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On Singular Perturbation Problems with
Robin Boundary Condition

HENRI BERESTYCKI — JUNCHENG WEI

Abstract. We consider the following singularly perturbed elliptic problem
ezAu—u—i—f(u):O, u>0in Q,

0
e—u + Au =0o0noL,
v

where f satisfies some growth conditions, 0 < A < 400, and Q2 C RN (N>1
is a smooth and bounded domain. The cases A = 0 (Neumann problem) and
A = +o0 (Dirichlet problem) have been studied by many authors in recent years.
We show that, there exists a generic constant A, > 1 such that, as € — 0, the
least energy solution has a spike near the boundary if A < A, and has an interior
spike near the innermost part of the domain if A > A,. Central to our study is the
corresponding problem on the half space.

Mathematics Subject Classification (2000): 35B35 (primary), 35J40, 92C40
(secondary).

1. — Introduction

In the recent years, many works have been devoted to the study of the
following singularly perturbed problems:

(1.1) EAu—u+ fw)=0,u>0in Q,
with either Neumann boundary condition

ou
(1.2) — =0 on 09,
av

or Dirichlet boundary condition

(1.3) u =0 on 022.

Pervenuto alla Redazione il 3 aprile 2002 ed in forma definitiva il 30 gennaio 2003.
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Here © c RY is a smooth and bounded domain, v denotes the outward normal,
and f satisfies some structure conditions. A typical f is f(u) =uP,1 < p <
N2 if N >3, and 1 < p <ooif N=1,2.

In [26], [27], Ni and Takagi showed that, under some conditions on f (u),
as € — 0, the least energy solution for (1.1) with Neumann boundary condition
(1.2) has a unique maximum point, say P., on 92. Moreover, H(P;) —
maxpeyo H(P), where H(P) is the mean curvature function on 02. On the
other hand, Ni and Wei in [30] showed that, as € — 0, the least energy solution
for (1.1) with Dirichlet boundary condition (1.3) has a unique maximum point,
say Q., in 2. Furthermore, d(Q., 02) — maxpeq d(Q, 0€2), where d(Q, 9€2)
is the distance function from Q to 0%2.

Since then, many papers further investigated the higher energy solutions for
(1.1) with either (1.2) or (1.3). These solutions are called spike layer solutions.
A general principle is that the interior spike layer solutions are generated by
distance functions. We refer the reader to the articles [1], [6], [8], [9], [10],
[13], [14], [17], [20], [29], [31], [33], [34] and the references therein. On the
other hand, the boundary peaked solutions are related to the boundary mean
curvature function. This aspect is discussed in the papers [2], [5], [15], [19],
[32], [35], [36], and the references therein. A good review of the subject is to
be found in [25].

It is a natural question to ask what happens if we replace (1.2) or (1.3)
by the following Robin boundary conditions (or boundary conditions of the
third kind)

9
(1.4) aa—”+(1—a)u=0 on 92,
1%

where 0 < a < 1. Such Robin boundary conditions are particularly interesting
in biological models where they often arise. We refer the reader to [7] for
this aspect.

The main purpose of this paper is to answer the above question.
First of all, we rewrite (1.4) in the following form

ou
(1.5) €— +Au =0 on 9%,
av

e(l—a) u : : :
== >0. (The term €3 is an appropriate scaling with respect to

where A = 5
€2Au, as we shall see later.) We shall investigate the role of A on the properties
of least-energy solutions, which we shall define now.

Similar to [26] and [30], we can define the following energy functional

associated with (1.5):

€2 , 1 ) €A )
(1.6) Jelu] :=—/ |Vu| +7/u —/F(u)-l——/ u-,
2 Ja 2 Ja Jo 2 Joa

where F(u) = [y f(s)ds,u € H' ().
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Assume that f has superlinear growth. Then, for each fixed A, by taking
a function e(x) = k for some constant k in €2, and choosing k large enough,
we have J.(e) < 0, for all € € (0,1). Then for fixed A, and for each € € (0, 1),
we can define the so-called mountain-pass value

(L.7) Cep = ﬁgﬁ [nax Je[h(1)]

where I' = {h : [0, 1] = H'()|h(¢) is continuous, h(0) =0, (1) = e}.
Under some further conditions on f, which we will specify later, similar
to [26] or [30], ccx can be characterized by

(1.8) Cer = inf sup Je[tul,
uz0,uc H (Q) 1>0

which can be shown to be the least among all nonzero critical values of J..
(This formulation is sometimes referred to as the Nehari manifold technique.)
Moreover, c., is attained by some function u.; which is then called a least-
energy solution. Here and throughout this paper, we say that a function u ,
achieves the maximum in (1.8) if it satisfies

Ce.p = sup Jeltue ]
>0

This also applies to similar variational formulations below.

For fixed € small, as A moves from O (which is (1.2)) to 400 (which is
(1.3)), by the results of [26], [27] and [30], the asymptotic behavior of u.
changes dramatically: a boundary spike is displaced to become an interior spike.
The question we shall answer is: where is the borderline of A for spikes to
move inwards?

Note that when N = 1, by ODE analysis, it is easy to see that the borderline
is exactly at A = 1. In fact, we may assume that Q2 = (0, 1), and as € — 0,
the least energy solution converges to a homoclinic solution of the following
ODE:

(1.9) w —w+ f(w)=01in R, w(y) — 0 as |y| — +o0.
Then it follows that
(1.10) WwH2 =wr—2Fw), |w]<w.

As € — 0, the limiting boundary condition (1.5) becomes w/(O) —A2w(0) =0.
We see from (1.10) that this is possible if and only if A < 1. A graph of the

homoclinic solution with the Robin boundary condition w/(O) —Aw(0) =0 is
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depicted as follows:

>y

Fig. 1. The graph of w(y).

So from now on, we may assume that N > 2.

To state our results, let us first put some assumptions on f. Firstly, since
we look for a positive solution, by the maximum principle, we may extend f
by assuming f(t) = 0 for t < 0. We assume the same assumptions used in
[26], [27] and [30]: we suppose that f : R — R is continuous and satisfy the
following structure conditions

(f1) f'(0) =0.
(f2) For t > 0, f admits the decomposition in C'*°(R):
f®) = filt) — f2@)
where (i) f1(¢) > 0 and f(¢t) > 0 with f1(0) = fl/(O) = 0, whence it
follows that £,(0) = f2,(0) = 0 by (f1); and (ii) there is a ¢ > 1 such that
f1(¢)/t? is nondecreasing in t > 0, whereas f,(t)/t? is non-increasing in

t > 0, and in case ¢ = 1 we require further that the above monotonicity
condition for fi(t)/t is strict.

(f3) f(t) = O@P) as t - +oo for some 1 < p < 1’:’,—3 and 1 < p < +o0 if
N =2.

(f4) There exists a constant 6 € (0, %) such that F(t) < 0tf(t) for t > 0, where
F(t) = [y f(s)ds.

Condition (f1) is first related to the fact that we already include the linear
part (via —u) in the equation. The assumption (f2) is technical while (f3) and
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(f4) are classical assumptions. (f3) is an assumption of compactness (subcritical

growth) and (f4) is used for Palais-Smale condition and implies a superlinear

growth for f, namely, ﬁ% — 400 as t — +oo for some § > 0.

Examples of f satisfying (f1)-(f4) include:
. N+2 .
fw)=u?—au? with a20,1<q<p<m if N>3 and 400 if N=2.

To understand the location of the spikes at the boundary, an essential role is
played by the analogous problem in a half space with Robin boundary condition
on the boundary. Thus we first consider

Au—u+ fu)=0, u>0 inRY,

(L.11) Ly U v

ueH(R+),a—+ku:O on JRY
v

where Rﬁ = {(y/, yn)|lyy > 0} and v is the outer normal on E)Ri’.
Let

(1.12) 1[]—/ (1|V|2+12> /F()ﬂ/ 2
. AM_JRQ\_’ 5V S o )+ 5 mﬁu.

As before, we define a mountain-pass vale for /;:

(1.13) c = inf sup I, [tv].
v£0.veHI RY) 1>0

Our first result deals with the half space problem:
THEOREM 1.1.

(1) For A < 1, ¢, is achieved by some function w;, which is a solution of (1.11).
(2) For A large enough, c, is never achieved.
(3) Set

Ay = Inf{)|c;, is achieved]}.

Then A, > 1 and for . < A, c;, is achieved, and for A > A, c; is not achieved.

REMARK 1.1. We do not know if the solution to (1.11) is unique. It would
be interesting to solve this question.

ReEmMark 1.2. It is somewhat surprising that at the borderline number
A = A4, ¢ 1s actually achieved.

REMARK 1.3. It is an interesting question to see how A, depends on N
and the nonlinearity f. Note that when N =1, A, = 1.

Now consider the problem in a bounded domain. It turns out that the
critical number A, in Theorem (1.1) plays an essential role in the study of the
asymptotic behavior of ¢, , and u. ; defined in a bounded domain. We will show
here that A, is the borderline between (1.2) and (1.3) in an arbitrary domain.

As before, we use H(xp) to denote the boundary mean curvature at xy € 9€2.
Here is our first result for a general domain.
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THEOREM 1.2. Let & < A, and u. ; be a least energy solution of (1.1) with (1.5).
Let x. € Q2 be a point where u ) reaches its maximum value. Then after passing to
a subsequence, x. — xo € 02 and

(1) d(x¢, 92)/e — dy, for some dy > O,

2) ve ) (y) = uep(xe +€y) = wy(y) in C! locally, where wy, attains c;_ of (1.13)
(and thus is a solution of (1.11)),

(3) the associated critical value can be estimated as follows:

(1.15) cer = €V {c, — €H(xp) + 0(e))

where c;, is given by (1.13), and H (xy) is given by the following

— / 0
(1.16) H(xp) = max [—/ y - V/wkﬂH(xo)
w) €Sy, RN a)’N
where S, is the set of all solutions of (1.11) attaining c,, and y/ = Viyeens
" _ (. 3
)’N—l), V — (E? ) 3yN71 ),

(4) H(xo) = maxyepo H(x).

REMARK 1.4. For A small, it is easy to see that

T
(1.17) —/ Y oV, 2P 20, for all wy €8,
RY dyn

— ’ ’ 81,0)L
H(xp) = | max —/ y - Vw,—| | H(xp).
w;LES;L Rﬁ ayN

In this case, the last statement in Theorem 1.2 can be replaced by H(xy) =
max,epo H(x). We don’t know whether or not (1.17) holds for A < A,. When
A =0, the function H(z) is called generalized mean curvature function in [4].

and hence

REMARK 1.5. When A < A,, the maximum point x, is not on the boundary.
Instead, it is in the order € distance away from d€2. This only happens for Robin
boundary problems since in the case of Neumann conditions, the maximum
points lie on the boundary, while for Dirichlet condition, they are interior points
which stay away from the boundary.

On the other hand, when A > X,, a different asymptotic behavior appears.

THEOREM 1.3. Let A > A, and u., be a least energy solution of (1.1) with
(1.5). Let x. € 2 be a point where u. , reaches its maximum value. Then after
passing a subsequence, we have

(1) d(x.,02) > max,cqd(x, 02),
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(2) Ver(y) = ue(xe +€y) — w(y)in C! locally, where w is the unique solution
of the following problem

Aw—w+ f(w)=0 in RV,
(1.18) w >0, w(0) = max, pn w(y),
w(y) =0 as |y| — +o0,

(3) the associated critical value can be estimated as follows:

N 2d (x¢, 082)
(1.19) Cep =€ {I[w] + exp <—€(1 +o(1)))]
where
1 2 2
(1.20) I[w] = E/RN(WM +w )_/]RN F(w).

REMARK 1.6. According to [16], w is radially symmetric and decreasing,
ie., w=w(),r =1y, w/(r) < 0 for r > 0. Under the conditions (f1)-(f4), it
follows from the results of [18] and [3] that the solution to (1.18) is unique.

The existence and location of spikes has been studied in detail in the papers
[26], [27] and [30] for Dirichlet or Neumann conditions. Here we rely on the
techniques developed in these works. The main new aspect that is needed here
is concerned with the problem in a half space with Robin boundary condition
(Theorem 1.1). Section 2 is devoted to the proof of that theorem. Actually,
the main novel aspect of this paper is to derive the existence of this separating
value 1* given by Theorem 1.1 which governs the location of spikes.

The study of spikes and their locations are carried in Section 3 for Theorem
1.2 and in Section 4 for Theorem 1.3. These two sections are somewhat more
technical. We follow and use the results of the papers [26], [27] and [30].
We only carry out in detail here the new ingredients which are needed in the
computations in order to deal with Robin boundary conditions. Some technical
lemmas are further left to an Appendix.

Throughout the paper C > 0 is a generic constant which is independent of
€ and A and may change from line to line.

ACKNOWLEDGMENTS. The research of the second author is partially sup-
ported by an Earmarked Grant from RGC of Hong Kong.
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2. — Proof of Theorem 1.1
In this section, we analyze problem (1.11). We will make use of the

concentration-compactness method. To this end, it is important to introduce the
problem at oo which involves:

1
2.1) I® = I[w] = 5 /RN(WwF +w?) — /RN F(w),

where w is the unique solution to (1.18). Then, by taking v = w(y/, YN — R),
it is easy to see that

2.2 li L[tv]| = I*.
e Ji g e
(See the proof of (2.15) below.)
Hence,
(2.3) o <I®, for A >0.

Applying the well-known “concentration-compactness” principle of P.L. Li-
ons [21], [22], we prove the following:

Lemma 2.1. If for some A > 0,
(2.4) ¢, < I,
then c;, is achieved.

Proofr. The proof follows from Theorem V.5 (and Remark V.2) of [22]:

here by (f2), we have
f(@®t™? is nondecreasing

for some ¢ > 1 and if ¢ =1, @ is strictly increasing. The condition (50")
of [22] is satisfied. The main idea is the following: let u, be a sequence
such that I,[u,] = c,. Of the three possibilities for this sequence, vanishing,
dichotomy and compactness, we show that neither vanishing nor dichotomy can
occur, leaving compactness as the only possibility. We omit the details. O

Let us first prove (1) of Theorem 1.1. To this end, we take a test function
vr(y) = w(y/, yv — R). By (f2), there exists a unique g such that

(2.5) sup I [tvr] = Li[trvr].

t>0

(See Lemma 3.1 of [26] or Lemma 5.3 of [30].)
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The asymptotic behavior of w at infinity is given by the following lemma

LemmA 2.2, ([12]) As r — +00, we have

2.6) w(r) = Ae~'r T (1 _WN=DIN=I T, (%)) ’

8 r r
w(r) (N=1) (N—1(N-3) 1
e R 82 o (73)

where A > 0 is a generic constant.
We now ready to prove (1) of Theorem 1.1.

Proor oOF (1) oF THEOREM 1.1. Set
ey =0,...,0, 1.
Let us now compute I, [tgvg] for R large. By Lemma 2.2, we deduce that
(2.8) |f(w(y — Rey))w(y — Ren)| < Ce™ D3 (y),

and hence we have

/M(Wwa2 +d) + /BM Ak = /M Fw(y — Rex))w(y — Rey)dy
dw(y — Rew)

— R
+/a Nw(y en) 5

Ry

= /R w0

dy + A / (w(y — Rey))*dy
aRﬂ

+/ . (w(y — Rey)w (y — Rey) +awl(y — ReN)> dy
c’)]RJr

R
|y — Ren]

- /R P+ 0P

) w R
+ w(y — Rey) | —(y — Ren)———+ A | dy.
aRY w |y — Ren|

+

Put & = |y'|. So w(y — Rey) = w(va? + R2) on ORY. For R > 1, we have
2 2 o
s (i 2o (2)

=R+—+4+0
5o (%)
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which suggests that we take o = +/Rt.
We consider first A < 1. By (2.7), we obtain that

/B]RN

+
R N-—1

sN- ‘/ w?(V a2+ R? (x+ < 1—)

= ( . N2 22 + R?

2.9) Lo (;)) oM 2d

_ +00 1
— |S’V—1|RNT1 / w? (v R? + R?) (A —140 (E)) N 2de
0
_ +00 1
— sV R - 1)/ w?(V R? + Ri2)tV2dr (1 +0 (E)) <0
0

) w' R
w(y — Rey) 7()’_R3N)7+)‘ dy
|y — Renl|

where |SV~!| is the area of the unit sphere S¥~! in RV,
Next we consider

(2.10) =142
’ B R

where ¢y > 0 is to be determined. Then we have

! / 2(y — Rey) w/( Ren)—— 43 d
— w-(y — Re — (O — Rey)————
SV Jary TN YN T Rey| Y

R (N—-1R
_ 2 2 2 - _
_/o (”“+R)< TRV R 2R

1
+0 <R2>) aV 2da

N-1 N -1 1 Ne2

=R2/ w?(V R? 4+ Ri?) +———+0 =) dt
0

_N-1 +oo 2fco t* N-1 1

— R 1) A2 —2R—t Y o O () tN*Zdt
/0 ¢ <R+2R T ERAV?

1 Foo !
w1 gl ( | et ear - - a0 <>>
2 \Jo R

I
b
3]
=
Q

Note that

“+oo ) “+0o0 ) +0o0 )
(N — 1)/ N2 dr =/ e dtNT! = 2/ Ne " dt.
0 0 0
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So we obtain
2 w, R
w(y — Rey) | —(y — Rey)——— + 1 |dy
oY w |y — Rey|

A2 +o0 +o0 1
e L (26‘0/ e N2 —/ Ne P dt + 0 (—)) .

Now we choose ¢y > 0 so that

@2.11)

+00 5 +00 5
(2.12) 4cg / e N7 = / Ne " dr
0 0

We conclude that for A <1+ %‘) with ¢q satisfying (2.12), we have
[ Q9or + v + / s [ FOoDw) + 0B
Rﬁ B]Rﬁ RN

_ +00 1
(2.13) |SN—1|R¥(A_1)/ wz(\/Rz—}—RtZ)tN_zdt(l—{—O (E))’ if A<1,
0
_|_

A2 N+1 1 o 2 1 co
N-1 —2R N —t .
S —R 2 e —= te dt—i-‘) — f1<)\,<1+—

On the other hand, one easily gets that
(2.14) / F(w(y — Rey))dy = / F(w(y)) + 0(e k),
RY RN

Now similar to the computations done in Section 5 of [30], which we omit
here, we obtain immediately that for A <1+ %9, and R > 1,

1
Q15) o = supllow) = hitwvn) < 5 [ fww = [ Py =1,
>0 2 JrN RN
which, by Lemma 2.1, proves (1) of Theorem 1.1. O

REMARK 2.1. The inequality (2.15) does not hold for N = 1. Indeed,
this can be seen to follow from the above computations and the fact that in
this case w(y) ~ el as |y| — 4o00. However, it holds for N > 2 since for

N—1
N >2, w(y) ~|y|” 2 e Pl as |y| = +oo, and the previous computations can

be carried through. Actually, we can see that the algebraic term | y|_¥ helps
for this question.

Let A, be defined by (1.14). By (2.15), for » < 1 + %0 and R > 1,
¢y < I®. Hence ¢y is achieved for A <1+ %0. Thus A, > 1. There are two
cases to be considered: A, = 400, or 1 < A, < +00.
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Let us first consider A, = +0o. We will show that it is impossible. That is
Lemma 2.3. For X sufficiently large, c; is not achieved.

Proor. We derive this fact by contradiction. Suppose there exists a sequence
of solutions wj;,, attaining c;,, with A, — 4-oo. This yields that c,, < I (by
(2.3)). Moreover, for A < A,, we have

(2.16) cn < Llwy,] < Lylw,l=c, <I%

which, by Lemma 2.1, yields that ¢, is achieved for A < A,. Hence c, is
achieved for any A < +o00 and ¢, < I*® (by (2.3)). Let us denote the minimizer
as w;. We also note that as A — 400, ¢; — [*°. Moreover, w;(y) — 0 as
|y] = +oco. By the well-known moving plane method (see [16]), w;(y) is
symmetric in y/, ie., w,\(y/, YN) = wk(ly/l, YN).

Let R, > 0 be such that

(2.17) max w;.(y , yv) = w (0, Ry).
yeRﬁ
As A — 400, the limiting problem becomes
Au—u+ f(u)=0,u>0 1in Rf,

(2.18)
{ueHl(Ri’),uzo on JRY.

By the result of Esteban and Lions [11], any solution of (2.18) must
vanish identically. So R;, — +o00 as A — 4o00. Furthermore, by concentration-
compactness and usual limiting process, we immediately have that

(2.19) lws () = wll - —RrenDll g1y = 0,

(2.20) () = w(l - =RuenDll oo @y = 0,

as A — +oo. We will show that this is impossible. This is done by expanding
¢, to the second term (Lemma 2.5 below). To this end, we need some delicate
estimates of the difference w; (-) — w(| - —Ryen|).
We first project the limiting function w to RY with Robin boundary con-
dition. Let Prw be the unique solution of
APrw — Prw + f(w(- — Rey)) =0, Prw >0 in RY,

(2.21) 3Prw
Prw € H'RY),  Prw +r18— =0 on JRY.
Vv
Let us set
(2.22) n=2",¢r = w(- — Rex) — Pru(").

Then ¢ satisfies the following linear equation
Apr —¢r =0 in RY, ¢r € H'(RY),
(2.23) d Jw(- — Re
¢r + ﬂ% =w(-— Rey) + ,77( . v) on JRY.
The following lemma on ¢ plays an important role. The proof of it is
technical and is delayed to Appendix A.
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Lemma 2.4, (1). As R — 400,
(2.24) —R 'ogpr(Rx) — Wo(x) — 0,

where Wy(x) is the unique viscosity solution of the following problem
IVul? =1 inRY,
(2.25) {
u(x) =|x —ey| onoRY.

(In fact, Y is given explicitly by the relation Vy(x) = infzemﬁ (lz—en|+1z—x]).)

(2). By taking a subsequence along R — oo, the renormalized ¢ converges
in the sense that

R
(2.26) Vr(y) = OO + Rew) Vo as R — +00,

¢r(Rey)

where Vy is a solution of the following equation

557 Au—u=0,

(2.27) u0)=1,u>0inRN

and

(2.28) sup (1R (y)) < C, forany o) > 0.

y€B4R(0)

Let us now use Lemma 2.4 to finish the proof of Lemma 2.3. Our basic
idea is to obtain a lower bound for c,. In fact we will show that

LEMMA 2.5. As R, — +00, we have
(2.29) ¢, = Iw] + exp(—2R; (1 + 0(1))).

Proof. This is similar to Section 6 of [30]. Here we give a simplified
proof. We follow the approach in Section 3 of [9].
We first obtain the following global estimates:

(2.30) wy () < Ce™I7Dh—Rien]

for 8 such that (I —8)A~! < 1, where C may depend on § but is independent
of R) > 0. In fact, we consider the domain Rﬁ\Bl(ReN). Then it follows
from (2.19) that Aw, — (1 —8)*w;, > 0 in Rﬁ\Bl(ReN). Now we compare w;,
with the function Ce~=9IY=Renl  One then derives (2.30) from the Maximum
Principle.

Let vy (y) := w;(y + Ryen) where

/
y R, =={(y. yn) € RV|yy > —R;}.
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Then, by elliptic regularity theory, we have

V| 4+ v, < Ce =98 for y e RJXRA\BMA ©0).

So
CA:l/ (|Vw,\|2+w2)+k/ wz_/ F(wy)
2 Rﬁ A B]Rﬁ ~ Rﬁ
1
(2.31) =5 /M w; f(wy) — /Rﬁ F(w;)

— / <1UAf(Ux) - F(m)) + O R
RN, NBag(0) \2

Consider the restriction of v; to the domain RY R, N Byg, (0). We decompose
vy = Prow + (¢r, (Rien))' "°h;(y), where 0 < § < 1 is a small but fixed
number and y € R¥y N By, (0).

Then h; satisfies

(2.32) Ahy, = by + f (Pr,w)hi + Ny + M;, = 0 in RY 0 Bag, (0)

and o
a—: +ahy =0 on 9RY, N Bug, (0)

where

1

N = —
YT Bk, (Rrey)) 1

x| f (Pryw + (i, (Ruew))' hs) = f (Pryw) = f (P, w) (@, (Rrew))' i |

and

M, (f Pryw) — f(w)).

1
(PR, (Rren)'?

By the mean-value property and Lemma 2.4 (see the proof of Lemma 6.1
of [30]), we see that

(2.33) Nl < C(lw(- — Ryen)| + w7 ws — w(- — Raen)|” k]
and
(2.34) M| < C(pr, (Rien)’(w + w7 Vg, ()] < C(¢r, (Rien)) e

where w is such that 1 —o < u < 1.



ON SINGULAR PERTURBATION PROBLEMS WITH ROBIN BOUNDARY CONDITION 213

Hence h, satisfies

ah;,

Ahy, = hy + f (Pr,w)hs + o(Dhs + o(1)e?! = 0 in RN, N Bag, (0),
(2.35) {
En

+ 2y =0 on (ORY ) N Bug, (0).
Let G,(y) be the unique radial solution of
(2.36) Au—p*u=0,u(0)=1,u>0in R".

Note that G, has the following asymptotic behavior

Cilyl™" T et < G,.(y) < Coly|~ T e,
Set
(2.37) H, = G,:lh)\.
We first claim that

(2.38) | H;. ||L°°(R]XRAOB4R)L oy =€

Suppose not. Without loss of generality, we may assume that

”HA”LOO(RQIR)LOBA”?)L(O)) = H}\(y)») > 0

Observe that |y,| < C. Otherwise, suppose that |y,| — +00. Then there are
two possibilities:either y, € S(RIXRA N B4y, (0)) or y, € RYRA N Byg, (0). Note

N
that on ORI ,

0G 0H,
H, (1 A‘l—“G_1> AT =0.
A( T ov M + v
Since on BRﬁ’Rx, 1+ Mk_l%Gljl >1—pur~! > 0, we know by the Hopf
boundary lemma that y, & RN Ry If y € 0Bsg, (0), then we have H, <
e*Rre=Rr < C, which is a contradiction. So y, € RYRA N Bug, (0) and then
AH,(y,) <0,VH,(y,) =0. Let us compute AH,(y;). By (2.35), H, satisfies

AH, +2G;'VG,VH, + (=1 + (> + f (Pg,w) H;. + o()Hy, + 0(1) = 0

Thus,
H;(y.) < o()H; (y») + C,
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which yields that H,(y,) < C. This is a contradiction to our assumption that

”H*”Lw(MRmeA(on — F00.

Now define
_ h;

h, =
T

| LO%RHRA NB4g, (0)
Note that since |y|y < C, one sees that
”HA”LOO(RHRAﬁBélR)L(O)) ~ ”hAHLOO(RyR)LmBélRA(O))

and hence ||hk||Loo(R1l/kaB4R/\(0)) — 4o00. It is easy to see that by (2.35),

h;, — ho in CL_(RN), where hq satisfies

(2.39) Ahg — ho+ f (w)ho = 0, || < CetP.

By Lemma 6.5 of [30], ko = Zj-vzl ajg—;‘f for some constants a;. However, by
j

definition

Vyh; (0) = (Vwi(Rien) — VPr, w(Rsen))

(¢r, (Rren)'=?
. 1

(g, (Rren)'=?
Hence V,ho(0) = 0, which implies that a; = 0,j = 1,..., N,hg = 0. This
contradicts the fact that 4, — hg in CllOC and h; (y;) > C, |y,.| <C.

Hence (2.38) holds.
Now we can carry the computation as in Section 6 of [30]. By (2.31)

(@R, (Rren)V Vg, (0)) — 0.

1
c) = / (EPR,\ wf (Pr,w) — F(Pg, u)))

N
RZR, NBar, O

1 , 1
+(¢r, (Rren))' ™ / (5% wf (me)—if@mw)) hi+ o(dr, (Ryen))
RYR)\‘QBélRA 0)

Note that
/ (Pr,wf (Pr,w) — f(Pr,w)h;
RN NByg, ©0)

-/, [(f (Pr, W)Y Pr, w — £ (Pr wih; ]
BN o NBag, ©0)

_ / [(—Ahs + By — Ny, — My)Pr,w — (f (Pr,w) — f(w)hy+
RN, NBag, ()

— (=APg, w + P, w)h;)]

- / Pr, w(—M;) + O((br, (Rren))' ™)
RN o Bag, ©0)
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Hence by Lemma 2.4

1
L= /N <5PR)\U)f(w) - F(PRAw)) + o(¢r, (Ryen))
R_R m134R)\(0)
(2.40) x 1
= /]RN <§wf(w) - F(w)> + c19r, (Rien) + o(¢r, (Rien))
where

1
los} :/]RN (Ef(w)V()) >0

by Lemma 4.7 of [30]. By Lemma 2.5, ¢g, (Rrey) = e Rn¥rlen)Ito)) —
e_ZRk(1+0(1))_

Lemma 2.5 is thus proved. O

This lemma shows that for A large enough

(2.41) ¢, > I[w]

which is impossible since we have shown that ¢, < I[w].
Lemma 2.3 is therefore proved. O
Next we consider the case 1 < A, < +00. We claim that

LeEMMA 2.6. For the value A = A, the infimum c, in (1.13) is achieved.

Proor. Like Lemma 2.3, we prove it by contradiction. Suppose there exists
a sequence of solutions w,, attaining c;,, with A, /" A, A, < As. Suppose
that for A = A, > 1, ¢, is not achieved. This implies that ¢,, = I* and by
concentration-compactness, there exists R, — +o0o such that as L 7 A, A < A,

242) fw, = w( = Reew)l 1, = 0.l = wl = Ruewll oy, = 0.

The remaining of the proof is exactly the same as that of Lemma 2.3. Note
that in the proof of Lemma 2.3, we only used the property that n = % <1. O

(2) and (3) of Theorem 1.1 now follow from Lemma 2.3 and Lemma 2.6. O

3. — Proof of Theorem 1.2

Let A < A, and let u., be a least-energy solution defined in Section 1.
We now study the asymptotic behavior of u.; for A < A, as € — 0. We will
prove Theorem 1.2 in this section.

We first derive an upper bound for c ;.
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LeEMMA 3.1. Let A < A,. Then for € sufficiently small, we have
(3.1) ces < €V{cy — eH(P) 4+ 0(e)},

for any P € 3R, where c,, is given in (1.13) and H(P) is the generalized mean
curvature defined by (1.16).

Proor. Fix any P € 9.
By Theorem 1.1 (3), ¢, is achieved by some function w; € H I(Rﬁf), which
solves (1.11). Let

(3.2) Sy = {w;|w, solves (1.11) and achieves c;}.

Since ¢, < I, we see that for any w; € S,

(3.3) / (IVwy > + w) +/\/ w? — 2/ F(wy) < 2¢; =2I%®
RY aRY RY

RY

On the other hand, since w, solves (1.11), we derive the following identity
(3.4) / (|wa|2+w§)+x/ wf:/ f(w)wy, .
RY arY RY

Using the assumption (f4), from (3.3) and (3.4), we see that there exists some
constant C independent of A such that

/N(|Vw,\|2 +w?) < C, Yw;, € 5;,YA> 0.
R
+

This shows that the set S, is a compact set. So for each fixed P € 92, there
exists a wy € S; such that

w) €Sy,

— [ owy r_/ ow,,
3.5) H(P)=—/ y Vw,—H(P) = max —/ yVw,—H(P)
Y dyn Y YN

Now we choose the w;, which achieves the maximum at (3.5). Multiply-
ing (1.11) by |y/|2«‘387]; and integrating by parts, we obtain that

/ /V/ Bwk 1/ | | < |V | +1 F( )+)\‘ 811)1)
— Wy — == —|Vw w; — w Wy ——
2y oy T 2wy AT T T A

So we have another expression for H (P)

— 1 / 1 Jw
(3.6) H(P)=5/N|y |2< Vwal® + Swi — F(wx)+?»wx) H(P)
oY 2 dyn
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Let
3.7) 0 (x) = Wy (x - P)

be our test function. We now compute J[v.].

Without loss of generality, we may assume that P = 0 and that there is a
smooth transformation p : 2N B,;(0) — Rﬁ such that p(0) = 0,Vp(0) =0,
where ryp > 0 is a small number. Moreover, Q2N B,,(0) = {(x,, xn)|xy > p(x/)}.
Now define

(3.8) ey, = x/, EYN = XN — ,o(x/)

Then we have

/Q @Yol + )

= GN
(3.9) (/Rﬁ

+0(e )

9 1 Nl o
(Vwal* + w) + —(Vw P+ w2 > €pi; (0)y;y;
dyn 2 Pyt :
€ ’
— N / (Vs + wd) — —H(P)/ (Vs + wdy P + o(e)
Y 2 oY

Similarly we have

1 ,
(3.10) /Q F) = €V ( /R y Pl = 5eHP) /B o Py 2 +o<e)>

On the other hand

/ /
/ € / / € /
ke/ vf:)»e/ v? y’,o(y) dx =keN/ v? y,,o(y) dy
Q Q € arN €

+

8w /
= eV /wa—eH(P)/wa—Aly 1>+ o(e) | .
oY orY " OyN

(3.11)

So
N 1 101 )
S =€V (Stwid—erpys [P (51Vusl
2 BRQ 2
1, dwy,
+-w; — F(wy) + Aw) — | +0(€)
2 8yN
By (3.6), this finishes the proof of (3.1). O



218 HENRI BERESTYCKI — JUNCHENG WEI

Next, we shall obtain a lower bound for c. ;. Since we do not know if the
solution to (1.11) is unique, we use an idea of [4], where a simplified proof of
the results of [27] and [30] is obtained.

Let u., be a least energy solution of (1.1) with (1.5) and u.;(x.) =
max, g Ue . (x). Then, by the Maximum Principle, we know that x. € Q.

Moreover, if @ were not bounded, then, we would have u.; — w(%)

and liminf._geV Cen > I[w], by the same argument as in [26]. Thus @
is bounded. Let

(3.12) Ve r (¥) = ttep(xe +€y),y € Qc = {yley +xe € 2}.

Then v, converges in the H I_sense to w;, a least energy solution of (1.11).
Moreover, as in [26], for certain positive constants a and b, we have

(3.13) Ve (y) < ae”

Let X, be the closest point to x. on 9$2. After a rotation and a translation,
we may also assume that X = 0 and that a fixed neighborhood 2N B,,(0) of

the set Q2 can be represented as the set {(x/,xN)lxN > ,oe(x/)} with p.(0) =
0, Vp(0) = 0. For an open set A, we define

1 2 2 A 2 1
(3.14) Jealvl== | (Vv +v) + = v“— [ F(v),ve H (A)
2 Ja 2 Jan A
From the variational characterization of c. = Jc[uc ], we infer that
(3.15) E_NJe[ue,A] = G_NJe[tue,A] = Je.q. [fven].

for all r > 0.
Let V = B (0). We now define v, on ]Rﬁ NV as follows

ver (Y, yn), if p(ey) >0,

3.16) B(y, yn) = / D), 0 / ’
(3.16) Ve(y , yn) ves (y ’ p(ey )>+ Ve, <yN_,0(ey )>’ if p(ey) <0.
€ oyn €

Then 176(y/, yy) is a function defined on Rf N V. By (3.13), we may extend
Ve (y/, yu) to the whole Rf . We still denote such extension as v, (y/, yn). Then

(3‘17) JE,QG [tUG,)»] Z JRQQV[II‘}E]_FJQGQV\Rﬁ [tvé,)n] _JRﬁﬁV\QE [tﬁé] = Il +12+I3

where [;,i = 1,2,3 are defined at the last equality.
Let us choose ¢ = f. so that J_pwn.,[f0c] maximizes in ¢. Then by the
Ry

definition of ¢, and the exponential decay of v, ;, we get that

€

(3.18) Jo gyt = ¢+ 0e™®)
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Moreover
te =14 o0(1)

Next,

L= JQGOV\Rﬁ [teve,)»]

’ 0 1 1 / _C
= dy [ = 1 (2 IVEcve s P+ = (teve 1) = F (teves)) (v, yn)dyn+0(e™€)
B’O(O) @ 2 2
€

’
1P (6 ) /
—|—/ , M?vf’k y, = Y —/ ) )\tfvz’l(x ,0)do
9QeN{pe (ey ) <0} € 0QeN{pe(ey )<0}

and

, Pty /e 1 , 1 ) ,
I3 = / dy / (lerUe,ﬂ + = (teve,n)” — F(feve,x)> (v, yn)dyn
Brg (0) 0 2 2

/

_c ’ (ey)

+ O0(e e)+/ / A2, y,L Y
9QeN{pe(ey')>0} €

2.2 '
—/ . A (x, 0)do
3QeN{pe ey )>0}

Note that
V1+IVoe(ey)2 =14 0y 1)

So do = (1+ O(2|y'|?))dx’.
Since v, — w, in C! locally with uniform exponential decay, by the
Lebesgue’s convergence theorem,

81,0)L

L+ 1 1 5 / 19 (1 5 1 2 ) /
~ _H “v “wloF w2 g
> (Xe) "”Rﬁ'y | 2| wy | +2wk (w;)+2Aw, 3y y

€

(3.19)

Thus we conclude that
(3.20) e Neey = o —eH(x) +o(e) .

Now comparing (3.1) and (3.20), we have proved Theorem 1.2. O
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4. — Proof of Theorem 1.3

Let A> A, and u., be a least energy solution. Let u, ) (x.) =max,cq Ue ) (x).
We first observe that

d('xes aQ)
—
€

4.1) +00

M < C and after taking a subsequence, x. —

xo € 3R, 4EeID s gy > 0. Set ve (V) = e (xe +€Y), Y € Qe = {Y|ey +xc €
Q}. Let v (y) — w, in H'-sense, as € — 0, where w; is also a solution
of (1.11). By a simple test function w(*=L) with P € Q, we see that

€

In fact, suppose not. Then

lim e~ Vee, < Iw]

and whence
4.2) Li[w;] < I[w]

On the other hand, Theorem 1.1 (3) yields that for A > A, ¢, = I[w]. Hence
w, attains c,, which is impossible by Theorem 1.1 (3).

Thus (4.1) holds. By the same argument as in [26], [27] or [30], we have
that

(4.3) e (xe +€y) —w(y)llLo@e — 0.

As in Section 3, we first obtain an upper bound for c ;.

LemMA 4.1. For € sufficiently small, we have

2d(P,0R2)
(4.4) Cos < N Iw] + e~ ro)

forany P € Q.

Proor. This follows immediately from Proposition 5.1 of [30] if we take
the test function Po, pw (defined in [30]) and note that

/ (Pg, pw)* =0. O
Q2 ’

Next we shall obtain a lower bound for c ;:
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LeEMMA 4.2. For € sufficiently small, we have

(4.5) Cesp =€V [I[w] + e’w“““”} :

Now Theorem 1.3 follows from Lemma 4.1 and Lemma 4.2. O

The remaining of the paper is devoted to the proof of Lemma 4.2. Let
X — xo € Q. There are two cases to be considered: Case I, xo € 99 and
Case II, xp € Q2.

Let us fist consider Case II. That is, xo € 2. In the end, we will show
that Case I can be transformed to Case II.

Like in [30], fix any P € Q and define w, p to be the unique solution of
the following problem with Robin boundary conditions:

2 x—P )
€EAWep—Wep+ flw|— =0in 2,
€

(4.6) 5
Awe p + € Bl — 0 on 992.
Put
x—P
@.7) per(@®) =w (=) —wep.

Then ¢, p satisfies

GZA(pe,P — @ep=01in Q

(4.8) 9 —P qw (=L
Ape p + € Pe.p = Aw (x >+6(€) on 9Q2.
av € v

On 02, we have
— P\ ow(=L —P i (x =P\ (x—P
Aw( )—i—e w (5 ):Aw(—>+w( )<x )
€ av € € |x — P|

- P (x — P,v) € x — P
€ lx — P| d(P,0) €

where A — 38 — 1 > 0. Therefore, there exist two positive constants C; and C,
such that

4.9) Ci1¢0e.p1 < @e.p < Coge p1

where ¢, p, satisfies

(4.10)

2A¢ep1 —@ep1 =0 in Q,
{ agpe,P,l (x - P
Pl _ W

Pe,P,1 + 17 le
av

The study of (4.10) depends on the following lemma.

) on 092.
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LemMma 4.3 (Lemma 3.8 of [34]). Suppose that d(P,02) > dy for some
do > 0. Let (p£ p be the unique solution of

A.11)

{ 62A¢£P—¢£P =0 inQ,

- P
(peDP:w<x ) on dQ2.
’ €

Then for any arbitrarily small § > 0, the following holds for € sufficiently small

(4.12)

9 D
|eﬂ < (1+8¢2,.

av

From Lemma 4.3, we infer that on 0€2,

dpP _p
o2 +x—le% <P 4271 1 +8) < 1 +27" 0 +8)w (xe)

and

8§0£P

- P
9lp + 17 e >olp(1 =211 +8) = 1 =271+ 8))w (%) .

By comparison principle, it is straightforward to derive the following lemma.

LEMMA 4.4. There exist two positive constants C| and C, such that
(4.13) C192p < ¢ep < C202p

where <p£P satisfies (4.11).

The study of (4.11) is contained in Section 4 of [30]. By Lemma 4.6
of [30] and Lemma 4.4, we derive the following convergence results.

LEMMA 4.5.

(1) Qe xe (Xe +€Y) /@ x (xc) = Vo(y) locally, where Vy(y) is a solution of (2.27).
Moreover, for any o > 0,

(4.14) sup e~ TNV (y) — Vo(y)| — 0
Y€EQe

(i1)) Ase — 0,

4.15) —elog(<pe,,cE (x¢)) — 2d(x9, 092) .

From Lemma 4.5, we can now prove Theorem 1.3. This is similar to the
proof of Lemma 2.5.
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We first obtain the following global estimates:

_(1=8)|x—xe|
€

(4.16) uc < Ce

for § such that (I —8)A~! < 1, where C may depend on § but is independent
of € > 0. In fact, we consider the domain Q! := Q\Bg.(x.) where R is large.

Then we have ezAuM - (- S)ZuE,A >0 in Q'. Now we compare U, ; with
. _(A=8)|x—xe|
the function Ce €

Principle.
Define v () := ey (Xe + €) = We xe + (@e v (¥))' 2P (y). Substituting
the expression into the equation for u., yields that ¢, satisfies

The estimate (4.16) follows from the Maximum

(4.17) Ade — e + f (Wex)pe + Ne +Mc =0 in Q

and

d¢pe

0V

+ A = 0 on 082,

where v, is the outerward normal on 9%,

1
(4.18) Ne= m [f(we,xe + (e xc (x)' ) — S (Wex)

— F Wex) @ (5 e

and
_ 1
(@e xe (X ))'2

By the mean-value theorem and Lemma 4.5, we have that

(4.19) M. (f (Wexe) = f(w)).

(4.20) INel < Clwexel + [V, [ven — We x| [Pel

and

421) M| < C(@exe X)) (10| + [we 1 N IVe(D)] < C(@e e (x6)) P!

forany 1 —o < u < 1.
Hence ¢, satisfies

Ade — e + f (Wex,)be + 0(1e + o(1)eM¥ =0 in Q. ,
(4.22) { e
0V,

As in the proof of Lemma 2.5 of Section 2, we set

+ A¢pe =0 on 992 .

(4.23) =G, ¢ .

where G, satisfies (2.36).
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Similar to the proof of (2.38), we obtain the following bound
(4.24) |Pell oo < C.

Now we can compute in the same manner as in Section 6 of [30]

1
e_Ncg,A =N l—/(e2|Vv6,A|2+vf.A)+ke/ U?sk—/ F(Ug,k)]
2 Ja ’ a0 Q

= %/Qe Ve f(Ve) — /Qe F(vep)

1
= <§we,x€f(we,xe> - F(wG,XG))
Qe

1 / 1
+ ((pe,xe (xe))l_s/ (Ewe,xef (we‘xe)_ Ef(we,xe)) e+ 0(‘pe,xe (xe)).
Qe

Note that

(e f Wes) — f(Wer))e = / [ e )b Wer, — fwer )]
Qe Qe

= o |:(_A¢€+¢€_N€_M€)w€,,x€_(f(w€,,x€)

— F@)ge = (=AW + Wi )p)]

_ /Q Wen, (—M2) + O (e, (6.
Hence
1
cop =€ { /Q <2we,x€f<w> - F(we,xg) + 0(@en, (&))]
N 1
= (30 @) = F) )+ ergenc (0 + s )

where

1
er= [ G >0

by Lemma 4.7 of [30].
This proves (4.5) in Case II. O

Finally, let us consider the first case: xo € dQ2. That is, we assume that
de ' =d(x.,02) = 0, x. = xo9 € 022.

We now show that this case can be transformed to Case II by a suitable
change of variables. Let R > 3) be a large but fixed number.
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Let J. 5o be defined at (3.14) and

Cea A = inf max Je p[fv].
v2£0,veH ! (A) >0

Let
de
(4.26) Pe = —.
€
By (4.16) and elliptic regularity theory, it is easy to see that
(4.27) V| < Ce RU=Dre x e Q\Qp

where Qp = Q2 N Bre(xe).
Now let it be the function defined as the unique solution of the following
problem

(4.28) o
e f e =0 on 9.
v

From (4.27), it follows that

lue — e < Ce_RpE

{ €2 Aite —ile + f(u) =0 in Qp,

€

Hence u, satisfies the equation on Qg:
{ €2 Aiie — iic + f(ie) + O(e ®€) =0 in Q,

(4.29) il _
€ 3 + Au. =0 on 902g.
Now we rescale Qp as follows:
(4.30) X =Xc+dx, xeAgr=(Qr—x)/dc.
Then we have
4.31) Cenop =dNceing

where € = ;—E. Note that by (4.1) € — 0 and

_ _N —-R
Ceang = Jenp(e) = Jeppliie) + OV e 2€)

In the new domain Ag, u, attain its global maximum at x. where d(x.,0Ag)—1.
Moreover, u. satisfies the following equation

S Afl —iic + fi) + 0 ) =0 in Ag.
4.32) i,
€

3 + . =0 on dAg.
v
We are now in the Case II with the new domain A and the new function ..

Now following the same proof as in Case II, we obtain that
2
(4.32) Cenng =€V (I[w] + e 207D
Substituting (4.33) into (4.4), we obtain the lower bound (4.5) in Case I. O

Now comparing (4.5) and (4.4) allows us to conclude and derive the proof
of Theorem 1.3. O
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5. — Appendix A: Proof of Lemma 2.4

We devote this appendix to the proof of Lemma 2.4. Our main idea is to
use vanishing viscosity method as in Section 4 of [30] and Section 3 of [34].
(For vanishing viscosity method, we refer to [23].) Since our domain is Rﬁ
which is unbounded, we have to work with a sufficiently large domain and then
take a limit.

We begin with the following observation: for n < 1 and y € 9RY,

dw(y — Rey)
5.1)  Ciw(y — Rey) < w(y — Rey) + A — < Cw(y — Rey)

for some constants Cy, C, > 0. (Here we have used the asymptotic behavior
of w stated in Lemma 2.2.) Comparison principle yields that

Cipg < ¢r < Ca0p

where ¢k satisfies

Apk — ¢k =0 in RY, o) € H'(RY)
(5.2) { 96!
ok + U% =w(-— Rey) on dRY.
V

This implies that in order to prove Lemma 2.4, it is enough to consider ¢}.
To study ¢k, we introduce another problem: fix a large number M > 4, let ¢%
be the unique solution of

A¢]2? _ ¢% =0 in Rf N Bur(Rey),
(5.3) Ik
b2 + n—-t = w(- — Rey) on d(RY N Byr(Rey)).

Since ¢p < w(y — Rey), comparison principle (see similar arguments leading
to (2.30)) gives

(5.4) lpp — ¢zl < Ce M.

We have reduced our problem to consider ¢% only. To study ¢%, we compare
‘ﬁe with the following function: let q&% be the unique solution of the following
problem

A¢py —p3 =0 in RY N Byr(Rey),
(5.5)

¢p = w(-— Rey) on I(RY N Byg(Rey)).
Put
(5.6) y=Rx,R'=a, ¥V, (x) = —alog 3 (»).

Then W, (x) satisfies
aAV, — VU2 +1=0 in RY N By(en),
(5.7) {

v, = —alogw (ﬂ) on B(Rﬁ N By (en)).
o
We shall prove
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LEMMA A.

(1) As R — +oo, ¥, (x) — 111(1)"1 (x), where \I-’éw (x) is the unique viscosity solution
of the following problem

59 { [Vul> =1 inRY N By(ey),

u=|x—eyn|l on 8(Rﬁ N By (en))
In fact, ‘-Iléw can be written explicitly

vy (x) = inf  (Jz—en| 41z = x]).
zed®RY By (en))

(2) There exists a positive constant C > 0 such that

3) On 8(Rf N By (en)), we have as R — +00,

v, ovl!
—

(5.9) 7 3y

Lemma 2.4 now follows from Lemma A: in fact, by (5.9), we have that
on 8(]1%1 N BMR(REN)),
Ir ‘ 3
—= 1 < (14 6)¢;
FEECED

for any § small, which implies that

3 3 a¢?? 3
Cipp < ¢p + Ua—v < Crpp.

Therefore by comparison principle, we derive
(5.10) Capip < I < Catbp, ¥ €RY N Bur(Rey).
Observing that for M large enough, we have

(5.11) Wil (x) = Wo(x) = inf (|z —en|+ |z — x[), x € By(en).
ZEBRQ

The rest of the proof of Lemma 2.4 is similar to that of Lemma 4.6 of [30]. O
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It remains to prove Lemma A. To prove Lemma A, it is enough to prove (3) of

Lemma A: in fact, suppose (3) is true, then we have IIV‘IJQIILOO(B(RNQBM(L)N))) <C
+

and simple computations shows that
2
(5.12) AV, %) — &v\pa “V(IV¥[*) >0 in RY N By(en).

So by the Maximum Principle, (2) of Lemma A holds. From (2) and by taking
a limiting process as in Appendix A of [30], we obtain (1) of Lemma A.

To prove (3) of Lemma A, we follow the proof of Lemma 3.7 of [34].
The key fact is that for any M > 0, there exists a constant 0 < /3y < 1 such
that

(5.13) ‘ —alogw (%) T alogw (%) ‘ <lylzi — 22

for all z;,z, € BRﬁ, |z1], 1z2] < M, where [y is independent of «. (This
corresponds to Lemma 3.5 of [34].) Then we follow the proof of Lemma 3.7
of [34]. (See similar arguments in Section 8.3 of [23].) We omit the details. O
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