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ON SOME NEW INEQUALITIES OF
HERMITE-HADAMARD-FEJER TYPE INVOLVING CONVEX
FUNCTIONS

KUEI-LIN TSENG, SHIOW RU HWANG, AND S.S. DRAGOMIR

ABSTRACT. In this paper, we establish some inequalities of Hermite-Hadamard-
Fejér type for m-convex functions and s-convex functions.

1. INTRODUCTION

If f:[a,b] — R is a convex function, then

(L1) f(“;b) <

is known as Hermite-Hadamard inequality.

Fejér [14] gave a generalization of the inequalities as the following:

If f: [a,b] — R is a convex function, and g : [a,b] — R is nonnegative, integrable
and symmetric about “7“’, then

b
(1.2) f (a—l— b) / x)dx </ f@)g(x)dx < f(a) ;_ 1) / g(z)dz.
For some results which generalize, improve, and extend the inequalities (1.1)) and
(T2 see 1] - [12], [14] - [T6], [19] - [23]

Definition 1 (see [0 3] [18]). A function f :[0,b] — R is said to be m-convez,
where m € [0, 1], if for every z,y € [0,b] and ¢t € [0, 1] we have:

(1.3) [tz +m(1—t)y) < tf(z) +m(l—1)f(y).
We denote the set of all m-convex functions on [0,b] by K, (b).

fla) + f(b)
- 2

Dragomir and Toader [I3] (see also [6]) proved the following two theorems:

Theorem 1. Let f : [0,00) — R be an m-convex function with m € (0,1]. If
0<a<b<ooand f € L0,b], then

’ a) + mf(L mf (2
(1.4) /f(x)dl‘g(ba)min{f( )+2 f(m)7f(b)+2f(m)}_
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Theorem 2. Let f,m,a and b be defined as in Theorem[d] If f is also differentiable
n (0, 00), then

s |t )| 0-a /f

m

<3 [(b ma) f(b) — (a —mb) f(a)].
The following two theorems are due to Dragomir [0]:
Theorem 3. Let f be defined as in Theoreml Then

f(a;b> / f(x +mf )
e 0 (1 (5) 4 (2)
" ot (1 () + ()]

Theorem 4. Let f : [0,00) — R be an m—-convex function with m € (0,1]. If
f € Li[am,b] where 0 < a < b, then

mb b
: flz )dx"‘mbma/ f(x)d;v] S(mb—a)M.

m+1 b ma 2

Remark 1. A misprint of @ in the orginal paper has been corrected here.

Definition 2 (see [9, 10, [17]). Let 0 < s < 1. A function f : [0,00) — R is
said to be s-convex in the first sense, if for every x,y € [0,00) and o, > 0 with
a® + B° =1, we have:

(1.7) flazx + By) < o f(z) + 57 (y)-
We denote the set of all s-convex functions in the first sense by K.

Definition 3 (see [0, 10, I7]). Let 0 < s < 1. A function f : [0,00) — R is said
to be s—conver in the second sense, if for every x,y € [0,00) and a, > 0 with
a+ B =1 we have the inequality . The set of all s-convex functions in the
second sense is denoted by K?2.

Dragomir and Fitzpatrick [9, [10] proved the following two theorems:
Theorem 5. Let f € K} and a,b € [0,00) with a <b. Then

(1.8) (a2 b)) < /abf(as)dx

and
(1.9) f <gl+f) S/O f <a;b [ (1—t)1D dt
g/olf(atier(l—t)i)dth.

Theorem 6. Let f € K2 and a,b € [0,00) with a < b. Then

(1.10) 27 1(b — a) <a+b> /f )dz < _a)gfi;rf(b))'
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In this paper, we shall establish some generalizations of Theorems [I] - [6}

2. MAIN RESULTS

Throughout this section, let ¢ : [a,b] — R be nonnegative, integrable and sym-
metric about QTH’.

Theorem 7. Let f,m,a and b be defined as in Theorem [l Then

b a mf(Z mf (< b
(2.1) / f(x)g(x)dx < min { @ +2 f(m), fb) + 5 /() }/ g(z)dz.

Proof. Since f is m—convex and ¢ is nonnegative, integrable and symmetric about
a+b

43>, we have

b b b
/fuwmm1UJWM@M+/fw+beaw@M]
b

O |

/fﬂ@+fm+bf@mmwx

/b f b—xa+mx—a E
o b—a b—a m

+f(xa Lk b)]g(w)dx

b—aa mb—a m

= — b

) ez ()
+x‘“ﬂ@+nf‘mf(bﬂgQMx

b—a b—a m

a)+mf(L) rb
(2.2) :w / g(@)da.

On the other hand,

t[}@mwﬂx=

N~ N~

b
/[ﬂ@+f@+b—MM@Mw

b
b—z a T—a
/a {f(mb—a.m—’_b—ab)

+f (mz_a~a+ b_xb)] g(x)dx

—a m b—a
3 [ [t (&) + =t

+me—2f (3) 0 b_xf(b)} g(a)dz

N~ N~

IA

mb—a m b—a

mf (< b
(2.3) W/ g(x)dx.

The inequality (2.1) follows immediately from (2.2) and (2.3)).
Remark 2. If we choose g(x) =1, then Theorem@ reduces to Theorem .
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Remark 3. If m = 1, then the inequality reduces to the second inequality of
whereO§a<b<oo.

In order to prove our second theorem, we need the following lemma:

Lemma 1 (see [6] or [I3]). If f is differentiable on [0,b], then f € K, (b) if and
only if

(2.4) f@) =mf(y) < f'(@)(x —my)

for z,y € [0,0].

Theorem 8. Let f,m,a and b be defined as in Theorem |2 Then

fmb) b;“f'<mb>] / " (o) < / ' f@)g(a)de
b

(2.5) < [ 1= ma)f @)+ mi@lg(a)da.

Proof. By Lemmal[l} for € [a, b], we have
f(mb) —mf(x) < f'(mb)(mb — mz)

and
f(mb) —mf(a+b—z) < f'(mb)[mb—m(a+b— 1),
so that
(26) T) (52 mb) < fi0)
and
(2.7) @—(m—a)f’(mb) < fla+b-—ux).
If we add the inequalities and , then
(2.8 BIUID) o — af(amb) < @) + f(a+ b a)

for all € [a,b]. Since g is nonnegative, integrable and symmetric about “T"‘b,

multiplying 1) by @, and integrating the resulting inequalities on [a, b] yields

L2t ] [ " (@)

m

2
<5 [ @o@) + fa+ b= wp(o)is
1

b b
. [ [ r@at@is + / fa+b—2)gla+b—z)d

b

= | fl@)g(z)dz.
a
This proves the first inequality in (2.5)). Putting in (2.4) y = a, we have for z > ma
(2.9) (z —ma)f'(z) + mf(a) > f(x).

Multiplying (2.9) by g(x) and integrating over x on [a,b], we obtain the second
inequality in (2.5). This completes the proof. I
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Remark 4. If we choose g(x) =1, then Theorem@ reduces to Theorem @

Theorem 9. Let f,m,a and b be defined as in Theorem|[3. Then

= {f(a)+f(b)+2m (f () *f(nbz»
ot (1 i) 5 ()] [

m2 _b_ b
(2.10) < L (i )2+f(m )]/ g(x)dx.

Proof. Since f is m—convex, f € Ly[a,b] and g is nonnegtive, integrable and sym-
metric about ’IT'H’, we have

f (a;rb> /abg(x)dx
:/abf[;(a+b—x)+gl-;]g(x)dx
< [[srasv-a+ 55 (2)] st

_/ab; [f(a+b—z) (aerfx)erf(%)g(x)} dx

/f / f()()dx]

b fla )+mf( )

N —

(211) = g(x)dz,

»MHN
" :

b b
/f(as)g(x)d:z:—l—/ fla+b—1x)g(a+b—x)dx

/bmf( ) (a:)dx+/abmf <a+;_m>g(a+b—x)dx]
[ /f dx+2/abf(a+b—x)g(x)da:
+ 2/:mf (%) g(:x)d:c+2/abmf (a—i_:l_x)g(x)dx}

b b
b—x x—a b b—2 a x—-a
/f(baa—i—bamm>g(x)d$c+/af(bamm+bab>g(w)dm

b b
T—a b—z b r—a a b-=x
+/af(baa+bamm)g(x)dx+/af<bamm+bab)g(m>dx

1
8
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The inequalities (2.10]) follow from (2.11)), (2.12)) and (2.13)). B

Remark 5. If we choose g(x) = 1, then Theorem [ reduces to Theorem[3

Remark 6. If m = 1, then the inequalities reduce to the inequalities
when 0 < a < b < co.

Theorem 10. Suppose that f : [0,00) — R is an m—-convex function with f €
Li[ma,b] and k: [ma,b] — R is nonnegative, integrable and symmetric about

szthf z)dx > 0, where m € [0,1] and 0 < a < b.
(a) If a < mb and h : [a,mb] — R is nonnegative, integrable and symmetric
about “HML with famb h(z)dz > 0, then

1 ([ f@)h(z)do . Jona F(@)k(@)d2\ _ f(a) + ()
m+1 famb h(z)dz f:w k(z)dx B 2 .

(b) If mb < a and h : [mb,a] — R is nonnegative, integrable and symmetric

about “E with [, h(z)dz > 0, then the inequality also holds.

(2.14)

Proof. (a) Since f is m—convex, f € Li[ma,b], k is nonnegative, integrable, sym-
metric about 4 with f::m k(xz)dz > 0, we have

” _ Jh @)k()de &[4, fma+ b~ z)k(ma + b 2)d
f(z)k(x)dx = g

_ Jmalf @) + f(ma+b— 2)k(x)dx
2

1/ _f b—xmaer—mab
2 Joa I” \bD—ma b—ma

+f <z_:z;lma+ bow b)] k(z)dx

b—ma

b i J— J—
i/ mbbi = fa) + T 1)

ma

IN

—ma b—x

+m f(a) +

(2.15) - + /m a

Similarly, we have
mb mb
(2.16) F@)h(z)dz < M / h(z)dz

The inequality (2.14] - ) follows immediately from (2.15)) and -
The proof of part (b) is similar to that of part ( ) |

Remark 7. If we choose h(x) = 1 and k(x) = 1, then Theorem reduces to
Theorem [{.

Remark 8. If m =1 and h(z) = k(x) = g(x) on [a,b], then the inequality
reduces to the second inequality of when 0 < a < b < oo.

f(b)} k(z)da

b—ma

In order to prove our next theorem, we need the following lemma:
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Lemma 2 ([I7]). If0< s <1 and f € K!, then f is nondecreasing on [0, 00).
Theorem 11. Let f,a and b be defined as in Theorem[5 Then

(2.17) f[z—%<a+b>} / bg(a?)dxé / b f(2)g(x)dz

and

b
(2.18) < M/ g(x)dz.

. . . . . b
Proof. Since f € K} and g is nonnegative, integrable and symmetric about %%,
we have

f {Q’é(a—kb)}/

a

bg(x)dx = /abf [2*%1: + Q*é(a—kb— x)] g(x)dx

IN

/a b Bf(w) o flatb- x)] g(w)de

[/:f(x) dx+/f +b— 1) ()dxl
[/abf(x)g(x)der/a f(a+b—$)g(a+b—x)dx]

b
[ @tz
This proves .

Next, if s = 1 then ([2.18]) is ( . Let 0 < s <1, and o, 8 > 0, then

(a—;ﬁ) =3 (O‘S +0°).

Now, by Lemma [2] f is nondecreasing on [0, 00). Since ¢ is nonnegative integrable
and symmetric about %%

5, we have

f(;tf) /abg(x)dm
/ K 'Q?b_x)+; 2zcb__a)>a2(a+b)
/K;( 2)>5+;<2é_2)>5>2(b+a)

N =

|~

g(x)dx

g(x)dx
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b 1 1
b—ux s rT—a \°

2.19 = P E— —
(319) /af[<2<b—a>) +(z5=0)
b 1 1 b 1 1

s — 2\ r—a)\®

= - _— b
[AG)|G=) (G2

1 1

(a +b)g(a)da

1 /° b—x ] r—a s
7§/af (b—a) a+<b—a> b]g(x)dm
1 [° r—a s b—x g
+2/af[<b—a) o+ (525) ¢
(2.20) —/bf b-a)* (2= %b (z)d
. = ’ D a a — g(x)dx.
On the other hand, using we have
b 1
1 b—x\~ r—a
/a{2f <b—a> a+(b—a
x—a% n b—x %b (@)d
b—a “ b—a giw)az
450

N————
0 =

S
—_

1
+ 57

b
(2.21) = f/ g(z)dz.
The inequalities (2.18]) follow from (2.19)), (2.20) and (2.21)). B

Remark 9. If we choose g(x) =1, then Theorem reduces to Theorem @

Remark 10. If s = 1, then the inequality reduces to the first inequality of
when0§a<b<oo.



10 KUEI-LIN TSENG, SHIOW RU HWANG, AND S.S. DRAGOMIR

Theorem 12. Let f,a and b be defined as in Theorem[6 Then
b
951y (“;b> / g(2)dx
b
< [ f@g(o)iz
f(a)—l—f(b)/b b—z\° r—a)’

. < - .
(2.22) < 5 ’ - + — g(x)dx
Proof. Since f € K2, g is nonnegative, integrable and symmetric about “TH’, we
have

b
951y (a;’l’) / g(z)dx
b —

<o [ (3) 1@+ (3) fla+o-o]strie

b
_1 / (@) + fla+b—2)g(x)de

2
1
)

b b
[ [ @@z | f<a+b—w>g<a+b—x>dw]

b
(2.23) = / f(x)g(z)dx.
a
On the other hand, using (1.7) we have

b
: [ 1@+ - x)]g(x)dx]

A =D G = DI
S L1602 @+ (22) o
+(522) s+ (322 50 staras

(2.24) - W/ab [(Z—Z) + (i_g)] g(z)dz.

The inequalities (2.22)) follow from (2.23)) and (2.24). &
Remark 11. If we choose g(x) =1, then Theorem reduces to Theorem @

Remark 12. If s = 1, then the inequalities reduces the inequalities
when 0 < a < b < 00.
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