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1 Introduction

Consider two species of oppositely charged particles (e.g., negatively charged
conduction electrons and positively charged holes in a semiconductor crys-
tal or negatively and positively charged ions in a plasma) whose motion is



described macroscopically be the drift-diffusion-Poisson system

ng = div(Vf(n) —nVe) (1)
pe = div(Vf(p) +pV) (2)
MO = n—p—C(x). (3)

Here n > 0 and p > 0 are the position densities of the negatively and,
repectively, positively charged particles, ® is the (self-consistent) Coulomb
potential and C(x) € L*(Q2) is the difference of background ion position
densities. A > 01is a (usually small) parameter representing the scaled Debye-
length of the particle system. f = f(s) is the (nonlinear) pressure function
satisfying f’(s) > 0 for s > 0. For the sake of simplicity we assume in this
paper equal pressure-density equations of state for both particles.

The equations (1),(2),(3) are posed in a bounded domain Q C R?, d € N,
where the particles are assumed to be confined. We assume zero-outflux
conditions:

(Vf(n) —nV®)-v=(Vf(p)+pV®P)-r=0 on 0N, (4)
and a zero-outward electric field
V&-v =0 on oS (5)

Here v denotes the (formal) exterior outward unit vector normal of 0f2.
Also we supplement the equations by initial conditions for the densities

(et =0) = no(x) >0 /Qno(:c) do = N (6)
p(z,t =0)=po(x) >0 , /on(a:) dx =: P (7)

N and P are the total negative and, respectively, positive charges, which
are conserved by the evolution of (1),(2). Therefore we do have to require
total charge neutrality of the system

N—P:/QC(x)dm. (8)

As basic reference for drift-diffusion-Poisson systems with linear diffusion
we cite [MRS90], where many further references can be found. Recently, the
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limit ¢ — oo has been investigated for the bounded domain [Gaj85, GaGr89,
CJMTUO00, Ott00] and for the whole space problem [BiD099, BDM99, AMT98,
AMTU98, CIMTUO00, Ott00] and the limit A — 0 of the parabolic- elliptic
system ws analysed in [Gas, GLMS99] (where results for time intervals of
O(1)-length were obtained).

In this paper we are interested in the limit A — 04 of the stationary
system corresponding to (1)-(8). To compute the steady state of a nonlinear
(possibly degenerate) convection-diffusion equation with given potential V' =

V(z) € L>(Q),
wp = div(V f(u) + uVV (2), /Qu de=M>0, u>0,
we write the flux as
V(u) + uVV (&) = u¥ (h(u) + V().

where the enthalpy h = h(s) is defined by

h(s) = /1 )y (9)

r

Then for the equilibrium state u = uq(z) we find that h(us(x))+V (z) is
constant on connected components of {us, > 0}. It turns out that the unique
equilibrium state, which minimizes the corresponding entropy [CJMTUO00],
is given by

Uoo(7) = g(c = V(x)), (10)

where ¢ is the generalized inverse of the enthalpy,

0 , o0 <h:=h(0+) B
g(o) = { B _ } . Voe(—oo,h). (11
h=Y(t) , h<o <h:=h(o0)

The constant ¢ in (10) is determined such that

M = /Qg(c— V(zx)) dx. (12)



Note that a unique constant ¢ satisfying (12) exists (at least) for
00 if h=o0

Me (0,M), M= _ _
/g(h+essi:?2fV—V(:c)) de if h<oo
Q

For the typical choice

m >1 : porous medium case
f(s)=s", m =1 : linear case (13)
m <1 : fast diffusion case
we calculate
o(smt—1) , m>1 (—co<h=--"2h=00)
h(s) = log(s) , m=1 (—co=hh=o)
2 (1—s0m) | m <1l (—oo=hh={% <o)
(14)
and
1
(o))" m>1
g(o) = exp(0) , m=1 (15)
(1- al_Tm)_ﬁ , o m<1

Another physically important case is given by the Fermi-Dirac distribu-
tion [Groe86, GaGr89]

Fo) = sF o) = [P de (16)

with
hs) = Fl(s) = F7(1), —o0=h,= o0 (17

and
g(0) = F (0 + F(1))., (18)



where

dwv
F(U>I/Rd6—|—exp<%—g>.

By formally applying the solution formula (10) to (1)-(7), we obtain the
steady state drift-diffusion-Poisson system (called the “mean field equation”
in the sequel) for the equilibrium potential = &,

MO = n[®] —p[®] - C(x), € (19)
n[@] = g(a[®]+ @) (20)
pl®] = g(B[®] - ) (21)

subject to homogeneous Neumann conditions
Vo&.-v=0 on 09Q. (22)

The constants «[®], 5[P] (so-called Fermi-levels), which determine the parti-
cle densities 1o, = n[®|, poo = p[P], are given by the normalisations

/Q g(af®] + ®) dz = N, (23)

/Q g(B[®] — @) dz = P (24)

where (8) is assumed to hold for consistency reasons.

We refer to [GaGr89, CDMS99] for an analysis of (19)-(22) in the “linear”
case g(0) = exp(o) (Boltzmann distribution) and to [BDM99, Unt97] for the
model in “nonlinear” cases.

It turns out that (19)-(21) is a critical point of the functional

L[®] = %/QWCI)P d:):—/QC(a:)(I) dx

+/QG(04[<I)] + P) dx+/QG(6[<I)] —®) dx
— Na[®] — PB[®], (25)



where G is a primitive of g. We shall show in the case h = oo that .Jy is a
strictly convex, weakly lower semicontinuous, bounded from below functional
on an apropriate convex set. The solution of (19)-(21) is therefore uniquely
determined as the minimum of .J,.

Actually, the constraints (23), (24) which determine o and 5 makes the
problem nonlocal and it turns out that a transformed functional is easier to
handle (in case of h = oo and for carrying out the limit A — 0, see Appendix
A). This new functional reads

E,\(n,p):/QH(n) dx+/QH(p) dx+%/ﬂ\vx/|2dx

where (H')™' = g|(0.4+c0) (i.e. H = h) and where V = V|[n —p — C] is given
by

AV =n—p-0C

(with homogeneous Neuman boundary conditions) and has now to be mini-
mized under the constraints

N:/n(x)dx and P:/p(at)dz, n>0,p>0.
0 0

The constants a and § now simply appear as Lagrange multipliers associated
to the normalization constraints for the L!'-norms of n and p.

This allows us to state our first result.
Theorem. A. With the above notations, (19)-(21) has a unique solution.

The functional E) is the one which is used to study in L! the asymp-
totic behaviour of drift-diffusion problems corresponding to a nonlinear dif-
fusion (see [CIMTU00, BDM99] for the case with a Poisson coupling; see
[AMTU98, AMT98, BiD099| for the case with Poisson coupling and a lin-
ear diffusion). Such a framework is also especially convenient for the study
of the so-called insulator limit (see [CDMS99] for a justification in terms of
physical quantities) corresponding to A — 0, and as in [CDMS99] (this paper
is basically a generalization of [CDMS99] emphasizing the abstract structure
of the problem), we have to distinguish two regimes.



Theorem. B. If either N > [, C" dx or (equivalently) P > [, C~ dx, then
the solution of (19)-(21) converges as A — 0 to the solution of (19)-(21)
with X\ = 0, which is unique. In the other case, there exist two measurable
subsets of Q, Q, and §,, respectively, with Q, C {C > 0}, 2, C {C < 0},
and a unique solution (ng,po, Vo), which is the limit of (n,p,V) as A — 0,
such that

—AVy =ng —py — C, /Vod:)s:(), /nodx:N, /poda::P,
Q Q Q

VozessingO on Q,
AVy=C on Q\(2,U8Q,)
Vo =esssupVy on Q,
Q
_J " oom 7 on  Q,
TY0 m Q\Q 7 P71 0 o Q\Q,

The conditions N > fQ C* dx and P > fQ C~ dx are equivalent because
of the global charge neutrality (25)). In the second case, AVy = C on €\
(€2,UQ,) and vy is constant on €2,, and 2, where it reaches its maximum and
its minimum respectively. Note that this double obstacle for V' is uniquely
determined by the side condition an C*dx=N.

The paper is organized as follows. The remainder of the first section is
devoted to some preliminary results. A more detailed statement of Theorem
A and its proof are given in Section 2, and Section 3 deals with the insu-
lator limit. Remarks on the Legendre transform of the functional can be
found in Appendix A and an extension to unbounded domains (correspond-
ing to one species of particles, or two species when one looks for intermediate
asymptotics) is given in Appendix B.

Before going further, let us fix some notations and state the detailed
assumptions we shall use throughout this paper.

A.1 QCcR? deN, is a bounded, nonvoid domain.

A2 h:J—R, J=R":=(0,00) or J=R{ :=[0,00), is continuous and
strictly increasing.

h:=inf; h, h :=sup, h. J =R*"iff h = —o0.
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A.3 H:Rj — R is continuous, differentiable on R* and
Vs e R H'(s) = h(s).
A.4 g:(—o0,h) — J is the generalized inverse of h as defined in (11).
A5 CelL>Q). C= essing, C = esssgp C.
Remark 1. a) H is strictly conver.

b) g is continuous and increasing, strictly increasing on (h, k) and lim g(t) = oo.
t—h

In the sequel we shall assume that assumptions A.1 and A.5 are always
satisfied.

Let f e L'(Q) with [, f dv = 0. If there is V € H'(Q) with [,V dz =0
and

Vo € H'(Q) : /vi-wsdx:/qusdx,

- which is, e.g., the case for all f € L'(Q) N H~!(Q) with [, f dz =0 - then
V' will be uniquely determined (by f) and we will set V' = V'[f] and certainly

/ IVVIf]|? do < oo.
Q

We observe: V|[f] is a weak solution of
_Av = f7

subject to homogeneous Neumann boundary conditions. However, if, for a
given f, no such V € H'(Q) exists, then we set

/|VV [f]]? dz = oo

We introduce for N, P € R with N — P = [, C dx the set

c::{(n,p)eLi(Q)><L1+<Q):/Qndx:zv,/gpdxzp},
and we define for A € R*,
E\:C — RU{o0},
Ek(n,p):/QH(n) d:v+/QH(p) d:r+%/9|VV[n—p—C]|2dx,

where we make use of Jensen’s inequality ensuring that F is bounded below.
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1.1 A Semilinear Elliptic PDE of Order Two

In this section we shall derive several auxiliary results.

Proposition 1. Assume A.1 and A.5 and let A\ € RY. Let I C R be a
nonvoid, open interval and let m : I — R be continuous and increasing with

—oogirllfm<Q§O, O§U<81}pm§oo.
Then there is exactly one ® € H'(Q) with ®(x) € I for almost all x € Q and
m(®) ¢ € L'(Q), —)\/chb Vo= /Qm(fb)¢ d — /chs dz,
for all ¢ € HY(Q). Furthermore, ® has the following properties:
1. e L), C<m (essigf(b) <m (esss%p <I>) <C,

in particular: there is a constant ® € RY such that
VAERY . || () < P.
2. ® is the unique weak solution (in HY(Q)) of the semilinear elliptic PDE
AAD = m(®) — C,

subject to homogeneous Neumann boundary conditions.

3. /Qm(q)) d:c:/QCdx.

Proof. Let
t
M:1I—-R, M) ::/ m(s) ds,
to

where ¢y € I with m(ty) = 0. Since m(¢(< 0 for ¢ < ¢y and since m(t) > 0 for
t > tgy, the function M is a non-negative primitive of m. Furthermore, since
m is increasing, M is convex. We introduce the functional

Fy: HY(Q) — RU {0},
)\/|Vn|2dx+/M(77)dx—/Cndx it neci
0 0 0

Fam) =4 2

Y



where
Co={ne€ H'(Q): n(z) € I for almost all z € Q}.

We certainly have infe, F)\ € R. Let (7x)ken be a minimizing sequence of F.
By assumption we have for almost all x € €,

lim (m(t) — C(z)) <0, lim (m(t) —C(x)) >0,

t—inf [ t—sup [

hence there is a compact interval [a, b] C I (which is, by the way, independent
of \) such that ¢t — M(t) — C(x)t is decreasing on (inf /,a) and increasing
on (b,sup I), i.e. for almost all x € Q:

Vte (infl,a): M(t) —C(x)t > M(a) — C(x)a,

Vte (bysupl): M(t) —C(x)t > M(b) — C(x)b.
Now we set for k € N,
[nk] = min{b, max{a, nk}}

Then ([m])ren is a sequence in H'(Q2) because cutting maps H'({) (contin-
uously) into itself. Furthermore, cutting does not increase the L?*(2)-norms
of the gradients [Zie89]. Hence

VE e N:  Ex([m]) < Fx(ne),

and therefore ([mx])kren is a minimizing sequence of Fy as well. By passing to
a subsequence (but without changing notation) we have

] = @ € L=(Q) weak™ in L>(Q2) as k — oo,

and therefore - since L*°(Q) C L?(€2) and since the L?(2 : R?)-norms of
(V[nk])ken are uniformly bounded - we have

(] — ® € H'(Q) weakly in H'(Q) as k — oo.

We readily deduce from a lower semicontinuity argument that ® is a mini-
mizer of Fy in H'(Q). Since F) is strictly convex due to the quadratic lead-
ing term, ® is the unique minimizer of Fy in H'(€). The uniform bounds
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na(z) € [a,b] C I for almost all x € Q give m(®) € L>(§2) and the associated
Euler-Lagrange equations

V(beHl(Q):—A/QVQ%qu:/Qm((I))gbdx—/QCgbdx

easily follow. The proof of the remaining statements is left to the reader. [
In particular cases the result of Proposition 1 can be extended as follows.

Proposition 2. Assume A.1 and A.5 and let A\ € R*. Let I C R be an
open, nonvoid interval with inf I € R or supl € R. Let m : I — R be con-
tinuous and increasing. Assume furthermore one of the following conditions

1. Ifinf I € R and if

irllfm:QSO, 0<C <supm < o0,
I
then we set

Q if il’lf[ =p
my - [inf I,supI) — [C,00), mg(p) =
m(p) if inf; <p

2. If supl € R and if

—oogirllfm<Q§O, 0<C =supm,
I

then we e set

mo : (inf[,sup[] - (_0076]7 m(](p) = —
C it p=supl

{m(p) if p<supl
3. Ifinf I,sup I € R and if
irllfm:QSO, 0<C =supm,
I
then we set
C if p=inf;
my : [inf I,sup I] — [C,00), mo(p) ={ m(p) if inf; <p

C it p=supl
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Then there is exactly one ® € HY(Q) with ®(x) € dom(myg) for almost all
x € and

mo (@) ¢ € LL(Q), —)\/ vq>-v¢:/m0(q>)¢ dx—/Cgb da,
Q Q Q
for all ¢ € HY(Q). Furthermore, ® has the following properties:

1. e L), C<myg (essigf@) < my <esssup (I>> < C,
Q
i particular: there is a constant ® € R such that

VAERY :  ||® () < .

2. ® is the unique weak solution (in H'(Q)) of the semilinear elliptic PDE
MO = mo(é) — C,

subject to homogeneous Neumann boundary conditions.

3. /Qmo((I)) dz:/ﬂCd:ﬂ.

Proof. We consider case 1. Cases 2. and 3. can be treated in analogy. We
define the function

my : (—oo,supl) — R,
C+(p—infl) if pée (—oo,inf]]
mi(p) = . .
m(p) if p e (infl,supl)

Since inf m; = —oo < C, we can apply proposition 1 to obtain:

There is exactly one ®; € H*(Q) such that ®;(z) € (—oo,sup ) for almost
all z € Q and

m (@1) 6 € L}(Q), —A/ V- Ve — / o (®1)6 dar — / Cédr,
Q Q Q
for all ¢ € H'(Q2). Furthermore, ®; has the following properties:

1. &, € L), C<my (ess igf <I>1) <my (ess sup <I>1) <C,
Q
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2. ®; is the unique weak solution (in H'(Q)) of the semilinear elliptic
PDE

AA(I)l = ml(q)l) - C,

subject to homogeneous Neumann boundary conditions.

3. /ml((I)l) dz:/C’dx.
0 Q

my (91) ¢ € L'(Q), —)\/QV‘Pl'VCb:/le(@l)deﬂ?—/ﬂcﬁb dz,

We deduce from estimate 1.: my(®;) = mgy(®;). Hence for all ¢ € H'(Q),

mo(®1) 6 € L1(Q), —)\/Vcbl-v¢:/m0(<b1)qb dx—/Cgb dz,
Q Q Q
®,(z) € dom(myg) = [inf I, sup I) for almost all x € Q,

O, € L>(Q), C<mg (ess igf <I>1> < my (ess sup <I>1) < C,
Q

®, is a weak solution (in H*(€2)) of the semilinear elliptic PDE
AAD; = my(Py) — C,

subject to homogeneous Neumann boundary conditions, and

/mo(él) dzx = / C dz.

Q Q
Now let ®*(z) € dom(my) for almost all x € © and

mo (9%) ¢ € L'(9), —A/QV<I>*~V¢:/QmO(<I>*)¢ dm—/ﬂCgﬁ dz.

Then my(P*) = my(P*) as well and we deduce ®* = &, from the uniqueness
result cited above.
The verification that the semilinear elliptic PDE

MO = mo(é) — C,
subject to homogeneous Neumann boundary conditions and

/ mo(P) dor = / C' dz, has a unique solution in H(Q) is left to the reader.
0 Q
]
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1.2 An Abstract Variational Problem

In this section we consider the limit A — 0 of an abstract minimization
problems with a class of functionals containing FE).

Theorem 3. Let (B, ||.||) be a Banach space and let
CC®B
be nonvoid, conver and weakly closed in 8. Let

E F:C— RU{o0}, be bounded below with ircle < oo,irclfF < 0.

We set
C*:={zeC: E(r) <o}

For A€ R let z) € C.
Assume

1. xy is for each A € RY a minimizer of E\ == E + \"'F in C.
2. x)x — xg weakly in B as A — 0.
Then

a) limsup F(x)) <inf F.
A—0 c*

b) If F is weakly lower sequentially continuous at xo, then

F(zo) < inf F.

c) If F is weakly lower sequentially continuous at xo and if E(z) < oo,
then xq is a minimizer of F' in C*, i.e.

F(xzg) = igl*f F.

d) If z* is a minimizer of F' in C*, then

limsup E(z)) < E(z").
A—0
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e) If x* is a minimizer of F' in C* and if E is weakly lower sequentially
continuous at xq, then

E(xy) < E(x).

f) If E and F are weakly lower sequentially continuous at xo and if E(xqg) <
00, then xg is a minimizer of F' in C* whose “energy” E(x) is less or
equal the energy E(x*) of any minimizer z* of F in C*.

Proof. a) Let —p € R be a lower bound of F in C. Let x € C with E(z) < co.
Since A > 0 we have

ME(x2) + p) + F(2x) < ME(x) + p) + F().
Hence by non-negativity of E(xy) + p,

limsup F(z)) < F(z).
A—0

b) follows from a).

c) If E(xy) < oo, then z is by b) a minimizer of F' in C*.

d) Let —p € R be a lower bound of E, F. Let x, € C* be a minimizer of F
in C*. Then E(2*) < oo and we obtain for all A € R the estimate

1 1
(Bax) )+ 5 (Fa) + ) < (B(2) + )+ 5 () + p).
from which we deduce E(x)) < oo, hence x) € C*, and due to F'(z,) < F(x,),

E(z)) < E(x,).

e) follows from d) and f) follows from a)-e). O

2 The Main Results

2.1 MeRT

The main result of this section is

Theorem 4. Assume A.1-A.5. Let A € Rt and let N, P € R™ with
N—-P= / Cdx.
Q
Then:
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1. The functional E has a unique minimizer (ny,py) in C.
2. ny, px € L™(Q) with

—_ P N
LD S C + ) DPx S _Q +
meas(€2)

meas(Q)
3. There are ay, By € R such that

ny =g (ax— A"V,

=g (B +A"N),

where Vy = V[ny — px — C], hence if one sets ®y := —\"V, then
AA@A:g(a,\+(I>,\)—g(/6A—®A)—C, /(I))\dZL"ZO,
Q
subject to homogeneous Neumann boundary conditions and

/g(aA+q)A) drx = N, /g(ﬂA—QDA) dx = P.
Q Q

Proof. Due to the lack of coercitivity (in case of h < 0o) of E) it is not
obvious that F) has a minimizer in C. The argumentation will be based
settled on the semilinear equation

MU =gla+ V) —g(f—-V)-C (26)

subject to homogeneous Neumann boundary conditions. In (26) the con-
stants «, (§ are a priori unknown. Our program is to prove: There are a;, 3 € R
such that [, g(a + W) dz =N, [,9(6— V) dx = P.

We consider for ¢ € (—oco,2h) the semilinear elliptic PDE

AP = g(c+ D) —g(—P) — C (27)

subject to homogeneous Neumann boundary conditions. This problem fits
with

m(.)=glc+.)—g(=.), I=(~h,h—2c)
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to Proposition 1: there is a unique ®, € H'(Q) which solves (27) subject
to homogeneous Neumann boundary conditions. Furthermore, ®. belongs to
L*>(Q) and if we set

nc:g(c+q>c)> pc:g(_q)c)a

®. :=esssupd,, &, :=essinf P,
QO — Q

then we deduce from (27) the estimates
gle+®)—g(=2) <C, glc+®)—g(-2)=C. (28)

Hence the functions n., p. belong to L>(£2). Let us introduce

N, = / ne de = / glc+®.) de, P.= /pc do = / g(—d,) dx.
Q Q Q Q
Then N, — P, = [, C dx and we have

_ P N,
ellpeoy < C + —5—, |l ooy < —C + ——=—.
1]l Loy < O+ meas(Q) [Pell @) < —C + meas()

We have to prove: there is ¢ € R such that N, = N, P. = P. This is
shown in several steps.

¢+ (N,, P.) is continuous. Indeed, let ¢ € (—o0,2h) and let (ci)ren be a

sequence in (—oo, 2h) with limy_.. ¢ = ¢ and let (Ck, (k) ) ken be a subsequence
of (cx)ren. We have to prove: there is a subsequence (g, (k))ken Of (Cr, (k) )ren
with

28 Vv = Mo i Py = L

We deduce from (28): There are Ky, K1 € N such that for all k € N
[ne |29y IPell @) < K1, k= K.

Hence there is a subsequence (k3(k))ren of (k1(k))ken and there are ng, py €
L>(Q) with

Mg (k) — N0, Phg(k) — Mo weak™ in L>(Q) as k — oo.
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We deduce:
Pr,) — Po  strongly in H'(Q) as k — oo
where
APy =ng —po — C,

subject to homogeneous Neumann boundary conditions. Hence there is a
subsequence (ky(k))gen of (k3(k))ren with

Py k) (1) — Po(x) for almost all z € Q as k — oo.

We deduce

Tk (k) ()
= 9(Chott) + Proiy) (x) — g(c+ Pg)(z) for almost all z € Q with k — oo,

Pra(k) () = 9(—=Proiy) () — g(—Po)(x) for almost all z € Q with k — oo.

Hence ng = n., ®q = ®., po = p. and therefore due to weak™ convergence in
L>(Q), limy_,« N, = N, limy_ P. P..

Chy (k) ko(k)

lim, . N. = o0, lim__ ,; P, = oo.

Here we only consider h < co. The case h = oo can be treated similiarily.
Due to N, = P. + fQ C dzx it sufficies to prove: lim. . P. = co. According
to ¢+ ®.(z) < h and —®.(z) < h for almost all z € , we deduce

c—h< —®,(r) <h foralmost all x € Q.

Hence

lim P. = lim [ g(—=®.) dx > lim g(c — h)meas(Q2) = occ.

c—2h c—2h JQ c—2h

If ¢ < ¢ < 2h, then c+ ®, < ¢; + ®., and . > P, . Indeed we have

)\Aq)c = Q(C + q>c) - g(_q)c) - C, )\A(I)m = g(cl + (I)c1) - g(_q)q) - C.
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Substraction and testing with [(¢ + ®.) — (¢; + D.,)]" € H'(Q) gives

—A/Q\V[(Hq%)—(cﬁ@q)] 2 de
_ / (94 B0)—g(—B0)— (gler-+Be,)—g(—Bo)) et @o)—(cr+Bey )]* da > 0,

because ¢ is increasing and ¢ < ¢; implies —®.(z) < =P, (x) for all z € Q
with ¢ + ®.(x) > ¢; + D, (x). Hence ¢ + O.(z) < ¢ + P, (x) for almost all
x € Q. The estimate ®.(z) > P, (z) for almost all z €  follows from a
similiar argument by using the test function [®,, — ®. " € H'(Q).

In particular we deduce

If c < ¢, <2h, then N, < N,,, P.<P,,

Behaviour of n., p. as ¢ — —oo Let ¢, € (—00,2h) be fixed. Then due to
previous estimates we have for all ¢ € (—o0, ¢],

P

Ne, + P,
meas({2)

ol poery < C
Imellzoe o) < €+ meas(2)

< |[|C poey + = K.,

where K, € R* is independent of ¢ € (—o0, ¢,]. In analogy we obtain

|Pel| oo ) < Ko

We deduce: there is a sequence (cg)reny € (—00, Co] with limg_o cp = —00
and there are n_,p_ € L>(§2) with

Ne, — Ney Pe, — P weak™ in L2(Q) as k — oo,
and certainly
Jim N =Xl P = P
We also have for all k € N,
AMD,, =n., —p, — C,
such that

19,2 < Fo
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for some K; € R independent of & € N. Hence - possibly after passing to a
subsequence but without changing notations -

1

) o
meas(€2)

Ck_

/ ®., dr — V_ € H'(Q) strongly in H'(Q) as k — oo,
Q

where fQ V_ dx = 0. We introduce

k—oo

w:= lim [ @, dr e RU{oo},
Q

where we made use of the fact that ¢ — fQ ®, dr is increasing. Now it is
easy to see: Either w = oo with

®., — oo almost everywhere on (2 as k — oo,
or
d,, — ®_ strongly in H'(Q2) and almost everywhere on  as k — oo,
where
MO =n_—p_—C,

subject to homogeneous Neumann boundary conditions.We also introduce

w* = lim [ (¢t + P.,) de € RU{—o0},

k—o0 Q

where we made use of the fact that ¢ — [,(c + ®.) dx is decreasing. We
deduce as above: Either w* = —oo with

¢k + P, — —oo almost everywhere on 2 as k — oo,
or
cx + @, — P, strongly in H'(Q2) and almost everywhere on ) as k — oo,

where

MO, =n_—p_—C,
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subject to homogeneous Neumann boundary conditions.

Existence of ¢ € (—oo, 2h) with N, = N, P. = P. Due to the previous results
it remains to prove: limy_. N, = 0 or limy_. ., = 0. We distinguish with
respect to [, C' da.

fQ C dx > 0: In that case w € R is not possible, because

lim inf/ Ne, dr =lim inf/ glck + @) dx
:0:—liminf/pck dm—/Cdx<0

would follow. Hence w = oo and therefore by Lebesgue’s dominated conver-
gence Theorem,

k——o0

lim P, = / g(—,,) dz = 0.
Q

fQ C dx = 0: It is easy to see: If w = oo, then lim,_ P, =0, or if w € R,
then limy_ oo N, = 0.

fQ C dx < 0: We consider the value of w*, proceed as in case of fQ Cdr >0
and conclude limy_,o, N, = 0.

End of proof. We have shown: there is ¢ € R such that
>\A(I)c = g(C+ (I)c> - g(_q)c) - C

subject to homogeneous Neumann boundary conditions has a solution ¢, €
HY(Q) with [, g(c+ ®.) dz = N, [, g(—P.) dv = P. We set

A
Vi i= —AD, P, du,
A * meas(Q/Q ’

1 1
—ee——  _fo.dr. B=—" | @, du,
m=c meas(Q)/Q B meas(Q)/Q v

and

ny=nc=g(ax=X""Va), pr=p.=g(B+A"V).
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Then it is easy to see that (ny,py) € C satisfy the variational inequalities
h(ny) + AWy =a, on {n, >0}
h(ny) + A1V > ay on {n, =0} ’

h(py) = A 'Va= 0y on {p\>0}
h(py) = A7'Vi > By on {p\ =0} 7

where V) = V[ny —py — C]. It is left to the reader to verify that the validity
of these variational inequalities ensures that (ny, py) is the unique minimizer

of F\ in C and to prove that n,,p, have the properties as specified in the
Theorem. O

2.2 N—0

The main result of this section is

Theorem 5. Assume A.1-A.5. Let N, P € Rt with
N—-P= / Cdx.
Q

For A € R* let (ny, py) be the unique minimizer of Ey in C, see theorem 4,
and V), = Vny — px — C]. Then:

1. There is (ng,po) € C N (L>®(Q))?* such that
ny — Ng,pa — po weak™ in L>®(Q) as A — 0,
2. V\x — Vo = V[ng — po — C] strongly in H' () as A — 0.

Furthermore,

8. IfN > [,CTdx, P> [,C™ dz, then Vo = 0 and (ng, po) is the unique
minimizer of

E:C—RU{o0}, E(n,p):/QH(n)d:EjL/QH(p)dz
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m
C'={(n,p)eC:n—p=C}#0,

i.e. there is a unique v € R and a unique p € L () with

max{—C*, —-C~} < p, /pdx:N—/C+ dx:P—/C_ dz,
Q Q Q0

h(CT +p)+h(C~+p)=v on {p>-Ct}in{p>-C"}
MCT +p)+h(C™+p) 27 on {p=-CT}u{p=-C"}
determining ng, po via
no=C"+p, po=C" +p.
. IfN = [,Ctdx, P= [,C dx, then Vo =0 and
no=0C", py=C".

IfN < [,Ctdx, P < [,C™ dx then there is a unique pair (Qy,<Y,)
of measurable subsets of ) such that

meas(€2, N1 Q,) =0, Q,C{C >0}, Q,C {C <0},

Ctdx =N, C™ dx =P,
Qn Q,
ng=C" on Q, p=C" on €,
ng =0 on Q\Q, po =0 on Q\Qp7
Vo = essinfqVy  on Q,
AVo=C on Q\ (2,UQ,) .
Vo = esssupg Vo on Q,
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Proof. Let (Ar)ren be a sequence in RY with limy ., Ay = 0. By the uni-
form estimates on [|ny||ze (), ||PallL=(q) there is a subsequence (A, x))ren of
(Ak)ken and there is (ng, po) € C such that

Mo gy — 105 Pag, gy — Po weak™ in L>(Q) as k — oc.
Hence
Vs — Vo =VI[no —po — C] strongly in HY(Q) as k — oo,
hence after passing to a subsequence (kz(k))ren of (k1(k))ren,
V,\k2(k) — Vo for almost all x € Q as k — oc.

We have to prove that (ng, py) are actually independent of the sequence
(At)ken. We proceed by a case-distinction and set

F:C—REU{oo), F(n,p>=/|vx/[n—p—0]|2dx.
Q

The main ingredient is the application of theorem 3.

Case I: N > [,CT and P> [,C".

We have CY # (). By theorem 3, the pair (ng, pp) minimizes E in the set of all
minimizers of F' for which E is bounded, i.e. in {(n,p) € C°: E(n,p) < oo}.
By strict convexity, the functional F has exactly one minimizer in that set.
It is left to the reader to deduce the variational inequalities as specified in 3.

Case II: N = [,C" dz and P = [,C~ dx.
With the notations of Case I we have C' = {(C*,C7)}. The statement
follows from theorem 3.

Case IIL: N < [,C*" dr and P < [,C~ dz. In this case the set C°
is void. However, we deduce from theorem 3 that (ng,py) - we note that
E(ng, po) < 0o because ng, pg € L>(2) - is a minimizer of F'in C* = {(n,p) €
C: E(n,p) < oo}.

We observe: Vj does not vanish identically. (Otherwise ng — py = C
implying N > [,C" dz, P > [, C~ dz). Hence due to [,V dz =0,

0 < meas({Vp < 0}), meas({Vp > 0}) < meas(£2),
and therefore

ess i:%f Vo < esssup Vj.
Q
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The sequence (ay, ) — )\;zl(k)VAkz(k) (I).)keN is, for almost all =z € {V < 0},
bounded above as k — oo. Hence lim;_ o Wngyy = —O0. By the well-
known identification of weak™ limits in L> and pointwise almost-everywhere
limits of sequences of functions we obtain for almost all z € Q: If (ay,,, —

)‘1;21(1@ Vg (2))ken converges in RU {+o0}, then no(z) = limy— g(an, ) —
)\k;(k Vi, (2))- Hence, up to a set of measure zero,
{Vo > 0} C {no = 0}.
Now take x € Q such that limy_. Vi, () = Vo(z), that the sequence
(g (k) — A,;;(k)vwk)(x))keN is bounded above and Vj(z) > essinfq Vj. Then
there is 2 € Q with limy_o Vi, (2) = Vo(z) = Vo(z) — n with some n € RT
and the sequence (ou, k) — A,;Ql(k)v,\k2(k)(z))keN is bounded above, too. Since
limy—oo (Vi o (%) = Va4 (2))/ Aka ) = 00, We obtain up to a set of measure
Z€ero:
If limy, o Vg (x) > essinfq Vp, then

l}LIIOlo (akz(k) — )\,;Z(k)VAkQ(k) ) —00, and ng(z) = 0 follows.

Hence
Q, ={ng >0} C{Vp = essingo}
and in analogy

Vo <0} C{po =0} 2 ={po >0} € {Vo = esssup o},

in particular {no > 0} N {py > 0} = 0. Now it is easy to see that the triple
(no, po, Vo) has the properties as specified in 5. of the theorem. It remains
to be shown that there is at most one minimizer of F' in C*. Assume that
(N4, ps) is @ minimizer of F'in C*. If ng—py # n. —ps, then by strict convexity
we would obtain

F((n0+n* /2 p0+p*)/2)
/ V(0 — po — C)/2) + ((ne — pu — C)/2) da

1
<—/|VV[n0—p0—C']|2 d:)s—l——/|VV[n*—p*—C]|2 dx
2 QO 2 Q

_ F(no,po) +F(n*,p*)
5 .
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Hence n, — p. = ng — pp and therefore n, = ng + p, p. = po + p for some
p € L'(Q) with [, p dz = 0. We have on Q\ Q, ng = 0, hence p > 0, and
we have in analogy p > 0 on 2\ ©,. Since 2, and 2, are disjoint we obtain
p > 0, hence p = 0. O

Remark 2. a) Point 3 of Theorem 5 represents the case, where the limit
satisfies local charge-neutrality everywhere in Q.

b) The limit Vi in point 5 of Theorem 5 is the unique solution of a double
obstacle problem. The coincidence set §2,, of the smaller obstacle essinfq V) is
the set where the electron density n equals the doping profile, the coincidence
set Q, of the larger obstacle esssupq Vi is the set where the hole density p
equals the negative doping profile and the noncoincidence set 2\ (€2, USY,) is
the depletion (vacuum) region where n = p = 0. Note that the double obstacle
problem for Vi is somewhat nonstandard since the obstacles are not a-priorily
given but determined by the constraints [, C* dx = N and pr C~dx=P
on the coincidence sets. However, the a-posteriori regularity theory for the
free boundaries is by now standard [Caf00]. They are (locally) CY*-surfaces
if the inhomogeneity C(x) is C“.

Appendix A: Analysis of J,

We shall explain in a simple case the connection between the functionals Jy
and F), thus introducing for simplicity several technical assumptions that
can be removed with a more detailed analysis.

Consider as in the introduction the functional

L[®] = %/QW@F d:):—/QC(a:)(I) dx

+/QG(04[<I)] + ®) dx+/QG(6[<I)] — ) dx
— Na[®] — Pj[®],

where oo = o[®] and [ = [[P] are determined by the condition

/Qg(a[CI>]+(I>) dr = N, (29)

/Q g(Bl0] - @) dx = P, (30)
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with g = G’ >0, g #Z 0, lim,_._., g(s) = 0 and bounded  C R?. Note that
for & € L>(Q), the map o — [, g(or + @) du is well defined, continuous by
Lebesgue’s theorem of dominated convergence and converges to 0 and +oo as
a tends to —oo and +oo, respectively. Analogous properties of course hold
for the map 3 — [, g(6—®) dx. Note also that if g is nondecreasing (which
is the case if G is convex), then ¢’ is a positive measure on R. If we further
assume that ¢’ € L7° (R) and ¢’ > 0 on R, then the functionals «[.] and 3]
are actually C* on L>(Q2), and

Ja g’(a[cb] +¢)x dx

aslo] - = I ¢ﬁf

Proposition 6. Assume A1l and A5. If G € C*(R), G" = ¢ € L (R),

g >0onR and li:in g(s) = +oo, lim g(s) =0, then ) is a weak solution
of

AAD) = g(a[ ] + ©y) — g(B[PA] — i) — C(z) (31)
in HY N L>(Q) subject to homogeneous Neumann boundary conditions if and

only if it is a critical point of J\[®] in H' N L>®(Q). The functional Jy[®] is
strictly convex, so ®, is unique.

Proof. A straightforward calculation shows that for any ¢, x € H'NL>(Q),

d\[¢] - x = /Q [)\qu Vx4 (g(a[¢] +¢) —g(Blo] — ) - C(@)X} dr
| [ (otalol + 6) o - 8] el
+ | [(0(6l61 - ) o - p| asie] x

Using the constraints (29) and (30), we find that dJ,[®,] - x = 0 exactly
means that @, is a weak solution of (31).

To prove the convexity of Jy, we shall consider ¢; and ¢, in H' N L>(Q).
Denoting & = ¢y — 1, @' = ty + (1 —t)éz and j(t) = Jr[¢] for any ¢ € (0, 1),
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a direct computation shows that

710 = [ [rwor- v (stale+.6) + o010 - o) - € o] o

and

"(t) = A/ [Vl dw+/ 9 (al¢] +¢") —g’(ﬁ[ét] — "] [ de

g g'(afd] + ")y dx)*  (J,9'(B cbt)?/) dx)?
Jo 9/ (al¢'] + ') da Jo 9/ (Bl0"] — ¢') da
> [ (Vo ds
Q
by the Cauchy-Schwarz inequality. O

To prove the boundedness from below of Jy, it is actually simpler to
consider the functional

Ex(n,p)= | H(n)dx+ | H(p) alz+i VVIn—p—C]|? dx
0 0 2\ Jao

with H' = h and g related according to A4. Note that A2 and A3 are conse-
quences of the assumptions of Proposition 6. This functional has (according
to Theorem 3) a unique minimizer (ny,p,) in C such that

b, = >\_1V)\
)\A(I))\:TLA—])A—C
with ny = g(a[®,\] + D)) and py = g(B[PA] — P») ,

which is a critical point of Jy, so (by convexity) Jy is bounded from below
by J)\[(I)A].

Note also that the constraints (29) and (30) can be rewritten as

Oz[(I))\] + (I))\ = h(m\)
BI®A] — ®x = h(pa)

where we make use of ny,py > 0 on €2 due to g > 0 on R. This is why
Oé[q))\ N: fQ h n)\ — <I>,\)n,\ dx
/6[(13)\ P fQ h —|- (I))\)p)\ dx
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and therefore

T[®y] = —% /Q By ADy dr + /Q G(a[y]+P)da + /Q G(B[Dy] - By )da
—/an d — N a[®y] — P 3[®y]
Q
= —% /Q(n,\ —py— C)D,y, da?+/Q(G0h(nA) —nyh(ny)) dx

/(GOh(PA) pah(py)) dx +/ Pr(ny —pr— C) dx

/Hm dm—/Hp,\ dm——/|VVAn,\—p/\— Cl]? dx
= —E\[ny, pa

using the fact that £ [th(t) — Goh(t)] = h(t), and H(t) = th(t) — Goh(t) (up
to a constant Whlch is chosen here equal to 0).

Appendix B: Unbounded domains

In this section we shall investigate (19)-(24) on unbounded domains. In this
case the analysis has to overcome several additional difficulties and further
assumptions are needed.

We put
C2(Q)=1{o | Q: ¢ e CF(RY},

and we assume

V.1 There is a linear operator V : L} (Q) D dom(V) — L} (), such that

for all f € dom(V'), the function V|f] is a weak solution of

—AV|[f] = f, + homogeneous Neumann boundary conditions,
(32)

i.e.

—/V[f]Aqb dx:/fgbda:, Vo € C(Q).
Q Q
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V.2 The set domy (V) := {f € dom(V) : VV[f] € L*(Q : R%)} contains

r={pe @) nip) cc WA ( [ pae=o)},

and for all f € domy(V),

/vim-vx/[p] dx:/QV[f]pdx, VpeT.

V.3 If (f.)nen is a sequence in domy (V') with
fo— f, weakly in L}(Q) as n — oo,

and if (VV/[f,]),.cy is bounded in L?(Q : R?), then f € dom(V') and

lim [ V|f.]¢de= / VIflo dx, Vo€ C>X(Q).
N J0 Q

Remark 3. a) It is easy to see that V.1, V.2, V.3 hold for bounded domains
Q where dom(V') is the set of all f € L'(Q) with [, f dz = 0 for which a
function Z € HY(Q) exists such that [, Z dx = 0 and [VZ -V¢ dx =
Jo fo dx for all ¢ € HY(Q), compare the definition of “V[f]” in the previous
sections.

b) Assumptions V.1-V.3 apply in particular to Q = R, d € N, and to
respective half-space problems, see the discussion below.

c) The verification of V.1-V.3 of the examples of b) rely on the knowledge
of a Green’s function. Whenever such a function is available, then one may
proceed similiar as in b) to investigate the validity of V.1, V.2, V.3.

d) We note that (as e.g. in case of Q@ = RY, d > 3) the domain dom(V)
of the operator V|.] may consist of functions which do not satisfy the global
electroneutrality condition [, f dx = 0.

Example 1 O =R. We set dom(V) = L'(R) and introduce for x € R and
for f € dom(V),

/OxE(f)(s)ds , >0

B(f)(x) = — / f(s)ds, V(z) = . .
> —/ E(f)(s)ds , <0
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It is easy to see: E : dom(V) — L*(R) is non-expansive, i.e. Lipschitz-
continuous with Lipschitz constant 1.
Furthermore, V' = E(f) and V" = —f in the sense of distributions (see, e.g.,
[Rud)).
Hence V : dom(V) — C'(R) satisfies V.1.
If p € L*(R) has compact support and satisfies [, p doz = 0, then E(p) has
compact support, too. Since F(p) € L>(R) we deduce V'[p] = E(p) € L*(R),
thus T = {p € L=(R) : (supp(p) CC R) A (fp p dz =0)} C domy (V).

Now let f € domy(V') and let p € T. We take a sequence (fy,)nen in C°(R)
with f, — f strongly in L'(Q2) as n — oo (see, e.g. [Ada]) and [, f, dz =0
for all n € N. Then V[f,] € C°(R) for all n € N and therefore

[ virdde== [ vViv'ig) nen

Since V[p| and V"[f,] are continuously differentiable and since V[p] is com-
pactly supported, we calculate by means of an integration by parts,

—AWMWMzLVWWszéE%W@ManeN

Since E(p) € L*(R) is compactly supported and since E(f,) — E(f)
strongly in L*(R), we deduce [, E(f,)E(p) dz — [; E(f)E(p) dz as n —
00. On the other hand it is easy to see that E(f,,) — E(f) strongly in L>(R)
implies V[f,] — V[f] in L. (R) as n — oco. This settles [, pV[f,] dz —

Je PV [f] dz as n — oo and therefore

Awmwmm

= /RE(f)E(p) de = lim | E(f,)E(p) de = lim | V|f.]p dx

SAE

It remains to verify V.3. If f, — f weakly in L'(R), then (f,)nen is
bounded in L'(R). Hence (V'[fu])nen = (E(fn))nen is bounded in L=(R).
Furthermore, since the indicator function of (—oo,x) is in L*°(R) for each
x € R, we deduce E(f,)(x) — E(f)(xr) asn — oo for all x € R. As a
consequence, V|f,](z) — V|[f](x) for all z € R. Due to uniform boundedness
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of (E(fy))nen in L®(R) we also have: V[f,] — V[f] in L .(R) as n — oo.

Hence V[f,] — V|[f] in the sense of distributions as well. O

Example 2 Q = R% We set dom(V) := L'(R?). The Green’s function of
the Laplace operator is

1
K(z) = —%log|x|, r€R? 2z #0.

Since K(x) € L}, (R?) we have for each f € L'(R?),

loc
Kxfi= | K(=y)fy)dy € Lj,(R*).
R
For f € LY(R?) we set
VI[f] := —K * f.
V'[.] certainly satisfies V.1.
We observe for ¢ = 1, 2,

21 |z| |z|’

OVIfl=—(0:K)*f, O;K(x)=

in the sense of distributions.
In the sequel we shall use several estimates on V'[f] and on VV[f]. These
results can be found in [ArNi],

Proposition 7. (Follows from Lemma 3.3c) in [ArNi]) There is a positive
real number Kg such that: If

f e LYR*) N L*R?), and fdx =0, and / |z| | f(x)| dz < oo,
R2

RZ

then VV[f] € L*(R? : R?) and

VIl < Ks (Il + [ Jal £ do)

Proposition 8. (Follows from Lemma 3.1 in [ArNi|) There is a positive
real number Ky such that: If

f e LYR?), and fdx =0,

RQ
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then for all x € R?,

Vi) < Ky </R2<1 Ly ([ 0+ dy)> .

Proposition 9. (Follows from Lemma 3.1 in [ArNi|) There is a positive
real number Ky such that: If

feL'(RY), and /fda::O,
]R2

then V[f] € L°(R?) with

IVIANlzse) < Koo ( / (D 1)) dy + ( / A+ D? W) dy)3> .

Now we shall verify V.2. If p € L*(R?) is compactly supported with
fR2 p dr = 0, then p fullfills the requirements of Proposition 7. Hence
VV(p] € L*(R? : R?) and therefore p € domy(V).

Let f € domy(V'). Then the function (z,y) — K(x —y)f(y)p(x) belongs
to L'(R? x R?). Hence due to the Fubini-Tonelli Theorem,

/Rz Vilpde == / 2 ( | K@ =y) f) dy) plw) da
o /R2><R2 Klo=y) 1) plw) dlz,y) = ‘/ ( =) o) d:)s) fly) dy

:—/R2< . K(y —x) p(x)Rdx) f(y) dy:/R2V[/)]f dx,

where we made use of K(—z) = K(x). Thus, in order to verify V.2, it
remains to prove

VVIf]- YV di = / VIl do.

R2 R2

We take a sequence (pp)nen in C2°(R?) with lim, oo [|p — pnllr2®2) = 0, see
[Ada]. We can assume: There is R € (0, 00) such that supp(p) C {|y| < R}
and supp(p,) C {|ly| < R} for all n € N. We deduce from Proposition 7:

VVip,] — VV]p] strongly in L?*(R?: R?) as n — oo. (33)
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Furthermore, since K € L} .(R?) and since p, € C°(R?), we have V|p,] €
C>(R?) for all n € N, see e.g. [Ada].
Let us take © € C*°(R) with © =1 on (—o00,0] and © = 0 on [1, 00). For

k € N we introduce

@k2R2—>R, @k(l’):@(%—l)

Then O € C°(R?) for all k € N, hence 0,V |[p,] € C°(R?) for all n, k € N.
We calculate for all n, k € N,

[ Vi) do = [ Vi A©) de= [ TVIVOE) i
= [V Ve Vil e+ [ (FVIFI-TVin) €y do.

where made use of V[p,| € L>(R?) (which follows from Proposition 8) and
VVipn] € L*(R? : R?) for all n € N.

We consider the limit n — oo now.

Due to Proposition 8 the sequence (V[p,])nen is bounded in L*(R?). By
Proposition 9 the sequence (V[p,])nen converges strongly in L5(R?), to V[p]
as n — oo. Hence for all k € N,

lim [ f(©4VIp) do = lim f (©VIpn)) dz

o0 JR? 00 J{k<|x|<2k}

- /{ vy OV 2= [ (@) dr

Similiar argumentations (in particular exploiting the fact that each integra-
tion is in fact an integration over a fixed (i.e. independent of n € N) bounded
domain) yield for all k£ € N,

i [ (VY1) V6u) Vip] dz = [ (VY1) V) Vig] do

n—oo R2 R2

i [ (V1) Vo) O do = [ (VVIf]-TV(p) €4 do

n—oo R2 RQ
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Hence for all k € N,
LG viheds= [ (9Vif-0u) Vislde+ [ (FVIfI-TVIA) 0, d
(34)

Now we consider the limit kK — oo. Since f Vp], (VV[f]- VV]pn]) € L' (R?)
and since limy_.o, O (z) = 1 for all x € R? with 0 < ©, < 1 for all k € N,

we have

tim [ (F Vi) Ocdr= | fVipldr (35)
fim [ (VI OV) Ode= [ VI VVldn (30

Furthermore, for all £ € N and for all z € R,

SUPse[0,1) 1©'(s)| K
VO < =: .
| K@)l = k k

Now we have for all k € N,

B ‘/{k TV V80 Vip)da

[LoVIf1-0u) Vid da

< / VI VO V]| do
{k<|z|<2k}

2

< S Wl V3T ([ ovisRa)
(k

<|z|<2k}

<A Wil ([ 19VIAR )" )
Due to |[VV[f]| € L*(R*: R?),

lim IVV[f]|? dx = 0.

k=00 J k< |a|<2k}

We deduce from (37),

lim [ (VV[f]-VOy) V]| dz = 0. (38)

k—oo R2
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Employing (35), (36), (38) we deduce from (34) by passing to the limit & —
00,

FVlp e = [ WV Vi do
R? R?

Finally, let us verify V.3. Let ¢ € L®(R?) be compactly supported, let’s
say supp(¢) C {|y| < R} for some positive R. Then it is easy to deduce for

all z € R?,

Kl - 9)é(y) dy\ < 6l /{ K(y)] dy < Kn |6]le),

R? ly|<R}

where Kp is a positive number only depending on R. As a consequence,
K x¢ € L*(R?). Now let (f,)nen be a sequence in L'(R?) with f, — f
weakly in L' (R?) as n — oo. Then for all ¢ € L>(R?) with compact support,

lim | fu.(y) (K*o)(y) dy = g f(y) (K x¢)(y) dy,

n—00 Jp2

while on the other hand for all n € N by the Fubini-Tonelli Theorem,
[vtniods = [ ([ K@= ) dy) olo) ao
RQ R2 R2
[ ([ = ot as) sy == [ 1) (01 a

and
[visiode== [ ) (5 +)0) dy

as well. O

Example 3 Q = R? d > 3. We set dom(V) := L'(R?). The Green’s function
of the Laplace operator is
1

Rd
od =2 a2 xre€RY x#£0,

K(x) =

where wy is the (d — 1)-dimensional surface measure of the unit sphere in R?,
Since K € L*(RY) + L*(R?) we have for each f € L*(RY),

Kxf= [ K(-y)fly) dye L"(R)+ L*R).

Rd
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For f € L*(R?) we set
VI[f] == —K * f.

V'[.] certainly satisfies V.1.
We observe for all i =1, ... ,d,
VLT =~k « f, DK() = —— g
7 - (3 9 (3 xr) = C&Jd|l’|d_1 |x|a

in the sense of distributions. Furthermore, for each 7 =1, ... ,d, the function
9;K belongs to L*(RY) + L>(R%).

Now let p € L>°(R?) be compactly supported'. We take R € (0, 00) with
supp(p) C {|y| < R}. Then p € LP(R?) for all p € [1,00] and we calculate
foralli=1,...,d, for all 2 € R? and for all ¢ € (1, 74), p= 4

—a%i —Yi 1 -
o= o) dy) < — [ sl o) dy
R [z =y Wd JRrd

0V lo(a)| = -

1 1-d 1 q(1—-d) Va
= — lz =yl p(y)| dy < — |z —y| dy | llpllcem@ay
Wd Jy|<R Wd \Jy|<R
1/q R 1/q
< Mol (/ (a0 dy) _ _”p”Ll*;GRd) (/ Sd-1)1-0) ds)
Wd ly|I<R Wy P 0

R1-d+(d/q)

= p P(RY 39
T e @)

and the estimate |0;V'[p](x)| < R ||p|| o (ra) follows in analogy.
On the other hand, we have for all z € R? with |z| > 2R,

1 - 1/q
\@vmuﬂs——</<Ru—yMI@@) 1ol o
(RS

Wd

(|z] = R)" / Y/ Rila o
< 1d ey = — (|z|—R o
< Wy <R Y 1o/l e (me) dl/a w;/p (lz[=R)"= | pll 1o rey
(40)

and the estimate |0;V[p](z)| < %d (Jz| = R || pll oo ey, || > R, follows in
analogy.

! [za p dz = 0 is not required here.
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We set for p € (d, 00),

~ 1 1—% 1-4 (d-4
wdl/p max{(p ) R aR 1 9 pE(d,oo)

K(d,p,R) :=

Furthermore, we put

1 , < R+1
ugr(x) =

(Ja| = R)™ , |a| > R+1
Then we deduce from (39), (40):
10V [pl| < K(d,p,R) ||p|lrr®ay var, p € (d,o0]. (41)

Since uqr € L"(R?) for all r € (d/(d — 1), 00, we deduce from (41):

Vp € (d,00],Vr € (d/(d—1),00] :
There is a constant Ky(d,r, p, R) € (0, 00) such that

IVVIolll orgaray < Ky ||pllLomay.  (42)

In particular: VV|[p] € L*(R? : R?). Hence p € domy(V).

Remark 4. In a similiar way one can prove the estimate

\Vipll < Ki(d,p, R) ||pll Lo (ra) Va,r, (43)
where
p € (d/2,00], pe L*R?), supp(p) C {ly| < R},
and
1 p—1)"% R¥% RYS
d—2)w/” max{( 2 )dl—l i P (3)
Kildp, )= {72 =0 '
1 R* R’ B
d—2" 2 d P PEeo



@ 1 , < R+1
Ud,R ) .= .
(|Jz| - R)*¢ | |z|>R+1

Then one can proceed as above to derive from (43) that V[p] € L"(R?) for all
r € (5%, 00] and furthermore

Vp € (d/2,00],Vr € (d/(d —2),00] :
There is a constant K5(d,r,p, R) € (0,00) such that

Vol ey < K5 [[ollo@ey.  (44)

The estimates (41), (42), (43), (44) allow to proceed similiar as for d = 2.

Let f € domy(V) and let p € L®(R%) be compactly supported. Then the
function (z,y) — K(z —y) f(y) p(x) belongs to L'(R? x RY). We proceed
as for d = 2 with the aid of the Fubini-Tonelli Theorem to conclude

[ Viiods= [ viglt as

and it remains to prove

[ wvin-wVisde= [ Vi da

Rd

We take a sequence (pp)pen in C2°(R?) with limy, .o [|p — pal| r20®e) = 0, see
[Ada]. We can assume: There is R € (0, 00) such that supp(p) C {|y| < R}
and supp(p,) C {|y| < R} for all n € N. We deduce from (41):

VVipa] = VV]p] strongly in L*(R? : RY) as n — oo. (45)

Furthermore, since K € L}, .(R%) and since p, € C>®(R%), we have V|p,] €
C>®(RY) for all n € N, see e.g. [Ada).
Let us take © € C*°(R) with © =1 on (—o00,0] and © = 0 on [1, 00). For

k € N we introduce?

Or:RY =R, O(x) =0(|z| — k).

2The function Oy is different from the corresponding function for d = 2.
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Then ©), € C*(R?) for all k € N, hence O,V |[p,] € C=(R?) for all n, k € N.
We calculate for all n, k € N,

L@l == [ vira©wip) = [ vvinvesi) i
= [ (VI Ve Vinlde+ [ (VVIAL-VVip) O de

where made use of V|[p,] € L>°(R?) and VV[p,] € L*(R? : R?) for all n € N,
We consider the limit n — oo now.
Due to (44) the sequence (V[p,])nen is bounded in L°°(R¢) and converges

strongly in L™(RY), r € (3%, 00) to V[p] as n — oo. Hence for all k € N,

lim [ f(©:VIp]) do = lim f (V) da

"TeC JRd 00 J{k<|a|<k+1}

- /{ ory ] OV dr= | F(OVTp]) do

Similiar argumentations (in particular exploiting the fact that each integra-
tion is in fact an integration over a fixed (i.e. independent of n € N) bounded
domain) yield for all k£ € N,

i [ (VVIf)- YO0 Vip.) do = [ (VV[f]-Y60) Vip]

n—oo Rd Rd

i [ (V) Vi) O de = [ (TVIf-TVIp) 4 do

n—oo Rd Rd

Hence for all k£ € N,
/Rd(f Vipl) O doz = /Rd(VV[f] -VOy) Vip| de + /Rd(VV[f] -VV|p|) O dx.
(46)

Now we consider the limit k — oo. Since f Vp], (VV[f]- VV]p,]) € L' (R?)
and since limy_.o, O (z) = 1 for all x € R? with 0 < ©, < 1 for all k € N,
we have

lim [ (7 Vip) Oudr= [ FVipldr (47)

k—oo R4
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lim [ (VV[f]-VV[g]) Ondz= | VV[f]-VV[g]de.  (48)

k—oo JRrd Rd
Furthermore, for all £k € N and for all z € R,

[VOR(z)| < sup |©'(s)] =: K».

s€[0,1]

Now we have for all £k € N,

/R (VL] V6 Vip] da

- ‘/{k< \<k+1}(vv[f] -VOy) Vip] dx

< / VI IV V]| de
{k<|z|<k+1}

K5 VVIAI? d : Violl? d 5.
< ( /{}| fil ) ( /{k<|x|<k+1}' Al ) (49)

If we take R € (0,00) with supp(p) C {|y| < R}, then we have due to (43)
for all kK € N with £ > max{2R, R + 1},

/ VIpIP de < Ki(d, 00, R) ||o]c / (e — R)** da
{h<le|<k+1}

{k<|z|<k+1}

k+1
= wq K1(d,00, R) ||pllos / (s — R)* 245971 g
k
k+1
< 221 4, Ky (d, o0, R) o]l / 1 ds
k

< 2% wy Ki(d, 00, R) [|plloss  (50)

while on the other hand due to |VV[f]| € L*(R%),
lim IVVIf]]? dz = 0.
k=00 J {k<|e|<k+1}

We deduce from (49) and from (50),

lim [ (VV[f] V) V| dz = 0. (51)

k—oo R4
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Employing (47), (48), (51) we deduce from (46) by passing to the limit k£ —
00,
fViplde= [ VV[f]-VV]p] du.
R R
The verification of V.3 can be performed in analogy to d = 2. O

Example 4 Q) = {r € R? : 2; > 0}, d € N. In this case we consider for
f € LY(Q) the Poisson equation

AV = f*, inRY, (52)
where for (x1,...,24) € RY,
flxy, ... zq) , 1 >0
[ (w1, smg) =< fl=z1,29,...,2q) , 11 <0 .
0 , else

Then we set V[f] := Va[f*] | Q, where Via[.] is the solution operator of (52)
as discussed in the previous examples. The verification of V.1, V.2, V.3 is
straight-forward. O

For A > 0, the equation

MO =n—-—p-C
with n = g(a[®] + ®) and p = ¢(8[P] — ®) has no solution with n and p
in L'(Q) if g > 0 on R (i.e. if h = —o0). In that case it is essential to

introduce a confinement by an external potential W, see [BDM99], i.e. one
has to replace (19) - (24) by

AP = n[®] —p[®] — C(x), =z €, (53)
n[® = g(a[®]+ W + ®), (54)
pl®] = g(B[P]+ W — D), (55)
/Qn[(I)] dex = /Qg(a[(b] +®—-W)der = N, (56)
/p[cp] de — /Qg(ﬂ[q)] - W)dr = P (57)

with W — oo as |z| — oo.
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Remark 5. One may ask about the physical interpretation of W, in partic-
ular whether W can be viewed as electrostatic potential. The problem with
two species of particles with opposite sign charges is that an external elec-
trostatic potential cannot be confining for both species, except if W = |z|?
(by rescaling), but it is then not possible to have a charge density C unless
it is concentrated at the origin, see [BDM99]. The physical problem is then
the question of the free expansion of two species of particles with opposite
charges but same total charge, which has already been studied (for the whole
space case) in [BDM99]. We shall therefore keep in mind that if one only
wishes to consider electrostatic models of W, then for h = —oo, the only

realistic cases correspond to W = |x|* when  is a cone and C = 0, or either
N =0 or P=0 and W confining.

We proceed as in the previous sections to analyze (19)-(22), (56), (57) by
means of the functional F), formally defined as

1
E)\(nap) = Ea(nap) + X Eel(”aP)v

E(n, p) ::/QH(n) dx+/QH(p) dx—l—/ﬂ(n—i—p)W iz,

B (n, p) ;:%/ﬂwvm—p—cnwx, (58)

where (n,p) € C, i.e. n,p € LY () with ||n||,1q) = N and ||p|lp1) = P. As
in the previous sections we set the electrostatic energy E(n,p) equal to oo
whenever n—p—C' ¢ domy (V). The confining potential W of (58) is assumed
to be bounded below. Hence the last integral of E%(n,p) has a well-defined
value in R U {oco}. A bit more delicate is the integrability of H(n), H(p).
In contrast to the situation for bounded domains, the convexity of H is not
sufficient to assign to each of the first two integrals of E%(n,p) a value in
R U {oo}. In fact, we have to impose an additional assumption included in
the following

Proposition 10. Let Q C R, d € N, be a nonvoid domain. Let N, P > 0
and let W € L}, .(Q) be bounded below. Furthermore, assume A.2 - A.5,
V.1-V.3 and

A.6 There are v € R with ny = g(u— W), pp = glv — W) € L(Q),

/nNd:E:N, /ppda::P,
Q Q
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and H™ (ny), H (pp) € L'(R).
Then E\ is bounded below on C.

Proof. We exploit the convexity of H. We have for each n € L% (Q) with
Jondr=N,

(Hn)+nW)— (H(ny) +nyW))=H(n) — Hny) + W (n — ny)
> H'(ny) (n—ny)+ W (n—ny)
= (h(nn) + W) (n —ny) = p(n —ny),

because h(ny) =
TLN) = h(nN) Z

[ o) -

z/ﬂ,u(n—nN)d

h(g(pu — )) = ,u W whenever ny > 0 and h(ny) (n —
—W)n=(u—W)(n—ny) whenever ny = 0. Hence,

( nN +HNW) dx
= u

(/nd:z—/n]vdx> =upu(M—M)=0,
Q Q
and the inequality

/Q (H(P) i pW) d — /Q (H(pp) + pPW) iz >0

with p € L} (Q) with [, p dz = P follows analogously. Due to the assumup-
tion H™(ny), H (pp) € L'(Q) and due to the assumed boundedness of W
from below we deduce that [,(H(ny) + nyW) dz, [(H(pp) + ppW) dax
have values in R U {oo}. O

Remark 6. a) Since g is strictly increasing there is at most one pair (j, v) €
R? satisfying A.6.

b) If N =0 and if g > 0 on R (i.e. if and only if h = —oc), then there is
no p € R with [, g(p — W) de = N = 0. Hence, if one wishes to consider
the case N = 0 with h = —oo, then one has to modify the functional E)
by cancelling (or setting to zero, respectively) all terms which involve n. We
leave the details of the corresponding analysis to the reader.

¢) Proposition 10 does not exclude E) = oo on C.

Now let us turn our attention to the existence of minimizers of F\ in C.
As an example, we state the following result in case of h = +oo for which a
purely variational argument provides an immediate answer.
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Theorem 11. Let Q CR?, d € N, be a nonvoid domain. Let N, P > 0 and
let W e L (Q). Furthermore, assume A.2 - A.6, V.1 - V.3 and

loc

1. C e LY9).

2. W is bounded below. iminf,cq |z)—o W () = o0.
3. h=oo0.

4. B*+ Ey # o0 on C.

5

. E%(ny,pp) < oo (that is, H(ny) + H(pp) + (ny +pp)W € L'(Q)),
where ny,pp are as in A.6.

Then E\ has a unique minimizer (ng,po) in C and the triple ($g, ng, po) =
(—=A"Vh, no, po) with Vo = Vng — po — C] is a solution (the unique “equilib-
rium solution”) of (53)-(57).

Remark 7. a) Assumption 4. Ex % oo on C implies in case of Q = R!,
Q = R? or in case of Q@ C R?, d € N, with meas(Q) < oo global charge
neutrality N — P = fQ C which is not the case for Q =R, d > 3

b) By straight-forward modifications one can also include N = 0,P > 0 or
N>0,P=0.

Proof. E) is bounded below by Proposition 10. Furthermore, E\ % oo on C.
Hence infe Ey, > —oco. We apply a standard minimization argument. Since
E)\ is strictly convex, E)\ has at most one minimizer. This minizer is shown
to exist by taking the limit of a minimizing sequence (ny, px)ren. The limit
(no, po) of this sequence belongs to C because of the weak-L! compactness
of any minimizing sequence according to the Dunford-Pettis criterion: there
is no concentration because H is superlinear at co (h = co) and no vanish-
ing (because of the growth of W at oo) in the language of concentration-
compactness theory.

As shown in the proof of Proposition 10, we have H (n)+H (p)+(n+p)W >
H(ny)+H(pp)+(ny+pp)W € L'(Q) for all (n, p) € C. Hence the functional
E$ is lower semicontinuous with respect to weak convergence in L'(§2) and
we have

/QH(nO) d:c—l—/QH(po) d:c—l—/QW(no + po) dx

< lim inf/QH(nk) dx + /Q H(py) dx + /Q W (ny + px) dz. (59)

k—o00
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Furthermore, since (VVi)ren, Vi = V[ng — pr — CJ, is bounded in L*(Q :
R?), we have - maybe after extracting a subsequence but without changing
notations - for allt =1, ... ,d,

O;Vi — Z;, weakly in L*(Q) as k — oo,

hence
/(Zl2 +.. 4+ 22 dx < hmmf/ IV Vi|? da. (60)
0

Since C' € L'(Q2) we have ny — pr — C — ng — po — C weakly in L'(Q) as
k — oco. We deduce from V.3, V), — Vi = V[ng — pp — C] in the sense of
distributions. Hence Z; = 0;Vp, ¢ = 1,...,d and we deduce E\(ng,po) <
liminfg o Ex(ng, pr) = infe Ey from (59) and (60).

Now we shall derive the associated variational inequalities. With the aid
of V.2 we deduce from standard arguments,

h(ng) + W + X" "Vo=a on {ng>0}, hip)+W —-X""Vy=p5 on {p, >0},

for some «, § € R. In case of h > —oo the function H is differentiable on each
compact subset of [0,00) and in this case we obtain by standard arguments

h4+W+ A Vo>a on{ng=0}, A+W X1, >3 on {p =0}

and we conclude ng = g (a« — W — A7), po =g (8 — W + A711}),

i.e. (—A\7'Vj, no, po) is a solution of (53)-(57). It remains to consider the case
h = —oo. It sufficies to prove: ng > 0 and py > 0 almost everywhere on
Q. This is shown in an indirect way. If ng = 0 on a subset €y of {2 with
meas({)y) > 0, then there is a compact subset Ky of 2 with meas(Ky) > 0
as well and one can take a test function ¢ € L*°(Q2) which is compactly
supported in Q, ran(¢) = {cy, —c1} (Where cg, c; are positive real numbers),
é(x) = ¢y if and only if z € Ko, ¢~ (—c;) C {e < ng < e} (where e € (0,1)
is apropriately chosen), and [, ¢ dz = 0. We observe: (ng+0d¢,py) € C for all
sufficiently small 0. Since (ng, po) minimizes F) in C one has for all sufficiently
small § € (0, 00),

Ex(no + 0,po) — Ex(ng, po) > 0,

while it is not difficult to deduce from h = —oo via V.2 that lims_q(E)(no +
d,p0) — Ex(ng,po))/d = —oo. Hence ng > 0 almost everywhere on €. py > 0
almost everywhere on () follows in analogy. O
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Remark 8. a) Propositon 11 highlights the role of the confining potential W
which ensures weak compactness of minimizing sequences of E.

b) One may ask whether each solution ($o,ng,po) of (19)-(22), (56), (57)
is actually a minimizer of Ey in C. The discussion of this (very natural)
question, however, requires rather technical additional assumptions (and is
therefore omitted here): In contrast to the situation for bounded domains
there is no a priori estimate which ensures Ey(ng, pg) < 00.

The introduction of the confining potential W is inevitable whenever h =
—o00. Let us turn our attention to a discussion of (19)-(24) (i.e. the model
equations without W) in the case h > —oo now.

In this situation it is possible to build solutions with compact support as
follows (we recall: without any external confinement potential !).

Take a ® € C?(02) with compact support in © and consider ny = g(a+ ®)
and py = g(f — ®) for « and [ such that h — «a > 0 >  — h. The density
ny (respectively p,) is supported in the set corresponding to & > h — «
(respectively ® < 3 — h). We may then define

C = =MD+ gla+ D) —g(B— D) ,

and compute N and P corresponding to «, # and ®. Then the triple
(®,ny, pa) is certainly a solution of (19)-(24). In particular, we observe that
global neutrality holds due to the fact that ® has a compact support. N # 0
(respectively P # 0) holds if and only if esssupo® > h — a (respectively
essinfo® < 3 — h).

We note that this construction actually does not depend on whether 2
is bounded or not, but only on the condition supp(®) CC . The condition
that ® has a compact support can be replaced by the condition that ® is equal
to a constant ®,, outside a compact subset of €2, with h —a > &, > 3 — h.
In unbounded domains, it is actually sufficient to assume that ® = &, in a
neighborhood of 992 and

f—h< liminf &(x) < limsup ®(z) <h—a.

|z|—00, zEQ |z|—00, zEQ

If there exists a solution ® with ® — &, compactly supported in €2 for a
constant @, € (6 — h, h — «), then the global neutrality condition

N—P—/C’dx:O (61)
Q
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holds, but this is not necessarily the case if 2 is unbounded. Consider for
instance a radial potential ® which is asymptotically periodic, oscillating
between two values in (8 — h,h — «), with C = —A® for |z| large enough
(case h > —o0): C is clearly not in L*(Q).

The global electroneutrality does not either hold in the presence of an
external potential W. We can for instance (see [Dol91]) consider in Q = R?
(d > 3) the equation

e<I>—W(:c) €—<I>—W(:c)

AD=N— P
fQ e2=W () dr fQ e—2-W(z) dy

with limp 0o ®(x) = 0, W(z) = §|z>, C = 0. If N # P, the global
electroneutrality condition (61) is not satisfied. This example is easy to gen-
eralize to any potential W such that liminf),_ o |2 2W(z) = +oo and
e e LYR?) and C € LY(R?) (with compact support for example). More
striking is the fact that we can state an existence result without global elec-
tronuetrality even in the case without confining potential (/W = 0) provided
d >3 (and h > —o0).

ACKNOWLEDGEMENT

This research was partially supported by the grant ERBFMRXCT970157
(TMR-Network) from the EU.

References

[Ada] R.A. Adams, Sobolev Spaces, Academic Press, 1975.

[AMT98] A. Arnold, P.A. Markowich, G. Toscani, On large time asymp-
totics for drift-diffusion Poisson systems, Preprint ESI no. 655 (1999),
Preprint TMR “Asymptotic Methods in Kinetic Theory” no. 12 (1998),
submitted to Transp. Theo. Stat. Phys.

[AMTU98] A. Arnold, P.A. Markowich, G. Toscani, A. Unterreiter, On loga-
rithmic Sobolev inequalities, Csiszar-Kullback inequalities, and the rate
of convergence to equilibrium for Fokker-Planck type equations, Preprint
TMR “Asymptotic Methods in Kinetic Theory” no. 1 (1998).

48



[ArNi] A. Arnold, F. Nier, The Two-Dimensional Wigner-Poisson Problem
for an Electron Gas in the Charge Neutral Case, Math Meth Appl Sci
14 (1991), 595-613.

[BiD099] P. Biler, J. Dolbeault, Long time behavior of solutions to Nernst-
Planck and Debye-Hiickel drift-diffusion systems, to appear in Annales
Henri Poincaré, Preprint Ceremade no. 9915.

[BDM99] P. Biler, J. Dolbeault, P.A. Markowich, Large time asymptotics of
nonlinear drift-diffusion systems with Poisson coupling, Preprint Cere-
made no. 9932.

[CDMS99] L. Caffarelli, J. Dolbeault, P.A. Markowich, C. Schmeiser, On
Maxwellian Equilibria of Insulated Semiconductors, Preprint Ceremade
no. 9939, to appear in Interfaces and Free Boundaries.

[Caf00] L. Caffarelli, The obstacle problem, manuscript, 2000.

[CJMTUO00] J.A. Carrillo, A. Jiingel, P.A. Markowich, G. Toscani, A. Unter-
reiter, Entropy dissipation methods for degenerate parabolic problems
and generalized Sobolev inequalities, Preprint TMR “Asymptotic Meth-
ods in Kinetic Theory” no. 119 (2000).

[Dol91] J. Dolbeault, Stationary states in plasma physics: Maxwellian solu-
tions of the Vlasov-Poisson system, Math Models Methods Appl Sci 1
(1991), 183-208.

[Gaj85] H. Gajewski, On existence, uniqueness and asymptotic behavior of
solutions of the basic equations for carrier transport in semiconductors,
ZAMM 65 (1085), pp 101-108.

[GaGr89] H. Gajewski, K. Groger, Semiconductor Equations for variable
Mobilities Based on Boltzmann Statistics or FERMI-DIRAC Statistics,
Math Nachr 140 (1989), pp 7-36.

[Gas| 1. Gasser. On the Relations between Different Macroscopic Models for
Semiconductors. Habilitationsschrift Universitat Hamburg, 2000.

[GLMS99] I. Gasser, D. Levermore, P.A. Markowich, C. Schmeiser, The ini-
tial time layer problem and the quasineutral limit in the semiconductor
drift-diffusion model, manuscript 1999.

49



[Groe86] K. Groger, On the basis equations for carrier transport in semicon-
ductors, J Math Anal Appl 113 (1986), pp 12-35.

[IMRS90] P.A. Markowich, C. Ringhofer, C. Schmeiser, Semiconductor Equa-
tions, Springer, 1990.

[Ott00] F. Otto, The geometry of dissipative evolution equations: the porous
medium equation. to appear in Comm PDE.

[Rud] W. Rudin, Real and Complex Analysis, McGraw-Hill, 1987.

[Unt97] A. Unterreiter, The thermal equilibrium solution of a generic bipolar
quantum hydrodynamic model, Comm Math Phys 188 (1997), pp 69—
88.

[Zie89] W.P. Ziemer, Weakly differentiable functions, Springer, 1989.

50



