(Y)f(Y)K(Y)pY(Y)qX(Y)  •  ~ pX(Y)f(Y)K(Y)• 

YEB  .  YEB 

Y(Y)  X(Y)
p q 

=  E (CqY   pX)f/pJ 

and 
E  (CqY   pX)

2
/p) =pq  E~(qY  pX/p),by  {a) 

d
• pq dP  E(qY  •  pX/p). 

Since, by  symmetry, qE(Y/p)  =p  E(~/p) 

2
E  ( (qY   pX) /pJ=pq 1- E(pX    qY/p)

p . 

• pq E [Ip (pX - qY/p)) 

• pq E (Ip  (pX   Y +  pY/p)J 

=pq  E(X  +  Y/p) 
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=pq E(N/p). 

Now, in virtual of the above two equalities, 

E(f/p) =a(p - Po)E(N/p) +  b 

and 

2 2 
+  b

2
E(f /p) =a pq E(N/p) +  a

2
(p - Po>2i'CN2/p) +  2a

2
Cp - Po)pg E'(N/p) 

+  2ab(p - Po)E(N/p). 

Thus 

2
Var(f/p) =a pq E(N/p) +  a2(p - p0)2var(N/p) +  2a2(p - p0)pq E'(N/p) + 

2ab(p - Po)E(N/p). 

This expression completes the proof. 



1.5 Simple Sampling Plans 

In this section, a new characterization of simplicity is given 

for bounded sampling plans and it is shown that the dimension of the 

linear space of unbiased estimators of 0 can be determined simply by 

counting the number of boundary points. We further determine the 

number of simple sampling plans of size n. It will be helpful to keep 

in mind that the boundedness of a sampling plan implies its closure. 

The following theorem plays an important role in determining a sampling 

plan that is simple. 

Theorem 1.5.1. A sampling plan of size n is said to be simple if 

and only if it contains exactly n +  1 boundary points. 

This theorem is implied by results of De Groot (2) and Girshick, 

Mosteller, and Savage (1) • However, the proof given by Brainerd and 

Narayana (3J  gives insight into the structure of closed bounded sampling 

plans. Theorem 1.5.1 will be proved by a series of lemmas. 

Lemma 1.5.1. The boundary of a sampling plan of size n contains at 

least n +  1 points. 

Proof. If n =1, then (O,l) and (l,O) must both be boundary points. 

Suppose the lemma is true for n = m and consider a plan S of size 

m + 1 with boundary B. Since m + 1~2, the points (O,l) and (1,0) 

cannot both be boundary points. We may assume that (l,O) is not 

a boundary point. By  shifting the origin to the point (l,O), we obtain 

a plan s• of size m and hence its boundary B• involves at least m +  1 

24  
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points. But S is bounded, so there must also exist a boundary point  

of the form (O,y). Hence B contains at least m +  2 points•  

•  Induction completes the proof.  

Lemma l.5.2. If S is a bounded simple sampling plan, then for each  

k and for each pair of boundary points Y and Y on 
1 2 

Ck = { (x,y): x +  y = k} , there are no inaccessible points 

between Y
1 

and Y on Ck. 
2 

Proof. Let S be simple, bounded, and assume that Y is above r  • Figure
1 2

l.5.1 illustrates the construction used in the proof. 

(figure 1.5.1) 

Now Ck-l() C where C is the set of all° continuation points of S is a 

non-void interval. In fact, Yi = (xi' y
1

), i =1, 2, can be reached by 

a path, implyi~ that either Cx1 - 1, yi) or (xi' yi - 1) is a continua-

tion  point.  However,  the  simplicity  condition  demands  that  all  points 

on  Ckl  between  any  two  continuation  points  on  Ckl  are  continuation 

points.  We  may  let µ.
1 

= (x
1

,  y
1
l) EC  and  the  µ.

2 
= Cx l,  y ) €  c,

2 2

and  hence  all points  on  Ckl  between  µ.
1 

and  µ.
2 

are  in c.  Therefore, 

no  points  on  Ck  ~etween r 
1 

and  Y
2 

can  be  an  inaccessible  point. 

Corollary•  Either  of  the  boundary  points v
1

,  v in  lemma  i.5.2  could
2 

be  a  continuation  point  and  the  lemma  is still valid. 
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Lemma 1.5.3.  If S is a bounded simple sampling plan, then its boundary 

is essential. In other words, if S contains a non-essential 

boundary point, then S cannot be simple. 

Proof. Let S be simple, bounded, and contain a non-essential boundary 

point. Let k  be the smallest integer such that Ck contains a non-

essential  boundary  point  Y  •  Clearly  k >1.  Let  A  = ckn c.  Ck  contains 
0 

at  least  one  continuation  point.  In  fact,  if all  points  on  Ck  are 

boundary  points  or  inaccessible  points,  then  all  points  of  index > k 

·are  inaccessible  which  in  turn  implies  that  Y  is essential.  Thus  A 
.  0 

is a  nonvoid  interval.  Lemma  1.5.2 assures  that  the  point  contiguous 

to  at  least  one  end  of  A  must  be  a  boundary  point.  Call  this  point 

P  = (x,y)  and  let  P be  a  lower  boundary  point.  (see  figure  1.5.2) 

(fig.  1.5.2) 

Suppose P  is  essential.  Because  A is nonvoid,  the  point  (x,  y  +  l) 

is  accessible.  Then  the  essentiality  of p  demands  that  the  point 

P'  = (x  +  1,  y)  must  be  inaccessible  and  hence  all points  below  P' 

on  Ck+l  are  inaccessible  points.  It  follows  that  Q = (x  +  1,  y   1) 

is either  an  essential  boundary  point  or  an  inaccessible  point.  If 

Q is an  inaccessible  point,  then  all points  on  Ck  below  Q are  inaccessible. 

If Q is an  essential boundary  point,  repeat  the  argument  until  an 

inaccessible  point  is  reached.  The  modifications  required  when  p  is 
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an essential upper boundary point are obvious. Hence if P is an 

essential upper (lower) boundary point, Ck cannot contain a  non-

essential  upper  (lower)  boundary  point.  We  are  now  left  to  consider 

the  case  where  the  nonessential  boundary  point  Y is a  lower  (upper)
0 

boundary  point  contiguous  with  A.  We  may  assume  Y
0 

to  be  a  lower 

boundary  point.  Then  all  points  on  Ck  below  Y
0 

are  either  boundary 

points  or  inaccessible  points.  Thus  all  points  (x
0 

+1, y
0
),l=  1, 

2,  ••• ,  are  inaccessible  points.  In  this  situation,  Y becomes
0 

essential.  This  is a  contradiction. 

Remark:  The  converse  of  lemma  1.5.3  is  not  true. 

Consider  the  following  sampling  plan  with  boundary 

B  •{ (0,4),  (1,3),  (1,2),  (2,1),  (3,1),  (4,o)}. 

B  is essential  but  the  plan  is  not  simple. 

Let  S  be  a  bounded  sampling  plan  with  essential  boundary 

B.  Let  Y = (x
0 

,   y ).be  a  point  of B.  We  note  that  (x +  1,  y )
0  0 0  0

and  Cx
0

,  1 .+ 1)  cannot  both  be  accessible  points.  Thus  three  cases
0 

arise: 

(a)  (x +  1,  ·,. )  and  (x
0

,  y +  1)  both  inaccessible.
0  0   0 

(b)  One  of  these  points  inaccessible  and  the  other  a  boundary  point. 

(c)  One  of  these  points  inaccessible  and  the  othe~ a  continuation  point. 

Definition 1.5.1.   S'  is  said  to  be  a  deformation  of S  at Y
0 

if S'(Y)  = 

S(Y)  tor  all Y  # Y
0

,  Cx
0 

+ 1,  y
0

), Cx
0

,  y
0 

+  1)  and 



in case (a), either S'(x
0 

+  1, y
0

) =O or.S'(x
0

,  

Yo +  1) =o but not both,  

in case (b), if Y
1 

is the inaccessible point and Y 
2 

the boundary point, then S'(Y ) =0 and S'(Y ) =O,
1 2

in case (c), if Y is the inaccessible point and Y
1 2 

the continuation point, then S'(Y ) =0 and S'(Y ) = ~' 
1 2

and in all cases S'(Y
0

) =1. 

It is obvious that a deformation of S at a particular boundary 

point is nothing but simply "shift" the boundary point to an inaccessible 

point immediately beyond this boundary point. As an example, consider 

the following sampling plan s. 

A deformation of S at (3,3) is 

S' 
a 
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The deformation of  S at (2,4) is 

s•
b 

The deformation of S at (0,5) is 

s• 
c 

Definition 1.5.2.  s• is said to be an admissible deformation of S if 

s• is bounded and its boundary is essential. 

In the above example, Sb and S~ are admissible deformations. 

However, S~ is an inadmissible deformation. 

Lemma 1.5.4.  If S is a simple ~ampling plan of size n, then there 

exists a sequence of sampling plans S =s
0

, s
1

, ••• , Sk 

such that Si+l is an admissible deformation of Si' i  =O, 

1, ••• , k - 1, Sk has exactly the points of index n as 

boundary points and each s has n + 1 boundary points.
1 

Proof. Let B1 be the boundary of Si. Let J 
0 

be the smallest 

integer such that C.t
0 

0B -F ~. (We assume J -F n). Observe that
0  0 
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B
0 

is essential and the continuation points on c, form an interval
0 

! ¢. If there is a contiguous bound~ry point Y =.  (x
0

, y )A
0 0 0

·on CJ above A then (x +  1, ) is .an accessible point and the
0 0

, 
0 

y
0 

point (x
0

, y
0 

+  1) is inaccessible. (Refer figure 1.5.3). Hence 

the · 

I  ~""· 

<~o+ ~ , 1
1cf1 

t-- -t-- -r'""-' -r- ~ -+----4--~-J.__

I  I 
~ I 

(Fig. 1.5.3) 

deformation s of s
0 

at Y has s (Y) =S(Y) for all YI Y
0

, (x
0

,
1 0 1

y +  1) and s CY
0

) = l, s Cx
0

, y ·+  l) =o. Since there are no
0 1 1 0 

boundary points on CJ.  (  J.. (  ~ 
0

), there are no inaccessible points 

on CJ.o  ~bove Y • Thus above Y 
0 

on C,e 
0 

there. are only boundary
0 

points. Since the only change in s from S is to shift the
1 

boundary p~int Y
0 

to the ~naccessible point (x
0

, y
0 

+  1) making Y
0 

a continuation point," the .admissibility of s is obvious. Repeat
1 

shifting the boundary points one by one, whether from above or 

below A0 on 9-to' to the l .ine Cl. + 1• If Cla+l has no continuation 
0 

points, then we are· finished. Otherwise contihue the process. 

Induction guarantees that we finally reach the region Sk where 
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boundary points are exactly the points of index n. Clearly, Sk 

and s (in fact, every Si) contain the same number of boundary
0 

points, namely n +  l. 

So far, we have proved the necessary part of Theorem 1.5.1. 

To the sufficient part, we proceed as follows: 

Lemma 1.5.5. If S is a non-simple sampling plan of size n, then S 

contains more than n +  1 boundary points. 

Proof. If S is non-simple and contains a non-essential boundary 

point Y
0

, then, by .definition, the sampling plan Sy obtained from 
0 

S by taking Y
0 

as a continuation point is of size n and hence, 

by lemma 1.5.1, the boundary of SY contains at least n + 1 points. 
0 

Therefore the boundary of S contains more than n +  1 points. 

Now we restrict ourselves to consider the case where S has 

essential boundary. Let 1 be the smallest integer such that c, 
intersect·c, the set of all continuation points, in a configuration 

which is not an interval. The following configuration occurs 

in Ct ,  (Refer figure 1.5.4) 

• 
. . (figure 1.5.4) 

•--+---t-_,_. --~·' . 
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where Y = (x
0

, y ) is a continuation point,
0 0

Yi = (x0 + i, y0 - i) = (xi, yi), i = 1, 2, ••• , k, are 

-boundary points, and 

Yk+l = (x0 + k + 1, y0 - k - 1) is a continuation point. 

The point Cx
1

, y
1 

+ 1) is accessible. If k =1, (~ + 1, y
1

) 

is also an accessible point implying that Y is non-essential. Thus
1 

the essentiality of boundary demands that k~2 and hence(~+ 1, y
1

) 

is an inaccessible point. A deformation s
1 

of S at r is of the form
1 

s
1

(Y) =S(Y) for all Y ~ Y 1 ,(~ + 1, y
1

) 

s1CY1) =l, s1(Xi, +  l, y1) • O. 

s is bounded because any path through Y
1 

either coincides with an
1 

S-path from (~, y
1 

+ 1) onwards or stops at (~ + 1, y
1
). In the 

same manner, can be constructed from Si-l' i =l, 2, ••• , k - l.s1 

In Sk-l' Y0, Y1, ••• , Yk-l are continuation points, Yk is a boundary 

point, and Yk+l is a continuation point. Clearly, Yk is a non

essential boundary point of Sk-l which is of size n. Thus Sk-l 

contains more t~an n +  l boundary points and hence does s. 

Theorem 1.5.1 reflects that for a given n there exists 

more than one sampling plan of size n that are simple. How many 

such simple sampling plans can we have corresponding to a particular 

value of n? .In answering this question we would like to refer to 

a paper written by  Brainerd and Narayana (12]. 

Theorem 1.5.2. The number of simple sampling plans of size n is 
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Proof. Let C be the class of continuation points and let Ak =  C0 Ck' 

Ck =  x, y) : X + y =  k } • Clearly, Ak is non-empty if and only l ( 
if k /.. n. For every simple sampling plan of size n, each non-empty 

Ak is characterized by the distance tk between its top and (O, k) 

and the distance bk between its bottom and (k, O). (Refer figure 1.5.5) 

(figure 1.5.5) 

The only restrictions on ~ tk' bk} are 

(1)  tk +bk~ k, k =o, 1, ••• , n - 1 

0 ' tk l: tk+l, 0 ~bk~ bk+l, k =O, 1, ••• , n - 2. 

The number of different solutions or the above set of inequalities 

is the number of different simple sampling plans of size n. Now 

let (x, y)n denotes the number of simple sampling plans of size n 

with t =x and b =y, then (1) implies that 
n-1 n-1  

x y  

(2) (x, y)n = L 2= (a, b)n-l for x + y(. n 

a=O  b=O 

c O  for x +  y  ~ n. 

We note that (a, b) = (b, a) • The condition (0,0)
1 

=l together
n  n 



with (2) determines (x, y) recursively for all non-negative integers
n  

x, y  and positive integers n. Then the number of different simple  

sampling plans of size n with tn-1 +  bn-1 =k  is k(n)'  where 

(3) 

k(n) =L  (x,y)n  

x+y=k  
x '1  

(a,b) =LLL n-1  
x+y=k a::O b=O  

0 k 1 k-1 k•l 1 

=LL (a,b)n-1 + L L (a,b)n-1 + ••• + LL(a,b)n-1 + 

a-0 b::O a=O  b=O  a=O  b=O 

k 0 

L L(a,b)n-1 

a=O  b=O 

= (k+l) L  (a,b)n-l + (k) L  (a,b)n_1+ ••• + 2 L, (a,b) 
1 

+ 
n-

a+b=O a+b=l a+b=k-1 

1 L  (a,b)n-1 

a+b=k 

k  

=L (k - c + 1)  ~ (a,b)n-l  

c =  0 a+b=c  

k  

=L  (k - c. +  l)e(n-l) for k< n 

c=O 

.  k(n)  •  o for k ~ n 

and 0(1) • 1. 
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These conditions determine k(n) recursively. Experiment leads to 

the conjectured solution 

(4) k 2n-2k (2nn+k)
(n)  =2n+k 2 

2n-2k ( 2nk+k)  
= 2n+k \ 

-3 (2n+k-l) for k~ n
k-1 

k(n)  =0 for k ~ n. 

'We shall make use the following f.ormula which will be  proved in 

the accompanied remark. 

c 

(5) L (a~b) = (a+~+l) • 

b=O 

Thus  the total number of simple sampling plans of size n is 

n1  n1  ~r2n·+ k1)L k(n)  = L  (2n ; k)  -3L,_,\. k1 

k=O k=O k=O 

•  ( 3n  )  _3 ( 3n   l)
n1  n2 

Remark. 
c 

L  (a: b) • (a+~ +1) • 
b=O 
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Proof.  By  induction. 

When c = O, it is true 

k 

~  (ab+ b) __
suppose~ 

b::O 

k+l k 

then L (a ~ b) = L  (a -~ b) +  (  a ~ ! ~ l) 

b=O  b::O 

+  k  + 
+  ( 

a + k+  1)
k   k  +  1 

= (a +  ~ +  2)
k + 1 • 

Theorem 1.5.3.  If the boundary of a sampling plan of size n contains 

n + l + k points, k>O, then there exist exactly 

k linearly independent unbiased estimators of O. 

Proof. Let Y1 , Y2, ••• , Yn+l+k be the boundary points. Each 

estimator f can be regarded as a vector (f
1

, ••• , f 
1 

k) where 
- n+ + 

f(Yj) = fj' o= l, ••• , n +  l +  k. Thus, the space of estimators 

can be considered as an(n +  1 + k) dimensional vector space V. 

Theorem 1.3.1 assures that pm is estimable unbiasedly for all 

non-negative integers mf  n. Thus pY(Y) qX(Y), a polynomial in p 

of degree N(Y) is estimable unbiasedly and so is any linear combination 

of such forms. It follows that all polynomials in p of degree at 

most n are estimable unbiasedly. Now, since the expectation of every 

estimator is a linear combination of the polynomials P(p; Y), 

Y €  B_, the expectation operator E is a linear mapping from V ONTO 



--- --
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the(n +  1) dimensional linear space of polynomials in p of degree 

at most n. The subspace v0 ={f: E(f/p) =o} is the null space 

of this mapping and it follows from the standard theorems concerning 

rank and nullity that v0 has dimension k. (See figure 1.5.6) 

Vo 

a_
v 

--
(figure 1.5.6) 

Theorem 1.5.4. The boundary B of a sampling plan of size n contains 

at least two contiguous points of index n. 

Proof. Suppose the contrary, i.e. suppose that there is only one 

boundary point on \ (x, y): X+y=n} • 

If (n, 0) is that boundary point, then (n - l; O) must be a 

continuation point and hence (n - 1, 1) is a boundary point. This 

is a contradiction. Similarly for (O, n). 

Now if (n - i, i) is in B, i =1, 2, ••• , n - 1, then, by 

hypothesis, (n - i - l, i + 1) and (n - i + 1, i - 1) are inaccessible 

points. It follows that (n - i - 1, i ) and (n - i,i-1) are not 

continuation points and hence (n - i, i) is inaccessible. Again, 



this is a contradiction. 

Hence there are at least 2 contiguous boundary points 

of index n • 

•  



Part II SEQUENTIAL SAMPLING PLANS 

2.1 Introduction 

In part I a description of optimality of binomial sampling 

plans has been given and we claimed that single binomial sample 

plans are efficient sampling plans. At present we shall be 

concerned with the study of games which enables us to discuss 

the optimality problem in a more general situation. Our main 

aim will be to show that it is always possible to construct an 

optim.al sequential-sampling plan. The single-experiment (fixed 

~ample size experiment) game though often encountered in statistical-

decision  theory  and  practice,  is  a  very  special  type  of game.  In 

most  real  situations,  observations  are  costly,  and  instead  of 

exhausting  all N  (sample  size)  observations,  th~ experimenter 

might  greatly  improve  his  situation  if at  each  stage  of experi-

mentation  he  balances  the  cost  of  taking  future  observations  against 

the  expected  gain  in  information  from  such  observations.  We  shall 

thus  restr~ct ourselves  to  the  consideration  of  truncated  sequential 

games. 

39  
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f •2 Basic Notions of Truncated Sequential Games 

For the sake of completeness we shall summarize a few 

definitions. The materials we shall encounter can be found in (4). 

A sample space is a triple ~ =  (Z, fl ,  p') where Z, the 

outcome space, and Jl ,  the parameter space, are non-empty sets, 

and p' is a function defined on Z x fl such that, for a fixed 

w €fl , p' is a probability distribution on z. 
w 

Let g
1

, g
2

, ••• , gN be random variables defined on z. Let 

X = cx,.n, p) be the new sample space in which X = ~ x x
2 

x ••• x 

~' where xi is the range of gi' i = 1, 2, ... '  N, and for each WE fl, 

PW is the joint probability distribution of g
1

, ••• t  gN.g2' 

Let A be a space of terminal actions. A may be any 

arbitrary set. 

Let D be a set of functions which map J x X into A, where 

J is the set { O, 1, ••• , Nj and such that, if x, yEX and xi= yi' 

i  = 1, 2, ••• , j, then d(j,x) = d(j, y) for all dE D. 

Let (i  be a class of partitions of X such that if SE(i 

then S = (s
0

, s
1

, ••• , SN) where Sj is a cylinder set over 

K = { YEJ: O<.Y' j} , i.e., if x, yEX and xi= yi for i = 1, 2, 

••• ,  j  then x E S j if and only if ·y E S j. 

The product space (j  x D is the space of sequential-decision 

functions. A partition S in (i  determines a sequential-sampling 
. 

plan. The sets Sj of S are sometimes referred to as "stopping 

regions". Since Sj is a cylinder set, it is always known in a 

40  
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sequence of experiments whether or not the observations b~long to a 

stopping region, i.e. whether the experiment is to be continued 

or terminated. Thus, a sequential-decision function (S, d)E <ix D 

is in fact a procedure that tells the experimenter at each state 

whether to take another observation or to stop experimenting and 

make a decision. 

Perhaps, the following example will illustrate some of the 

. concepts mentioned above. An inspector at an Army Proving Ground 

has to decide whether to accept or reject a lot of rocket-propellent 

powder on the basis of the performance of 5 randomly selected 

rockets which he is to fire. A propellent is called defective if 

the pressure developed in the rocket chamber is 3,000 pounds or 

more per s9uare inch. The acceptability of the lot depends on the 

proportion of defective items in the lot, and the decision is to 

be based on the number of defective rockets found in the sample 

of size 5. For each rocket fired, let y  be  the random variable 

which has value l if the propellent is defective and 0 other-

wise.  Then,  if all 5  rockets  are  fired,  the  space  of  outcomes  X 

1  2 32  •
consists  of  the  32 points  x  ,  x  ,  ••• ,  x  given  below. 

1
x  =<o,o,o,o,o)  x9  =(0,0,0,1,0)  x17=<0,o,o,o,1)  x 

25=(0,0,0,l,l)  

2  10  18  26  
x  =<0,1,0,0,0)  x  .=(0,1,0,1,0)  x  :(0,1,0,0,1)  x  :(0,1,0,1,1)  

3 11  19  
x  =(l,O,O,O,O)  x  =(l,0,0,1,0)  x  =(l,0,0,0 1 1)  x27=Cl,O,O,l,l) 

4  .  12  20x  •(l,l,O,O,O)  x  =(l,l,0,1,0)  x  =(l,1,0,0,1)  x 28 =(1,l,O,l~l) 
13  .  21  29x5=<0,o,1,o,o)  x  =(0,0,1,1,0)  x  =(0,0,1,0,1)  x  =(O,O;l,1,1) 

6  .  14  22x  =(O,l,l,O,O)  x  =(O,l,1 1 1,0)  x  =(0,1,1,0,l)  x3<':(0;1,l,l,l)  

7  15  (  23 x  <1,0,1,0,0)  x  = 1,0,1,1,0)  x  =(1,0,l,0,1)  x31.c1,o,1,1,1)  

24_(  ) x 
8
<1,1,1,0,0)  x16=(1,l,l,l 1 0)  x   1,1,1,0,l  x32=(1,l,l,l,l) 
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The space A of actions consists of only two points a
1

, a
2 

where a
1 

stands for the acceptance and a the rejection of the lot. A
2 

possible sequential rule is as follows: fire the rockets 1 at a 

time and stop as soon as 2 defectives are found; in any case stop 

when 5 rockets have been fired. Let n be the number of rockets 

fired by this rule, n =2, 3, 4, 5. In order to decide whether to 

accept or· reject the lot, a possible criterion may be given as: 

take action a if n ~ 4, and action a otherwise. We shall now
1  2 

consider a procedure 6  that to each point x of X  assigns two numbers, 

an integer j =1, 2, ••• , 5 which specifies the number of coordinates 

of x to observe before terminating experimentation, and an element 

a of A which speci~ies what action is to be taken once experimenta

tion is terminated. The function 6 then has the following values: 

l
o(x )=(5,81) 

o(x
2

)=(5,al) 

o(x3)=(5,a
1

) 

o(x
4

):(2,a2) 

ocx5>=<5,a]_) 

o(x
6

)=(3,a2) 

o(x7)=(3,a
2

) 

o(x
8

)=(2,a2) 

6(x9) =(5;81) 

o(x 
10

)=(4,81) 

11
o(x  )=(4,81.) 

12
o(x )=(2,a2) 

6(x 13 )=(4,~) 

o(x
14

)=(3,a
2

) 

6(x15)=(3,a )
2

16
o(x  )=(2,a2) 

6(x
25 )=(5,81) 

o(x
26

)=(4,81) 

o(x27):(4,al) 

OCx
28

)=(2, a
2

) 

6(x
29)=(4,8i) 

6(x30)=(3,a )
2

ocx31
)=(3,a2) 

ocx32
)=(2,a2>· 

Here a partition S is given by  (s
2

, s
3

, s4, s ) where
5

• 
l  4 8 12 16 20 24 28 32 l 
1 x  ,  x  ,  x  ,  x  ,  x  ,  .x  ,  x  ·,  x  ..s

2 
•   1 
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$3 = { 6 
x ' 

x7 
' 

14 
x 15 22 23 30 

x,x,x,x, x31} 

S4 = { 
10 

x ' 
11 

x ' 
13 

x ' 
26 

x 
' 

x.27 
t 

x29} 

S5 {= 
1 

x t 
2 

x ' 
3 

x ' 
5 

x t 
9 

x ' 
17 

x t 
18 

x  ' 
19 

x t 

21 
x x25} • 

. The function d maps the sets s4  and s into a
1

; s
2 

and s into a •
5  3  2

In order to define a trunca.ted sequential game, we also need 

a cost function and a loss function. A cost function is a non

negative bounded function c defined on J  x X such that if x and y 

are in X and =y1 for i =1, 2, ••• , j, then c(j,x)=c(j,yh Thex
1 

sampling cost of experimentation is defined only on the subexperiments 

actually performed. A loss function is a bounded non-negative 

function L defined on Jl xA. L(w,a) represents the loss when 

pw is the true distribution on X and the statistician takes action. 

a. Using these two notions, the risk to the statistician is given 

by the function f  which is defined as follows 

K 

f  (w,S,d) • L L [c(j,x) +  L(w,d(j,x)) J pw(x), 

j=O Xe S. 
J 

The triple ( Jl ,  (i  x D, ? ) is a truncated-sequential game. 



2.3  Bayes Procedures for Sequential Games 

In this section we are going to prove the following theorems 

2.3.1 and 2.3.2 which are direct consequence of the results of 

Blackwell and Girshick (4) • 

Let = be the class of mixed strategies for nR.ture in a 

stati:::;tical game. By a mixed strategy for nature is meant a 

probability dl.stribution over .IL  •  Then, for each J in :: , 

the expected risk is 

N 

(2.3.1)  ~ ( J ,S,d) = L L, L, (c(j,x) +  L(w,d(j,x)) JJ(w)pw(x). 

•  j=O XE Sj w 

Let~j be the collection of all sets Bj such that, for some 

x  EX, y  E Bj if and only if yi =xi for all i ~ j.  That is, Bj 

is a cylinder set over K  ={YE J: 0  <Y  ~ j  }  •  For any x E X  we 

~define Fj(x) as the set of all points having the same first 

j  coordinates as x. Thus, for a fixed j, the sets Fj(x) are equal 

for all x€ Bj. 

We see  that J3 j so defined is a partition of X. 

For any bounded function h on .fl x  X, let Ej J (h) be the 

conditional expectation of h  given~, ••• , xj, when w has distribution 

J , and, for a fixed w, x has distribution Pw• For any x,. the value 

of E j  J (h) at x is 

44 
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Denote P J (x)  = L  J (w)pw(x) 
w 

L : ~ J(w)pw(y)h(w,1)then 
yE. F/x) w 

(2.3.2) Ej J (h) =   •

L, p J (y) 

yE Fj(x) 

For j  =  O, 3'i> = ixl, we write EJ(h) iDE3tead of E (h) • 
0  01

• 
The function Ej J (h) =  V(x) is a function. _of~' x

2
, ••• , xj 

only and  has the following property: For any  bounded function f 

on X which depends only on x
1

, x
2

, ••• , xj' 

(2.3.3)  C L J(w)p..,(x)f(x)h(w,x) = LL J(w)p..,(x)f(x)v(x) 

w x  w x 

= 'L f{x)v(x)P J (x). 

x 

The second equ~lity is immediate, we shall prove the first one. 

In fact, 
)  :  L::1<e>p

9 
(y)h(e,y) 

yf. F .(x)  e 

J(w)pw(x)f(x)v(x) = z=:~ J(w)pw(x)f(x)  

w x  w  x   ) 
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) : L, f(y) J (e)pe(y)h(e,y) 

yE.F  (x) e 
,  f  is constant 

x >  ,  p J (y) 

yE Fj(x) 

over a given set Fj(x) 

) : L f(y) J (e)p (y)h(e,y)
6 

;e Fj(x) e 
=  c  c  PJ(x) 

Bj  E. ;j .  x E B .  L  PJ(y)
J J 

y€ Fj(x) 

CL f(y) J (e)pe(y)h(e,y) 

yE B.  e 

=  )  :  )  /  C rC:r> J <e>Pe(y)h(e,1> 

Bj  €  ~ j  y€Bj  e 

=  C  'C f(x) J (w)pw(x)h(w,x). 

x  w 

In case h  is a function of x only, i.e. h(w,x) =g(x), we have, 

from equation (2.3.3). 

(2.3.4)  L  t(x)g(x)PJ (x)  = L  t(x)(EjJ ( g(x)) )PJ  (x). 

x x 
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Now let h(w, x) = h.(w, x) =c(j, x) +  L(w, d(j, x)) and 
J 

let f(x) = f j(x) be the indicator function of sj, i.e. f j(x) =1 

if x esj and zero otherwise; then (2.3.1) can be expressed as 

N 

f ( r' s, d) =  ~ L  L  [c(j, x) +  L(w, d(j, x))] J (w)pw (x) 

J=O  xESj w 

N 

=L  L EjJ ( c(j, x) +  L(w, d(j, x))] PJ (x), by 

j=O  xt:Sj · . 

N 

=2L 
j=O  xE S. 

J 

since c ( j, x) is constant for x E S j  • 

In most situations J  will be fixed. For a given a in A, 

we thus define 

'rheorem 2.3.1. For a fixed J  ,  there 1e a eequenoe of terminal

decision functions d such that 
n 



1+8  

uniformly in S, where 

N 

r·<J'  S) =L c (c(j, x) +  Tj(x)J PJ (x). 

xE S, 
J 

Proof. Fix j  and x  in (2.3.7). Then, for any n we can find a  

point a(j, x)  in A depending on j and x  such  that  

(1) T/x, a(j, x)) ~ Tj(x) +ii1  •  

Since for a fixed n we can define d by 
n 

d  (j, x) =a(j, x)
n  

satisfying (1) for each j  and x, then for this dn'  

N  

(2)  f ( J, S, dn) =cc (c(j, x) +  Ej r (L(w, dn(j, x))) JP J (x) 

j=O XE Sj 

N 

=LC (c(j, x) +EjJ(L(w, a(j, x))))PJ(x) 

j=O xESj 

N 

= CC (c(j, x)  +  Tj(x, a(j, x))JPJ (x) 

j=O x E Sj
• 

N 

'LC ( c(j, x) +  Tj(x) + *JPJ (x) 



N N  

=LL, (cCj, x) +  Tj(x)) PT  (x) +  ~ L  C  PJ (x) 

j=O x€Sj j=O xESj 

1
+-

n 

for  all s.  Thus 

inf'  1(3)  d  ~ ( J ,  S,  d)  ~ ~ ( J ,  S,  dn) ~ f • ( J , S)  + . 
n 

On  the  other  hand,  it  follows  from  (2.3.5)  that  for  all d 

N 

~ (J,  s,  d)  ~LC, (c(j,  x)  +  T*(x))  PJ (x)  = y•CJ  ,S) 

j=O  xESj 

so  that 

(4)  inf  ~ ( J , S,  d) ~ f • ( J , S) • 
d 

Now,  since  (3)  and  (4)  hold  for  all  n  and  s,  the  theorem  is  proved. 

Theorem  2.3.1  says  that,  for  any  arbitrary  truncated 

sequentialsampling  plan  S  and  for  an.v  a  priori  probability 

distribution  J  on  ft ,  there  always  exists,  at  least  to  within 

any  E ;')  O,  an  optimal  terminaldecision  rule.  Moreover,  the 

Eayes  risk  for  a  given  J  and  arbitrary  S  may  be  taken  to  be 

~ •( J, S),  since  this  value  can  be  approximated  to  arbitrary 

accuracy  by  an  appropriate  choice  of  dn• 
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We shall next show that, for a c;iven J , there exi0 ts 

an optimal sequential-sampling plan. This sampling plan will be 

briefly characterized as follows: at any stage of experimenta

tion, if there exists a continuation that will reduce the risk 

below the present level, we perform an additional subexperiment. 

If, on the other band, there exists no such continuation, we 

stop experimenting. A constructive proof is given as follows: 

Let J  be fixed, and for any function h(w, x) we write 

Ej(h) for the expression in (2.3.2). We also write 

We define 

and 

where 

u0 =.  !~fA E ( L(w, a)) =  !~fA L  L(w, a) J (w). 

w 

Observe that if we had performed all N subexperiments 

and obtained x = ("J., ••• , "ff)  then ~(x) would represent the 

best we can doW.th this x. Also, both UN_
1

Cx) and EN_ CuN(x))
1
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depend only on x
1

, ••• , XN-l and, moreover, UN_ (x) represents
1

the best we can do with N-1 observations, and EN_
1

(UN(x)) 

represents the average of the best that we can do with an 

additional observation. Thus a.N_ (x)  represents the smaller of
1 

two risks - the risk of stopping with N-1 observations and the 

average risk from an additional observation. Similarly, 

a.N_ Cx) ·depends only on x
1 

, ••• , XN- and stands for the
2 2 

smaller of two risks - the risk of stopping with N-2 observations 

and the average risk of going on, provided that if we go on 

experimenting we do the best we can, i.e. we stop with one 

more observation if a.N_
1

(x)  = UN_
1

(x)  and take a second· 

observation if a.N•l(x) =EN_1(UN(x)). The interpretation of 

a.N-k(x) for any k is now clear. 

Let 

(2.3.8) 

Then s• forms a partition of the sample space x. Indeed, for  

any m~ n,  

s•  = J x:  u (x) >a. (x)  for i< m, U (x)  = a (x) ~ 
m 1 1 1 m . m 

• 
it follows that  

u  (x) ") a (x) for all XE s•  
m m n 
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and 

U (x) =a. (x) for all xE s• 
m m m 

so that s• and s• are disjoint. Moreover, every point of X 
m n 

belonr,s to some Sj• We note that ex .(x) ~ u· .(x) for all j, with 
J  J 

equality holding for j =  N.  Let Y ~ N  be the smallest non-negative 

integer for which the equality sign holds in this expression. 

Also the sets S~(j I O) are clearly cylinder sets 
J 

over K  = { Y E J :  0 <Y  ~ j } • 

Thus s• is a possible sequential-sampling plan and is 

characterized as follows: at the jth stage of experimentation 

j =O, 1, ••• , we compare the present risk Uj(x) with the average 

risk cx.(x) resulting from a continuation if at each future 
J 

stage we did the best we could with the resulting observations. 

We stop sampling if U/x) =cxj(x) and .take another observation 

if Uj(x)> uj(x). We shall now show that s• is in fact a Bayes 

sequential-sampling plan. 

Theorem 2.3.2. The sequehtial-sampling plan s• defined by 

(2.3.8) is Bayes against J ,  i.e. 

'  ( J '  S•) =  f  * ( J ) =m!n ~ ( J ' S) 

and furthermore, 

N 

f •(J) •LL cxj(x)PJ' (x)•or. 

j=O x ESj 

Proof. Let S·= (s
0

, s
1

, ••• ,SN) be any  arbitrary truncated 



53 

sequential-sampling plan, and let 

Define Y1 

g(Y)  = L C a/x)PJ (x) + L  a_,(x)PJ (x) 

'  j=O  xE sj x€ TY 

y 

=L, L  «/x>Pr (x)  + C  «y(x)PJ (x) 

j=O xESj xETY+l 

then 
N 

g(N) =LC  aj(x)PJ (x)  

j=O xE sj  

and g(O) =  C a
0

(x)PJ (x) 

xE T
0 

Now the set TY+l is defined by x¢ Sj for j =o, 1, ••• , Y, 

so that TY+l depends only on x1, _x
2

, ••• , Xy•  Hence letting 

~Y+l represent the characteristic function of the set TY+l 

and taking PY+l for f  and "r+l for g in (2.3.4), we obtain 

C  "v+l(x)PJ (x) = C  Ey ( "r+l(x)) PT  (x). 

xE TY+l xe TY+l 
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Thus,  
y 

g(Y + 1) =  y: C  a/x)PJ (x) + C aY+l(x)PJ (x) 

j=O  xE Sj x  ~ TY+l 

'Y 

= L  C  a;j(x)PJ  (x) + C  Ey (a.Y+l (x) J P J (x). 

j=O XE sj  x~ TY+l 

However, 

Hence 
i 

(1) g(Y +  1) ~ L L  a./x)PT (x) + L,  ay(x)Pi (x) =  g(Y) 

• j=O x  ~ Sj.  x E TY+l 

for Y =O, 1, ••• , N-1. Thus g(Y) is a non-decreasing function  

of Y. Again by Theorem 2.3.1, we have  

N 

(2)  ~(J, S) =L  C  Uj(x)PJ(x)  

j=O xESj  

N 

~ 2=,L, aj(x)PJ (x) =  g(N). 

j=O  xE Sj 

Hence, for all S we  have 

f(J, S);>.g(N)~g(O) =  a.
0

• 

However, ifS =S•, forxE:TY+l' x;s0, Si,~ .. , s.y, it follows 

that Uy(x)> 11.y(x) and hence «y(x) =Ey ( «y+l (x)) • Thus (1) becomes 

an equality for Y =o, 1, ••• , N - 1. Also inequality (2) 
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becomes an equality since U/x) =  aj(x) for x~Sj· This 

completes the proof of the theorem. 

Remark. Since each set S~, j  =1, 2, ••• , N of the optimal
J 

sequential sampling plan s• is a cylinder set over 

K =1Y: 0 <Y !: j  \  ,  we can justify whether or not 

a sequence of j observations is in a stopping region 

Sj• For any point in Sj, we shall cease sampling at 

jth stage of experimentation. 



2.4  Examples on Construction of optimal Sequential Binomial 
Sampling Plans for Point Estimation Problems. 

Again, we shall concentrate our attention to the binomial 

sampling plans. Let us consider the following point estimation 

problems. Suppose 

(a)  y is a binomial random variable with pw(y =1)  = w, 

p
w

(y  =0)  = 1 - w for O' w'- 1. 

(b)  l  is uniform on the interval (o, l] , i.e. J (w) = 1 

for all 0~w~1. 

(c)  the qost per observation is 1 unit, and 

(d)  the loss L(w, a) = k(w - a)
2 

for any  estimate a, 0 ~a~ 1. 

We shall apply the construction developed in the last section 

to construct optimal sequential binomial sampling plans s• 

relative to certain numerical values of k. 

For  any point x in X, let 

j 

mj = Lx1  

i  =1  

=number or ones in the first j  observations 

Then, by expressions (2.3.2) and (2.3.6), 

56 
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Tj(x,a)=EjT (r.Cw, a)J 
1 2 j m. j-m. I 

=  k  j  (w - a)  ( m.)  w J(l - w) J dw 

J0 
j-mf (Jj)wmj(l - w) jdw 

0 

I2 2 mj  jmj
(w - 2aw +  a )w (1 - w) dw=k r 

0 

rl m  jm
J w j(l - w) jdw. 

0 

The integrals are complete Beta-functions, so that 

Recalling the expressions 

rem) rcn)
B
1

Cm,n) = rcm+l) = mJ 
rcm+n) ' 

Then 

+ a2  r (mj+l) rcj-mj+l)] 

r (j+2> 

(m .+2) l  (mj+l): 2 ~J 
[  (j+3)i - 2a  (j+2)J + a  (J+IJT 



= k r(a) ' say. 

To find the infimum of Tj (x, a) when a ranges over A = ( O, 1) , 

it suffices ·to minimize the value of <f (a). · We have• 

m.+l  
'f'(a) =  0  = -2 _.]__ +  2a j+2 

m.+l) 
=2 ( a-~. 

m.+l ( m.+l 
It follows that a=~ and clearlyf ~) is a minimum value. 

(mj+2)(mtl) ( mj+l fJ  
Thus ~j(x) =k [ (j+3)Q+2) j+2 I  

_ k mj+l ( mj+2 _ mj+l) 
- j+2 j+3 j+2 

=k  (mj+l)(j-mj+l)  

(j+2)
2 (j+3)  

and  

Uj(x) =c(j, x) +  Tj(x)  

(m .+l) ( j+l-m .)  
or (2.4.1) U.(x) = j  +  k J  J  • 

2 
.  J  (j+2) (j+3) 

We shall next develop a formula for calculating average 

risk ~rom taking additional observations. Let p(xj+l = l/mj) 

be the conditional probability that the (j+l)th observation 

will be 1 given the value of mj. Then 
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=Jlp(x. =1/m.)
J+1 J 

0 

.f 
0 

m +1 j-m1  / l 
•  ~ w j (1-w) jdw ~ 

0 0 

_ Cmj+l) Hj+lH 

- tj+2)Hmj)J 

_ mj+l 

- j+2 • 

Thus, 

Ej(uj 1(x)J  a (j+l) +  Ej (Cl+mj+xJ.+l)(j+2-mJ.-xJ.+l)Jk2+  (j+3) (j+4) 

(2.4.2) 

= (j+l) + ~ ( (l+mj)(j+2-mj)-(l+mj)Ej (x.  >
1(j+3) (j+4)  J+ 

k  [  m.+1 
=  (j+l) +  (l+mj)(j+2-mj)-(l+mJ.)....LJ.+ +

2 . (j+3)2(j+4) 

mj+l m.+1 J 
(j+2-mj) j+2 - ~ 

http:l+mj)(j+2-mj)-(l+mJ.)....LJ
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k(l+mj) 
=  (j+l) + -  

( j+2)(j+3)
2 

( j+4)  

k(l+mj)(j+lmj)  
= (j+l)  +  • 

2
(j+2)( j+3)

Again  and  again,  we  shall  apply  formulae  (2.4.1)  and 

(2.4.2)  in  our  calculation.  It should  be  pointed  out  that  if 

Ui(x);>cxi(x),  then  Uil(x)>ai•l(x).  Indeed,  the  ith  observation 

is  an  additional  observation  of the  first  (i1)  observations 

and  hence  the  continuity  of  the  point  (im
1

,  m
1

)  impliesthe 

continuity  of  (i1mil'  mi_1). 

Once  a  value  of  k  is  fixed,  we  may  construct  its 

corresponding  optimal  sampling  plan s•.  Suppose  k  =400,  we  have 

SB = ~ x:  Ui (x) > cx1 (x)  for  i< 8,  u8(x)  = cx8(x)}  

a (x)  =min  [u (x),  E Ca8(x)} J 
7 7 7

m1 0  1  2  3  4  5 

. u?  10.95  13.92  15.89  16.88o  16.88o  15.89 

E
7

(cx
8

)  11.55  14.22  16.00  16.888  16.888  16.oo 

6  ? 

13.92  10.95 

14.22  11.55 

Thus  88  and  hence  s:  for· n> 8  are  empty • 

• 



61 

s7  = { x: Ui (x) >ai (x) for i  < 7, u
7

(x) = a7(x)} 

a
6
(x)  =  min  ( u6(x),  E6(a (x))J

7

m6 0  1 2 3 4 5 

u6 10.87 14.34 16.43 17.12 16.43 14.34 

E6(a7) 11.33 14.42 16.27 16.89 16.27 14.42 

6 

10.87 

11.33 

Thus s7  ={ x: m6 =  2, 3, 4 i 

sg  ={x: u (x))a.i(x) for i<6, u6Cx) =a6Cx)j
1 

a (x) =.min  ( u (x), E (a.6Cx) >) 
5 5 5

m5 0  1 2 3 4 5 

u5 11.13 15.21 17.26 17.26 15.21 11.13 

E5(a6) 11.36 14.93 16.72 16.72 14.93 11.36 

Thus S 6 = { x: m
5 

=1, 4, m6 =  1, 5 } 

s5 = { x: Ui (x) ;>  ai(x) for i< 5, u
5

Cx) =  a5(x) J 

a.4Cx) =min [u4Cx), E4(a Cx))J
5

m4 0 1 2 3 4 

U4 11.94 16.70 18.28 16.70 11.94 

E4(a5) 11.80 15.88 17.24 15.88 11.80 
-

Thus S_5 =t x: m
5 

=  0 9 5 } and S~ • ~ for n = O, 1, 2, 3, 4. 

The partition s• = <s5, 56, s7> determines an optimal 

sequential binomial sampling plan which can be illustrated 
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graphically as follows: (dots stand for boundary points). 

7 

~ ~ I>5 

_n 

....0 

,.. 
0 ~ 7 

We are interested to know the relation between the 

values of k and the sizes of the plans. In other words, 

we shall try to find out the restriction on the values of k 

such that the optimal sampling plan so constructed is of certain 

fixed size. We hav~ claimed before that if Uj(x) =aj(x) 

we stop sampling while if U. (x) > aj(x) we take another 
.  J 

observation.. Hence x = (j-mj' mj) is a boundaey point 

or an inaccessible point if 

Observe that if we stop sampling at the jth stage then the 

(j+l)th stage is inaccessible. Thus 

It follows that (j-mj' mj) is a boundary o~ an inaccessible 

point if 

In virtual of formulae (2.4.1) and (2.4.2) we reduce the above 



63 

condition to 

k {. (,j+2)2( j+3)2 
- (m .+l)( j+l-m.)

J  J 

Set  
(j+2)2(j+3)2 

D(j, m.) 
=  (m .+lH j+l-m.)J 

J J 

Since D(j, m.) =D(j, j-m.), we see that this kind of sampling 
.  J  J 

plans are symmetric. A symmetric sampling plan is defined as 

one in which the boundary points are symmetric about the line 

y = x. Thus we eventually arrived the following result 

2.4.1. 

Result 2.4.1: If ~4D(j, mj), then (j-mj' mj) and (mj, j-mj) 

are boundary or inaccessible points, mj =O, 1, 2, ••• , (j/2). 

Table A in the Appendix gives the values of D(j, mj) for 

j = O, 1, ••• , 50 and mj =O, 1, ••• , (j/2). The reason zero 

is included in the values of j is to permit making a decision 

without taking any  observation. 

Since a sampling plan is completely determined by its 

boundary, Table A in the appendix as well as result 2.4.1 enable 

us to figure out the Table B in the appendix which gives 

a series of values of k showing how these values affect the 

sizes of the optimal sampling plans so constructed. For 

simplicity, we only figured out such plans of size 1 up to 16. 

We shall next investigate some properties of such plans in the 

rest of this section•• 

Let a
1 

= (i, n-1), i  •  O, 1, ••• , n be the n+l points 
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of index n of a sampling plan of size n. Then ai is either a 

boundary or an inaccessible point. Now consider the following 

(n+l)-vectors 

and 

(d0 , ••• , dn , dn' d , ••• , dn) when n is even.
--1 - .g...l
2 2 2 

n
For n being even (respective odd) let di' i  =O, 1, 2-1••• t 

n~ .
(respective i =O, l, ••• , T) be the least "distance" between 

a
1 

and a boundary point Y with X(Y) = i, while dj' j =¥+ 1, ••• , 

~~ )i11,: (respective j  =  2 , ... , n be the least "distance" 

between aj and a boundary point Y with Y(Y) =n-j. 

ao ' 
' ' '  ' 

'~ai 
I  ' .... ', 
I;& ' 

----0 ',
J. ', 

' ' r- -cii- ~~J 
n-J :  '' 

I  ' 

0 a 
n 

Note that when n·  is even, X(a ) =  Y(a ) =  n, it is immaterial 
n  n  2
2 2 

which direction distance d is measured. For example, with 
n. 
2 

respect to sampling plan (39) (resp. (34)) we have the vector 

(6, 4, 3, 2, 1, 1, o, o, o, 1, 1, 2, 3, 4, 6) (resp. (6, 4, 
• 

2, 2, l, o, o, o, o, 1, 2, 2, 4, 6)). 



For convenience, we call such a (n+l)-vector a 

B -vector in which the subscript n denote the size of the
-ni---

corresponding optimal binomial sampling plans. From now 

onwards, we shall simply write "a sampling plan" instead 

of "an optimal binomial sampling plan so constructed" and our 

B -vectors that follow will refer to those optimal plans. We 
n 

have shown that these sampling plans in consideration are 

symmetric. 

Proposition 1. If n is even, the (-n + l)th component of a B -
. 2 n 

vector  is  zero.  

Proof.  Suppose  the  contrary.  ThenCn/2,  n/2)  is  an inaccessible  
. 

point  and  i e  follows  that  ( · ~ -1, n/2)  and  (n/2,  :~ -1) are 

noncontinuation  points.  Thus,  by  Result  2.4.1, 

D(n-1, ~) =D(n-1, ~-1) ~ k. 

But 

D(n1,  ¥> ~ D(n1,  t)  for  all  t  =O,  1,  ••• ,  n1. 

Hence 

D(n1,  t) ~ k  for  all  t  = o,  1,  ••• ,  n1. 

Therefore  the  size  of  the  plan  is  less  than  n,  which  is  a 

contradiction. 

Proposition a.  If n  is  even  (resp.  odd),  the  components 

dn  ,  dn'  dn  (resp.  dnl'  dn+l)  of  each  Bn-

21 2 ~ 1 T T 

vector  are  zero. 
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Proof. When n is even, by P~oposition 1, (n/2, n/2) 

(n n ) en n )is a boundary point. If 2-l, ~l and 2+1, 2-l 

were inaccessible points, it follows that (~-1, ¥>  and 

(~, ~-1) are non-continuation points and in turn <¥,  ~) is 

inaccessible. This is a contradiction. Thus (~-1, ~l) 

and (~l, ¥-1) are boundary points and hence dn = 
2-l 

d = d =o. 
n  n 
~l 2 

(n-1 n+l)When n is odd, we shall show that 2' 2 and 

(n+l2' 2n-1) 
are boundary points. Indeed, if they were 

. cn-1 n-1)inaccessible, then· 2' 2 is a non-continuation 

point and, by Result 2.4.t, 

D(n-1, n2l) ~ k. 

But 

!cl)  n-1
D(n-1, t ) ~ D(n-1, for t =  O,  1, •. •, 2•

2 

n-1So D(n-1, t) ~ k for t =  O, 1, ••• ' 2·  It follows 

that the size of the plan is less than n which is a 

Thus c!!·2. n+t)  a d cn+1  nt)  arecontradiction. T°"I . Z,  I2. D  . 2 

boundary points and hence d =d =O. 
n-1 n+1 
2 2 

Proposition 3. The components' of a B -vector are non-
n  . 

decreasing from the middle to both ends. 

Proof. First let n be even and let 
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be a B -vector. By symmetry, it is enough to prove that 
n 

Suppose that there exists an~, 0 ~J.' ~-2, such that d (  d ..(+l • 
1 

0 

The boundary point of ( J. ,  n- .l -d,( ') implies that either (J1,  n- / -dJ ) 

or Cl, n-J-di 1}  is a continuation point. If C..(-1, n-.(-d.t ) is 

a continuation point, then 

k ') D(n-d.( 1, J 1). 

But 

D(n-d .t -1, l -1) >D(n-d .l -1, 1 ) • 

It follows that k)D(n-d..< -1, I.), i.e. Cl, n-J-dl. -1) is a continuatio.n 

point. Hence in either ease ( J., n- J..-dJ. -1) must be a continuation 

point. Repeating this kind of argument we finally show that 

(I., n-..t-d.(+l) is a continuation point, i.e. 

k>D(n-dl+l' 1 )>D(n-d.l+l' /+l). 

However, the boundary point of ( J +19 n-J -1-dl+l) demands that 
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k~ D(n-d.(+l' .l +l) • 

This is a contradiction. 

Similarly, we can prove for odd integers n. 

Proposition 4. There are no boundary points other than the 

n+l boundary points defining the B -vector of a sampling
n 

plan of size n.  

Proof. Let Y = (x
0

, y ) be an arbitrary boundary point. 
0 0

Without loss of generality, we may take X(Y
0
)( Y{Y ).

0

o n-d n
0 

If Y is of index less than n-d
0

, then Co, x
0 

+  y ) is a
0 0

non-continuation point. This follows from Result 2.4.1 

and the inequalities 

and 

This is impossible for (O, n-d ) is a boundary point.
0

Thus N{Y 0 )~ n-d • · Since Y is a boundary point,
0 0 



Thus 

This shows that (x
0 

- i, y
0 

+ i), i = 1, ••• , x
0

, are non

continuation points and hence (x
0

, y +l) is inaccessible.
0 

By similar reasoning, (x
0

, y
0 

+ j), j =1, ••• , n - x - y
0

,
0 

are inaccessible. It follows that the distance between Y
0 

and Cx
0

, n - x
0

) defines the (x
0 

+  l)th component of the 

Bn-vector. Hence Y
0 

is a boundary point defining the Bn

vector of the sampling plan. 

Propositions 3, 4 and Theorem 1.5.1 together imply 

the :following: 

Proposition 5. The optimal sampling plans so constructed 

are simple. 

Let 8 (resp., 8 ) be a sampling plan with Bn
1 2

ve.ctor (a
0

, ••• , a ) (resp. B -vector (b
0

, ••• , b ) ) • Then 
n m m 

we say that s
1 

is larger than 8 if n >m. When n =  m,
2 

sl i.s larger than $2 if ai $:bi for all i  =o, 1, ••• ' n 

with inequality holding for at least one value of i. 

Consider the inequalities 

(a) D(n-1, ~) ~ k' D(n; ~ ) 

(b) D(n, ~)< k~D(n+l, ~) 

where n being any positive even integer. Inequality (a) 

says that the sampling plan corresponding to each value of k 

• 
satisfying (a) is of size n since points of index n are 



70 

either boundary or inaccessible points and at the same time 

there are continuation points of index n-1. Similarly, 

inequality (b) determines sampline plans of size n+l. 

For positive odd integers n, we have the following 

corresponding inequalities 

( ) ( n-1) '- ( n-1)c D  n-1, T < k  D  n, 2 

n-1) / (. D(  n+l)( ) ( .... k... n+l, T •d D n, T 

Between D(n-1, ~) and D(n, ~ ) there may exist 

certain values D(m, j'(m/2} If there exist t+tj), Iii' n-1,  

' such values, arrange them in order such that  

•  D(n-1, ~)<:D(m 0 , j
0 

)<D(°1.,  j 
1 

)<: ••• (D{mt' jt)(D{n, ¥>· 
We see that every real k in the half open interval 

I = (D(n-1, n/2), D(m
0

, j  )] corresponds to a fixed
0 0

sampling plan s of size n  (even) with Bn-vector say,
0 

••• t d.  '  o, o, o, d  '  ... ' 
0 •.!!2  0 •.!!+2

2 2 

do  j, ••• ,do  .), n- ,n
0 

As k increases and falls into I
1 

= (D(m
0

, j ), D(m
1

, j  )),
0 1

again, every real k in I defines another fixed sampling
1 

s. 
planAof size n with B -vector, say,

n 

••• t 

... '  dl , n j  t •••, dl ,.n) • 
0 
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Observe that as k varies from I to I 
1 

, it turns only the
0 

non-continuntion points (j
0 

, m j ) and (m j
0

, j  ) of
0 0 0 0 

s to continrmtion points of s • Thus v differs from
0 1 0 

v only in the (j +l)th and (n-j +l)th components. By
1 0 0

symmetry, we have 

However, (j
0 

, m j ) is a continuation point of s which
0 0 1 

implies that 

j  =  j  (. n-m0 •d1  d1· ' 0 'n 0 

Thus 

Hence s is lareer than s
0

• Repeating this argument
1 

we shall eventually show that as k increases from D(n-1, n/2)• 

to D(n, n/2) its corresponding sampling plan ·though 

preserves size n becomes larger and larger. If k goes 

beyond D(n, n/2), then its corresponding sampling plan 

is of size larger than n. 

Similarly, we can show the previous result for odd 

integers n. 

Hence we have proved the following: 

Proposition 6. The increasing values of k enlarge the 

optimal sampling plans so constructed. 

In fact, we have seen that the size of the optimal 

sampling plan does not increase strictly with the increasing k. 
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The following figure illustrates the effect of k on the 

&1ze of its corresponding sampling plan when k goes from 

0 to 2,00. 
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size of sampling plan 
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• 
Appendix 

TABL~ A 

Values of D(j, mj), j =O, 1, ••• , 50, mj =o, 1, ••• , (j/2) • 

D(O,O) =36 

D(l,O) =72 

D(2,0) =133.333 
D(2,l) =100 

D(3,0) = 225 
D(3,l) =150 

D(4,0) =352.8 
D{4,l) =220.5 
D{4,2) =196 

D{5~0) =522.667 
D(5,l) =313.6 
D{5,2) =261.333 

D{6,0) =740.571 
D(6,1) =432 
D{6,2) =345.6 
D(6t3) =324 

D(7,0) =1012.5 
D(7,l) =578.571 
D(7,2) =450 
D(7,3) =405 

D(8,.0). = 1344.444 
D(8,l) =756.25 
D(8,2) =576.191 
D(8,3) =5Q4.167 
D(8,4) =484 

D(9,0) 
0(9,1) 
D(9,2) 
D(9,3) 
0(9,4) 

0(10,0)  
D(lO,l)  
D(l0,2)  
0(10,3)  

· D(l0,4)  
D(l0,5)  

D(ll,O) 
D(ll,l)
0(11,2) 
0(11,3)
0(11,4) 
D(ll,5) 

D(l2,0)
0(12,l) 
0(12,2) 
0(12,3) 
0(12,4) 
0(12,5) 
D(l2,6) 

0(13,0) 
0(13,1)
D(l3,2) 
D(13,3) 
D(l3,4) 

=1742.4 
=968 
= 726 
=622.286 
=58o.8 

= 2212.364 
=1216.8 
=901.333 
= 760.• 5 
=695.314 
= 676 

=2760.333 
=1505.636 
= llo4.133 
=920.111 
= 828.1 
=788.667 

= 3392.308 
=1837.5 
=1336.364 
=1102.5 
=98o 
= 918.75 
=900 

=4114.286 
=2215.385 
=1600 
=1309.091 
=1152 

0(13,5) • 1066.667  
D(13,6) • 1028.571  
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D(l4,0) = 4932.267 D(l9,0) = 10672.20 0(23,0) = 1?6o4.17 
D(l4,l) =2642.286 D(l9,l) =5616.947 0(23,1) =9184.783 
D(l4,2) =1897.026 D(19,2) =3952.667 D(23,2) = 6401.515 
D(l4,3) =1541.333 0(19,3) =3138.882 0(23,3) =5029.762 
D(l4,4) =1345.164 0(19,4) =2668.05 0(23,4) =4225 
D(l4,5) =1233.o67 D(l9,5) = 2371.6 0(23,5) =3706.14 
D(l4,6) =1174.349 D(l9,6) =2178 D(23,6) =3353.175 
D(14, 7) =1156 · D(l9,7) =2052.346 D(23,7) =3106.618 

D(l9,8) =1976.333 D(23,8) =2934.028 
D(15,0) =5852.25 D(l9,9) =1940.4 0(23,9) = 2816.667 
0(15,1) =3121.2 D(23, 10) =2743.507 
D(l5,2) =2229.429 D(20,0) =12192.19 D(23,ll) =2708.333 
D(15,3) =18oo.692 D(20,l) =6400.9 
0(15,4) =1560.6 D(20,2) = 4491.86 0(24,0) = 19712.16 
D(15,5) =1418.727 0(20,3) =3556.056 0(24,1) =10266.75 
0(15,6) =1337.657 0(20,4) =3012.188 D(24,2) =7142.087 
D(l5 9 7) =1300.5 D(20,5) =2667.o42. D(24,3) =5600.o45 

D(20,6) =2438.438 D(24,4) =4693.371 
D(l6,0) =688o.235 D(20,7) • 2286.036 D(24,5) • 4106.7 
0(16,l) =3655.125· D(20,8) =2188.342 D(~4,6) =3705.293 
D(l6,2) =2599.2 0(20,9) =2133.633 0(24,7) =3422.25 
0(16,3) =2088.643 0(20,10) =2116 0(24,8) =3220.941 
0(16,4) =1799.446 0(24,9) =308o.025 
0(16,5) =1624.5 0(21,0) =13850.18 0(24,10) = 2986.691 
D(16,6) =1519.013 0(21,1) =7254.857 0(24, 11) ·= 2933.357 
0(16,7) =1462.05 0(21,2) =5078.4 D(24,12) =2916 
0(16,8) =1444 D(21,3) =4009.263 

0(21,4) =3385.6 0(25,0) =21982.15 
O(lr/,O) =8022.222 0(21,5) =2987.294 0(25,1) i::.114~0~72 

D(l7,l) =4247.059 0(21,6) =2720.571 0(25,2) = 7938 
0(17,2) =3008.333 D(21,7) =2$39,2 D(25,3) =6212.348 
D(17,3) =21•06.667 0(21,8) =2418.286 D(25,4) =5195.782 
D(l7,4) =2o62.857 0(21,9) =2343.877 D(25,5) =4536 
0(17,5) =1815.282 D(21, 10) =2308.364 0(25,6) =4082.4 
0(17,6) = 1719.o48 D(25,7) = 3760.105 
0(17,7) =1640.909 0(22,0) =15652.17 0(25,8) =5528 
0(17,~) =16o4.444 D(22,l) =8181.818 0(25,9) =3361.976 

D(22,2) = 5714.286 D(25,10) =3247.364 
D(l8,Q) =9284.21 D(22,3) =4500 0(25,11) =3175·2 
0.(18,1) =4900 D(22,4) =3789.474 D(25,12) =3140.308 
D(l8,2) =3458.824 D(22,5) = 3333.333 
0(18,3) =2756.25 D(22,6) = 3025.21 
0(18,4) = 2352 D(22,7) =2812.5 
0(18,5) =2100 0(22,8) = 2666.667 
D(l8,6) =1938.462 D(22,9) = 2571.429 
D(l8,7) =1837.5 D(22,10) =2517.483 
D(l8,8) = 1781.818 D(22,ll) =2500 
D(l8,9) = 1764 

http:15652.17
http:21982.15
http:13850.18
http:10266.75
http:19712.16
http:12192.19
http:1?6o4.17
http:10672.20
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D(26,0) =24420.15 
0(26,1) = 12679.69 
D(26,2) = 8791.253 
D(26,3) = 6868.167 
0(26,4) = 5733.426 
0(26,5) = 4995.03 
0(26,6) = 4485.333 
D(26,?) = 4120.9 
D(26,8) = 3855.813 
D(26,9) = 3663.022 
D(26,10) = 3525.9()4
D(26,ll) = 3434.083 
D(26,12) = 3381.251 
0(26,13) = 3364 

0(27,0) = 27032.14 
D(27,l) = 14016.67 
D(27,2) = 9703.846 
D(27,3) = 7569 
D(27,4) = 6307.5 
D(27,5) = 5484.783 
0(27,6) = 4914.935 
D(27,7) = 4505.357 
D(27,8) = 4205 
D(27,9) = 3983.684 
D(27,10) =3822.727 
D(27,ll) =3710.294 
D(27,12) =3638.942 
D(27,13) =36o4.286 

D(28,0) = 29824.14 
D(28,l) = 15444.64 
D(28,2) = 10677.78 
D(28,3) = 8316.346 
0(28,4) = 6919.2 
D(28,5) = 6006.25 
0(28,6) =5372.05 
D(28, 7) =4914.205 . 
0(28,8) = 4576.19 
0(28,9) = 4324.5 
0(28,10) = 4138.277 
D(28,ll) =4oo4.167 
D(28,12) = 3913.575 
D(28,13)' ·= 3861.161 
D(28,14) = 3844 

D(29,0) = 32802.13 D(32,0) = 42912.12 
0(29,1) = 16966.62 D(32,l) = 22126.56 
D(29,2) =.11715.05 D(32,2) = 15226.88 
D(29,3) = 9111.7o4 D(32,3) = 11800.83 
D(29,4) = 7569.723 D(32,4) = 9766.207 
D(29,5) = 6560.427 D(32,5) = 8429.167 
D(29,6) = 5857.524 D(32,6) = 1492.593 
0(29,7) = 5348.174 D(32,7) = 68o8.173 
0(29,8) = 4970.02 D(32,8) = 6293.778 
0(29,9) = 4686.019 D(32,9) = 5900.417 
0(29,10) = 4473.018 D(32,10)= 5597.233 
0(29,11) = 4316.07 D(32,ll)= 5364.015 
D(29,12) = 4205.402 D(32,12)= 5187.179 
D(29,13) = 4134.723 · D(32,13)= 5057.5 
D(29,14) =4100.267 D(32,14)= 4968.772 

D(32,15)= 4917.014 
D(30,0) = 35972.13 0(32,16)= 4900 
0(30,l) = 18585.60 
D(30, 2) = 12817~~66 D(33,0) = 46694.12 
D(30,3) = 9956.571 D(33,l) = 24054.55 
0(30,4) = 8260.267 D(33,2) = 16537.50 
D(30,5) = 7148.308 D(33,3) = 12803.23 
0(30;6) = 6372.206 D(33,4) = 10584 
D(30,7) = 58o8 D(33,5) = 9124.138 
D(30,8) = 5387.13 D(33,6) = 8100 
D(30,9) =5068.8 D(33, 7) =7350 
D(30,10)= 4827.429 0(33,8) = 6784.615 
D(30,ll)= 4646.4 D(33,9) a 6350.4 
D(30,12)= 4514.721 D(33,10)= 6013.636 
D(30,13)= 4425.143 D(33,ll)= 5752.174 
D(30,14)= 4373.082 D(33,12)= 5551.o49 
D(30,15)= 4356 D(33,13)= 5400 

D(33,14)= 5292 
D(31,0) = 39340.13 D(33,15)=.5222.368
D(31,l) = 203o4.58 D(33,16)= 5188.235 
D(31,2) = 13987.60 
D(31,3) = 10852.45 · D(34,0) = 50692.11 
D(3l,4) = 8992.029 0(34,1) = 26091.53 
D(31,5) = 7770.889 D(34,2) = 1792.45 
D(31;6) =6916.945 D(34,3) = 13861.12 
D(31,7) = 6294.42 D(34,4) = 11446.61 
D(31,8) =5828.167 0(34,5) =9856.8 
D(31,9) • 5473.409 D(34,6) =8740.02 
D(31,10) =5202 D(34,7) ~ 7920.643 
D(31,ll) =4995.571 D(34,8) = 7301.333 
D()l,12) • 4841.862 D(34,9) =6823.938 
D(31,13) =4732.647 D(34,10): 6451.724 
D(31,14) • 4662.533 D(34,ll): 6160.5 
.0(31,15) • 4628.25 D(34,12)= 5933.859 

D(34,13)= 5760.467 
D(34,14): 5632.457 
D(34,15)= 5544.45 
D(34,16) =5492.9!)4
D(34, 17) = 5476 

http:11446.61
http:13861.12
http:26091.53
http:50692.11
http:10852.45
http:13987.60
http:203o4.58
http:39340.13
http:12803.23
http:16537.50
http:24054.55
http:46694.12
http:18585.60
http:35972.13
http:11800.83
http:15226.88
http:11715.05
http:22126.56
http:16966.62
http:42912.12
http:32802.13
http:10677.78
http:15444.64
http:29824.14
http:14016.67
http:27032.14
http:12679.69
http:24420.15
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D(35,0) = 54912.11 
D(35,l) = 2821•0.51 
D(35,2) = 19380.75 
D(35,3) = 14976.03 
D(35,4) = 12355-22 
D(35,5) = 10628.15 
0(35,6) =9413.505 
0(35,7) =8520.845 
0(35,8) = 7844.587 
D(35,9) = 7321.615 
0(35,10)= 6912.014 
0(35,11)= 6589.453 
0(35,12)= 6336.013 
D(35,13)= 6139.242 
0(35,14)= 5990.412 
0(35,15)= 5883.44 

• 0(35,16)= 5814.224 
0(35,17)= 578o.222 

0(36,0) = 59360.11 
0(36,1) = 30504.50 
0(36,2) = 20917.37 
0(36,3) = 16149.44 
0(36,4) = 13311.05 
0(36,5) = 11439.19 
0(36,6) = 10121.31 
0(36,7) = 9151.35 
0(36,8) = 8415.034 
0(36,9) = 7844.014 
0(36,10)= 7395.03 
0(36,11)= 7039.5 
0(36,12)= 6757.92 
0(36,13)= 6536.679 
0(36,14)= 6366.156 
D(36,15)= 6239.557 
0(36,16)= 6152.168 
0(36,17)= 6100.9 
0(36,18)= 6084 

D(37, O) = 64()1+~.10 
0(37,1) = 32886.49 
0(37,2) = 22533.33 
0(37,3) = 17382.86 
D(37,4) =14315.29 
D(37,5) = 12290.91 
D(3?,6) = 10864.29 
D(}7,7) = 9812.903 
0(37,8) = 9013.333 
0(37,9) =8391.724 
0(37,10)= 7901.299 
D(37,ll)= 7511.111 
D(37,12)= 7200 
D(37,13)= 6953.143 
0(37,14)= 6760 
0(37,15)= 6613.043 
0(37,16)= 6506.952 
D(37,17)= 6438.095 
D(37,18)= 6404.21 

D(38,0) = 68964.10 
0(38,1) = 35389.47 
0(38,2) = 24230.63 
0(38,3) = 18677.78 
0(38,4) = 15369.14 
0(38,5) = 13184.31 
D(38,6) = 11643.29 
0(38,7) = 10506.25 
0(38,8) = 9640.143 
0(38,9) = 8965.333 
0(38,10)= 8431.348 
0(38,11)= 8004.762 
0(38,12)= 7662.678 
0(38,13)= 7389.011 
0(38,1~)= 7172.267 
0(38,15)= 7oo4.167 
0(38,16)= 6878.772 
0(38,17)= 6791.919 
0(38,18)= 6740.852 
0(~8, 19)= 6724 

D(39, 0) = 7l•l32.10 
D(39,l) = 38016.46 
D(39,2) = 26011.26 
D(39,3) = 20035.70 
D(39, I+) = 16473. 80 
0(39,.5) = 14120.'•0 
D(39,6) = 12459.18 
D(39,7) = 11232.14 
0(39,8) = 10296.12 
D(39,9) = 9565.432 
0(39,10)= 8985.709 
D(39,ll)= 8520.931 I 

0(39,12)= 8146.385 
0(39,13)= 7844.667 
0(39,14)= 7603.292 
D(39,15)= 7413.21 
0(39,16)= 7267.853 
0(39,17)= 7162.522 
0(39,18)= 7093.981 
0(39,19)= 7o60.2 

0(40,0) = 79552.10 
D(40,l) = 40770.45 
D(40,2) = 27877.23 
D(40,3) = 21458.13 
D(4o,4) = 17630.47 
D(40,5) =-15100.17 
D(4o,6) = 13312.80 
0(40,7) = 11991-31 
D(40,8) = 10981.94 
n<4o,9) = 10192.61 
D(40,10)= 9564.915 
0(40,11)= 9060.l 
D(40,12)= 8651.554 
0(40,13)= 8320.5 
D(40,14)= 8o53.422 
0(40,15)= 7840.471 
D(40,16): 7674.438 
D(40,17)= 7550.083 
0<40,18): 7463.698 
D(40,19)= 7412.8o9 
0(40,20)= 7396 

http:10192.61
http:10981.94
http:13312.80
http:15100.17
http:17630.47
http:21458.13
http:27877.23
http:40770.45
http:79552.10
http:10296.12
http:11232.14
http:12459.18
http:20035.70
http:26011.26
http:38016.46
http:7l�l32.10
http:10506.25
http:11643.29
http:13184.31
http:15369.14
http:18677.78
http:24230.63
http:35389.47
http:68964.10
http:10864.29
http:12290.91
http:14315.29
http:17382.86
http:22533.33
http:32886.49
http:64()1+~.10
http:10121.31
http:11439.19
http:13311.05
http:16149.44
http:20917.37
http:30504.50
http:59360.11
http:10628.15
http:14976.03
http:19380.75
http:2821�0.51
http:54912.11


D(~l,O) = 85230.09 
D(~l,l) = 43654.44 
D(41,2) = 29830.53 
D(41,3) = 22946.56 
D(41,4) = 18840.34 
D(41,5) = 16124.61 
D(~l,6) = 14205.02 
D(41,7) = 12784.51 
D(41,8) =11698.25 
D(41,9) =1081+7.47 
D(41,10)= 10169.50 
D(41,11)= 9622.753 
D(41,12)= 9178.626 
D(41,13)= 8816.906 
D(41,14)= 8523.009 
D(41,15)= 8286.259 
D(41,16)= 8098.787 
D(41,17)= 7954.8o9 
D(41,18)= 7850.14 
D(41,19)= 7781.878 
D(41,20)= 7748.19 

D(42,0) = 91172.09 
D(42,1) =46671.43 
D(42,2) = 31873.17 
D(42,3) = 24502.50 

'D(42,4) = 20104.62 
D(42,5) = 17194.74 

•  D(42,6) = 15136.68 
D(42,7) = 13612.50 

.  D(42,8) = 12445.71 
D(42,9) = 11530.59 
D(42,10)= 10800 
D(42,ll)= 10209.38 
D(42,12)= 9728.o4 
D(42,13)= 9334.286 
D(42,14)= 9012.414 
D(42,15)= 8750.893 
D(42,16)= 8541.176 
D(42,17)= 8376.923 
D(42,18)= 8253.474 
0(42,19)= 8167.5 
D(42,20)= 8116.77 
D(42,21)= 8100 

D(43,0) = 97381+.09 
0(43,1) = 49824.42 
D(43,2) = 34007.14 
D(43,3) = 26127.44 
nC43,4) = 21424.50 
D(43,5) = 18311.54 
D(43,6) = 16108.65 
D(43,7) = 14476.0l 

.D(43,8) =13225 
D(43,9) = 12242.57 
D(43,10)= 11456.95 
D(43,ll)= 10820.45 
D(43,12)= 10300.24 
D(43,13)~ 9873.o41 
D(43,14)= 9522 
D(43,15)= 9234.698 
D(43,16)= 9001.891 
D(43,17)= 8816.667 
D(43,18)= 8673.887 
D(43,19)= 8569.8 
D(43,20)= 8501.786 
0(43,21)= 8468.182 

.D(44,0) = 103872.1 
D(44,l) = 53116.41 
D(44,2) = 36234.45 
D(44,3) = 27822.88 
D(44,4) = 228ol.19 
D(44,5) = 19476.02 
D(44,6) = 17121.77 
D(44,7) = 15375.Bo 
D(44,8) = 14036.77 
D(44,9) = 12984.0l 
D(44,10)= 12140.89 
D(44,ll)= 11456.48 
D(44,12)= 10895.67 
D(44,13)= 10433.58 
D(44,14)= 10052.14 
D(44,15)= 9738.008 
D(44,16)= 9481.225 
D(44,17)= 9274.294 
D(44,18)= 9111.587 
D(44,19)= 8988.931 
D(44,20)= 8903.322 
D(44,21)= 8852.735 
D(44,22)= 8836 

D(45,o) = 110642.l 
D(45,l) = 56550.40 
D(45,2) = 38557.09 
D(45,3) = 29590.33 
D(45,4) = 24235.89 
D(45,5) = 20689.17 
D(45,6) =  18176.91 
D(45, 7) = 16312.62 
D(45, 8) =  14881.68 
D( 45, 9) = 13755. 50 
D(45,10): 12852.36 
D(45,ll): 12117.94 
D(45,12): 11514.79 
0(45,13): 11016.31 
D(45,14): 10603.20 
D(45,15): 10261.16 
0(45,16): 9979.482 
D{45,17~ 9750.o69 
D{45,18): 9566.797 
D{45,19): 9425.o67 
0(45,20): 9321.494 
D(45,21): 9253.702 
D{45,22~ 9220.174 

D{46,0) = 117700.1 
D{46,l) = 60129.39 
D(46,2) =40977.07 
D(46,3) = 31431.27 
0(46,4) = 25729.79 
D(46,5) = 21952 
D(46,6) = 19274.93 
0(46,7) = 17287.20 
D(46,8) = 15760.41 
D{46,9) =14557.64 
D(46,lO):·l3591.90 
D(46,ll)= 12805.33 
D(46,12)~ 12158.03 
D{46,13)= 11621.65 
D(46,14)::11175.56 
D(46,15)= l08o4.50 
D(46,16)~ lo496.97 
D(46,17)= 10244.27 
D(46,18)= 10039.75 
D(46,19)= 9878.4 
D(46,20)= 9756.444 
D(46,21)= 9671.161 
D{46,22)= 9620.702 
D(46,23)= 96o4 

http:10039.75
http:10244.27
http:lo496.97
http:l08o4.50
http:D(46,14)::11175.56
http:11621.65
http:12158.03
http:12805.33
http:D(46,lO):�l3591.90
http:14557.64
http:15760.41
http:17287.20
http:19274.93
http:25729.79
http:31431.27
http:40977.07
http:60129.39
http:10261.16
http:10603.20
http:11016.31
http:11514.79
http:12117.94
http:12852.36
http:14881.68
http:16312.62
http:18176.91
http:20689.17
http:24235.89
http:29590.33
http:38557.09
http:56550.40
http:10052.14
http:10433.58
http:10895.67
http:11456.48
http:12140.89
http:12984.0l
http:14036.77
http:15375.Bo
http:17121.77
http:19476.02
http:228ol.19
http:27822.88
http:36234.45
http:53116.41
http:10300.24
http:10820.45
http:11456.95
http:12242.57
http:14476.0l
http:16108.65
http:18311.54
http:21424.50
http:26127.44
http:34007.14
http:49824.42
http:97381+.09
http:10209.38
http:11530.59
http:12445.71
http:13612.50
http:15136.68
http:17194.74
http:20104.62
http:24502.50
http:31873.17
http:46671.43
http:91172.09
http:10169.50
http:1081+7.47
http:11698.25
http:12784.51
http:14205.02
http:16124.61
http:18840.34
http:22946.56
http:29830.53
http:43654.44
http:85230.09
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D(47,0) = 125052.1 
D(47,l) = 63856.38 
D(47,2) = 43496.38 
D(47,3) = 33347.22 
D(47,4) = 27284.09 
D(47,5) = 23265.50 
D(47,6) = 20416.67 
D(47,7) = 18300.30 
0(47,8) = 16673.hl 
D(47,9) = 15391.03 
D(47,10)= 14360.05 
D(47,ll)= 13519.14 
D(47,12)= 12825.85 
D(47,13)= 12250 
D(47,14)= 11769.61 
D(47,15)= 11368.37 
D(47,16)= 11034.0l 
D(47,17)= 10757.17 
D(47,18)= 10530.70 
D(47,19)= 10349.14 
D(47,20)= 10208.33 
D(47,21)= 10105.22 
D(47,22)= 10037.63 
D(47,23)= 10004.17 

D(48,0) = 132704.l 
·0(48,1> = 67734.37 
D(48,2) = 46117.02 
D(48,3) = 35339.67 
0(48,4) = 28900 
D(48,5) = 24630.68 
D(48,6) = 21602.99 
D(48,7) = 19352.68 
D(48,8) = 17621.95 
D(48,9) = 16256.25 
D(48,10)= 15157.34 
D(48,ll)= 14259.87 
D(48,12)= 13518.71 
0(48,13)= 12901.79 
0(48,14): 12385.71 
D(48,15)= 11953.13 
D(48,16)= 11590.91 
D(48,17)= 11289.06 
D(48,18): 11039·90 
p(48,19)= 10837.50 
D(48,20)= lo677~34 
D(48,21)= 10556.0l 
D(48,22)= 10471.0l 
D(48,23)= lo420.67 
D(48,24)= lo4o4 

D(49,o) = 140662.1 
D(49,l) = 71766.37 
D( 49, 2) = l.J8841 
D(49,3) = 37410.13 
D(49,4) = 30578.71 
0(49,5) = 26048.53 
D(49,.6) = 22834. 75 
D(49, 7) =  201~45.07 
D(l+9, 8) = 18606. lO 
D(49,9) = 17153·91 
D(49,10)= 15984.33 
D(49,ll)= 15028 
D(49,12)= 14237.05 
D(49,13)= 13577.42 
D(49,14)= 13024.27 
D(49,15)= 12559.11 
D(49,16)= 12168 
D(49,17)= 11840.24 
0(49,18): 11567.61 
D(49,19)= 11343.72 
D(49,20)= 11163.66 
0(49,21)= 11023.67 
D(49,22)= 10920.97 
D(49,23)= 10853.56 
D(49,24)= 10820.16 

D(50,0) = 148932.1 
D(50,l) = 75955.36 
D(50,2) = 51670.31 
D(50,3) = 39560.08 
0(50,4) = 32321.43 
D(50,5) = 27520.06 
D(50,6) = 24112.81 
0(50,7) =21578.23 
D(50,8) = 19626.71 
D(50, 9) = 18031f. 61 
D(50,10)= 16841.51+ 
D(50,ll)= 15824.03 
D(50,12)= 14981.33 
D(50,13)= 14277.32 
D(50,14)= 13685.65 
D(50,15)= 13186.69 
D(50,16)= 12765.61 
D(50,17)= 12411.01 
D(50,18)= 12114.09 
D(50,19)= 11868.02 
D(50,20)= 11667.49 
0(50,21)= 11508.39 
0(50,·22)= 11387.61 
D(50,23)= 11302.88 
D(50,24)= 11252.65 
D($0,25)= 11236 
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Appendix 

TABLE B 

Optimal Sampling Plans for L(w,a) =k(w-a) 2 

Plan's Size Values of k  Figures 

0  Q(k,36 

1  36< k~72 l 

2  72< k ~100 2  

3  100 {. k  "133. 333 3  
133·333 <k ~ 150 4  

4  150 <'. k  ~196 5  

5  196 <k' 220. 5 6  
220. 5 (. k " 225 7  
225< k l.261.333 8  

6  261.333 <k  "313.6 9  
313.6 < k  ~ 324  10  

7  324 {. k  ~ 345.6 11  
345.6 < k' 352.8  12  
352.8 <k ~ 405  13 

•  
8 405{. k~ 432 14  

432< k~ 450 15  
450<. k ~ 484 16  

9   484< k '5o4.167 17  
5o4.167 <k ~ 522.667 18  
522.667 <k ~ 576.191 19  
576.191< k4 578.571 20  
578. 571 < k' 58o. 8   21  

10 . 58o.8 ~ k' 622.286  22  
622.286 < k" 676  23  

11  24676 < k{; 695.314 

8o 
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695.314 ( k  ~ 726 25  
726 < k  '  740. 571 26  
740.571 <k  ~ 756.25  27  
756.25 < k  ~ 760.5 28  

. 760.5 < k  ~ 788.667 29  

12  788. 667 <k 6 828.1 30  
828.1<k~900 31  

13  900.('. k ~901.333 32  
901.333 <k ~ 918. 75  33  
918. 75 <k ~ 920.111  34  
920.111 < k ~968 35  
968< k  ~98o 36  
980< k  ~ 1012.5 3?  
1012. 5 <k ~ 1028. 571 38  

14  1028.571<k~1o66.667 39  
1066.667<k~1102.5 40  
1102.5" k *1104.133 41  
1104.133 < k '1152 42  
1152 < k ~ 1156 43  

15  1156 < k &1174.349 44  
1174. 349 < k "1216. 8 45  
1216.8" k' 1233.o67 46  
1233.o67< k  ~1300.5 47  

16  1300.5( k ~ 1309.091 48 
• 

1309.091<k~1336.364 49  
1336.364 < k ~ 1337. 657 50  
1337.657<k~1344.444 51  
1344.444" k !: 1345-164 52  
1345.164 < k ~ 1418. 727 53  
1418. 727 < k !: 1444 54  

17  1444 < k ~ 1462.05  
1462.05<k~1505.636  

1505.636<k~1519.013  

1519.013<k~1541.333  

1541.333<k!:1560.6 
1560.6 < k  !-1600 
1600 < k !: 16o4.444  

18  16o4.444 ( k ~ 1624.5  
1624.5< k 61640.909  
1640.909" k' 1719. o48  
1?19.o48" k E-1742.4 .  
1742.4~k~1764 
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19 1764 < k  ~ 1781. 818 
1781. 818 < k  ~ 1799.446 
1799.446< k~ 1800.692 

• 
1800. 692 < k ~ 1837. 5 
1837.5 < k!: 1851.282 
1851.282<: k f  1897.026 
1897.026 <. k ~ 1938.462 
1938.462< k  ~ 1940.4 

20 1940.4 <k ~ 1976.333 
1976.333<: k!: 2052.346 
2052. 346 < k  ~ 2062. 857 
2062. 857 c. k  ~ 2088.643 
2088.643< k !: 2100 
2100 <.  k ~ 2116 

21 2116 < k  ~ 2133. 633 
2133.633<: k "2178 
2178 < k 6 2188. 342 
2188. 342 .( k ~ 2212. 364 
2212. 364 (. k ! 2215. 385 
2215.385~ k!:- 2229.429 
2229.429< k~2286.036 
2286.036 <. k~ 2308.364 

22 2308.364 < k  ~ 2343.877 
2343.877< k~ 2352 
2352 < k~ 2371.6 
2371.6 <. k~ 2406.667 
2406.667< k~ 2418.286 
2418.286 .( k~ 2438.438 
2438.438 < k~ 2500 

23 2500<:: k~ 2517.483 
2517.483 <: k ~ 2539.2 
2539.2 < k ~ 2571.429 
2571.429< k ~ 2599.2 
2599.2 ~ k ~ 2642.286 
2642.286< k ~2666.667 
2666. 667 < k ~ 2667. o42 
2667.o42~ k!- 2668.05 
2668.05 ~ k ~ 2708. 333 

24 2708. 333 < k  ~ 2720. 571 
2720.571{.k~2743.507 
2743.507 <:: k !: 2756.25 
2756.25 <k ~ 2760.333 
2760. 333 <. k ~ 2812. 5 
2812.5 {. k' 2816.667 
2816.667 ( k~ 2916 
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2916 (. k  ~ 2933. 357 
2933. 357 <. k  !::  29_34.028 
2934. 028 < k !. 2986. 691 
2986.691<: k~ 2987.294 
2987.294 < k  !: 3008.333· 
3008.333< k ~ 3012.188 
3012.188 < k" 3025.21 
3025.21< k ~308o.025 
3080.025 <. k ~ 31o6.618 
3106.618<: k~3121.2 

25 

•  3121. 2 < k  "3138. 882 
3138. 882 < k  ~ 3140. 308 

26  3140. 308 <. k  6 3175. 2 
3175.2 < k  ~ 3220. 941 
3220. 941< k  ~ 3247. 364 
3247.364< k  ~ 3333.333 
3333. 333 < k ~ 3353.175 
3353.175 <k  ~ 3361.976 
3361.976< k~ 3364 

27  3364< k  "3381.251 
3381.251<k!::3385.6 
3386.5(. k' 3392.308 . 
3392.308 < k  ~ 3422.25 
3422.25 L. k  !r 3434.o83 
3434.083< k  ~ 3458.824 
3458.824 < k  ~ 3525.904 
3525. 904< k (. 3528 
3528 < k  '3556.056 
3556.056 < k  ~ 36o4.286 

28  3604.285< k  E:3638.942 
3638.942< k~3655.125 
3655.125< k(. 3663.022 
3663.022 < k (. 3705. 293 
3705.293 <: k  '37o6.14 
37o6.14 <. k  ~ 3710.294 
3710.294 < k  ~ 3760.105 
3760.105 < k" 3789.474 
3789.474<: k '3822.727 
3822.727< k'384~ 

3844 ( k  '3855. 813 
3855. 813 ( k  (. 3861.161 
3861.161 <. k  ~ 3913. 575 
3913. 575 < k  ~ 3952. 667 ' 

3952. 667 < k  ~ 3983. 684 
3983.684<. k  ~ 4004.167· 
4004 .167 < k ~ 4009. 263 
4009.263< k' 4082.4 
4082.4 <. k~ 4100.267 

29 
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30  4100.267< k ~4106.7 
4106. 7 ( k !: 4114. 286 
4114.286 < k  ~ 4120. 9 
4120.9< k6"4134.723 
4134. 723 <kl- 4138.277 
4138.277< k .f4205 
4205 < k  ~ 4205. 402 
4205. 402 .<:  k  6 4225

' 
4225 <:  k ,4247.059 
4247.059< k  ~4316.07 

4316.07< k  ~ 4324.5 
4 324. 5 <:  k  ~ 4 356 

31  4356 <: k ~4373.082 
4373.082<: k  ~4425.143 
4425.143 < k ~4473.018 
4473. 018 <k  ~ 4485. 333 
4485. 333 < k !: 4491. 86 
4491. 86 <k ~4500 
4500< kl: 4505.357 
4505. 357 <: k ~ 4514. 721 
4514. 721< k  ~4536 

4536 <:  k ~ 4576.19 
4576.19< k  ~4628.25 

32 4628.25 ( k' 4646.4 
4646.4 ( k ~ 4662.533 
4662.533 ( k ~ 4686.019 
4686.019 <. k $ 4693.371 
4693.371<k{.4732.64? 
4732.647 ( k  ~ 4827.429 

. 4827. 429 ( k  '  4841. 862 
4841. 862 ( k' 4900 ~ 

33 4900< ks 4914.205 
·4914.205 ( k ~4914.935 
4914.935 < k  !. 4917.014 

\ 

4917.014 .( k ~ 4932.267 
. 4932. 267 <.  k' 4968. 772 

4968. 772 ( k  "4970.02 
4970.02 ( k  '4995.03 
4995.03 ( k  4 4995.571 
4995.571 ( k '5029.762 
5029. 762 ( k ~ 5057. 5 
5057.5 ( k *5o68•8 
5o68. 8 <. k ft 5078. 4 
5078.4 ( k" 5187.179 
5187.179 < k f  5188. 235 

34  5188.235 <k' 5195. 782 

http:4693.371<k{.4732.64


5195. 782 <k ~ 5202 
5202 < k ~ 5222. 368 
5222. 368 l k !: 5292 
5292 < k {: 5348.174 
5348.174 <'. k ~ 5364.015 
5364.015 t. k  ~ 5372.05 
5372.05 < k '5387.13 

..  5 387 .13 < k '5400 
5400 < k '5473. 409 
5473. 409 <: k ' 5476 

35  5476 ( k  '5484. 783 
5484. 783 (. k 6 5492. 952 
5492.952 < k  '= 5544.45 
5544.45 < k "5551.o49 
5551. o49 < k  !: 5597. 233 
5597. 233 < k !: 5600. o45 
5600. 045 < k  !: 5616. 947 
5616.947 < k' 5632.457 
5632.457< k  '5714.286 
5714.286 < k  ~ 5733.426 
5733.426 ~ k  '5752.174 
5752 .174 < k  ~ 5760. 467 
5760. 467 ( k ~ 578o. 222 

36   5780.222 < k lr 58o8 
5808<: k  ~ 5814.224 
5814.224 < k~ 5828.167 
5828.167< k!:5852.25 
5852.25 < k  ~ 5857.524 
5857.524< k' 5883.44 
5883.44 < k  !:5900.417 
5900. 417 ( k  !: 5933. 859 
5933. 859 (. k !: 5990. 412 
5990.412 < k ._  6006.25 
6006.25 ( k  ~6013.636 

6013.636 < k  E- 6084 

37  6084 < k  ~ 6100. 9 
6100.9 < k  ~ 6139.242 
6139. 242 "- k  ~ 6152 .168 
6152.168< k'- 6160.5 
6160.6 < k  !: 6212.348 
6212. 348 4:. k !: 6239. 557 
6239.557 < k {; 6293. 778 
6293. 778 .( k  "6294.42 
6294.42 < k 6 6307.5 

. 6307.5 < k  (: 6336.013 
6336.013 < k !: 6350.4 
6350.4 < k  ~ 6366.156 

http:k!:5852.25
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6366.156 ( k  ~ 6372.2o6 
6372.206 (. k" 6400.9 
61+oo. 9 ( k  ~ 6401. 515 
6401.515 ( k ~ 64o4.21 

38  64o4. 21 < k  "  6438. 095 
6438.095 < k  46451.724 
6451. 724 < k ~ 6506. 952 
6506.952 ( k ~6536.679 
6536.679 ( k '6560.427 
6560.427 ( k  ~ 6589.453 
6589.453 < k  ~ 6613.o43 
6613.o43 < k" 6724 

39  6724 ( k  ~ 6740. 852 
6740. 852 < k  ~ 6757. 92 
6757.92 (. k '6760 
6760 <: k  ~ 6784. 615 
6784.615 < k ~6791.919 
6791.919 < k ~68o8.173 
6808.173 (. k  {:6823. 938 
6823. 938 ( k ~ 6868.167 
6868.167 < k  ~ 6878. 772 
6878. 772 < k ~ 688o. 235 . 
688o.235< k4 6912.014 
6912.014 ~ k' 6916. 945 
6916. 945 ~ k' 6919.2 
6919.2 ( k' 6953.143 
6953.143 < k  "7oo4.167 
7oo4.167 <. k '7039.5 
7039.5<. k '-7o60.2 

40 7060.2 <. k !: 7093.981 
7093. 981<.k'7142.o87 
7142.087 <. k fr 7148.308 

. 7148.308 ( k' 7162.522 
7162.522 < k' 7172.267 
7172.267 (. k "7200 
7200< k  ~ 7254. 857 

. 7254 •.857 < k  ~ 7267.853 
7267. 853 < k '7301.333 
7301.333 <. k' 7321.615 
7321. 615 < k '" 7350 
7350 < k !:7389.011 
7389.011.c. k' 7395.03 
7395.03 ( k' 7396 

41 ' 7396< k '7412.8o9 
' 7412.8o9 .( k {: 7413.21 
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7413.21 i:  k ~ 7463. 698 
7463.698< k '7492.593 
7492.593< k~ 7511.111 
7511.111<k!:7550.083 
7550.083 .( k  ~7569 

7569 <.  k !: 7569. 723 
7569. 723 <. k ~ 7603. 292 
7603.292 < k  47662.678 
7662.678 < k  ~ 7674.438 
7674. 4 38 <. k '"7748.19 

42  7748.19 < k "7770. 889 
7770. 889 .( k '7781. 878 
7781.878 < k (. 7840.471 
7840.471~k~7844.014 

7844.014 (. k" 7844.587 
7844. 587 < k " 7844. 667 
7844.667< k' 7850.14 
7850.14 < k '7901.299 
7901.299 < k  ~ ?920.643. 
7920. 643 < k  "  7938 
7938< k lr7954.8o9 
7954. 8o9 .( k ~ 8oo4. 762 
8oo4. 762 < k  '  8o22. 222 
8022.222 < k  '8o53.422 
8053. 422 <k '  8o98. 787 
8o98. 787 (. k  ~ 8100 

43  8100 I. k " 8116. 77 
8116.77< k !:8146.385 
8146.385 < k '-8167.5 
8167. 5 < k "8181. 818 
8181.818 < k '8253.474' 
8253.474 .( k "8260.267 
8260. 267 < k f. 8286. 259. 
8286.259 <. k  ~ 8316.346 
8316.346 .( k' 8320.5 
8320.5 <: k "8376. 923 
8376.923< k  ~8391.724 
8391. 724 < k  '8415.034 
8415.034 < k  "8429.167 
8429.167 <. k  4: 8431.348 
8431.348 (. k ~8468.182 

44  8468.182 (. k 6 8501. 786 
8501. ?86 c. k  "8520. 845 
8520. 845 <k ' 8520. 931 
8520. 931 ( k ~ 8523.009 
8523.009 ( k '8541.176 
8541.176 <.k "8569. 8 
8569. 8 < k 48651.554 



88 

8651. 554 (. k  ~ 8673. 887 
8673. 887 < k  !: 8740.02 
8740. 02 < k  ~ 875o'. 893 
8750. 893 < k f. 8791. 253 
8791. 253 < k  !: 8816. 667 
8816.667 < k  ~8816.906 

8816. 906 l. k  ~ 8836 

45  8836 < k '8852. 735 
8852. 735 <. k  ~ 8903. 322 
8903.322 < k  !- 8965.333 
8965.333L k  ~8985.709 

8985. 709 < k  ~ 8988. 931 
8988. 931 <;  k ~ 8992. 029 
8992. 029 ~ k  ~ 9001. 891 
9001.891,(.. k ~ 9012.414 
9012.414 < k  ~ 9013.333 
9013. 333 <. '<  ~ 9060.1 
9060.1 <.  k  ~ 9111. 587 
9111. 587 <. k ~ 9111°. 7o4 
9111. 7o4 (. k ~ 9124.138 
9124.138 < k ~ 9151.35 
9151.35 < k ~9178.626 
9178.626 < k !: 9184. 783 
9184.783< k!:-9220.174 

46  9220.174 <k €:9234.698 
9234.698 <. k  ~ 9253. 702 
9253. 702 < k (. 9274. 294 
9274.294 (. k  "°9284•21 
9284. 21 < k  !. 9321. 494 
9321.494 (. k  "9334.286. 
9334.286 (. k  {. 9413.505 

. 9413.505 < k' 9425.o67 
9425.o69 < k ~9481.225 
9481.225 <. k  '9522 

. 9522 < k " 9564. 915 
9564.915 <. k  I: 9565.432 
9565.432 < k  ~ 9566.797 
9566. 797 < k  !: 96o4 

47  96o4 < k  ~ 9620. 702 
9620. 702 .( k ~ 9622. 753 
9622. 753 < k  (t 9640.143 
9640.143 ~ kl; 9671.161 
9671.161" k  '2 9703. 846 
9703. 846 ~ k  !:: 9728. o4 
972:S.o4 <k  1r9738.oo8 
9738. 008 < k  "9750. o69 

http:972:S.o4
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49 

9750.069 ( k ~ 9756.444  
9756.444 < k  !:: 9766.207  

. 9766. 207 < k ~ 9812. 903  
9812.903 <k  !: 9856.8 
9856. 8 < k  ~ 9873.o41 
9873.o41 < k  ~ 9878.4 
9878.4< k' 9956.571 
9956.571 < k  !; 9979.482 
9979. 482 < k ! looo4 .17 

1ooo4.17 < k '- 10037.63 
10037. 63 < k ~ 10039. 75 
10039· 75 < k ~ 10052.14 
10052.14<:k~10105.22 

10105.22 < k ~10121.31 
10121.31 < k  f  10169.50 
10169.50< k" 10192.61 
10192. 61 ( ic "10208. 33 
10208. 33" k ~ 10209. 38. 
10209~38 < k" 10244.27 
10244. 27 <. k  "  10261.16 
10261.16 <k !i-10266.675 
10266.675 <. k *10296.12 
10296.12 <: k' 10300.24 
10300. 24 ( k" 10349.14 
10349.14 (. k l- l04o4 

lo4o4t k" 10420.67 
1o420.67 ( k ~ lo433.58 
10433.58 < k ~ lo471.0l 
10471.01 <: k "lo496.97 
1o496. 97 ( k {:. 105o6. 25 
10506. 25 (, k ~ 10530· 70 
10530. 70 ~ k ~ 10556.01 . 
10556.01<.k!:10584 
10584 <.  k '"10603. 20 
10603. 20 <. k ~ 10628.15 . 
10628.15 ( k" 106?2.20 
10672.20~ k" 10677.34 
10677 • 34 L k " lo677 • 78 
10677. 78 ~kl: 10757.17 
10757.17 ( k ~ 10800 
10800 I. k ~ 108o4. 50 
108o4. 50 ( k ' 10820.16 

10820.16 <k 410820.45 
10820.45 <. k " 10837. 50 . 
10837.50 ( k "10847.47 
1084?. 4? < k !: 10852. 45 
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FIGURES (Optimal Sampling Plans) 
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