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Abstract: The aim of this work is to study a quasilinear elliptic equation with singular nonlinearity and data
measure. Existence and non-existence results are obtained under necessary or sufficient conditions on the
data, where the main ingredient is the isoperimetric inequality. Finally, uniqueness results for weak solutions
are given.
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1 Introduction

In this work, we restrict our attention to the study of a class of quasilinear elliptic problem with a singular
nonlinearity and data measure namely

-Au = % +b()|VulP +Af in Q,

PDSus>o0 in Q,
u=0 on 00,

where Q is an open bounded subset of RN for N > 2, with smooth boundary 0Q and f € M;(Q) is a given
finite nonnegative Radon measure. We assume that a and b are nonnegative functions, v > 0,A > 0,p = 1
and |.| designates the euclidean norm in RN, We stress that the problem is singular as one asks to the solution
to be zero on the boundary.

The study of nonlinear elliptic problems with singular nonlinearities is motivated by its various appli-
cations in many fields. For example, we can mention fluid mechanics, newtonian fluids, and glaciology
[14]. They are also applicable to model problems arising from boundary layer phenomena for viscous fluids
and chemical heterogeneous catalysts. Furthermore, they can be regarded as mathematical models of
electrostatic MEMS devices or Micro-Electro Mechanical systems [20].
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In order to trace the objectives of our work, we will start by recalling some previous studies where three
types of problems were treated: quasilinear equations with regular data, semilinear problems with singular
nonlinearities and coupling of both problems in the regular case.

_ Case where f is regular:

e (Case where b = 0, the problem is simply written in the form

Au- % FAfQ) in 0,

u>0 in Q, (1.1)
u=0 on 0Q.

The homogeneous case (i.e. A = 0) was considered in the pioneer works of [15, 23] and references therein.
The authors showed using the method of sub- and supersolutions, that if a(x) is a bounded smooth
function, then (1.1) has a classical solution.

The case where a(x) is only a function in L'(Q) was treated in [13] where the authors obtained some
existence and regularity results for Problem (1.1) depending on the value of v. In fact, they showed
that if v < 1, Problem (1.1) has a weak solution u € H(Q). Otherwise if v > 1, there exists a solution
u € Hj, (Q) such that us e H}(Q).

The nonhomogeneous case (i.e. A > 0) has also been treated in [17], where the authors proved the
existence of bounded solutions to (1.1) in the case where a and f belong to L9(Q) for g > %

e (Case where a = 0, the problem writes

-Au = b(x)|VulP + Af(x) in Q,
u>0 in 0, (1.2)
u=0 on 0Q.

This problem was considered in [8] in the case where 1 < p < 2, b € L=(Q) and f is regular enough. The
authors showed that if (1.2) has a subsolution u and a supersolution # in W>4 (g > N) with u < 7 in Q,
then there exists a solution u to (1.2) such thatu < u < u.

This problem was also studied in [24], where the authors showed that if f ¢ W%*(Q) and (1.2) has
a nonnegative supersolution in W24(Q) for (g > N), then it has a solution no matter the value of p
(1 £ p < o0). An important step in resolving such problems is to obtain an estimate on the norm of the
gradient of the solution in L*°(Q). The method used to get this estimate was originally introduced by
Bernstein and later developed and systematized in [21, 22, 30, 31].

_ Case where f is only integrable or a Radon measure:

e (Case where b = 0 was treated in [26], where two different cases v < 1 and v > 1 were distinguished.
For v < 1, using an approximation argument, the authors obtained the existence of a weak solution
u € Wy(Q) of (1) for 1 < g < Y. For v > 1, existence and uniqueness of the solution were obtained
only in Wllo’g(()) forevery 1 < g < ¥ such that T k(u)vT+1 € H}(Q) (where T;(u) represents the truncated
function of u). The use of the truncations of u was necessary since the presence of the measure f does
not allow to conclude that u”" itself belongs to H}(Q).

e (Case where a = 0 was studied in [6]. Since f is a nonnegative integrable function or, more generally
a given finite nonnegative measure on Q, it is not regular enough. Hence the usual techniques that
lead to the W' *-solutions can not be applied. This difficulty was the main motivation behind the work
[6], where the authors distinguished three cases such that, for different p values in (1.2), existence and
nonexistence results are established. Firstly, considering a linear growth on the gradient, they proved
the existence of a solution for (1.2) using the isoperimetric inequality. Secondly, they showed that if
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p > 1, the existence of a solution is obtained if A is sufficiently small and the measure f does not charge
the sets of WP — capacity zero ( p% + 1% = 1) . Finally, if p = 2, assuming the existence of a supersolution

in Wé’z([)), the authors obtained the existence of a solution for Problem (1.2).

In [19], the authors studied the existence of weak solutions for the following generalized elliptic Riccati
equation

-Au = |VulP + in Q,
{ VulP +p 13

u=0 on 0Q,
on a bounded domain Q € RN for N > 3 with smooth boundary 002, where p > 1 and y is a nonnegative
function or a finite positive Borel measure u € M.(Q). By involving geometric capacity estimates or

pointwise behavior of Riesz potentials, together with sharp estimates of solutions and their gradients; the
authors established some necessary and sufficient conditions for the existence of global solutions to (1.3).

_Casewhere A = 0, b(x) = 1 and 1 < p < 2 was treated in [1], in which the model problem was given by

Au=2+ [Vul? in Q,

uy
u>0 in Q, (1.4)
u=0 on 00Q.

The authors proved that if p = 2, (1.4) admits a distributional solution for all a € L'(Q). The case where
1 < p < 2 was treated differently depending on the function a. Indeed, if a(x) € L*°(Q), then the existence
was obtained for every v > 0. However, for the general case a(x) € L(Q), the existence of a solution to (1.4)
was proved under the condition v > o, where the exact value of the constant v was given.

We conclude this section by recalling some works on the parabolic version of our problem. Recently, the
authors in [12] considered the following singular nonlinear parabolic equation

ut—Au='%+yu’ inQx(0,7T),

u=0 on 0Q x (0, T), (1.5)
u(0) = f in Q,
u>0 inQX(O,T),

wherey >0,u=0,r>0andf € M;(Q).
If r > 1, the existence of a solution to (1.5) was established for suitable small data a and f. Otherwise, if
0 < r < 1, there exists a solution for every data.

Closely related to Problem (1.5) is the following one given by (1.6), which has been considered for the
p-laplacian operator in [27]
ut—Apu=l%+f inQx(0,7),
u=0 on 00 x (0, T), (1.6)
u(0) = ug in Q,

1
N+l and ~ > 0.

The authors in [27] proved that if a € L*(Q x (0, T)), up € L*(Q) and f € M;(Q x (0, T)), then there exists a

nonnegative distributional solution u € L*(0, T; W (Q)).

wherep > 2 -

Other results concerning the well-posedness of the following triply nonlinear degenerate elliptic
parabolic equation were obtained in [10],

bu): - div(A(u, Vo) + ) = f,  ul,o = uo. 1.7)



DE GRUYTER  Nour Eddine Alaa, Fatima Aqel, and Laila Taourirte, On singular quasilinear elliptic equations = 1287

Existence, uniqueness and continuous dependence on data ug and f when [b + Y](R) = Rand ¢ o [b + 1/)]’1
is continuous, were established.

The main new aspect of this paper is the fact that A and the functions a and b are not identically zero.
Our aim in this work is to prove the existence of a suitable weak solution to (P,). Here, as well as in the proof
of other similar results, the first step is to precise in which sense we want to solve our problem. On one hand,
a solution to (P;) has to be understood in the weak distributional meaning. On the other hand, we have to
take into account the singular nonlinearity at zero. For this purpose, we adopt the following definitions:

Definition 1.1. Letu € W,1(Q). We say that u < 0 on 0Q if (u - €)* € W;''(Q) for every € > 0. Furthermore,

loc
u = 0 on 0Q if u is nonnegative in Q and u < 0 on 0Q.

Definition 1.2. If v > 0, then a weak solution to Problem (P,) is a function

ue Wllo’cl([)) and u = 0in 0Q in the sense of Definition 1.1,

Yw CcC Q,3cy, Uu2cy >0inw,

/VuV<p=/%(p+/b(x)wu\p<p+)l/f<p, Vo € CLHQ).
0 0 0

0

(1.8)

The rest of our paper is organized as follows. Section 2 is devoted to necessary conditions on the data to get
existence of weak solutions in (P;). In section 3, we investigate the existence of a solution for Problem (P,),
when p = 1. Three different cases will be treated separately depending on the value of + : the non-singular
sublinear problem for any v > 0, the singular sublinear problem for + < 1 and the strongly singular problem
for v = 1. Finally, in section 4, we show the uniqueness of a solution of (P;) when it exists, for every

lsp< and v > 0.

N+1

Now, in what follows, we give necessary conditions for existence. For this purpose, we prove that for
sufficiently large value of A, the equation (P,) has no weak solution.

2 Necessary conditions for existence

2.1 Size condition

Theorem 2.1. Letp > 1,~ > 0and A > 0. We suppose that a € L}(Q)* and there exists a ball By in Q such that,
b(x) 2 Cy > 0a.ex € By and / f > 0. Then there exists 0 < A" < oo such that (P;) does not have any solution

By
forA > A"
Furthermore, when (P,) has a solution, then
- vl
Vo € Co (Bo) A/‘Pf <Cp ‘golﬁl , @1
By By
where Cp = 2;11
priCy?

Proof. See Theorem 2.1 [Alaa-Pierre, [Theorem 2.1, [6]]] for a similar detailed proof. O

Remark 2.2. The condition (2.1) is at the same time a size and regularity condition on f. It is similar to the
results obtained for quasilinear elliptic equations and multidimensional Riccati equations. In other words,

- a regularity condition is required on f as soon as p > 1;

- moreover, a size condition is also required if p > 2.
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For various discussions on the meaning of (2.1) and its relationship with nonlinear capacities, we refer the
reader to [6] and [19].

Proposition 2.3. [Alaa-Pierre, [Proposition 2.2, [6]]]
Under the hypothesis of Theorem 2.1, if Problem (P,) has a solution for some A > 0, then the measure f does
not charge the sets of wir' -capacity zero.

Remark 2.4. We recall that a compact set K C Q is of Wl’p/-capacity zero if there exists a sequence of Cj -
functions ¢y, greater than 1 on K and converging to O in W', The above statement in Proposition 2.3 implies
that
(K compact, whr' _ capacity(K) = 0) = /f =0.
K

Obviously, this is not true for any measure f as soonas N > p’ orp > % See [11] for more details.

Proof. of Proposition 2.3
See [6] for a similar detailed proof. O

In the following section, we restrict our attention to the existence of a weak solution to (P;) for p = 1. To this
aim, we proceed by an approximation argument. The main step is to get a priori estimates on the approximate
solution sequences, for any value of v > 0.

3 Existence Results for any finite nonnegative Radon measure

In this section, we present existence results of which the proofs are based on the isoperimetric inequality [25],
for linear growth on the gradient (p = 1), and for any finite measure f € Mj,(Q). Three different problems will
be treated separately in each subsection: the non-singular sublinear problem for any v > 0, the singular
sublinear problem for « < 1 and the strongly singular problem for ~ > 1.

3.1 Existence of solutions to the non-singular sublinear problem

Let us consider the following regularized problem in which we regularize the singular term % by (uaf;))w
where € > 0, to become not singular at the origin. The problem then rewrites
-Au = ato +bX)|Vul+Af inQ
(Pe) (u+e) ’ (3.1)
u=0 onoQ.

Theorem 3.1. Leta € L'(Q)* and b € L¥*"(Q)*. Then, forallv > 0,A > 0 and forall f € M;(Q), Problem (P¢)
N

N-1°

The main tool in the proof of this theorem is the isoperimetric inequality that we will use under the following

form [25].

has a nonnegative weak solution u in Wé’q([)) for1<q«<

Lemma 3.2. Letu € W'(Q). Then
- 1
d—‘: / IVul > NoJu(t) v, (.2)
[u>t]
where wy is the Lebesgue measure of the unit ball of RY, and

u(t) = meas{x € Q : [u(x)| > t}. (33)
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Proof. of Theorem 3.1

Step 1. Existence for the approximating problem. Let us approximate our Problem (P¢). For this pur-
pose, we define the truncated function T} as follows

T, (r) = max(~k, min(r, k)). (3.4)

Now, we truncate the functions a, b and f by considering the three sequences an, b, and f, which are defined
by
let n € N, an(x) = min(a(x), n), bn(x) = min(b(x), n), (3.5)

and
fn € C5'(Q), suchthat fn 20, [|fullLi(q) < [Ifllm,0) and fa — fin My(Q). (3.6

Let us now consider the following approximated problem
un 6 W(l)’N(Q)’

_an(x) . bn(x)|Vun| M inQ (3.7)
(Un+€)7 " 1+ 1by(0)|Vuun| :

The constant M = max((2n|\an||w)ﬁ - % + 2An||fn||s) is a supersolution of (3.7) and M = O is a
subsolution. Then by applying the classical theory (see p.34 of [7] and the Main theorem of [2]), we obtain
the existence of u, solution of (3.7).

Step 2. Estimates on the approximating solutions. At this level, we will prove the existence of a con-
stant C independent of n such that

/|Vun|qu, 1<q«< N]\—Il' (3.8)
Q
First of all, we introduce the following function
0 ifrst,
pen(r) = %tifts r<t+h, (3.9)
1 ifr>t+h.
We multiply (3.7) by p; n(un) and then we integrate on Q to obtain
1 An bn|Vun|
—un - Au Un) = +A Un). 3.10
/ [n n n] pt,h( n) / (n + )7 1+%bn|Vun| fn pt,h( n) (3.10)
Q Q
We observe that b
7;" Un| < b|Vun|, (3.11)
1+ £ba|Vun|
thus,
1 2 Aan Un—t dn
h / [Vin]” < / (un+€e) h " / (un + &)
[tsun<t+h] [t<u,<t+h] [up>t+h]
(3.12)

. / b|Vun| + Allfal |11 (0)-

[un>t]



1290 —— NourEddine Alaa, Fatima Agel, and Laila Taourirte, On singular quasilinear elliptic equations =~ DE GRUYTER

Since 0 < ¥ £ < 1 on the set [t < un < ¢ + k] and Wnllzicq) < 1111y, )» We obtain
1
q
1 2 An
= Yun|® < . —) Vun|?
B[ vl [t bl | [ v .
[tsun<t+h] [un>t] up>t]
+ Allflm, )
where g = (N + 1) = & - e(n), () > 0.
Hence
1
q
1 2 an q
n / |Vun|® < / tren + B[ () / [Vun| (3.14)
[tsup<t+h] [un>t] Up>t]
+ Allfllm, )
Finally, we get
1
1
H / |Vun‘2 < % + Cq / |VUn‘q + C/\, (3.15)
[t<up<t+h] Up>t]

where Cq = ||a||11(q), Cq = ||b||pvn(q) and Cy = A[|f]|p,(q)- Now, we assume that N > 2 so that g < 2, and we
use the following two inequalities

2

2
% / |Vun|? < % / |Vun|? (w)z (3.16)
[tsupst+h] [tsupst+h]
and )
! a1
% Vitn| < % / Vi |? (w)q (3.17)
[tsupst+h] [tsup<t+h]

Next, we take the g™ power of (3.17) and we multiply it by the square of (3.16) to find

q q
1 1 1 - h
- / Vul | |+ / Vunlt | < | 3 / |Vt 2 (w) (318)
[tsun<t+h] [t<up<t+h] [t<up<t+h]

Now, we plug the inequality (3.15) into the previous inequality, and we let h tend to zero, to obtain a differential

inequality satisfied by an(t) = / |Vupn|? and defined in the following sense

[un>t]
q
d 4 C 1 q

i / |Vun| (—an(t)) < (871 +Cq (on(t)7 + C,\> . (3.19)

[un>t]
On the other hand, according to the isoperimetric inequality (3.2), we get
q,,% q-3)_ ' C: 1 1 ’
Newy pn(t) N(-0on(t)) < o +Cq (Un(t)) 7+ Cy (—,un(t)> . (3.20)

Using Young’s inequality on the right hand side term leads to

030 < N7 (2L 4 D 0w+ Dy ) i i) G2
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where D; = C17, Dg = C4? and D, = C,9. This implies that
.y ﬁl ) ) a(x-D¢_,,
on(0) < | =g +Dqon(0) + Dy | pn(0) (—un()), (.22)

~ —q ~ - N 4
where Dy = N 9w/} D1, Dy = N%w,y Dgand Dy = N 9w, D,.
This can be rewritten as

d (k" d ( ke 1 (D1
Tdt (e 0"(0)5E(e )DTq TR IE (3.23)

where a = 1 - g Y1 and ka = D,.
Then by integrating from ¢ = 0 to t = ||un||ee, and knowing on(]|un||ee) = 0 and pn(||un||s) = O, we obtain

_ a 1 (D N
e kyn(o) O'n(o) < DTq <€’ﬁ1 +DA> . (3-24)
Since pn(0) < |Q|, we get
/ Vunld < C, (3.25)
Q
where C = ekm‘“i Dy +D, .
Dq &4
Step 3. Passage to the limit. We have
an - HaHLl(Q) (3.26)
(un + €)Y L1(Q) h v ’ )
and then from (3.7) and (3.25), we deduce
[|[Aun||p1g) < C and |\un||wé.q(9) <C. (3.27)
This yields to the compactness of u, in Wé’q(Q) for1=qgc< o1 Then there exists a function u such that (up

to not relabeled sub-sequences), the sequence u, converges to u strongly in Wé’q([)), and (un, Vun) converges
to (u, Vu) a.ein Q.

Moreover, by compact embedding, we obtain that u, converges strongly to u in L*(Q).

Thus, taking ¢ in C(Q), we have that

an
(un +€)”

Nl (3.28)
Y

Applying Lebesgue’s dominated convergence theorem, we obtain

- anp __ [ap
nlgrgo/ (un +€)7 / uv’ (3.29)
Q Q
Finally, since b € LN*(Q), then b|Vuy| converges strongly to b|Vu| in L*(Q). This concludes the proof since
it is straightforward to pass to the limit in the last term containing f5,. O

3.2 Existence of solutions to the singular sublinear problem and for every
nonnegative Radon measure

Theorem3.3. Let0 <y < 1,a € L=(Q)*and b € LN*1(Q)*. ThenforallA > Oand all f € M;(Q), Problem (P,)

has a solution u in Wé’q(()) forevery1<gq <

N
N-1"
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The proof of Theorem 3.3 strictly follows the main steps of the previous proof of Theorem 3.1. We will then
sketch it by enlightening the main differences. Estimates will mainly be based on the isoperimetric inequality,
and so they will be formally very similar to the previous proof. The main challenge in this case will be to
control the singular term ui for which we will show that u, is bounded from below on the compact subsets
of Q.

Proof. Step 1. Existence for the approximating problem.
Let us now consider the following approximated problem

N
N-1’
+b(X)|Vun| +Af inQ. (3.30)

un € Wy9(Q), 1<q<
a(x)

1 A/
(v+3)
n

The existence of a solution for (3.30) is ensured by Theorem 3.1 by letting € = % in Problem (P¢).

—Aun =

Step 2. Local uniform bound from below. Here, we show that u, is bounded from below on the compact
subsets of Q. In particular, we check that the sequence uy is such that for every w cc Q, there exists a
constant ¢, > 0 such that

un(x) = ¢y in w, forevery n € N. (3.31)

In fact, we have
-Auy = Af. (3.32)

Hence, using the uniform Hopf principle as formulated in [3] and [16], there exists a constant C only depend-
ing on Q such that

Gf = C(Q) / for | b1, (3.33)
0

where ¢; denotes the first eigenfunction of -A with Dirichlet homogeneous boundary conditions, and G
denotes the inverse in L!(Q) of the operator -A under homogeneous Dirichlet conditions.
Therefore we have

un 2 A Gf 2 1 C(Q) /f¢1 b1 (3.34)
Q

Thus, for all compact subset w of Q, there exists a constant ¢, (not depending on n) such that u, > cy, in

which ¢, can be taken as ¢, = AC(Q) min{¢; (x), x € w}, where C(Q) = C(Q) /f¢1

Step 3. Estimates on the approximating solutions. Let us take ¢ = p; ,(un) as a test function in the

weak formulation (3.30), where p, ;, is given by (3.9). Applying (3.34), we have 1 < ¢ 7, in which C =

(A C(.Q)) . Using the fact that u, + % > upn, we obtain

()P ¢,n(un)
Vun Ve in) < C "7 b(x)|wn|pt (i) + A fpt w(tn),

Q

which implies that

1 2 a(x) (un -1 a(x)

= Vu < C — +C —

h / | n | ¢1’Y h ¢1’Y
[t<upn<t+h] [t<un<t+h] [up>t+h]

‘ / )|V un + Allf |, -

[un>t]
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Since 0 < Y2~ . 1 on the set [t < un < t + h], we obtain
1 atg ,
L / VuP = C / / b)Y ttn] + Alf |yt -
[t<upnst+h] [u;@l]
Therefore
1
q
1 a(x)
p | wwk o= c [ 27 Pl A R
[tsu,:st+h] Up2t]
in which g = (N + )’ = - &(n), &(n) > 0.
Thus
1
q
1 1
7 / |Vun|? < Cl/—(pl,y +Cq / |Vun|? | +Cy,
[tsups<t+h] [o] un=t]

where Cy = Cl[al|r~(q), Cq = ||bl|pvn(q) and Cy = A[|f[|p,(0)-
Analogously to the proof of the previous theorem, we finally get

/ Vunl? < C. (3.35)
Q

Step 4. Passage to the limit Similarly to the passage to the limit in (3.7), we may assume that u, converges
strongly to u in L*(Q) and a.e. in Q.
Thus, taking ¢ in C1(Q), we have that

anQ ||(p||L°°(.Q) (
< 3.36)
(un+2)7 ¢1”
Finally, applying Lebesgue’s dominated convergence theorem, we obtain
. anp / ae
lim — = —. (3.37)
0o ol
=) o)) W
By a straightforward re-adaptation of the previous theorem, u is a solution to (P,). O

3.3 The strongly singular case: v = 1

In this case, only local estimates on the approximated solution u, can be obtained. Our aim here is mainly to
+1

give global estimates on TWT (u)in Hé () in order to provide at least a weak sense to u on the boundary of Q.

Theorem 3.4. Lety > 1,a € LY(Q)* and b € LN*1(Q)*. Then forall f € M;(Q)and A > 0, (P,) has a solution

N 1 Furthermore, T;(u) = £ € H(Q).

uin W o(Q) forevery 1 < g <

Proof. Analogously to Step 1 and Step 2 in the proof of Theorem 3.3, we obtain the existence of a solution uy
for the approximated Problem (3.30) for v > 1, such that for all w CC Q, there exists a constant ¢, > 0 such
that

un(x) = cp in w. (3.38)

In what follows, we show that Tk(u)WTH € H(Q).
To this aim, let H be a function in C*(R) defined by

H(s) = {Oiﬂs =1, (3.39)

sifls| < 3.
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We introduce the test function y
oon(ie)'e
Next, we multiply (3.30) (with v = 1) by ¢ and we integrate on Q to obtain

2 v () () f ()
0] 0

_ an Un\"7 _Buy Un\"_Buy
/(un+;)vH(k) € +/bn\Vun|H(k) ¢
0 0

v /AfH (Hr)" e,
Q

Hence

~y+1
2

2
e [ [ (%) | < frvwpn () e
Q Q
n Un\7 Bun an Un\7 Bun
< —H | ——H (5
= / (un+%)7 (k)e +/ (un+%)’Y (k)e
[un<k] [un>k]

+/bn|wn|H(”T:)7eﬁ“" +/)lfH(u—k")’Yeﬁ“".
[0} Q

DE GRUYTER

(3.40)

(3.41)

(3.42)

By using the definition of H given by (3.39), the second term of the right-hand side of the inequality (3.42)

vanishes and for the first term, we have
An Un\"7 _Bu ﬁk/ an Un\7
7H<—>e "<e 7<—) .
/ (un + %)7 k (un + %)7 k
[un<k] QO

. u;
Since ——*—— < 1, then

1
(un + ﬁ)'y

Aan Un\" _pu
————H <—) e’ < Cylla .
/ (un + %)’Y k kH HLl(Q)
[un<k]

Using Young’s inequality in the third term of (3.42), we obtain
. "
0 [ v (%)
Q
<Cilall +e [ 1vunlH () e ek [ b
Q 0
Un 7 Bun
. / A ()7 b,
Q
Concerning the last term in (3.45), we have

AQ/fH(”I:)”eﬁ“uA / fH(u—k")weﬁ“"Hl /fH(u]—:)veﬁ“".

[un<k] [un>k]

y+1
2

2 .
+5/ \VunH (“T:)”eﬁ""
Q

Since H (u—k"yeﬁ“" < (u—k"y ePun < Pk on the set [un < k], we get

,
A [ o (BE) e < -
Q

(3.43)

(3.44)

(3.45)

(3.46)

(347)
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Thus
2

. . /
+ -9 [ 1VulH () e < Cullal + €0 [ 02+ Cflw, )
0

+l

c(k)/‘VH ()

Choosing f§ such that - € > 0 leads to

L
k)/‘VH < Cllallp + Cle, k)/b2 + Ci'|If |, - (3.49)
Q
Finally, we get
S
/ ‘VH( )] < e, (3.50)
Q
Now, we observe that
uny 5| uny 5|
n 2 n -
/ ’VH (7) < / ‘VH (7) < C(k). (3.51)
[unéé] Q
From the definition of H, we obtain that
1 o
i / |Vup? |* < C(k). (3.52)
[un<3
Consequently
/ |VT§(un)”T”|2 < C(k). (3.53)
Q

Even if we replace g by k, we obtain the desired result.

Next, we show the boundedness of u, in Wllo’g(()) into two steps.
For fixed k > 0, we will make use of the two truncations functions T} (r) given by (3.4) and G(r) defined as

Gi(r) = (Jr| - k)" sign(r).

Step 1: G1(un) is bounded in W29(Q) forall 1 < g < NA_’
In other words, we have to prove that there exists a constant C; depending only on k such that

|Vun|? < Cy. (3.54)
[up>1]

Analogously to the case v < 1, we take ¢ = p; ,(un) as a test function in (3.30), and we obtain

/ Aunpth(un) /|:+bn|vun|+ﬂfn:| p[h(un) (3.55)
Q
Hence
1 2 b A
x [Vun| (u +1)7 [Vun| + Al my0)-
[tsups<t+h] [un2t] [un=t]
Therefore
1
q
1
A / ey Pl [ 15l |+ Ao (356)

[tsup<t+h] Up>t]
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where g = (N + 1)’ = & - e(n), () > 0. Then, we get

1

q

i lalluxo
po [ vl O bl | [ V| Al (57)

[tsupn<t+h] up>t]

We thus get the following inequality

%
% / |Vun|* < %+Cq /|Vun\q +Cy, (3.58)

[t<up<t+h] Up>t]

where Cy = [|al|z1(g), Cq = [|bl|va(o) and Cy = Al[f||p,q)-
Let us now plug the inequality (3.58) into the previous inequality (3.18). By tending h to zero, we obtain a

differential inequality satisfied by the function o, which is defined in the following sense o (t) = / [Vun|9,

[un>t]
d ’ C1 1 q ’
g [ T oo = (F+Coon® 01 ) Hale). (359)
[u;lzt]
On the other hand, according to the isoperimetric inequality (3.2), we get
’ L q ’
N9wh a7 (=0p(0)) < (% +Cq (on(®)7 + cA) (-ma®) (3.60)
Using Young’s inequality on the right-hand side term leads to
-0u) <N 4w (24 D4 00(0+ D) (05 o) G
where D; = C19, Dq = C4? and D, = C,9. This implies that
! DA ~ & 1_ ’
~0y(0) < (WE + Dgon(0) + DA> nO7F D (0), (362
where D; = N‘qw,;WqDl, Dq = N‘qw,;Wqu and D, = N‘qw;,WqDA.
This can be rewritten as
A (o A (ko) L (DL
at (e on(t)) < 3 (e ) ﬁq o +D, |, (3.63)
where a = 1 - g Y32 and ka = Dy.
Integrating between 1 and ||un||e, SiNCe n(||Un||os) = 0 and pn(||un||e) = 0, we get
|Vun|? < CylekM" —1]. (3.64)

[un>1]

This concludes the statement of Step 1.

Step 2: T (uy) is bounded in H}, .(Q).
We have to investigate the behavior of (uy) for its small values (un < 1). To do so, we need to prove that
Yw CC Q,
/ VT )P < C. (3.65)

w
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First, we take T (un) as a test function in (3.30), and we get

2 / [V T4 (un)* 7 (un) = / {“7 + bn|Vn| +Afn} 7 (un) < C. (3.66)
w Q

(un + %)
Furthermore, according to (3.38), we have u, > ¢y on w, and we observe that

vt |VT1(un)\2 <y \VTl(un)|2 T Y(uy) < C. (3.67)
1
w Q

Now since un = T1(un) + G1(un), we deduce that u, is bounded in Wllo’g(.()) forevery 1 <q <
By (3.30), we obtain

N-1'

1Aun]|11 () < Clw),

This yields to the compactness of (un) in Wllo’g(Q) for1<qg«< NA—[ 1 by applying the following Lemma:
Lemma 3.5. [Baras-Pierre, [Lemma A.2, [11]]]

Letun € W-9(Q), 1< q < such that

loc

N-1

||un\|wllo,f <C and 1Aun]|1: (o) < C. (3.68)
Then we can extract a subsequence of (uy) still denoted uy, such that

Un — uinWllo’g(Q),

un — ualmosteverywhere in Q.

Proof. See Lemma A.2 of [11] for a detailed proof. O

Now, for the passage to the limit in (3.30), let w cC Q and ¢ € C5(Q), such that supp ¢ = w.
Since un = ¢y in w, we have

Aan
(un+ )"

¢' el ;1. (3.69)
Cw?

Hence, applying Lebesgue’s dominated convergence theorem, we deduce that an = converges to z% in

(un +7)
Lioc ().

Finally, we deduce that u is a solution to (P,) by a straightforward re-adaptation of the passage to the
limit in the previous theorem. O

4 Uniqueness of weak solutions

Theorem 4.1. Leta € LY(Q)*, b € LN*1(Q)* and 1 < p <
solution of (P,) is unique if it exists.

NA_I I Then forally > 0,A > O and f € M;(Q), the

In order to prove this result, we start by recalling the following technical lemma
Lemma 4.2. Let us consider j(r) = |r|P. The function j is convex and we have
vr € R", 3A € 0j(r) such that V# e R", j(r)-j(#) 2< A, r-7>, (4.0)

where 0j(r) is the sub-differential of j(r) defined as follows:
(i) ifp>1,0j(r) := Vj(r) = p|r|P~?r,
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(i) ifp = 1,
= r#0,
oj(r) = ¢ I7l (4.2)
{reR% |r|s1} r=0.

Consequently, we deduce that for u € WHP(Q), there exists A(x) € 0j(Vu) such that

vite WHP(Q), [Vulf - |ValP 2 <A, V(u-11)> . (4.3)

, N
Furthermore, for 1 < p < %, we deduce from statement (i) in Lemma 4.2 that A € (Lp (Q)) , in which
N
the conjugate p’ verifies 117 + }% =1landp’ > N.Hence A € (LN“?(_Q)) forn > 0.
For p = 1, we may deduce from (4.2), that ||A(x)|| < 1, for all x € Q. Hence A € (L“(Q))N. Thus, again we

N
have A € (LN”I(Q)) .
Finally, the uniqueness result that we obtain is a consequence of the following two lemmas:

Lemma 4.3. [Alaa-Pierre,[Lemma 4.6, [6]]]
Letd € LN*¢(Q,R"), € > 0, a = 0 and w a solution of

1,1
{w e Wi, )

aw-Aw < d.Vw inD'(Q).

Then w < 0.

N
Lemma 4.4. LetA ¢ (LN“T(Q)) and@ € W-9(Q)for1<gq < suchthatf>0in Qand 6 = 0on 0Q in

N
loc N-1’°
the sense of Definition 1.1. Furthermore, we assume that 6 verifies

-AB<A.VO inD(Q). (4.5)

Then 8 = 0in Q.

Proof. of Lemma 4.4
We have (0 - )" ¢ Wé’q(Q) for all € > 0, and by mean of Kato’s inequality up to the boundary (see [28]), we
obtain

—A(G - £)+ < —A(G - 8) )([9_90]
< =40 Xjg-es0]
< A.Ve)([g_€>0]
Hence
0-¢)" e Wr(Q),
6-¢) Mo Q) ) 46)
-AB-¢)" <A V(O-¢) inD'(Q).
Now using the previous Lemma 4.3, we obtain
O-c<0,i.e.0<¢g, Ve> 0, (4.7)
and since 8 > 0in Q, then 6 = 0in Q. O
Proof. of Theorem 4.1 Let u be a supersolution of (P;) and & a subsolution, and let w = u — i.
We take the difference between the equations associated to u and i respectively, we obtain
Aw= 2N _alk) b(x) (|VulP - |valP). (4.8)

u”y Nl
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By the convexity, there exists A € LN*1(Q, R") for n > 0 such that

[VulP — |ValP = A.V(u - i). (4.9)
Hence 0 00
ax) alx) ~ A
-Aw < o +A.V(u-i), (4.10)
Then by Kato’s inequality, we obtain
alx) a(x) - .
-Aw" S Xiu-i0l | 5 ~ P +AvVu-u)|. (4.11)
which implies that
-Awt < A.Vw'. (4.12)
Therefore, thanks to Lemma 4.4, we get w = 0, which completes the proof. O
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