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1. INTRODUCTION

Let X be a Banach space and C a closed convex subset of X. M. Gregus [7] proved
the following result

Theorem 1 (Gregus [7]). Let T: C — C be a mapping satisfying
(G) Iz = Ty|| < alle =yl + plITz — z|| + plITy - yl|

forallz,ye C, where 0 <a<1l,p<0anda+2p=1. Then T has a unique fixed
point.

Many theorems which are closely related to Gregus’s Theorem have appeared in
recent years ([2]-[9]).

The purpose of this note is to define and to investigate a class of mappings (not
necessarily continuous) which are defined on metric spaces and satisfy the following
contractive condition.

(1) d(Tz,Ty) < ad(z,y) + (1 — a) max{d(z, Tx), d(y, Ty), bld(z, Ty) + d(y, T)]}

where 0 < a < 1 and b % - 1,0;—8:" We shall prove a fixed point theorem which
is a double generalization of the above theorem of Gregus. Firstly the nonexpansive
nature of the mapping is generalized, and secondly the underlying space is freed to
a non-linear situation. An example is constructed to show that our Theoremn is a
genuine generalization of the theorems of Gregus [7] and Li [8].

We recall the following definition of a convex metric space.

* This research was supported by The Science Fund of Serbia, Grant No. 0401D through
Matematicki Institut.
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Definition 1. (Takahashi [10]). Let X be a metric space and I = [0, 1] the closed
unit interval. A continuous mapping W: X x X x I — X is said to be a convez
structureon X ifforallz, y € X and A € I,d[u, W(z,y, )] < Ad(u,z)+(1-A)d(u,y)
for all w € X. X together with a convex structure is called a conver melric space. A
subset K C X is convex, if W(z,y,A) € K whenever z,y € K and X € .

Clearly a Banach space, or any convex subset of it, is a convex metric space with

Wi(z,y,A) = Az + (1 — A)y.

2. MAIN RESULT
Now we are in a position to state our main result.

Theorem 2. Let K be a closed convex subset of a complete convex metric space
X and T: K — K a mapping satisfying (1) for all £,y € K. Then T has a unique
fixed point.

Proof. Let 2 = z¢ be an arbitrary point and consider the sequence {z,}
defined by z,41 =Txp,; n=0,1,2, ... From (1) we have

d(znyTIn) = (I(T.’l?n_],T;En) < (ld(:ltn_‘,.l'")
+ (1 — a) max {(I(J:"_l, Zn),d(zn, Txy), b[(l(r,._l, Tx,,)] }

Since b < %, by simple calculation we obtain
(2) d(zn,Tz,) <d(z,Tz) (n=1,2,..)).

We shall show that

(1-a)’

3) d(Tzr, Tzi) < [1 +a+ ]d(z,n)

for some k > 0. Using (1), (2) and the triangle inequality we have d(T'z,,T3z,) <
ad(Tzp-1,T32n_1) + (1 — @) max{d(z,Tz),b[2d(z, Tz) + d(Tzn-1,T3zn-1)]}. If
for some n = &

(4) d(Ta:k,T"’.rk) < a(l(’I'J:k_l,T"’;rk_l) + (1 — a)d(z,Tx),
then (3) holds, since by (2) and the triangle inequality we have
d(Tzi—1,T324_1) = d(xp, Tzr41) < d(xp, Tzr) + d(2pg1, TTi41) < 2d(z, Tx).
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Suppose that (4) does not hold. Then
d(Tz,, T%z,) € ad(Tzp-1, T3zn-1) + (1 — a)b[2d(z, Tz) + d(Tzpn-1, T32n_1)]
holds for each n =1, 2, ... Hence
d(Tzn, T32,) < [1 = (1 = a)(1 = b)]d(Tzn=1, T32n-1) + 2(1 — a)bd(z, Tz).
Hence, by induction we get

(5) d(Tzn, T2,) < W"d(Tz, T%2) + -

bd(z,Tz),

where h = 1 — (1 — a)(1 —b) < 1. Since d(Tz, Ta;r) 2d(z,Tz) and by hypothesis
for b we have

( —ﬂ)3

2b 4(1+a2) —ltaqt (1-a)3

=5 S 3%a - 3z < itet

we may choose k such that 2h* + % <l+4+a+ LI-—SGLJ For such k, (5) implies (3).
Therefore, we proved (3).

Let k be such that (3) holds and put y = z;. Since K is convex, by Definition 1
W(T?y, T3y, ;i,-) = z € K. Then, using Definition 1 and (2) and (3), we have

—
I —

d(z,T?) < 5 d(T?, T*) < 2d(x,T1:).

d(z, %) < 3 d(T*y, T%) < 3 d(z,Tx),
©) ATy < ST T + a1 < 2T g 1)
) d(z,T=) < %[d(Tz,sz) +d(Tz, T%)].

Now we shall show that there is a real nummber A, such that
(8) d(z,Tz)<A-d(z,Tz); 0<A< .

Put
M = M(z,z) = max {d(z, Tx),d(z,Tz)}

and suppose M > 0. Using (1) again, from (2) we have
9) d(Tz,T?y) < % M + (1 — a) max {M, b[% M+ d(Tz,T"’y)] }
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2_ 3
d(Tz,T?y) < a Z#'_ M

1
(10) +(1 —a)max{M,b[5 M +d(Tz,Ty)| }.
Since 2b < 1, using the triangle inequality we get
1 2 1 2
b[§ M 4+ d(Tz,1 -y)] < b[i M +d(z,Tz) 4 d(z, T y)] WM< M.
Therefore, from (9) we have
a a
d(T=,To) < GM+(1—a) M = (1 - -2-) M.
Using the triangle inequality and (2) we get
d(Tz,Ty) < d(Tz,T?y) + d(T?y, Ty) < M + d(Tz, T?y).
Therefore, from (10) we have

7+ 3a®-d®
a

(12) d(Tz,T?y) < 5

M + (1 — a) max {M,b[g— M+ d(Tz,T2y)] }
Case 1. Suppose that from (12) we have

a7+3a2—a3 14 3a2-a®

(12)  d(T=z,T?y) < 5

M+(-a)M=[l+a | M.

Then by (7), (11) and (12') we have

1+ 3a? —a®
6
max {d(z, Tz),d(z,Tz) }.

d(z,Tz)s‘l[l—2+l+a

(13) =[1-a

]M
2—3(! +d® ]

Since 0 < a < 1 implies A} =1 - ul:;’&%tei < 1, from (13) we have
(14) d(z,Tz) < M d(x,Tz); 0< A <1
Case II. Assume now that (12) implies

7+ 3a® -

d(Tz,T?y) < a 6

S M+ —a)b[ M +d(Tz, T?y)|.
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2
Then, as by hypothesis b < 25%?,%,—1, we have

[5+ 3a® — (1 — @)2(1 + a*)]d(T'z, T?y)

a2
5+6““ M +3(1—a)(1+a®) M

< a(6+5a% + a®) M 4 3(1 — a)(1 + a®) M.

< a(7+ 3a® - d®)

After some computations we get

on . 2 3 2 a 2 3 _1 2
(12") (34+2a+a?+2a*) d(Tz, T?y) < [(1 + E) (3+2a+a?+24) - S a(1-a) ]M.
Now from (7), (11) and (12”) we have
(15) d(z,Tz) < A2 max {d(z,Tz),d(z,Tz)},
where Ay = 1 — Hﬁﬁ%'%?;m. Since Ay < 1, from (15) we have
(16) d(z,Tz) < A2d(x,Tz); A< 1.

Put A = max{A;,A2}. Then from (14) and (16) we conclude that (8) holds in any
case.

Now it is easy to prove that (8) implies
(17) inf{d(z,Tz): z€ K} =m = 0.

Indeed, since A=% > 1, there exists some 2’ € K such that d(z’,Tz') < A~ % m. Then,
as above, there is 2/ = z/(z') € N such that (8) holds, i.e. such that d(z’,Tz') <
Ad(z',T2'). Then we have m < d(z',Tz') < MA~3m) = A3m. Hence m = 0.

Now we shall show that

5+ 3a®

(18)  max{d(Tz,Ty),d(z,y)} < [2 + I=a2

] max{d(z,Tz),d(y, Ty)}.

Let M = max{d(x,Tz),d(y,Ty)}. Then from (1) and the triangle inequality we

have

d(Tz,Ty) < ald(z,Tz) + d(Tz,Ty) + d(Ty, y)]
+ (1 — a)max { M, b[d(z, Tz) + 2d(Tz, Ty) + d(y, Ty)] }
< 2aM + ad(Tz,Ty) + (1 — a)[M + 2bd(Tz, Ty)].
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2a
Hence, as b < 3—1'3—0;, we get

d(Tz,Ty) < [5”" ]

(1-a)?

This and d(z,y) < 2M + d(Tz, Ty) imply (18).
Now by (17) we can choose a sequence {z,} in K such that d(zn,Tz,) < 1
(n=1,2,...). It follows from (18) that

: 54+3a?
2+ l—aa

m

max {d(Tzm, Tz,), d(zm,zn)} < forl<m<n.

Therefore, both {z,} and {Tz,} are Cauchy sequences, and moreover they have a
common limit, say u. By (1)

d(Tz,,Tu) < ad(z,,u)+(1—a)max {(1(1',., Tz,),d(u,Tu), b[(l(:t,,, Tu)+d(u, Tx,,)] }
Taking the limit as n — oo in this inequality, we get
d(u, Tu) < (1 = a)d(u,Tu),

which implies that Tu = u. The uniqueness of a fixed point follows from (1). O

Remark I. Ifin Theorem 2 b = %, then T may be without fixed points, as the
following simple example shows it.

Example 1. Let K be the set of real numbers with usual metric and let

T: K — K be defined by Te =z + 1. Then forany 0 <a<1

A(T2,Ty) = d(z,9) = ad(z.9) + (1 ~ @) g [d(z,4) = 1+ d(z,9) + 1] = d(z, ).

Remark 2. If b =0, we obtain the result which was established by Fisher [5].
That result also appears in [2], [4], [6], and [9] as a corollary of common fixed point
theorems.

Theorem 3. Let K be as in Theorem 2 and T: K — K a mapping satisfying
(19) d(Tz,Ty) < ad(x,y) + b[d(z, Ty) + d(y, Tz)] + ¢ max {d(z,Tz),d(y, Ty)}

forallz,y€ K, where 0 <a< 1,620,¢20,a+b>0 and

5+ a?
b
(20) +2+ zb+c
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Then T has a unique fixed point.

Proof. We have

2
ad(z,y)+ b % . ;i «* > [d(z, Ty) + d(y, Tz)] + ¢ max {d(z Tz),d(y,Ty)}
< ad(z,y) + [5+G b+(‘] max {(l(:t Tz),d(y, Ty) a? [d(z Ty) + d(y, T:c)]}

< ad(z,y) + (1 — a)max {d(z:, Tzx), d(y, Ty), 5 a2 [d(a:,Ty) + d(y, Ta:)] }

Therefore, (19) and (20) imply (1) with 0 < a < 1 and
_ 2+ a? < 1 1-a?
" 5+4a® "2 10+ 6a?

and so we can apply Theorem 2 in the case a > 0.
If @ =0, then a+ b > 0 implies b > 0, and then from (20) we have

b
0<2b+ecg l—§< 1.
So in the case a = 0 Theorem 3 reduces to a special case of Theorem 2.50f [1]. O

Corollary 2 (Li [8]). Let K be a closed convex subset of a convex metric space
X and T: K — K a mapping satisflying

d(Tz,Ty) € ad(x,y) + b[d(;t, Ty) + d(y, T:r)] + C[(l(:t, Tzx) + d(y, Ty)]
forallz,ye K, where0<a<1,06>0,c20,a+b>0 and
(22) a+3b+2c <1

if X has the property that every decreasing sequence of non-empty closed subsets of
X with diameters tending to zero has non-empty intersection, then T has a unique
fixed point in K.

Proof. It is clear that the inequalities (19) and (20) are more general than
corresponding inequalities (21) and (22). Since the property of X, stated in Corollary
2 is equivalent to the completeness of X, we see that all assumptions of Theorem 3
are satisfied. a

The following simple example shows that our Theorems 2 and 3 are genuine gen-
eralizations of the Theoremns of Gregus [7] and Li [8].
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Example 2. Let K = [—4,4] be a closed convex subset of the real line and
T: K — K a mapping defined by

szg, if —2<2<4; Tr=4,if —4<z< -2

It is clear that if z,y € [-2,4] or z,y € [-4,-2), then d(Tz,Ty) < Ld(x,y). Let
now z € [-2,4] and y € [-4, —2). Then we have

1 5 5 5
d(Tz,Ty) <4+ 3 < g 6 < é(l(y, Ty) < g max {d(y, Ty),d(z, Tz)}.
Therefore, T satisfies the condition (19) with a = §, ¢ = 2 and b = 0, and the
condition (1) with a = % and any 0 € b < %— :;"—8 Since K is compact, hence

complete, all assumptions of Theorems 2 and 3 are satisfied and u = 0 is the unique
fixed point of T. But T does not satisfy (21) with a + 3b+ 2¢ < 1, and hence (G),
since for all z € [—1,0] and y € [-3, —2) we have

d(Tz, Ty) >4>4—% =max{3,%(5+3),%(g+7)}

> max {(1(;1:, Y), % [(I(r, Ty) + d(y, T.L‘)] , —‘12- [d(z‘, Tz)+ d(y, Ty)] }
> ad(z,y) + bld(z, Ty) + d(y, Tz)] + c[d(z, Tz) + d(y, Ty))

for.any a,b,c>20witha+3b+2c< 1.
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